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Abstract

In this thesis we investigate the motion control problemefatass of vehicle§, , which includes
satellites, quadrotors, underwater vehicles, and tafsit Given a globally represented model of
G/, and a curve, the motion control problem entails followihg turve using control inputs. In
this thesis the motion control problem is viewed under twitirsgs, 1) as a local path following
problem, 2) as a geometric trajectory tracking problem. VWiple solutions to both problems

by designing controllers based on the concept of feedbaektization.

In the local path following problem, th@, class of vehicles is represented by a local chart.
The problem is solved in a monolithic control setting, anel plath that needs to be followed is
treated as a set to be stabilized. The nonlinear model uthaldy & rst dynamically extended
and then converted into a fully linear form through a cooatiértransformation and smooth feed-
back. This approach achieves path invariance. We alsordadaylt tolerant local controller that

ensure path following and path invariance in the preseneeooie rotor failure for a quadrotor.

The second major problem addressed is the geometric wayeicacking problem, which is
treated in an inner-outer loop setting. Speci cally, weigas controller class for the attitude dy-
namics of theG, class of vehicles. The novel notion of Lie algebra valuedafioms are de ned
on the Special Orthogonal grol§Q(3), which constitutes a family of functions. This family
of functions induces a novel geometric controller classcivisonsists of almost globally stable
and locally stable controllers. This class is designedgir idea of feedback linearization, and
is proven to be asymptotically stable through a Lyapunke-irgument. This allows the system
to perform multiple ips. We also design geometric contendl for the position loop, which are
demonstrated to work with the attitude controller classuigh simulations with noisy sensor

data.



Acknowledgements

| would like extend my thanks rst and foremost to my supeovjDr. Steven L. Waslander for
all of his support, suggestions, our many insightful cosations, and the amazing opportunity
I have had to work with him at the University of Waterloo. | édumot have asked for a better
arrangement. | would like to thank my committee, especiBity Christopher Nielsen for his
help and support, and | sincerely appreciate all of his quida Furthermore | appreciate the
love, patience, and support of my family and my parents. |lddae remiss if | did not also
acknowledge my friends, and my colleagues at the Waterlammamous Vehicle Laboratory

(WAVELab) for their help and support in completing this tlses



Dedication

To my parents!

Vi



Table of Contents

List of Tables

Xii

List of Figures Xiii
1 Introduction 1
1.1 Literature reVIEW . . . . . . . v v i e e e 3
1.1.1 Feedback linearization and transverse feedbackrlzagion . . . . . . . 4

1.1.2 Local quadrotorcontrol. . . . . .. .. ... .. ... ......... 6

1.1.3 Geometric quadrotorcontrol. . . . . . . ... ... . o L. 8

1.2 Thesis organization and contributions. . . . . .. ... ... ... ...... 11
1.2.1 Statementofcontributions. . . . .. .. ... ... .. o oL, 14
1.3 Notation. . . . . . . . . e 16
2 Mathematical Modeling 18
21 Rigidbody . . . . .. . .. 18
2.1.1 Rotationofarigidbody. . . . . .. .. ... .. ... L. 19

2.2 Representationofattitudes. . . . ... ... ... ... .. ... .. ... 23



221 Cardanangles. . . . . . . . . . . . ... 24
2.2.2 Cayleyparameters . . . . . . . . . e 26
2.2.3 Geodesicpolarcoordinates . . . . .. ... ... 0o 27
2.2.4 Angle-axisrepresentation . . . . ... ... .. ... 0. 27
2.25 Unitquaternions. . . . . . . . . . 28
2.2.6 Translationofarigidbody . . . . ... ... ... ... ........ 29
2.3 Classofvehicle&, . . . . . . . . . . . e 30
2.3.1 Spacevehicleorsatellite. . . . .. ... ... ... .......... 30
2.3.2 Unmanned Aerial Vehicle (UAV) or quadrotor . . . . .. .. ... .. 31
2.3.3 Under Water Vehicle (UWV) or submarine. . . .. ... ... .... 36
2.3.4 Flying wing tailsittervehicle . . . . . .. .. .. ... ... ...... 36
3 Path Following Control Implementation on a Car-like Robot 40
3.1 Example of path following control for a car-likerobot . . . . . .. ... ... 41
3.2 Linear control design in transformed coordinates. . . . . .. ... ... ... 48
3.3 Experimental implementation. . . . . . .. ... ... . o L 0L 49
3.3.1 Experimental platformandsetup . . . . ... ... ... .. ..... 49
3.3.2 Experimentalresults . . . . .. ... ... ... 51
4 Path Following for the G, Class of Vehicles 56
4.1 Local representation of rigid bodymodel . . . . . .. ... ... L. 56
4.2 Problemformulation. . . . . .. ... 58
4.2.1 Problemstatement . . . . ... ... 60



4.3 DynamiCextension. . . . . . . . . .. e e e e e 60

4.4 Path following controllerdesign . . . . . .. ... .. ... ... .. ... . 64
4.4.1 Auxiliary controllerdesign . . . . . . . ... .. L o 69
4.5 Simulationresults . . . . . . ... 70
4.6 Application of path following controller on a quadrotor. . . . . .. ... ... 72
4.6.1 Withoutsensornoise. . . . . .. ... ... ... .. .. ... ..., 73
4.6.2 SensorNOiSe . . . . . . . . . 73
4.6.3 Noiseonaugmentedstates . . . . ... .. ... ... ........ 77
Fault Tolerant Path Following of a Quadrotor 80
5.1 IntroducCtion. . . . . . . . . . e 81
5.2 Mathematicalmodel. . . . . ... ... .. .. ... 82
5.3 Problemstatement. . . . . . ... 84
5.4 Dynamicextension. . . . . . . . . ... e 84
5.5 Pathfollowing controllerdesign . . . . . ... .. .. ... ... ....... 86
5.6 Internaldynamics . . . . . . . . . . .. 89
5.7 Simulation. . . . . . .. 93
Controller Class G for Attitude Tracking of G, Vehicles 96
6.1 Mathematicalmodel. . . . . .. ... ... ... .. ... .. ... 97
6.2 Problemformulation. . . . . ... ... 98
6.2.1 Problemstatement . . . . . ... ... 98
6.3 DerivativesorBO3) . . . . . . . e e 99



6.4 FunctionfamilyFr . . . . . . . .. 105

6.4.1 Classk feedbackcontrollers. . . . . . . ... ... ... ....... 107
6.5 Almost global controller simulation. . . . .. .. ... ... .......... 113
6.5.1 Stabilization . . . . ... ... 113
6.5.2 Sinusoidal signaltracking . . . . . ... .. ... ... .. .. ... 115
6.5.3 Multiple ips . . . . . . . . e 118
6.6 Local controller simulation . . . . ... ... ... .. .. oL 120
6.6.1 Stabilizationwithnoise. . . . . . .. .. ... ... ... L. 121
6.6.2 Multiple ipswithnoise . . . .. ... ... ... ... ......... 121
Application of Gz Controller Class on G, Class of Vehicles 124
7.1 Tracking positioncontrol . . . . . .. ... ... L 125
7.1.1 Thrustand attitude extraction . . . . . . ... ... ... ... . ... 126
7.2 Pathfollowing positioncontrol . . . . . . ... .. ... .. ... ... ..., 128
7.2.1 Heightcontroller. . . . . . . . . . ... ... .. 129
7.2.2 x yPositioncontroller. . . . ... ... ... ... . L L. 129
7.3 Simulationresults . . . . . ... 131
7.3.1 Tracking positioncontral . . . . . . ... ... L L o oL 131
7.3.2 Path following positioncontrol. . . . . ... ... ... ... ... .. 133
Conclusion and Future Work 140
8.1 ConcClusion . . . . . . . . 140
8.2 Futurework. . . . . . . .. 143



8.2.1 FunctionfamilyFgr. . . . . . . 143

8.2.2 Stability of the cascade system . . . . . ... ... ... ....... 144
8.2.3 Geometric pathfollowing. . . . . ... ... ... ... ... .... 145
8.2.4 Practical implementation. . . . . . ... ... ... o .. 145
A Basic Concepts and Notations 146
A.1 Review of Algebra, Analysis and Differential Geometry . . . . . . .. .. .. 146
A.1.1 \Vector elds and their Derivatives . . . . . . .. ... ... ...... 149
A.2 Nonlinear Control Systems . . . . . . . . .. .. .. ... .. .. .. ..... 150
A.3 Elementaryresults. . . . . . . . ... e 152
Bibliography 154

Xi



List of Tables

2.1 Attitude Representation. . . . . . . . . ... L e

3.1 ControllergainsusedinSection3.3. . . .. .. .. .. .. ... .......

3.2 Steady-state path followingerror. . . . . . . . ... L L Lo

4.1 Quadrotornoiselevels. . . . . . . . .. e

Xil

54



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

3.1

3.2

3.3

3.4

3.5

3.6

Rigid body, with inertial framé, and body framé attached to the rigid body. 19

Kinematic and dynamic model of a rigid body with inputgl @utputs. . . . . . 23
Block diagram representing a rigid body movinginfreacgp . . . . . . . . .. 29
Block diagram representing class of vehicles. . . . . .. .. ... ... ... 31
Atypical Satellite. . . . . . . . . . ... 32
Unmanned Aerial Vehicle, quadrotor. . . . . . . .. .. ... ... ...... 32
AscTec Pelican'sensorsand computers. . . . . . . . .. .. ... ... ... 34
An Under Water Vehicle (UWV) or submarine . . . ... ... ........ 35
Tail-sitter . . . . . . 37
The kinematic model of the car-likerobat.. . . . . . .. ... ... ... ... 41
Convergence of system's output and transformed states . . . . . . ... .. 47
Robot followinga speed prole.. . . . . . . . . . ... ... .. .. .. ... . 48
The Chameleon R100 robot and the experimental setuggh . . . . . . .. 49
Chameleon R100 robot following circular curve and tmagla prole. . . . . . . 51
Chameleon R100 following the desired speed prole. . . . . . .. .. .. .. 52

Xiii



3.7 Chameleon R100 robot following a non-closed path. . . . . ... ... ... 53

3.8 The Robot maintaining a desired speed of 0.3 m/sec atengdth. . . . . . . . 53

3.9 Chameleon R100 robot following a non-closed path. . . . . . .. ... ... 54

3.10 Zoomed view of the path followingerror. . . . . . . .. ... ... ...... 55
4.1 \Velocityprolesimulation . . . . . .. .. ... ... 71
4.2 Comparison between reference and actual states.. . . . . . ... ... ... 72
4.3 pathfollowing withoutnoise. . . . . . . .. .. ... ... ... ... .. ... 73
4.4 Transformed states withoutnoise . . . . . ... ... ... ... ... .... 74
4.5 Augmented states withoutnoise. . . . . . . . ... ... ... . ... 74
4.6 Path following in the presence of sensornoise. . . . . ... .. ... .... 76
4.7 Transformed states in the presence of sensornaise. . . . . ... ... ... 76
4.8 Augmented states withoutnoise. . . . . . . . . .. .. .. .. .. .. ... 77
4.9 Path following in the presence of sensor and motor naise. . . . . ... ... 78

4.10 Transformed stateswithnoise . . . . . . .. .. ... ... ... ... .... 78
4.11 Augmented stateswithnoise. . . . . . . ... .. ... L o oL 79
5.1 Quadrotor followingadesiredpath. . . . . .. ... ... ... ........ 93
5.2 The quadrotor is traversing the curve at the desirectitglof 0.3 m/sec. . . . . 94

5.3 The yaw rate ; remains bounded as the quadrotor traverses the desired path94

6.1 Attitude control scheme. . . . . . . . . . .. 108
6.2 det(D) . . .. . . e 112
6.3 Attitude errors . . . . . . .. 114



6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

7.9

7.10

Euleranglesand systeminputs . . . .. .. .. .. .. ... ... ...... 115

Attitude errors inthe presence ofnoise . . . . . . .. .. .. ... ...... 116
Attitude errors . . . . . . L e e 116
Eulerangles and systeminputs . . . . . .. .. ... . ... .. ... ..., 117
Attitude errors inthe presence ofnoise . . . . . . . .. ... .. ... .. .. 118
Attitude errors . . . . . . e 119
Euler angles showing multiple ips. . . . . .. .. ... ... ... ...... 119
Attitude errors inthe presence ofnoise . . . . . .. .. ... ... ... ... 120
Attitude errors inthe presence ofnoise . . . . . . . .. ... ... ... ... 121
Attitude errors inthe presence ofnoise . . . . . .. .. ... ... ... ... 122
Euler angles showing multiple ips. . . . . .. .. ... ... ... ...... 123
Block diagram showing inner-outer loop control scheme . . . . . . . .. .. 125
Translational errors in the presenceofnoise . . . . .. .. .. ... ..... 132
Attitude errors inthe presence ofnoise . . . . . . .. . ... ... ...... 132
Desired and actual attitude, represented in local coates. . . . . . . .. ... 133
Translational errors in the presenceofnoise . . . . .. .. .. ... ..... 134
Attitude errors inthe presence ofnoise . . . . . . . . . ... ... ... .. 134
Desired and actual attitude, represented in local coates. . . . . . . ... .. 135
Translational errors in the presenceofnoise . . . . .. ... ... ...... 136
Attitude errors inthe presence ofnoise . . . . . . .. .. ... ... ..... 136
Desired and actual attitude, represented in locadboates. . . . . . ... ... 137

XV



7.11 Translational errors in the presenceofnoise. . . . . . ... ... ......

7.12 Attitude errors in the presence of noise

7.13 Desired and actual attitude, represented in locadwoates. . . . . . ... . ..

XVi



Chapter 1

Introduction

The study of mobile robotics is of central importance beeanfsts vast scale of applications in
the commercial, industrial, and defense sectors. Mobbets) as the name suggests, are capable
of moving freely in the environment without being attache@txed base. These mobile robots
can be classi ed, broadly, into two groups based on the enwvirent in which they move around.
In the rst group, the robots' motion is restricted to plan@vo-dimensional) movement. In
the second group, the robots are capable of moving in threerdional space. In this thesis
we focus on certain mobile robots belonging to the secondmtbat are capable of producing
thrust along one of their body axes by a propeller, and of ¢imdyitorques about each body
axis. Examples of some of the robots that fall under thisgmteare multi-rotor robots, such
as quadrotors, hexa-copters; satellites; underwatecheshisuch as submarines; and tailsitters.
These mobile robots constitute a large class of vehiclesotee byG, in this thesis, and are

presented in detail in Chapt2r

An important problem in mobile robotics is to move the robotidesired manner. In most
applications, each vehicle belonging @ is required to follow a given path or trajectory in
three dimensional space. In the literature, the path fofigver trajectory tracking problem is

sometimes referred to as the motion control problem. Ghelass of vehicles constitutes a class

1



of under-actuated systems because six degrees of freeldiaa ftositions and three orientations)
must be controlled by four inputs (a thrust, and three tasflud his makes the motion control

problem challenging.

The difference between the trajectory tracking problem #@adpath following problem is
crucial. In the path following problem, the main task of ttwtoller is to follow a path with
no a priori time parameterization. In the trajectory tracking probl¢ne task of the controller
is to follow a path with a pre-speci ed timing law associatedh the motion. Thus, tracking
can be thought of as a special case of path following. Onerddga of path following is that
cases exist where the trajectory tracking problem is uadiddy yet the associated path following
problem has a solutior?]. The main advantage of adopting the path following appnda¢hat
it is possible to guarantee that the resulting feedbackrabistinvariant with respect to the path.
This means that if the mobile robot is initialized on the paith the appropriate orientation,
it will stay on the path for all future time. A trajectory tidog controller cannot ensure path

invariance B].

In this thesis we consider the local and geometric motiotrobproblems for thes, class of
vehicles, and design controllers based on the idea of fe&dbeearization. We call the control
problem local when the dynamics of the system under studyesmesented by a local chart,
and geometric otherwise. Intuitively, feedback lineaiais the following: given a nonlinear
system, the idea is to “cancel out” all (or some) of the naednities and convert the system into
a linear (or partially linear) form, if possible. Mainly welse two problems for th€&, class of
vehicles: a path following problem when the system dynararesrepresented by a local chart,
and a trajectory tracking problem when the system dynamesspresented in a coordinate-free

way. We call the latter the geometric tracking control pewb!

In the rst problem, i.e., the local path following problegiyen dynamics of th€, class of

vehicles represented by a local chart (such as Euler arghelsa path, the goal is to follow the

A similar class of vehicles are considered i, put we have broadened the vehicle class in this thesis.



path, while satisfying some other secondary tasks such agaimang a speci c speed pro le
along the path. The problem is treated in a monolithic (orad)iway, i.e., the problem is not
divided into two or more stages. Moreover, using feedbawdrization, we treat the problem as
a set stabilization problem by treating the path to be foldws a set to be stabilized. This setting
allows each vehicle in the cla€s to achieve path invariance. Despite attractive charastiesi
such as path invariance, the monolithic approach poses g@auogcal challenges. This motivates

us to formulate and solve the second major problem in thisishe

The second problem, i.e., the geometric tracking problansolved using the cascade (or
inner-outer loop) approach. Intuitively, the outer loops¢acalled the position loop) controls
the system's position and velocity, while assigning a askattitude and body rates to the inner
loop (also called the attitude loop). The task of the inneplas to “track” the desired attitude
and body rates. Because of this inner-outer loop structure natural to treat the inner loop
problem as a trajectory tracking problem, and not as a pdithwiimg problem. The inner-outer
loop approach allows us to relax some of the practical limaites caused by the uni ed approach.
The heart of inner-outer loop tracking control is the desafithe inner-loop controller. Using
the idea of feedback linearization, we design a novel clageometric tracking controllers that
stabilizes the attitude dynamics of t@g vehicle class. After designing inner loop, we design
both tracking and following controllers for the outer lo@md each of these controllers assign a
desired attitude to the inner loop. In the next section wagmesome of the main approaches
to solving motion control problems, and highlight majorfeliences between the approaches

followed in this thesis.

1.1 Literature review

Primarily the controller design of this thesis is based anitea of feedback linearization. We

treat two instances of feedback linearization: 1) the trarse feedback linearization, which



allows one to solve the path following problem, and 2) thedbeek linearization when the
system dynamics are de ned on a Lie group. First we preseite@ture review on feedback
linearization which focuses on transverse feedback line@on and path following. Then we
present some state of the art controller design technigquesie of the vehicles in th@, class

of vehicles, i.e., a quadrotor. We conclude the section ®ggmting the existing geometric

control methods, and highlight some key differences wittsou

1.1.1 Feedback linearization and transverse feedback liagization

Feedback linearization is a popular technique in the elaohflinear control, and much work
has been done in the last decade in control design usingettheique. Conceptually speaking,
feedback linearization allows a given nonlinear systenenaver possible, to be converted into
a fully linear form using coordinate transformation anddiegck. More details on feedback
linearization can be found at[5]. In [6], the authors propose a path following method for a class
of nonlinear systems which divides the path following pesblinto two tasks: one geometric and
the other dynamic. The former forces the system to convergfestdesired path, while the latter
involves objectives such as tracking speed or velocity j[@® One of the drawbacks in this
work is that the system must be fully feedback linearizabke, differentially at [7]. Since
most mobile robots do not satisfy differential atness,sthwork is not directly applicable to

most mobile robots.

In exact feedback linearization, a given nonlinear systenoonverted into a fully linear sys-
tem using a coordinate and feedback transformationd,|B][ the authors present the necessary
and suf cient conditions for a system to be feedback lineale. It is not always possible to
fully feedback linearize all nonlinear systems. If thathe ttase, the system dynamics can be
converted into a partially linear form via partial feedbdidearization. In B] the authors use the
notion of transverse feedback linearization to linearimedynamics of a system transverse to a

closed orbit in the state space and propose a method of gaherpath following problem using

4



transverse feedback linearization.

In [9], the authors show that it is possible to make a desired pa#riant through transverse
feedback linearization. The authors it provide the necessary and suf cient conditions for
the linearization of dynamics transverse to the curvelli, the authors solve a path following
problem for the planar vertical takeoff and landing of a »&thg UAV for smooth Jordan curves.
The proposed controller enjoys the property of path invenéa In [LO], it has been shown that
using transverse feedback linearization, path followiag lse achieved for a maglev positioning
system. This control methodology is applied to a ve degoédreedom maglev positioning
system. The authors demonstrate with their experimengaltethe effectiveness of the control
design. Path following controller design for a mechanigaitem is discussed irnp], where
an input-output feedback linearization approach is aggbea planar ve-bar linkage robot and
an under-actuated ve-bar robot with a exible link. It hagdn shown experimentally by the
authors that the behavior of a path following controlleruiadamentally different from that of
standard tracking control. InLp], the authors propose a path following controller for the tw
input kinematic model of a car-like robot. A smooth dynangedback control law is designed
to make the car's position follow a large class of curves ittesired velocity, which guarantees

invariance of the path.

The rst problem considered in this thesis, i.e., local paillowing of G,, and fault tol-
erant path following control for quadrotors, is solved gsthe concept of transverse feedback
linearization proposed ird]. The key difference between our work and the work considlere
in [9, 12, 10, 11] is the design of dynamic feedback controllers. Moreoveraarst step of
this thesis, we implement dynamic feedback controllers ocardike robot that was proposed in
our previous work 13]. To the best of the author's knowledge, these are the rgteeinental
results of implementing a dynamic feedback linearized palfowing controller on a mobile
robotic platform, although static transverse feedbaatdiized controllers were implemented on

a robotic arm and a maglev system it and [10], respectively. The added dif culty in the



implementation of the dynamic feedback linearized cotdrdles in the construction of “vir-

tual” states. Virtual states will be discussed in detailhie following chapters. Furthermore,
we consider a quadrotor with a single rotor failure, andglesi path following controller using
dynamic transverse feedback linearization. Next we pteskierature review of one of the most

popular vehicles belonging to the vehicle class, the quadro

1.1.2 Local quadrotor control

Broadly speaking, in literature the control design probtdra quadrotor is studied under two dif-
ferent settings: 1) A cascade, or an inner-outer loop et A uni ed, or monolithic setting.
As the name suggests, the cascade structure uses two (oy lmgps. The main advantages
to using this approach are the simplicity of the control gesiand ease of tuning of control
parameters. For quadrotors, the outer loop deals withiponsahd velocity, and generates a ref-
erence signal for the inner loop. Given a reference attigigeal, the main task of the inner
loop is to track the given reference attitude signal. Un@scade settings, a large class of linear
control techniques have been proposed that rely on a pladehtioearized about hover ight
conditions. PD, PID or LQR controllers have all been teste@oange of platforms, and have
demonstrated reliable and precise performance near horditons [L4, 15, 16]. In [17] the au-
thors presented PID, and LQR controller for quadrotorsgigie inner-outer loop approach, and
demonstrate successful experimental results. Theoltgtsgeeaking, one of the main drawbacks
of the inner-outer loop structure is that the stability o€ledoop does not guarantee stability
of the overall system. The stability of the overall system igypical stability problem of cas-
cade control 18, 19, 20, 21], and is beyond the scope of this thesis, as it has been palyti
demonstrated byl[7, 15] that under the inner-outer loop approach, the controlierka reason-
ably well. In [22] the authors use feedback linearization under the casetiegsfor quadrotor

control design.

A wide range of nonlinear techniques have also been propmsaddress the envelope re-

6



strictions inherent in linear controller designs. Backpiag [23], sliding mode P4, 25 and
feedback linearization2p, 27] methods have been presented, with varying choices on the co
troller structure being explored to deal with the undeuat#d nature of the quadrotor platform.
Many researchers have been attracted to sliding mode dlensrbecause of their robustness
properties 28]. Sliding mode controller design requires nding a slidiagrface on which the
system exhibits desirable behavior. Once such a surfademsiied, the goal is to design a feed-
back controller so that the system trajectories convergieesliding surface in a nite period of
time [25]. In [27], the authors compare the performance of an adaptive glidiode controller
with that of a feedback linearized controller through siatigns. The authors claim that the
adaptive sliding mode controller performs better than #edback linearized controller; how-
ever, the sliding mode controller consists of a discontirsufeedback control that switches on
the desired path. The switching of control occurs at an itelyi high frequency to eliminate de-
viations from the path. Such switching is both unrealistid andesirable since practical systems
are not in nite bandwidth and rapidly oscillating actuatm@mmands may actually cause damage
to the actuators. Several techniques have been intrododéd iiterature to deal with the chat-
tering issue 29]. However, to the best of the author's knowledge, no one laised reliable
path following experimental results on a quadrotor systemgisliding mode control. Further,
sliding mode path following controllers are not able to gueee path invariance. Under a uni ed
control scheme, most of the quadrotor controllers aredtayg tracking controllers. In30] the
authors present a path following controller for quadrotorfollow splines in the output space.
The control scheme is based on the cascaded design schertteegrath is represented using

Frenet-Serret (FS) frames. The resulting controller agsigath invariance.

In [31] the authors present a path following controller for a qo&al;, similar to our work
presented in Chaptdrand [32]. However, we propose the following three extensions.tFire
controller allows the quadrotor to move along the path in@esired manner, including stopping
along the curve as well as changing the direction of traveisag the path. Second, we fully

linearize the system, and the dimension of the zero dynaimitiserefore zero. Finally, both

7



closed and non-closed curves can be used for the path denpitesulting in a more general
class of paths that can be followed. One of the major lindtadiis that this gives controllers
that suffer the so-called gimbal lock. 1683 the authors present a path following methodology
combined with a obstacle avoidance scheme for quadrotpesta of working in cluttered and
hazardous environments. A new cross-track error predittased mechanism is proposed for the
path following scheme. The authors show in simulation tifiecéfeness of the path following

controller in cluttered scenarios.

1.1.3 Geometric quadrotor control

Most of the geometric control methods for quadrotors arégdes based on the inner outer loop
structure. The dynamics of the inner loop (or the attitud#p)ois de ned on the Special Or-
thogonal grousQ(3), and this poses a challenge as standard nonlinear toolstda@nised for
controller design. Compared to the inner loop, the corgralesign of the outer loop (position
loop) is simpler. Under reasonable assumptions, any statdé loop controller can work fairly
well with a stable inner loop controller, while maintainiogerall stability of the closed loop
system. In this thesis we focus on designing novel geomigtnier loop controllers. Theoreti-
cally speaking, for a general cascade control system, gigeh subsystem is stable, the overall
stability of the system is of central importance. Howewveithe case of quadrotors (& class

of vehicles), this is relatively less crucial as the attéuwtynamics are “faster” compared to the
translational dynamics, and from a practical viewpointgbparation principle holds. Roughly
speaking, the separation principle holds when the inngr thammamics are at least three to ve

times faster than the outer loop dynamics.

Attitude dynamics can be represented by various paramatems that can be Euclidean
or non-Euclidean34]. An example of a Euclidean parameterization is the famet®tEuler
angles which lie irR3. An example of a non-Euclidean parameterization is the qunternion,

which lie on a three sphe&. As outlined in B4], regardless of the choice of parameterization, a
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rigid body attitude cannot be represented either globallynaquely. As discussed earlier, a local
representation, although unique, suffers singularitieh sas gimbal lock. On the other hand,
guaternions are not unique. In other words, quaternionsaddave singularities but double-
coversSQ(3), i.e., one attitude may be represented by two antipodaltgoifthis ambiguity

should be carefully resolved in quaternion-based attitafgrol systems. Otherwise, they may
exhibit unwinding, in which a rigid body unnecessarily tes&through a large angle even if the
initial attitude error is small35]. The focus of our work presented in Chap®as control design

in a coordinate-free setting, i.e., when the attitude isngel onSQ(3).

The shortcomings of attitude control using local paraniedéion can be overcome by non-
linear geometric control techniques. BY] the authors consider the problem of attitude stabiliza-
tion in great detail and underscore the fact that no contisdime invariant feedback controller
can globally asymptotically stabilize to a desired equilibh point. In addition, the authors
present controllers for a rigid body represented in termath reduced attitude and full atti-
tude. A reduced attitude control problem deals with the gamation of a rigid body de ned on
a two-spheré&?. In this case, the objective is to point a body- xed objecigls as an antenna, in
a speci ed direction in the body xed reference frame, whtre rotation about that body xed

axis is irrelevant34]. In our work, we focus on the full attitude control problem.

Local attitude control methods, although nonlinear, caly be applicable in a small neigh-
borhood around the desired attitude. For unmanned aehailes, such as a multi-rotor system,
with a restricted ight envelope or near hover ight conditis, these local control methods are
suf cient, as long as the attitude of the system is in the hkarhood of the desired attitude
for all time. Local controllers fail to handle suf cienthyalge initial errors (such as a quadrotor
initialized upside down) or large attitude errors duringhi. Therefore, almost global attitude
controllers are required for applications involving aatb maneuverability of a rigid body, such
as a UAV performing single or multiple ips. In this work, weqpose a class of controllers that

leads to both local and almost global attitude controllarg] depending on the application, a



suitable controller can be selected.

In [36] the authors investigate the Almost Global Attitude Stahtion (AGAS) problem of
a rigid body on a Lie group. The authors construct potentiatfionsV : SQ3) ! R, that
satisfy certain properties to nd controllers to solve th&AS problem. A similar approach is
used in B7], in which the authors present error functions for UAV catrin [38] the authors
propose AGAS of a rigid satellite in a circular orbit by usibgapunov methods to analyze
closed loop almost global stability dQ(3). A global attitude stabilization of a rigid aircraft
with unknown actuator time delay is considered @] Based on Lyapunov theory, it has
been proven that the controller proposed by the authorgs$die trajectories of the closed loop
system to converge to a small neighborhood of the origin.40) {he authors analyze AGAS
on Lie groups. They consider an optimal control problenB@({3) of minimizing the distance
traveled by the reduced attitude while stabilizing the &tlitude. They give a two-step solution,
to rst stabilize the reduced attitude, and then to align tbmaining two vectors by means of
a planar rotation. Their work is based on potential functjonhich leads to a class of error
functions. In f1], the authors design a geometric tracking control of a quiadrJAV on the
Special Euclidean grougH3). The analysis is based on a globally de ned model of the UAV.
Through simulations, it has been shown that the quadrotereeover from an initial almost
upside down position. A quadrotor model de ned using Euleglas cannot perform similarly
as the UAV has to pass through a singularity point in the imtgparameterization. Similar to
this work, in 42, 35, 43, 44], the authors design geometric tracking controllers usingnner-
outer loop approach. Each of this work is inspired by the den of one particular real-valued
error-looking function or5Q(3). Using this error function, controllers are designed tlaaige
from simple PID controllers to adaptive and robust geornatantrollers. This is unlike our
work presented in Chapté in which our main contribution is the generalization of asd of
error-looking functions. Moreover, our function familynst real-valued, but Lie algebra valued

functions.
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Primarily, the results presented in Chapéesire motivated by the work of Bullo and Mur-
ray [45]. In their work, the authors present a general frameworkHercontrol of fully actuated
Lagrangian systems. The authors propose a geometric dagigrthm for the tracking control
of mechanical systems, and give a notion of an error functibhe main contribution of our
work is the nontrivial expansion of the class of error fuans introduced in45]. This has been
achieved by relaxing some of the restrictions on the clagsrof functions. In particular we de-
ne a broader family of functions, such that any error funatchosen from this family leads to a
controller that stabilizes a rigid body. Our broader claissomtrollers, depending on the choice
of error function, can almost globally or locally stabilitee inner loop or6Q(3). For attitude
dynamics, we highlight that in terms of the region of conegrce, almost global stability is the

strongest possible result.

1.2 Thesis organization and contributions

This thesis is organized as follows. After presenting adiiere review and a statement of contri-
butions in Chaptet, we present a brief overview of global kinematic and dynamaxieling of

a rigid body onSQ(3) in Chapter2. Then we give a summary of some of the most famous local
methods of representing an elementS@)(3), which can be used to formulate local kinematic
and dynamic models of a rigid body. We conclude Chagtby presenting a class of vehicles
denoted byG, . The clas<, includes satellites, quadrotors, underwater vehiclesaihsitters.

We show that each vehicle in this class can be representdelgid body model, and an input
map. This chapter underscores that the rigid body dynamesh& central part of the mathe-
matical description of each system@. Speci cally, once a controller is designed for a rigid

body, it can be easily applied to any system contained inlt4ssG, .

In Chapter3, we present an example of a path following control desigrafoar-like robot.

This example is taken from the author's master's work andrésg@nted in this thesis only for
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illustrative purposes and to support the experimentallt®sThis chapter introduces the path
following problem in a somewhat less formal and conceptua},vand highlights the fact that
path following controllers can be used to achieve path iavae through the easy example of a
car-like robot. This path following controller gives thesited performance in simulated envi-
ronments in the absence of sensor noise. This raises a natdranportant question: how will
this controller perform on an actual platform? We answes thucial question by implement-
ing the path following controller on a Chameleon R100 robbie controller is implemented
in ROS, and the system is tested under an indoor positionisigs. We conclude this chap-
ter by presenting experimental results that demonstraterate path following performance on
both closed and non-closed paths. This chapter highligfatisthese path following controllers
which are based on the concept of feedback linearizatiorpcaetically perform well irrespec-
tive of the need of dynamic extensfomvhich require computation of virtual states in some cases.
Moreover, the controller provides path invariance whichnsattractive feature from the motion

control point of view.

In Chapter4, we consider the motion control problem for the class of elelsiG,. A local
representation of the rigid body dynamics is selected fotrotler design. Since path following
controllers are demonstrated to work well on a car-like tphcontroller, based on a similar idea,
is designed for the class of vehicl@s. We show by a diffeomorphism that the nonlinear dynam-
ics of the rigid body, expressed in terms of Euler angles,bmatransformed into a fully linear
system, which allows us to easily design a controller in admdomain. This local controller
gives each system belonging to the cl&ghe capability to follow both closed and non-closed
curves, and achieve path invariance. The controller igteitoroughly, through simulations,
on a quadrotor platform by considering almost all practasgects of a real quadrotor platform
(the AscTecPelican), including sensor noise. The controller givessattory performance in
the presence of noise on each state. We conclude this chlpleghlighting the fact that after

adding sensor noise on the inputs, the noise on one of theentgthstates gets ampli ed, which

2Dynamic extension is discussed in detail in Chagter
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degrades the performance of the controller signi cantllyisimakes the controller infeasible for

practical implementations.

In Chapter5, we consider the fault tolerant path following control pesh. We speci cally
consider a quadrotor in this chapter and study the case whewfathe rotors of the quadrotor
fails. The control design task is challenging as it is reggiito control the under-actuated six
degree of freedom system with only three inputs. It has bhews that, without sensor noise,
the quadrotor still performs the task of following the dedipath with the desired speed, but is
unable to follow a desired yaw pro le. However, the interdghamics of the quadrotor in the
three rotor case remain bounded. This controller also reguilynamic extension, and can suffer

degraded performance in the face of large input noise levels

The aim of Chaptef is to select a control scheme for the class of systems tha doe
require dynamic extension, and computation of derivatofethe inputs. This can be achieved
by adopting an inner-outer loop control approach. From t&roller design prospective, the
inner loop, also called the attitude loop, is the heart otthr@rol design process, and is presented
in this chapter. We propose a family of functidhg that induces a class of geometric controllers
G that contains both almost-global and local controllersic8ithe controllers are geometric,
they are designed directly on the manif@&dX3). This chapter provides detailed derivations
of some of the controllers from this class. We prove the aggtigpstability of the whole class
using Lyapunov theory, and conclude the chapter by presgsaimulation results in the presence
of noise. These almost-global geometric attitude cordrslhllow theG, class of vehicles to

perform multiple ips.

In Chapter7, we design two geometric outer loop controllers: a geométaiectory tracking
outer loop controller, and a geometric path following old@p controller. Practically speaking,
under certain limitations, the modular structure allows tipick any stable outer loop controller
ranging from a simple PID controller, to nonlinear conteodl, or geometric controllers to work

with the controller clas€i of the inner loop. We discuss asymptotic stability of thesteploop
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controllers and test it in simulation with an inner-outespacontroller belonging to the controller

classGz. We conclude the thesis with some future directions in Grept

1.2.1 Statement of contributions

The following is the list of original contributions made ims thesis:

1. Experimental implementation of a path following contgobn a car-like robot (published

in the IEEE Transactions on Robotie&]). This involves showing:

» Control implementation in ROS, and practically demorisitathe path following
controller working on a Chameleon R100 (a car-like) robdhia presence of sensor

noise, and modeling inaccuracies, for the rsttime.

* A series of experiments showing the repeatability and r@ayuof a path following
controller that allows the robot to follow a given path wittsmall path following

error of aboutl cm.

2. Path following for a quadrotor using dynamic extensioa tiansverse feedback lineariza-
tion (published in the IEEE Conference on Decision and @bri2]). This involves

showing:
» The G, class of vehicles fail to have a well de ned vector relativegtee anywhere
in the state space, Lemmda3.1

» The G, class of vehicles can achieve a well de ned vector relatiegrde in the

neighborhood of a point via dynamic extension, Lemfna 3

» A diffeomorphism that transforms the extended system anfally linear system,
Corollary4.4.4

3. Fault tolerant path following for a quadrotor (publishedhe IEEE Conference on Deci-

sion and Control47]). This involves showing:
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» The quadrotor system, with one fully broken rotor, has d delned vector relative

degree, Lemma&a.5.1

A diffeomorphism that transforms the quadrotor, with onekien rotor, into a partial

linear system, Corollar$.5.2
» For bounded inputs, all internal states are bounded, Lethfa

4. A class of geometric attitude controllers of rigid bodiesbe submitted to the IEEE Trans-

actions on Automatic Control). This involves showing:

* Derivatives of certain log functions of product of elemseotSQ(3), Propositior6.3.10
To the best of the author's knowledge these closed form sgpyas are derived for

the rsttime in this thesis.

* A novel notion of skew-symmetric valued error-like furmets that form a family of

functionsF g, see De nition6.4.1

» The family Fr induces a novel controller clag%. This novel controller class is

geometric, and contains both almost-global and local otlets.

» Two detailed step by step controller derivations (see Epdarf.4.2 and Exam-
ple 6.4.3 from the controller clas€z. One controller leads to almost global results,

while the other controller gives local results.
» The main result: Lyapunov stability of the whole controlbéassGs, Theoren6.4.5

» A detailed simulation study of both of these controllemirthe clas€z, that shows
desired attitude tracking even in the presence of noiseceSimese controllers are

geometric, the system can perform multiple ips, as showthasimulations.
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1.3 Notation

In this thesisR denote the set of real numbeb$, the set of natural numbers, addthe set of
integers. The symbok is used to represent equal by de nition. LRt, wheren 2 N denotes
the n—fold Cartesian product. An elemext2 R" is considered as anrtuplef]of real numblers.

>

Moreover, we consider 2 R" denote a column vector Bol(Xi;:::;Xn) = X; Xn

where” denotes transpose.

A point-to-set distance from a point 2 R™ to a set R" is denoted bykxk =
info, kx pkwherek kisthe Euclidean norm. Given two vectorsy 2 R" the inner product
is denoted byx; yi and, whem = 3, the vector (cross) product is denotedXy y. Trigono-
metric functions are abbreviated 8s:= sin(x;), C;i := cos(X;) andT; := tan( x;). Given a
Clmapf : R"! R™ and a poinp 2 R", the Jacobian of evaluated ap is denotedf . If
f;g:R"! R"and :R"! R are smooth, we use the following standard notation for tieeta
Lie derivativesLJ = ,L§ = Lg(LE * ), Lol = Lg(Lt ). Let :R! R" represents
a parameterized curve. We use the synibab denote the domain of. For non-closed curves
D = R. For closed curves with nite length, this means thdd = RmodL and isL-periodic,

e, forany 2D, ( +L)= (L).

Given two manifoldsvl , andN , and a functiorf : M! N ,for 2 M , the differential of
f with respect to isrepresented ab f . The Euclidean norm of a vecter2 R" is represented
asjjvjj. For amatrixA 2 R" ", the 2-norm and Frobenius norm are representgfAgs, and
JJAjjE, respectively. LeD, represent a column vector of dimensionvhere all of the elements
are zero. Let, represent am by n identity matrix. When the dimension & we often drop
the subscript for notational compactness. The trace of axnat2 R" " is represented by

trace(A). For any natural number2 N, ann  sphereof radiusr is de ned as
S = fx2 R"™ 1 kxk = rg:
A circle is an example of & sphere, and is denoted 5.
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The Special Orthogonal groupQ(3) is the set of all orthonormal three by three matrices,

with unit determinant,
SOB)= R2R*3:RPR=RR” =I;det(R)=1

The manifoldSQ(3) is a matrix Lie group and its associated Lie algebra is thevezor space

of 3 3 skew symmetric matrices
so3)= A2R¥3:A= A~ ;

equipped with the matrix commutatigx; B] := AB BA as its binary operation, for a\; B 2
so(3). As a vector spaceso(3) is isomorphic toR3. The isomorphism is denoted Hy: R® !
so(3) and its inverse is denotgd)- : so3) ! R3. Forv 2 R3 andA 2 so(3), we write
()- = ((v)")- = v, and((A)-)" = A. Assuming the natural basi®;; e,; esg for R3, then
fby; by; Bag is a basis foso(3) and, in these bases, witt (v1; vo; v3) 2 R® we have

2 3 2 3
0 V3 Vo 0 V3 Vo
t3:§V3 0 V1%;§V3 0 V]_% =V
Vo Vi 0 Vo Vi 0

Routine calculations verify that for any,w 2 R3, bw = v w where is the usual cross

product inR3. Forx 2 R3, andA 2 R® 3, the following property holds44],

KA + AR = (ftrace(A)l Agx)" : (1.1)

3Givenv 2 R3, we writet or equivalently(v)" for the corresponding element d(3).
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Chapter 2

Mathematical Modeling

In this chapter we consider motion of a rigid body in thremeinsional space, and give a brief
introduction of kinematic and dynamic modeling of a rigiddgo The purpose of this modeling
section is not to present the most complete picture of maditiead modeling of rigid bodies,
but rather an introductory background for the chapters oo We enlist some of the most
famous ways of representing orientation of a rigid body, laigilight the advantages of common
methods over the other. We conclude this chapter by preggaticlass of vehicle§,, which
include quadrotors, underwater vehicles, satellite$;stdier, and mono-rotors. Each system
in this class can t under the umbrella of rigid bodies, and welerscore why studying the
kinematic and dynamic models of a rigid body rotating in éadémensional space is crucial in

robotics. For details about modeling of a rigid body, s&# {19, 50.

2.1 Rigid body

A body is considered rigid if the distance between all pointthe body remains xed for all
time, and under all motions (transforms). The rigid bodyismotan be divided into two parts,

rotation, and translation. Consider a rigid body movingeefspace as shown in Figutel. Let
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I = fiy;i,;i39 denote a xed reference frame. To specify the position anentation of the
rigid body letB := fhby; by; g be a frame attached to its center of mass which shares the same

orientation as . First we look at the kinematic and dynamics of a rigid bodglempure rotation.

b

13 .
12

T

Figure 2.1: Rigid body, with inertial framle, and body framé attached to the rigid body

2.1.1 Rotation of a rigid body

We rst consider rotation (without translation) of a rigicbdly in space. In other words, we
rst present the motion of a rigid body such that there is anpan the body that stays xed
during motion. Each orientation or attitude of the rigid Bad an element of the set of all
orthonormal frames in the three-dimensional space witlitigerientation. As shown ing1],

this set can be identi ed with Special Orthogonal grd{(3). The de nition of SO(3) readily
implies thatR ! = R> for eachR 2 SQ3). Throughout this thesis, we assume that the
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rotational matrixR 2 SQ(3) is time dependent, i.eR(t) 2 SQ(3), unless stated otherwise. For
simpli cation purposes, and a slight abuse of notation, wapdhe time dependent argumernb
represent a time varying rotation matrix By2 SQ(3). However, to avoid confusion in certain
sections, we add the arguménwith the rotation matrix, whenever necessary. It is welbkn
thatSQ(3) is a three-dimensional, compact, connected, embeddedssutmid of R® 3. In other
words,SQ(3) is not only a matrix group, but also a differentiable mardfand is called a Lie
group. More detail about matrix groups, Lie groups, andegéhtiable manifolds can be found
in [50, 5, 49], and other standard text books on differential geometrgl,sanooth manifolds. The

matrix exponential, denoted lexp, is an analytic diffeomorphism between
Usoz) = b 2s03):! 2 R%K!kp <
and
Usop = fR2 SO@) :trace(R) 6 1g:
The inverse map frodso) ! Usyg) is the principle matrix logarithm and is denotedg.

For R(t) 2 SQ(3), the rst constraint of the seBQ(3) can be written in the form of the
following two equations.
R” (H)R(t) = I: (2.1)
R()R” (t) = I: (2.2)
To formulate an ordinary differential equation represamtihe kinematics of a rotating rigid

body, we take the time derivative of bot@.{), and @.2). By taking derivative of both sides
of (2.1)

d . . d
EGHOLIOEI (D
R”(t)R(t) + R (t)R(t) =0
R (DR = R (DR
R (ORM = (R* (OR(D)”
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It is easy to see thadR” (t)R(t) 2 so(3), or in other words, a skew symmetric matrix. This

means, there exists a vectért) := col( 1(t); 2(t); 3(t)) such that,

R™(OR() = | 1);

WherelQ t) represents the body angular velocity. Left multiplyingtbsides of the above equa-
tion by R(t), we get,

R(t) = R(OR 1): (2.3)
The above systen?(3) represents a kinematic model of a rigid body rotation ire fepace,

sometimes also called “left-handed” system, because ofattethat the rotation matrix acts

from the left in .3). Similarly, by taking the derivative o2(2)

SROR )= £0)
R(R” (1) + R()R (1) = 0
ROR (M= ROR ()
ROR (0= (ROR” (1)
ROR™ (1) = b(1);

for a vector! (t) := col(! 1(t);! »(t);! 3(t)), called spatial angular velocities. Right multiplying

both sides of the above equation R{t), we get,

R(t) = b(t)R(t): (2.4)

Again, for simpli cation of notation we drop the time depesrd argument of ( t), and! (t)

to represent time-varying rates, in rest of the thesis. Tiwve systemZ4.4) represents the
kinematic model of a rigid body rotating in free space, somes also called as “right-handed”
system, because of the fact that the rotation matrix acis the right in .4). 1t should be noted

that in the kinematic modeP(3), Q t) is the body angular velocity. The kinematic mod2i)

represents the same rigid body; however, the angular ¥elsbi are given in the spatial frame.
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Most practical robotic systems are equipped with an IneMieasurement Unit (IMU), which
gives body angular velocitié& t). Therefore, for the rest of the thesis we consider “lefteeai
kinematic modelZ.3) of the rigid body. From the point of view of analysis and colier design

the “right-handed” is not any different. Moreover, throogihthe thesi& t) 2 so(3) represents
body angular velocities, whildy(t) 2 so(3) represents spatial angular velocities. Body angular
velocitle t), and spatial angular velocity(t) represent the same physical quantity expressed in
different reference frames. It is easy to see fr@3)( and @.4) that the body angular velocities

and spatial angular velocities are related by,

b(t) = R(t)R )R™ (1);

or more formally it can be written in terms of adjoint map. &iva rigid body with orientation
R(t) 2 SQ(3), the transformation from body to spatial reference fraraeslled the adjoint map

and is given by

Adjg :s0(3)! so(3) (2.5)
R:b 71 RPR>:

The dynamic model of a rotating rigid body is a well studiegitoand can be derived either
using energy-based approach i.e., Euler-Lagrange, ordtetatiler method. i.e., by balancing
torques. For details on dynamic modeling, the readers &eed to b0, 49, 52, 15, 14, 41, 16,
34). LetJ 2 R® 3 represent the inertia matrix of the rigid body in the body dxEame. Let

= ( p o r)denote the total moments about the body axes. Then the amgakelerations of

the rigid body evolve according to

Jen= O ((H I (2.6)

Together equation(3) and @.6) constitute a model of a rigid body rotating in free space as

shown by a block diagram in Figu&2. It is easy to see that the states of the kinematic model

!Note, the argumerithas been dropped for simpli cation purposes
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Rotational System
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Figure 2.2: Kinematic and dynamic model of a rigid body witputs and outputs

of the rigid body @.3) are on a manifold, i.eR 2 SQ(3), while the states of the dynamic model
of the rigid body .6) are on Euclidean space, i.e.,2 R®.

2.2 Representation of attitudes

The kinematic model of the rigid bodg @) is an ordinary differential equation, and to control
the attitude of a given rigid body one needs to work with theemy given byZ.3), and @.6). The
kinematic equation?.3) is de ned on a manifold, i.e $QO(3). This makes analysis challenging,
because we cannot directly use classical analysis toots seandard non-linear control tool,
as these tools deal with systems de ned®h To over come this dif culty, it is natural to
“represent” the rotation matriR in some other from, such that in new representatior2@) the
states are oR", or a structure (manifold) simpler th&{(3). Ideally, we want the representation
to be both global, and unique, but is it even possible? We samamthis section by answering
this question, and enlisting advantages and disadvantdgepresentindR in a different form.

For a complete overview of attitude representation s8e34).

It is well know that the Special Orthogonal gro8@(3) has a group structure which is also a
differentiable manifold. It is a compact three-dimensisubgroup of the 9-dimensional group
GL(3; R). Each column vector dR poses three constraints, as each have unit length. Moteover

these three column vectors are orthogonal to each otherhveldids three more constraints. This
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results in9 3 3 = 3 degrees of freedom. In other words, locally, a rotation mat@n be
described by three independent parameters. Informallgeg& to nd a map that de nes some
portion of SQO(3), if not all, by three independent coordinates. Such a maglisc¢ta coordinate
map, or a coordinate chart, which is an invertible map (oremecisely a homeomorphism)

between an open subset of a given manifold and an open suliRet o

Euler rst showed that the group of rotatiol®X(3) is a three dimensional manifold. We
know that by de nition for a real n-dimensional manifol , every point of the manifold has a
neighborhood homeomorphic R'. LetM be a manifoldU M ,andV  R" be open sets.
A homeomorphism: U !V is called a coordinate system &h The pair(U; ) is called a
chart onM . The inverse map !is a parameterization df. A differentiable manifold has the
property that it can be covered by a collection of charts $shahevery point of the differentiable
manifold must be represented in at least one chart. Idemily,seek to nd a single chart such
that it covers the whole manifold under study, however itas often the case. F&8Q(3), as
indicated in p4], at least four charts are needed to co%€X3) completely. From the point
of view of controller design, if four or more charts are sédelcto cover the whol&Q(3), the
advantage would be a controller can be designed for eversildesattitude or5Q(3), i.e., the
controller can be global. However, the main disadvantagesofg a collection of charts is that
each chart requires a different controller, and a switckeigeme is needed to switch controllers
as the chart changes. We give a brief summary of some of wigsdygl coordinate charts in

literature. Properties of different representations ararearized in Tabl@.1

2.2.1 Cardan angles

A rotation matrix can be constructed by three rotations alaoy three body axis such that
two successive rotations are not about the same axis. Thibeaivided into two groups: 1)
performing rotation about all three body axes, 2) perfogmnistation about only two body axis.

The rst group is often called Cardan angles, or Tait-Bryauglas, while the second group is
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Table 2.1: Attitude Representation

Attitude Representation Global Unique

Cardan Angles X X
Geodesic polar coordinates X X
Cayley parameters X X
Angle-axis representation X X
Unit quaternions X X

Rotation Matrices X X

called Proper Euler angles. Cardan angles can be constiogtgerforming rotation about three
different axis, and this can be achieved in six differentsvay y z;y z X;z X VY;X

Z Vy;Z Yy Xy X z. Moreover, Proper Euler angles can also be constructedrfyrpeng
rotation about two axis, and this can be achieved in sixidiffewaysz x z;x y Xy

zZ y;z y z;Xx z Xy X Y.Together, there are twelve different ways of representing
a rotation matrix in terms of three different angles. An abasterminology is quite common
in literature, and both Cardan angles and Proper Euler argéecalled Euler angles. In the rest
of the thesis, by Euler angles we referzo y x sequence of rotation. Here we present one
such chart by following 'y x sequence of rotation. We de ne roll-pitch-ygw ; )2 R®
angles. Generally, roll is a rotation about x-aii%, pitch is a rotation about y-axR”, and yaw

is a rotation about z-axiR?. We pickachart . :V R3! SQ(3)



2 3
CC CSS CS CCs+SS

R=RZRVRX:§ CS SSS+CC CSS SC %;
S CS CS
whereC; = cos(i), andS; := sin(i), fori = f;; g. The map . is surjective since it
generate the entir8Q(3). It is easy to see that the map is not unique because it gesdfat
same rotation matrix for each multiple of roll, pitch and yaw angles. This map is 1-to-many
map, for example ;(0;0;0) = (2n; 0;0), forfn = 1;2;3;:::9. The map . becomes

injective, in fact diffeomorphic1], by setting the domaiW to the following open set,
v=~f( ;) ( =2=2) ( ; )o

A differential equation representing kinematics of a rigatly by Cardan angles representation

can be found in32, 34, 55, and will be presented in Chaptér

2.2.2 Cayley parameters

Similar to the Cardan angles, we seek to repreSE)B) by three parameters. This can be
achieved by exploiting the fact that(3) is isomorphic toR? via the “hat” and “inv-hat” oper-
ators. By Cayley transform, which is a mapping between skewnsetric matriceso(3) and

special orthogonal matric&3), i.e.,
C: so3)! SO3)
b7t (1 +b)l b))l

for b 2 so(3). Itis easy to check th@ + b)(I b) !is always orthogonal. The inverse Cayley

transformC 1! is only de ned for rotation matrices such thiasace(R) 6 1, and is given by

C 1: SQB)nC(so(3)) ! so3)
R7V(R+1) YR 1);
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for R 2 SQ3). Cayley parameters are not global nor unigGéd].[] A differential equation
representing kinematics of rigid body using Cayley paramsetan be found irbp).

2.2.3 Geodesic polar coordinates

Geodesic polar coordinates is another way to 18863) to so(3). It uses the idea of matrix

exponential. Fot 2 R, the matrix exponential is given by,

exp: Uso(g) ! Sq3)
X 1
(tb) 7! = (th):

I
non.

The inverse of matrix exponential is given by matrix log,

exp ':=Log: Usoz ! sO(3)

R71 L7

n O

(R )™

n

Similar to the Cayley parameters, by geodesic polar coatdsa rotation matrix can be rep-
resented by three parameters. Geodesic polar coordinaasoaglobal nor uniquesf]. A
differential equation representing kinematics of a rigatly using geodesic polar coordinates

can be found ing5].

2.2.4 Angle-axis representation

Another way to represent the attitude of a rigid body is bylewaxis representation. The mo-
tivation comes from the so called Euler theorem, which imfalty means that any rigid body
undergoing a rotation can be represented by an axis (or yeatd a rotation by some angle
about that axis. Let the axis he2 R3, and the angle be 2 R. We call the pair(v; ) be

angle-axis representation, or the exponential coordsnate,R = exp(# ). Itis easy to see that

R=exp(l)=exp(( v)"( )),ie., the map is surjective, but not injective. In other agr
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the representation is global but not unique. For more detail angle-axis and representing

dynamics of rigid body in this form, the readers are refetcefb3, 1, 34).

2.2.5 Unit quaternions

Quaternions, which can be interpreted as a vector of foumefs, can be used to encode the
angle-axis representation by four parameters. Cleariy,ltloks like an over parameterization
of SQ(3). In fact, quaternions is a double covering®®(3) in a sense that each attitude cor-
responds to two different quaternions. Rotation matrixespntation by quaternions is a well
studied topic, for more details se@4| 31, 56, 53, 1]. Quaternions provide a global but non-
unique parameterization 80(3). Global representation of quaternions seem nice from the
point of view of controller design, but the failure of uniquess may result in unwinding effects

if controllers are not designed carefully4]. A differential equation representing kinematics of

rigid body using quaternions can be found %34, 1].

Remark 2.2.1. As seen from Tabl2.1the only way to represent the attitude of a rigid body both
globally and uniquely is by rotation matrices. Therefomeni the point of view of analysis or
controller design a natural choice is to represent the rigimbly attitude using rotation matrices
as the resulting representation is both global and uniquewkver, by doing so the analysis
becomes challenging as the system states are not on a Earclggace. Controller design using
rotation matrices are discussed in Chapter Some practical situations do not require global
properties of a controller, such as a quadrotor during a neawer ight. In these situation one
can represent kinematics of a rigid body using a non-globplesentation such as Euler angles,

and design a controller. A controller design using Euler Aasgs presented in Chaptéy and>.

28



Translational System

Ut 5
—_— @7 Vv
—

—_— R
>
d (2.9
—> 2.6
r >
—_—

Rotational System

Figure 2.3: Block diagram representing a rigid body movimfyeée space

2.2.6 Translation of a rigid body

In this section we consider the rigid body shown in Figlrg such that the body goes under
some translation as well as rotation. We suppose, witha# & generality thab; is in the
direction of the magnitude of the thrust vector, and the nitade of thrust can be controlled
externally. The thrust input is represented.ylt is further assumed that the vehicle is equipped
with some mechanism that provides body torques about tloey &xis, which can be externally
controlled. The input body torquesalong the body axi$;; b, andb;, are represented by,

¢ r, respectively. Let :=col(x;;yi;z) 2 R®and _:= col(xi;y1;2) 2 R® represent the
position and velocity of the vehicle in the frarherespectively. Lem be the mass, angibe the

acceleration due to gravity. Using Newton's law, the tratishal model of the vehicle is given

by,
=v

(2.7)
mv = mghky u;Rbs:
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The states of the translational model are on Euclidean spacd ;v ) 2 RS. It can be easily
seen that4.3), (2.6), and @.7) are coupled differential equations, and represent a tgidly
moving in free space as shown by the block diagram in FiguseA broad class of vehicles,

can be represented under this description.

2.3 Class of vehicle§,

As shown previously, a rigid body capable of moving (i.etatimn and translation) in free space,
can be modeled globally by(7), (2.3), and .6). Let Ugg := (U;; ) 2 R* be the input of the
rigid body. A large class of unmanned vehicles, with fourutsp ts in this class, such as space
vehicles or satellite, unmanned aerial vehicles or quadsptunderwater vehicles, and ying
wing tailsitter vehicles. Let); fori = fS; Q; UW, Tg be the input of a vehicle of this class, i.e.,
Us; Ug; Uyw andUy be the inputs of the satellite vehicle, quadrotor, undegweaehicle, and
tailsitter vehicle, respectively. We show that each vedsdf this class can t under the system
represented by2(7), (2.3), and @.6) by mapping the inputs of the class of vehiclgs2 R* to
the inputs of the rigid body moving in free spatikg 2 R,

Mi:U ! Ugs;

fori = fS; Q; UW, Tg, such that this map is bijective. The overall scheme is showigure2.4.

Next we present a short description of each vehicle andigive

2.3.1 Space vehicle or satellite

A typical satellite or space vehicle, as shown in Figrg is a rigid body attached with some
mechanism that is capable of providing torqugs y, and , about all three body axis. In a
typical satellite application only attitude control is téged, but in some cases position control is

also required. For such cases, a satellite is attached withclanism of providing thrust along
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Figure 2.4: Block diagram representing class of vehicles

one of the body axis. Without the loss of generality, it isumssed that this thrusty, is provided
along z-axis of the satellite body, which together with ébedy torques constitute all four inputs
of the satellite, i.e.Us = col(un; x; y; 2) 2 R%. The satellite inputs are related to the inputs
of the rigid body byM s(Us) = Ugg , Which can be equivalently written &lgg = NsUs, where
Ns is a four by four identity matrix. Trivially, this map is invigble. With this de nition of Ugg ,

the satellite is globally modeled bg.(/), (2.3), and @.6), and therefore belong to the class of

vehicles.

2.3.2 Unmanned Aerial Vehicle (UAV) or quadrotor

A quadrotor is a mechatronic system with four propelleracitéed with four motors which are
setup in a cross con guration, as shown in Figlréa and the schematic diagram is represented

in Figure2.6h It is a nonlinear system consisting of four inputs (the shprovided by each pro-
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Figure 2.5: A typical Satellite

(a) AscTec Pelican (b) Quadrotor Model

Figure 2.6: Unmanned Aerial Vehicle, quadrotor

peller) and six degrees-of-freedom (the motion in threesiaional and three rotational DOFsS),
and is therefore an under-actuated systemfLet2 f 1;  4grepresents the thrust provided by
thei®™ motorm;;i 2f1;  4g. These four thrust forces provided by each propeller constitute
the input control vectollg = (fi;f,;f3;f4) 2 R* of the quadrotor system. Two diagonally
opposed motorsn; andms, rotate in one direction while the other twa, andmy, rotate in the

opposite direction. Because of this con guration the ggaysc effects and aerodynamic effects
tend to balance each other. Moreover, it provides an adgargaer a conventional helicopter

in terms of mechanical complexity, because no swashplateaded and xed pitch blades can
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be used. A positive (negative) roll moment is obtained bydasing (reducing) the speedraf
and reducing (increasing) the speedmf. This allows the quadrotor to move in thairection.
Similarly, a positive (negative) pitch movement is obtaitg increasing (reducing) the speed of
mz and reducing (increasing) the speednof. This allows the quadrotor to move in thedi-
rection. Yaw movement is obtained by increasing (decrgasire speed of the diagonal motors.
The quadrotor inputs are related to the inputs of the rigidytloy Mo (Ug) = Ugs , Which can

be equivalently written adrg = NgqUq, where

2 3
1 1 1 1
0 | 0 |
Nq = ; (2.8)
Il 0 I O
d d d d

and,| is the distance from the center of mass to the rotois,the ratio between the drag and
the thrust coef cients of the blade. With the above de nitiof Urg , the quadrotor is globally
modeled by 2.7), (2.3), and @.6), and ts under the class of rigid bodies. It is easy to vetifgat
the mapMg is invertible. For more details about quadrotor modeling riaders are referred
to [14, 52, 15, 44, 16, 57).

A quadrotor system is shown id.6acalled AscTeé Pelica. The vehicle dimension is
651 x 651 x 188 mm. It is equipped with a real-time autopiloatabthat has the capability
to communicate with an onboard Intel Core i7 embedded coenmalled mastermintl. The
mastermind computer is capable of running a standard Limstxiltlition and Robot Operating
System (ROS) and communicates with autopilot board via a UART connecli, 59). The
autopilot consists of two ARM micro-controllers. One isledla closed source Low Level Pro-

cessor (LLP), and the other is called a open source High Llekatessor (HLP). The pelican

2Ascending Technologiess a part ofintel.
Shttp://www.asctec.de/en/uav-uas-drones-rpas-roav/as ctec-pelican/
4The onboard computer isscTec Mastermind

SROS
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system is equipped with standard sensors such as InertediMiement Unit (IMU), that is capa-
ble of giving attitude information of the pelican. The IMUtdai.e.,R; ,is rst processed and

Itered at LLP and then transmitted to HLP at 1 kHz for contasld other purposes, which can
be further accessed by mastermind in ROS. The sensors arall@emmunication structure is

shown in Figure2.78. The position and velocity of the pelican system is measbyed precise

Figure 2.7:AscTec Pelican'sensors and computers

Indoor Positioning System (IPS) at 100 Hz using a set of 16agecamera system and Vicon
motion capture system. The position and velocity data i teetihe onboard mastermind via a
wireless router. In summary, all the state information &f plelican system is accessible to the
mastermind in ROS. We will consider practical aspect ofAkeTeelican such as sensor up-
date rates, and sensor noise for simulations in the chaptésow. The AscTeelican system

is attached with four motors, which can be controlled by a@Width Modulated (pwm) signal

5The picture is taken from AscTec documentation
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(a) Blue n SandShark Autonomous Underwa-

ter Vehicle by General Dynamics (b) Under Water Vehiclel]]

Figure 2.8: An Under Water Vehicle (UWV) or submarine

ranging betweel® to 200 The output of each motor is motor speled,, fori = 1, ;4g.
We observed by performing the standard system identi catibthe motor that the motor dy-
namics are fast enough to be ignored for all practical puepoblotor speeds,, are measured
by hall effect sensors on the pelican system, and the moawdsgata is available at HLP and
mastermind at an update rate of up to 1 kHz. It should be ndi=idthe inputs of the quadro-
tor system are forcefls generated by motan;, however, the inputs oAscTegelican is pwm.
Experimentally, we determine a relationship between ilgpeach motor pwm and the resulting
force generated by each motor by attaching the pelican vhgmeay (10 kg) weight. The pelican
attached with the weight was placed on a precision scalelengdlican was given pwm values
from 0 to 200at a step ob units. Reading from the precision scale and the input vajiixesa

relation between input, i.e., pwm and force generated bly eaator,
f; = 0:053 + 0:00003015BwWMm?: (2.9)

The controllers designed for rigid bodies in the chaptef®iiow will be tested on a quadrotor

system in simulation by considering actuator limitaticsensor noise, and sensor update rate.
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2.3.3 Under Water Vehicle (UWV) or submarine

A submarine or a UWV is illustrated in Figu28h and Figure2.8a Generally, a submarine
system such as Blue n SandShark, is equipped with a pumpisigs that lls water in a water
tank attached to the vehicle, which makes the vehicle go dowre water. Similarly, the vehicle
can be brought back to the surface of the water by pumping #ternmout of the water tank. As
seen in the Figur@.8aa propeller is attached at the back of the vehicle that preslacthrust
Unrist 2 R along the z-axis. The rear end of the vehicle is attached avithdder and stern
system which is capable of applying torques about the body d&et the axial position of the
rudder bexg, the density of water be, the rudder lift coef cient bec_, the rudder platform
area beSg, the rudder angle bez, and the effective rudder speed ae.  Similarly, the axial
position of the stern igs, the stern platform area s, the stern angle iss, and the effective
stern speed igs. As shown in [] the torque induced about, axis, andy, axis are given
by 4 = %XR c.Sr rVZ, and y = %xs c.Ss sV3, respectively. For the vehicle under study,
the torque is not applied about the z-axis (i.e.,= 0). Instead, the vehicle remains upright
by having more weight at the bottom. The vehicle is balangethb stern and sail plane§]|
Similar to the previous case, the inputs of the under wateicleecan be mapped to the inputs of
the rigid body, i.e., 2.7), (2.3), and @.6) by

Ut = Uthrust
[
q= vy
r= 2=0:

2.3.4 Flying wing tailsitter vehicle

A ying wing tail-sitter is equipped with two rotors on the poleft and top right part of the

vehicle as shown in Figur@.93 and2.9h More details can be found iG{]. We assume zero

36



(a) Unmanned tail-sitter during a ight (b) Schematic model

Figure 2.9: Tail-sitter

free stream velocity. Moreover, we assume that the leftglteprotates counter-clockwise, and
the right propeller clockwise. Each rotor produces a fdrgeandf, which combined together
produces a thrust force along the body z-axsisThe tail-sitter has two aps at the bottom part
which produces an aerodynamic force and torque by de edtegair ow behind the wings.

The left and right ap angles are represented byand |, respectively. The four input of the
tail-sitter areUr := (f,;fi; «; 1) 2 R*% Let =( , o r) 2 R®be the total applied torque on
the tail-sitter, with ; 4, and ; are the torques about body akis b,, andbs, respectively. This

torque can be divided into two aerodynamic torgsg,, and propeller torqueyep,

= aerot

prop - (2 . 10)

Let vy, Vby, andvy, represent body velocity in each direction, then the anglattafck , and

reference air speed can be given by,
= arctan( Vox; Voy);

q___
VE (V)2 + (Vey)2:
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Lets 2 f I;rgrepresent left and right side of the vehicle. As showr6itj,[for the vehicle ying

forward, for each sids, the reference airspeed over the ap is give by,
S

2f
Vs;bz = ?s + max(0; Vbz)z;

where denotes the density of air, anlds the propeller disk area. The total reference airspeed

over the ap is given by q

Vs = (be)2 + (Vs;bz)z:

Following [60], the aero dynamic torque can be written as,
2 3

g (kx+ Px I)V|2+(kx+ Px I)Vr2§

(k; + p; |)V|2 (kz + p; I)Vr2

whereky; ky; K;; px,andp, are wing and ap constants. The propeller torqugss given by,
2 3
0

prop — g I(f, f)) %: (2.12)

(fr fl)
where denotes the torque-to-thrust ratio of the propelléf}.|

By assuming negligible drag and lift forces, the forces pimti by two propellers can be

written as,
u = f, + f,: (2.13)

In summary, by using2.11), (2.12), and @.13, the relation between the control inputs of the

tail-sitterUy 2 R* and the control inputs of the rigid bodyzs can be written as,

2 3 2 3
u fi+f
U =4 5=4 ' " 5, (2.14)

+

aero prop
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With the above de nition olUgg , the tailsitter is globally modeled b2 (7), (2.3), and @.6).

This completes the derivation of four example systems trebd members of the vehicle
classG, . The focus of the rest of the thesis is on controller desigmngid bodies, with detailed
application onAscTeelican system. However, the rigid body controller can bplé@mented

on any vehicle in this class by applying the input mdp: U; ! Ugg.
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Chapter 3

Path Following Control Implementation on

a Car-like Robot

In this chapter we present a simple system, i.e., a cartikety and illustrate the idea of path

following, and a procedure of path following controller @gs Since the idea of control design

in this thesis is based on feedback linearization, the tiegutontroller may raise questions about
the viability of implementation on a real platform, as mypdtie controllers based on feedback
linearization have a reputation of degraded performanteface of sensor noise, and modeling
uncertainties. The car-like robot controller was origipploposed as part of the author's masters
research. However, the implementation on a ground vehmlieulPS system and ROS is part

of the author's PhD work.
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3.1 Example of path following control for a car-like robot

This section presents an example of a path following coleirédr a car-like robot on a circular

path B1]. Consider the kinematic model of a car-like robot, Fig8rg

x = f(x)+ gi(X)V+ g2(x)!
2 3 2 3 3
0 COSX3 0
0 SinXs 0 (3.1)
= + v+ !
0 Ltanx, 0
0

wherex 2 R#*is the state, the inpwt 2 R is the translational speed ahd2 R is the angular

velocity of the steering angle. We take the car's positiothmplane as the output d3.Q)
h is
y= h(X) = X1 Xo . (32)

Suppose the desired path is a unit circle and is given as éargoarameterized curve. It should

A

Y2 X2 - .2

Y

Y1 = X1

Figure 3.1: The kinematic model of the car-like robot.

be noted that the path is parameterized by a path parameiastead of by time, so that
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evolution of the vehicle motion along the path need not pedca a prede ned rate.

'S R?
2 3
cos (3.3)
nq 5,
sin

We desire to solve the following path following problem,

» For each initial condition in the neighborhood of the patie, system asymptotically con-

verges to the path.

* Once the robot is initialized on the path (or reaches thé)paith the heading vector

tangent to the path, the system will stay on the path for &liritimes.
» On the path, the mobile robot tracks a desired velocity oelgcation pro le.

In order to solve the path following problem a procedure Eintb feedback linearization is
adopted. Roughly speaking, in feedback linearization Vifergintiate the outputs of the given
system until the control input appears and then use thatadnput to cancel out the nonlin-
earities to express the system in fully or partial lineanforUnlike feedback linearization, we
select functions of outputs and take derivatives of thesetfans until the control input appears.
However, it should be noted that the output functions argusttarbitrary functions rather these
functions are selected from the given path. In this exampéefonction is selected from the zero-
level set representation of the path, while the other iscsedefrom the parametric representation

of the path.

The path given in this example igegular curve,
P
(8 29 k Y )k= cog® +sin? =1:

It can be seen that there exists a smooth ;1iaR? ! R? such thaDis aregular valueof s and
(D) = s (0), whereD is the domain. Let := s (0),

=fy2 R*:y?+vy2 1=0g:
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Therefore, represents the zero level set representation of the fe@h The maph : R*! R?

is transversalg§2] to and the path when expressed in state space takes the following form,
=(s h) '(0)= x2R*:s(h(x))= x>+ x2 1=0

Dene (x) :=s h(x) = x2+ x3 1. Intuitively, makingx ! Is equivalent to making
y ! . The path followingmanifold denoted by ?, associated with the curveis the maximal
controlledinvariant subset of the manifold. Physically it consists of all those motions of
the car-like robot §.1) for which the output signal3.2) can be made to remain on the curve
by suitable choice of control signal(]. The path following manifold is the key object that
allows one to treat the path following problem as a set stabibn problem. The rst two
path following objectives can be achieved by making the paltbwing manifold attractive and
controlled invariant. In order to identify the largest amflied invariant manifold of , we start

taking the derivatives of the functionuntil the control input appears,

_ow,
_= 8%y
= 8% 0+ E8g100v+ g0

Le )+ Lg (X)v+ Lg (X)!

V(2X1 COSX3 + 2X5 SiNX3):

It can be seen that? = . This is because one can trivially make the entire sebntrolled
invariant by setting the translational speetb zero. From the point of view of mobile robots,
this is not a useful characterization because such a ctertoaluses the system to stop and hence

not traverse the curve.

Instead, the problem can be solved by dynamic extendign Letv = v+ 4, where ; is
the rst state of our dynamics controller. In generd] yve are free to choose any dynamics for
—+ but we take the simplest possible structure for the conawl#.8) and let + = 5. In order

to nish de ning the control law we let»> = u; whereu; is a new, auxiliary input that we will
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use to indirectly change the translational veloeityl he structure of the control law so far is

+ - 2
2= U
(3.4)
V=Vv+ 1
| = Us:

To simplify notation we will no longer distinguish betweetates of the systertxi; X,; X3; X4)
and states of the controlléry; ,). Letxs := 1, Xg := 5. Therefore the system we study is
given by

= f(X)+ g(X)ur + G(X)u
2 3 2 3 2 3

(V+ Xs) COSX3 0 0
(v+ Xs)sinXxs 0 0
0*X5) tan x4 0 0 (3.5)
+ u; + Uz
0 1
0 0
1 0

For the extended system the path following manifold is givgn
= x2R%: ()= _(x)=+(x)=0

To this end we select outputs functions equal to the numbdéneofnputs to check theector
relative degreef the system. Le$ =tan (y,=yi), (X)=$ h(x),and =s h(x). We

de ne a “virtual” output function,

<>
11
N
1
x
ul

(3.6)
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We check the vector relative degree of the car-like roBd)(with output 3.6). Consider an

arbitrary pointx” 2 . Direct calculations show that
Loli ()= Lgli (X)= Lgli ()= Lgli (x)=0:

Moreover, the determinant of the decoupling matrix simgdi to,
2 3

Lglsz (x?) ngsz (x?) oW+ X5)2_

det(D(x?) = 4 \ :
Lul? (x7) Lgl? (X?) CO% X4

(3.7)

The determinant goes to zero if either x5 goes to zero, of cos x4 goes to in nity. ~ is a

nite constant. Sincex, represents wheel angle and for typical cars the wheel agienever

goesto 90°. Soitis assumed that, 2 ( =2; =2). The decoupling matrix loses rank if

X5 = V. Physically this condition means stopping the robot aldregggath. In other words,

with this controller the robot cannot achieve point staaifion, but still it allows the robot to

maneuver along the path and follow speed pro les bounded drean zero. We can now de ne

a coordinate transformation. Let 2 nfx 2 R®: x5 + v = 0 g. There exists a neighbourhood

U R® containingx” such that thenappingT : U R®! T(U) RS, dened by

2 3 2 3
1 (X)
2 Lt (X)
2
34 _ T(x) = Lf (X)
1 (x)
2 Lt (X)
3 L7 (x)

(3.8)

is a diffeomorphism ontats image. Using the coordinate transformatibrfrom (3.8), in a
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neighbourhood of any point’ 2 , the system3.5) in (; ) coordinates reads

1= 2
2= 3
—_ 13 2 2
_3_Lf +L91qu1+ngqu2 =T 1(-

=T 6 (3.9)
4= 2
2= 3

5= L7 +Llglfur+Llglius o o )
Stabilizing = 0 stabilizes the path following manifold”, because (x), (x) and«(x) con-

verge to zero. This implies the car will converge onto therddspath with heading velocity
tangent to the path. On the path following manifold the motibthe car-like robot on the path
is governed by the-dynamics. When the robot is on the path following manifold,, =0

then ; determines the position of the robot on the patixepresent velocity of the robot along
the path and; represent acceleration of the robot along the path. Congideegular feedback

transformation,
2 3 0o 3 2 31

u L3 vk
§%=p x) Bt 5+9tg;§3 (3.10)
u, |_§ \Y;

where(V¥; vt) 2 R? are auxiliary control inputs. The controller is well de nada neighbour-
hood of everyx” 2 nfx 2 R®: x5 +Vv =0 g. Thus in a neighbourhood af, the closed-loop

system becomes

1= 2
2= 3
3=V

(3.11)
“+= 2
2= 3
4=V
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(a) Car-like robot following a circle (b) -states converging to zero.

Figure 3.2: Convergence of system's output and transforsteges

Wherevt andvk are the transversal and tangential input. The control B has decou-
pled the transversal and tangential subsystems which nasigning(v; v! ) to solve the path
following problem patrticularly easy. In summary, dynamitemsion and transverse feedback
linearization allows us to represent the system as a lineg-invariant system (LTI) and use
LTI controller design techniques to design the controlegrsdlystem 8.11). In this simulation the
car-like robot is following a unit circular path as shown ilgére 3.2a It can be seen in Fig-
ure3.2bthat all the -states converge to zero. While the robot follows the cacphth a desired
speed pro le is achieved as shown in Figu#&. We now investigate the performance of this,
apparently well behaved, controller on an experimentafqila. The control implementation is
challenging because of two reasons. First, although, theater poses some robustness prop-
erties because of feedback design, it is not obvious howahtaller will perform in the face on
sensor noise. Second, the control implementation entatgpatation of ;, and , states. The
augmented state which needs to be computed by taking a numeric derivative bave a rela-
tively larger level of noise compared to other states. Desyithese challenges, we demonstrate

that path following performance and convergence to the aaheliably achieved in practice.
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Figure 3.3: Robot following a speed pro le.

3.2 Linear control design in transformed coordinates

As shown in the previous section that given a circular paghntbnlinear model of a car-like can
be transformed into a fully linear syste®.{1). The linear system has two parts: the transversal
subsystem and the tangential subsystem. Since the systamads the controller can be de-
signed using the well known theory of Linear Time Invaridolj systems. For the transversal

subsystem a controller can be chosen that stabilizes thmaf the transversal subsystem.
V()= ki 1+ ko 2+ Kg 3; (3.12)

with k; < 0,i 2 f 1;2;3g. It is easy to observe that the controll8r12 exponentially stabilizes
the LTI transversal subsystem and forces all thetates go to zero. Physically, since 0 is an

equilibrium of the closed-loop transversal subsystenhefriobot is initialized on the path with
the initial velocity tangent to the path, then it will remain the path for all future time. Hence,

the property of path invariance is achieved.

In order to achieve the goal of controlling the speed of thmt@n the curve, the following
controller is used,
V() = ka( 2 EEf )+ ks( 2 ;ef )+ Ke 3 (3.13)
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(a) The Chameleon R100 robot. (b) Experimental Setup.

Figure 3.4: The Chameleon R100 robot and the experimerttgh séth IPS

wherek; < 0,i 2 f 4;5;69. The parameterief is the desired reference position on the path and

;ef is a desired reference velocity pro le. Note however thaemwéverxs = v, the robot has
no translational velocity. In that case, the decouplingrimédses rank and the control law.3
is not well de ned. Hence, we cannot stabilize a particulainpon the curve using this control

law and henceforth we skt = 0.

3.3 Experimental implementation

In this section we present experimental veri cation of tHieetiveness of the proposed con-

trollers.

3.3.1 Experimental platform and setup

The Chameleon R100 built by Clearpath Robotics Inc., sear€ig.4g is a low cost car-like
robot for testing control and estimation algorithms. A DCtards attached to the rear axle
of the robot. A servo motor is used to control the steeringenfjthe robot. The maximum

steering angle is approximate®y degrees. The wheels of the robot provide suf cient friction

49



with the ground to make the rolling without slipping assuimptimplicitly made in 3.1) hold.
However, the steering linkage to front wheels permits up t@ degrees of error. This error
source is not captured by the mathematical mo@8dl) (used for control design. The chassis of
the robot measure30 22 20cm (I/w/h) and is controlled from an Intel Atom Notebook.
Onboard electronics provide low-level commands to the msoidnile the proposed control algo-
rithm is implemented on the notebook, hereafter called timérol computer, running the Robot

Operating System (ROS) in Linux.

To implement the path following controller, all of the rolsdtates are needed. To this end, an
Indoor Positioning System (IPS) is employed using the NdlRoint OptiTrack local positioning
system. The IPS uses sixteen near-infra red cameras. &di@dR) re ectors are attached to the
robot's chassis to make the positi¢xy; x,) and orientatiorx; available for feedback, via the
IPS, over WiFi. The control computer uses multithreadediBlaSubscribe model to read the

position and orientation of the robot at 100Hz from the IPS.

In many car-like robot platforms, the steering angle can ibectly measured using a po-
tentiometer or an absolute optical encoder; however then@leon R100 lacks this feature.
Furthermore, the steering angle of the robot cannot be meddly the IPS. Therefore a stan-
dard Extended Kalman Filter (EKF) is used to obtain estinfaiex;; Xs; X4; Xs; Xg) from the
measurement&y; X; X3) and the control inputéu;; uy). The control inputs of the Chameleon
are its steering angle and translational speed. Howewecdhtrol inputs of§.1) are the rate of
change of the steering angle and translational speed. &agrgj control input can be computed
from the rate of change of steering angle by integration. Jigeals from the proposed con-
troller (rate of change of steering angle and translatiepakd) are used to compute the steering
angle, which is the control input of the experimental platfio The controller gains used in all

the experiments are given in Tat3el
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Table 3.1: Controller gains used in Secti®3

Description Symbols Values
Transversal gains3(12 fky; Ko kag f30; 20, 10g
Tangential gains3.13 fka; ks; keQ f0; 30, 20g
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Figure 3.5: Chameleon R100 robot following the circularveur : [0;2:6 ) ! R2?, 7!
col(L:3sin(=1:3); 1:3 cos (= 1:3)).

3.3.2 Experimental results

In the rst experiment the Chameleon R100 robot is asked bovioa circular path of radius
r = 1:3 meters while maintaining a constant speed 8f = 0:3 m/sec along the path. The
robot's initial position is indicated by a solid green dothkigure 3.5a The desired circle is

represented by a dotted line in the gure.

The position of the robot along the path is given by the trammséd state; 2 [0;2:6 ). In
this example the path is closed and has arc-le@dih; thereforeD = [0;2r ) =[0;2:6 ) and

1 remains bounded betweério 2 r as shown in Figur8.6a The transformed state equals
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Figure 3.6: Velocity and position of the Chameleon R100 tolbile following the circular
curve :[0;2:6 )! R2?, 7! col(1:3sin(=1:3); 1:3 cos (= 1:3)).

the rate of change of the arc-length at the robot's positiothe circle. It is shown in Figurg.6h

In the second experiment the Chameleon R100 robot is mad#léevfa non-closed sinu-
soidal path. Figur®.7ashows that the robot rst converges to the desired path alole it.
Due to limited lab space the robot is asked to follow only alsp@tion of the sinusoidal path.
All the transversal states (thestates) converge to zero, as required, as shown in Figjuie
As the robot follows the sinusoid path a desired speed of Js&enis achieved as shown in
Figure3.8.

In the third experiment the performance of the proposed fudlbwing controller is rigor-
ously tested on a circular path of radius 1.3 meters. Thererpat is repeated six times and
the convergence of the path following error is analyzed.dchetest the robot converges to the
desired path starting from an initial point away from thehpag shown in Figur8.9a The path
following errore’™ := P xZ+ x3 1.3, is shown in Figurg.9h The initial pose (position and
orientation) and steady-state path following efjedfj := lim; supje’Fj of the robot in each
run is presented in Tablg2 Figure3.10gives a zoomed in view of the path following error.

We see that the path following error in each run remains with0:015m or, in other words, less
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Figure 3.7: Chameleon R100 robot following the non-closemh-unit speed, sinusoidal path
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Figure 3.8: The Chameleon R100 maintaining a desired spe@8 an/sec along the sinusoidal

path.

than1:15% It can be concluded that path following controller givesifaaccurate and reliable
results as the mean path following error of the six rurlk@§8Tm with a standard deviation of

0:154m.
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Figure 3.9: Multiple experiments following circular path : [0;2:6 ) ! R? 7!
col(:3sin(=1:3); 1:3 cos (= 1:3)).

Table 3.2: Steady-state path following error. The initiahditions(x1(0); x2(0)) andx3(0) are

given in metres and radians, respectively. The path folgvarror is given in centimeters.

Test (x1(0); x2(0)) x3(0) jes]

1 (3:02670:4083) 18153 10580
2 ( 0:1675 1:7628) 01440 13766
3 (2:73831:2309) 23205 09556
4 (1:47191:8907) 29793 10089
5  ( 0:097% 0:3565) 0:6987 10148
6 ( 22894 0:4131) 1:0454 09992
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Figure 3.10: Zoomed view of the path following error aftee tonvergence of the robot to the

desired path.

During experimentation, it was observed that the closeq-joerformance is very sensitive
to IPS calibration errors. In particular, a small misaligmmhbetween the origin of the coordinate
frame de ned by the IR re ectors, and center of the rear akk, (X1;X2), is re ected in the
path following error. Moreover, we observed that the ersoreduced by a few centimeters if
an EKF is used, as described above, on all six states of thensy#\n adaptive path following

controller may perform better in the face of calibratioroest

Despite having dynamically extended states, the pathviialig controller investigated in this
chapter, not only demonstrates path invariance, but aldonpes well in the presence of real
world disturbances and robot performance limitationssThotivates us to adopt a similar con-
troller design scheme for the class of vehid®s In the next chapter we design path following
controller forG,, which is a non-trivial extension of the path following cmiter investigated in

this chapter.
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Chapter 4

Path Following for the G, Class of Vehicles

This chapter presents a path following controller for @eclass of vehicles modeled in Chap-
ter2. A smooth, dynamic, feedback controller is designed tHatnal theG, class of vehicles to
follow both closed and non-closed embedded curves whilataiaing a desired speed, a desired
acceleration or while stabilizing desired points alongdteves. The system dynamics are trans-
formed into a linear system via a coordinate and feedbacisfoamation. Once transformed, a
path following controller is designed that guaranteesriavece of the path while enforcing the
desired motion along the path. The controller designe@joclass of vehicles is applied to one

of the systems, a quadrotor, belonging to this class.

4.1 Local representation of rigid body model

As shown in Chapteg, the dynamics of th&, class of vehicles under rotation and translation
is given by @.3), (2.6), and .7). A convenient choice is to pick a local chart to represeat th
dynamics of the rigid body. Obviously, a local represeptabtf rigid body dynamics will lead
to a local controller, but in most practical scenarios tHesal controllers are suf cient for most

practical applications. Using Euler angles, a rotationrinagn be represented by three angles.
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Let these three Euler angles bes col( ; ; ). We use the following compact notation to
represent trigonometric functionS; := sin(i); C; :=cos(i); T, :=tan(i)fori=f ; ; g. The

kinematics equatior2(3) can be represented in local coordinateslas$2, 15,
= M() ; (4.1)

whereM is given by, 2 3
1 ST CT

Mzgo C S ? (4.2)

0 S sec C sec

In summary, the dynamics &, class of vehicles, i.e.2(3), (2.6), and @.7), can be repre-

sented as,
= M()
J = ( J)
(4.3)
_=V
v=mghy uRbs;
whereR can be represented in terms of Euler angles as,
2 3
CC CSS Cs CCs+sSs
R=§CS SSS+CC CSS SC 4: (4.4)
S CS CS
Let the state vector of the rigid body ke:= col(xy;:::;X2) = col( ; ;; ) 2 R'2. With

a slight abuse of notation, we repres&t= sin(x;); C; := cos(x;); T; := tan( x;). By direct
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substitution of 4.2), and @.4), in (4.3) dynamics can be written as,

X1 = X4+ X551 To + XeCy T2
X2 = XsC1  XgS1
X3 = sec (X2)(XsS1 + XeCi)

Xgq4 = ((Jz Jy)sz)XSXG + (1 :‘]X) p

Xp = ((‘Jy Jx)=J)XaXs + (1=J;) ¢
(4.5)
X7 = X10
Xg = Xi11
X9 = Xi12

X10 = (1=m)(C1S,C3 + S1Sg)us
X311 = (1=m)(C1S,Ss  S1Cs)us
X12=9 (1=m)(C1Co)ux;
The control inputs arey; 4; , andu;. The model 4.5 can be written compactly in control

af ne form asx = f (x)+ g(x)u. The output of the system is the position of the center ofigyrav

of the rigid body in the inertial frame
h s
y(X) = h( ): X7 Xg Xg : (46)

4.2 Problem formulation

Informally, path following entails making the output of tegstem approach and move along a
given path with no pre-speci ed timing law associated witle motion along the path. Before

analyzing the path following problem, we present a formahidien of a “path” in this context.
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De nition 4.2.1. A path is a smooth parameterized curveRf

D! R®
2 3
1( )

4.7)
7! o) 4

s( )

such that it satis es the following assumptions.

1. The desired path is regular which implies it can be parameterized by its arugh.

2. The set (D) is assumed to be an embedded submanifoRPofrhere exists a smooth map
s:R®! R?sothat (D)= s (0) with 0 as regular value o$. This condition implies

thatrank (ds,) = 2 forall y 2

Since is a regular curve, therefore, without loss of generalitg, venceforth assume that
is parameterized by its arc length, i.e.,% 1. If (D) is an embedded submanifold of
R3, then it is always possible to locally represent the curvehaszero level set of a function.
The assumption ensures that #rdire path can be represented as the zero level set of a smooth
function. Let := s (0), then, in the case of the system belonging to the class ofhe=h§.5),

the path is represented in the output space as
= y2R%:isi(y)= so(y) =0
Similar to the previous workl[J], the lift of the path to R!? is de ned as
= x2 R¥2:s(h(x) = sy(h(x))=0

The control objective is to make the outpubf the system4.5 asymptotically converge and
then follow the path. Making ! is equivalent to making ! . However, we will see that

in general can not be made invariant and hence we will try to stabilizetsst of .
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4.2.1 Problem statement

Given a path presented in De nitich 2.1, we seek a smooth dynamic feedback law

—=A(x; )+ B(x; )u
(4.8)
u=Cx; )+ D(x; )u;

with! 2 R% u = (uy; U, us; us) 2 R*and an open subset of initial conditiods V 2 R'? R®
with h(U), such that for any initial conditiox(0); (0)) 2 U V the corresponding

solutionx(t) for the closed-loop system is de ned for all 0and

PF1 The rigid body approaches the pakh(x(t))k ! Oast!1

PF2 The level ses(y) is output invariant, i.e., if the rigid body is initializedhdhe path with
output velocity tangent to the path, it remains on the pattaic 0.

PF3 On the path, the system meets additional application speeguirements such as

— Stabilizing a desired point along the path
— Tracking a desired speed and/or acceleration pro le albegurve.

— Tracking a desired yaw angle value or reference pro le althregcurve.

4.3 Dynamic extension

To solve the path following problem we seek to nd the largesntrolled invariant subset of
. As discussed in1[0, 63, 13], the largest controlled invariant submanifold contained in
is called the path following manifold. It consists of all #etrajectories of the system whose

associated output signal can be made to remain on the desitedy a suitable choice of the

1The dimensiorg of the controller state is not xed a priori.
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control input. The path following manifold plays a key rotedesigning path following con-

trollers because if ? can be made attractive th&#¥1 andPF2 are achieved. In order to nd?

we rstde ne 2 3 2 3
s1 h(x) (X)
=s hx)=4 5=4 "5, (4.9)
sz h(x) 2(x)
With this de nition we have that = 1(0) and as a result, we can apply the zero dynamics

algorithm to the function to obtain a local characterization of.

Given that the system has four inputs, it is natural to audrttenfunction 4.9) with two
additional “virtual outputs” and then check if this resngivirtual output has a well-de ned
vector relative degree. Tothisend lef ) : R®! R be a map de ned in the output space of
the rigid body. A re ned de nition of ; will be presented in the following section. We choose

»(X3; ) :R*! R. This choice is motivated by the fact that, according &8, we would like
the yaw angle = X3 to be virtually constrained by the position of the rigid badgng the path,

which is completely speci ed by the values of

Assumption 1. The function (xs; ): R*! R satises

@x
for everyxs; 2 [0;2 ) and every 2 R3such thath(x) 2

Assumptionl ensures that, at each point along the path, we can apply fhleiniunction
theoremory, = ,(x3; ) and expresss as a function of andy,. In other words, this ensures

that , represents a valid, positionally dependent, constraitheryaw angle along the path.

In summary, motivated by the path following problem, we dethe “virtual” output function

2
y= g 1( ) % (4.10)

2(Xs; )

by
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The output function is intuitively appealing for the purpef meetind?F1, PF2 andPF3, the

following result shows that it fails to yield a well-de neélative degree.

Lemma 4.3.1.Systen{4.5) with output(4.10 does not have a well-de ned vector relative degree

atanyx 2 R,

Proof. Since and ; are functions of and , is a function ofxs; itis easy to check, in light
of the model 4.5) that

Lgi l(x): Lgi Z(X): Lgi l(X) = Lgi 1(X) 0

fori 2 f 1;2; 3; 4. Direct calculations also reveal thag L 1(X) = Lg 1(X)= Lg 2(X) O
fori 2 f2;3;4gwhileLg Lt 1(X), Lg 1(X) andLg, 2(X) are not identically equal to zero in
any open set dR'2. In other words, the only control input that is not always tiplied by zero

in the second derivative of the functiong, 5, 1is .

Similar calculations show thatg,L; »(x) OwhileLgLt »(x),1 2 f 1;3;4g are not all
identically zero in any open subset®f?. From these calculations we deduce that the decoupling

matrix for the quadrotor4.5) with output @.10 has, at each point d&¥*?, the form

2 3
Le Lt 1(X) O 0 0
LguLs 2(x) O 0 0
D(x) = : (4.11)
Lg Lt 1(x) O 0 0

LglLf Z(X) 0 Lgstz 2 L94Lf2 2

ClearlyD (x) is rank de cient for allx in R*?. O

One possible interpretation of Lemm&B.lis that the decoupling matrix loses rank because
the control input , does not appear.This problem is overcome by delaying theaappce of

the control input; with the help of two integrators, which are included throigb additional
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states =( 1; »). Letxyz = ¢ andxys := . This dynamic extension generates the dynamic

control law
+= 2
2= Ug (4.12)
f = 1
To simplify notation, we no longer distinguish between tliadyotor's stateéx;;  ;Xi») and
the controller state§ 1; ,). LetXiz := 1, Xis4 ‘= 2, Uy = Y, U = col(ug; Uy us;uy) =
col(ug; Up; Ug; Ur) 2 R*, whereu, := ,,u, := ,anduq := 4 The model of the rigid body

after dynamic extension gets the form,

X1 = X4+ X551 To + XCyTo

X2 = XsC1  XeSy

X3 = sec (X2)(XsS1 + X6C1)

Xa= ((Jz  Jy)=J)XsXe + (1=)up
Xs = ((Ix  J2)=Jy)XaXe + (1=Jy)Uq
Xe = ((Jy Ix)=Iz)XaXs + (1=J;)u,
= o (4.13)
Xg = X11

X9 = Xi2

X10 = (1=m)(C1S,C3 + S1S3)Xu3

X1 = (1=m)(C1S;S;  $1C5)Xa3
X12=9 (1=m)(C:C3)X13

X13 = X14

X34 = Ug.
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With a slight abuse of notation we write the extended modeimactly as

X4
x=f(x)+ gXxu:
i=1
By applying the zero dynamics algorithm to the outplg), the extended system yields the path

following manifold

= x2RY:L} x)=0;i=0;1,234 : (4.14)

4.4 Path following controller design

In this work the path following problem is treated as an instaof the set stabilization problem
and the general approach for solving path following probigapplied to a rigid bodie, 13,
10]. In contrast to the differential atness based controlidrich involves nding an output such
that the resulting feedback linearized system is fullydineve have chosen at outputs that are
physically meaningful for the path following problem. Wewce ne the de nition of ; in the
virtual output @.10 by choosing a speci c function. A mapping is introducedttassociates to
a pointy in the output space of the rigid body system, suf cientlysgdo the path, a number in
the domairD that minimizes the distance from the path This mapping was used i®§] for

curves inR?. Let R3 be a tubular neighbourhood of the patland de ne the map

$: !' D
(4.15)
| i :
y 7! arg |£||1; ky ( k:
The above function is smooth so long asis a suf ciently small “tube” around the curve.

With these de nitions and Agsumptiochzél Wg re ne the “virtual %utput” function to be

1( ) s1 h()
h
§= ) = = ) : (4.16)
1( ) $ h()
2(X3; ) 2(X3; X7, Xg; Xo)
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The next two results are presented to support our claim beekxtended system has a well-
de ned vector relative degree at each point on the pathvietlg manifold. The rstis presented

without proof as it is the well known triple product resulbin linear algebra.

Lemma 4.4.1([65]). If v1,v,,v5 are linearly independent vectors R thenhvy; (v, v3)i & 0.

Let
e @00
d ;:=col Ox @x @x
fori = f1;2g, and
= col @@@
@ @ @

Lemma4.4.2.Let ;and , be asdenedin4.9. Then, forall 2 |,
sparfd 1;d ,; 9= R%:

Proof. We rst show that each of the vectots ;;d ,; °are non zero. By assumption,
is regular which means® 6 0. Also by de nition 4.2.1, at eachy 2 , ds, has rank two.
Sincedh, = | this shows, using the chain rule, that at each2 , d has rank two.
Since %is a tangent vector and i1;d , are non-zero gradient vectors, we conclude that

sparfd 1;d 5 %= R®as claimed. O

It is claimed that stat&,3, which represents thrust, can not be zero. In fack,s is zero if
and only if thrust applied by rigid bodies is zero. For systegionging to the class of vehicles
such as quadrotors, tailsitter, and satellite, this melnsearotors of the system stop spinning
at the same time. Therefore, for almost all practical puepass 6 O is a valid assumption.
Moreover, we assume that the rigid body does not encounteajilock situatiof, i.e., =

6 9C.

2The singularity associated with gimbal lock is due to Eutegla parameterization c®QO(3).
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Lemma 4.4.3. The extended model of the rigid bo@13 with output(4.16 yields a well-

de ned vector relative degree 6#; 4; 4; 2g at each pointon ’\f x 2 R*:x;360; = 6
9’g.
Proof. Letx” 2 ?\f x 2 R¥: = 6 90 .3 6 0gbe arbitrary. By de nition of , and

since ? , the outpuh(x?) is on the path . Let ? 2 D be such thah(x?) = ( 7). By the

de nition of vector relative degree we must show that
LoLi 1(x) = Lg 2(x) = LgL} «(x) 0O (4.17)

fori 2f1;2;3;4g,j 2f0;1;2gin aneighbourhood of” and that thet 4 decoupling matrix
2 3
D(x%) = ; (4.18)
Lgl_? 1(X?)

Lols 2(X7)

Is non-singular. It is easy to check, by direct computatitimst the rst condition holds and

12(x13)? cos1) @

0,l,micosk,) @y 2 0 @ e 9 : (4.19)

det(D(x)) =

The determinant goes to zero if and only if any term in the matoe of @.19) is zero or any term
in the denominator is in nity. The termis; 1; 1,;1 andm are nite constants. By assumption, at
x?2 "\f x2R¥: = 6 90 x.36 09, the combined thrust;3 6 0. By Lemma4.4.2
sparfd ;d 5 Y(x?) = R® and therefore, by Lemma.4.1hd :(d ., 9i & 0 at

x?. By Assumptionl @,=@x 6 0. It is further assumed that the system does not encounter

gimbal lock situation, thereforeosx; 6 0 fori = f1;2g. Thus we have shown that for any
x?2 ?\f x2R¥: = 6 90 xi360g,det(D(x?)) 60, therefore the extended system
has a well de ned vector relative degreexat O
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The singularitiesat; = x, = = 90 are notintrinsic to the physics of rigid body system,
and arise due to singularities in the local chart i.e., Eaibgjle representation. These singularities
could potentially be eliminated by using rotation matricksother words by designing a con-
troller on SQ(3) directly, such singularities can be avoided, and one caieaelylobal results.

In Chapter6 we eliminate such singularities and present global coleirl Since the extended
system 4.13 has a well de ned vector relative degreefdf, 4, 4; 2g, this implies that the dimen-
sion of the zero dynamics is zero. In other words, we can firllgarize the extended system of

the quadrotor. This leads to the de nition of a local cooatmtransformation.

Corollary 4.4.4. Letx” 2 “\f x 2 R¥*: = 6 90°;x.3 6 0g. There exists a neigh-
bourhoodU R containingx? such that the mapping : U R*! T(U) R dened
by 2 3 2 3
ji Li ' (%)
E 1 §= T(x) = g Lyt 1(x) %; (4.20)
2k L? Y a(x)

fori 211;2;3;49,j 2f1;2gandk 2 f 1;2gis a diffeomorphism.

Proof. Letx? 2 ?\f x 2 R¥*: = 6 9(;x;3 6 0g. By Lemma4.4.3 system 4.13
with output @.16) yields a well-de ned vector relative degreefdf; 4; 4, 2g atx”. By [4, Lemma
5.2.1] the row vectors
d 1(x?);dLs 1(x?);dLZ o(x7dL 1(x?)
d o(x?);dLs 2(x?);dL? (X% dL} »(X?)
(4.21)
d 1(x?);dLs 1(x?);dLE (X7 dL] 1(x?)
d o(x?);dLs 2(x?);
are linearly independent. These are the rows oflithe 14 Jacobian matrixiT,» which implies
thatdT- is non-singular. By the inverse function theore®s,[Theorem 5.23T is a diffeomor-

phism onto its image. O
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Using the coordinate transformatidnfrom Corollary4.4.4 the system is transformed in

(; ) coordinates

+1 = j2
2= 3
3= j4
X4
4 3
+4=Li j+ Lol jy
i=1 x=T 1(; )
1= 12
_ (4.22)
2= 13
13— 14
X4
—_ 1 4 3
4= L§ 1t Lyl 1Us
i=1 x=T 1(;)
21= 22
X4
2 .
2= L§ 2t LgLs 2U4 ;
i=1 x=T 1(; )

forj 2 f 1;2g. This model .22 suggests a natural choice of feedback transformation

2 3 02 3 2 31
Uy L? 1 v1?
Us L? 2 V2
=D (x) + : (4.23)
Us L? 1 v!1?
Uy L? 2 V ?

where(v ;v 2;v ;v 2) are auxiliary control inputs. By Lemm@4.3this controller .23 is
well-de ned in a neighbourhood of every’ 2 nfx 2 R : x;0 = X113 = 9CPg. Thus in

a neighbourhood o%?, the closed loop system is simply reduced to four decouphedins of
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integrators
#H= 12 2~ 22 11T 12 2= 22
#2= 13 2~ 23 1275 13 2=V~
(4.24)
B~ 14 23— 24 13— 14
=V 1 24 =V 2 2=V 2
and linear control techniques can be used. The outhd®y(is a at output [67] for the rigid

body system4.13 because these outputs transform the system to a fullyrlgyesdem.

4.4.1 Auxiliary controller design

After applying the coordinate and feedback transformati@n20), (4.23 to the extended sys-
tem @.13 the auxiliary controller design is straight forward. Sliaing the origin of the rst

two chain of integrators, collectively called thesubsystem, corresponds to the stabilization of
path following manifold ?. When = 0 the states of the system are restricted to stay on the

path. We propose the following controller to control theubsystem.
x4
vi = ki ji s (425)
with k; < 0, 2 f 1;2g9. This controller exponentially stabilizes= 0 . Since = 0 is an
equilibrium of the -subsystem, the origin is exponentially stable. Moreowar,stabilize the

path following manifold ? and hence path invariance is achieved. In other wd?84,andPF2

are satis ed.

To achieve the goal of point stabilization along the cun@tmlling the speed along the
curve, and forcing the rigid body to follow a given accelemaipro le along the curve we propose
the following controller

X4
vi= o oki(u o 5N (4.26)

i=1

69



wherek; < 0, i; is the path parameter. By settinﬁjf to the desired value, point stabilization
is achieved. By choosinkgy = 0 and setting ;‘;f to the desired velocity pro le the rigid body
follows the given velocity pro le. Similarly, by choosink, = k, = 0 and setting ﬁf to the

desired acceleration pro le the system follows the giveoederation pro le. Therefore, by the

auxiliary controller given by4.26), PF3 has been achieved.

The yaw angle of the rigid body can be controlled by desigmirggmilar controller for the

fourth chain of integrator.
Viski(a  m)*tkl( a2 23)*en: (4.27)

wherek;; k, < 0. By stabilizing the origin of the ,-subsystem, the yaw angle of the rigid body

converges to the desired yaw angle reference functiorsfgiaiy the yaw objective ifPF3.

4.5 Simulation results

For simulation purposes, it is assumed that the rigid bodyahemass om = 4:493kg, and
inertiasJx = J, = 0:177kg.n? andJ, = 0:344kg.n¥, and acceleration due to gravitygs= 9:8
m/seé. It is further assumed that due to modeling uncertaintiesstis10% error inJy; Jy; J;.
The error in the mass of the rigid body is assumed td%ebecause the mass of the quadrotor
can be accurately measured by a precise weight measuritngrirent. The initial position of
the rigid body is indicated by a solid dot. The rigid body iddwing a curve represented by
a fourth order spline. The controller allows the system oo a spline of any order greater
thanl. Moreover, each vehicle belonging to the class of vehidesapable of following any
closed or non-closed curve satisfying De nitidr2:1. The path chosen for this simulation is a
general & order spline givenby : R! RS2, 7! col(;a, *+ a3 3+ a, 2+ a + ag;3).
The implicit representation of the same curve is given by fs;(y) = sx(y) = 0g, where

S1(Y) = X3 ayXT+ asx3+ ax3+ ajx;+ ag =0 ands; = x3 3 =0. In Figure4.1, the system
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X3 =Y ) X, =X

Figure 4.1: Velocity pro le simulation. The path followed bhe rigid body is represented by a
bold red line and the desired path is represented by a s@&hdme.

is following the desired path and tracking a velocity prodeven by f;f =1 fort 2 [0;20),
©f =0, fort 2 [2040)and & = 1fort 40,

The above velocity pro le forces the rigid body to maintairvelocity of 1 unit/sec for20
seconds, stopping along the curve for the n&Xtseconds, and then reverse the direction of
the motion with a velocity of 1 unit/second. This indicates that with the proposed coletrol
the system is capable of stopping along the curve and chaugiection along the curve while
staying on the path. The system's velocity is compared tod#mred velocity in Figurel.2
Moreover, the rigid body is following a yaw pro Ie;if = sin(t) while following the desired
path as shown in Figur& 2. Stabilizing the yaw angle to a desired value or forcing foltow a
given pro le can be of practical importance for certain gystbelonging to the class of vehicles

such as quadrotors, and satellite systems.

71



ref

N2

0 10 20 30 10 50 60
t(sec)

21

_2 1 1 1 1 1 1
0 10 20 30 40 50 60

t(sec)

Figure 4.2: Comparison between reference and actual states

4.6 Application of path following controller on a quadrotor

Next we analyze performance of the path following controffe23, designed in the previous
section, on one of the vehicles belonging to the class ofclehipresented in Chaptér.e., a
guadrotor. The inputs of the quadrotor are motor pwm, whsch matural number betweérto
200 The control inputsly; Uy; Us; U4 are converted to motor pwm by the mapping give By
Moreover, to make the simulation more realistic a rst ordeotor model in also included in
simulation. In each simulation the desired path is a uniiein x; y plane, and the quadrotor is

desired to maintain a constant heightl®m in z axis, and a constant speed along the path.
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Figure 4.3: path following without noise

4.6.1 Without sensor noise

We rst simulate the controller4.23 on the quadrotor in the absence of sensor noise. A rst
order motor model is added in the simulation, and as expdtiednotor dynamics are fast
enough to not have any signi cant effect on the path follogvim the absence of sensor noise, the
guadrotor precisely follow the desired path, as shown inifég.33 and Figuret.3h Moreover,

all the transformed states; , fori = f1;2g, andj = f1,2; 3; 4g, converge to zero, as shown in
Figure4.4a and Figuret.4h We introduce actuator saturation, in simulation, to caprttotor
pwm inputs to 168 as shown in Figurd.5h Thrust, i.e., 1, and rate of change of thrust, i.e;,

are shown in Figurd.5a

4.6.2 Sensor Noise

Now we simulate quadrotor system, just like the previougcast in the presence of sensor
noise. We assume that the quadrotor states are sensed éy a&ittiMU, or Indoor Position-

ing System (IPS) or both. The noise is assumed to be a zero Gaassian, and is given in

3The rotor speed that results from a PWM commani@fis as large as is safe for indoor ight.
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Figure 4.5: Augmented states without noise
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Table 4.1: Quadrotor noise levels

State Source Range Standard Deviation
Position &;y; z) IPS 50e ®m 10e ®m

Velocity (x; y; 2) IPS 2e 3m=sec 3e “m=sec

Angles(; ; ) IPS 0:02deg. 0:005deg.

Angles (; ; ) IMU 0:1 deg. 0:01deg.

Body rates ;q;r) IMU 0:08rads/sec 0:02rads/sec.

Table4.1[68, 58, 15] 4. It should be noted that the quadrotor platfoAscTecprovides basic
Itered IMU data at an update rate of up to 1kHz. Although,dback linearized controllers,
sometimes, suffer performance limitations in the presafigensor noise, the controllet.3
performs fairly well in terms of path following, as shown iigEre 4.6 and Figure4.6h It
can be easily seen in these gures that the performance lgaadkd compared to the previ-
ous case when all the states are known precisely. Howe\ese ttesults are good enough for
most of the practical purposes. It can be seen that the tianefl states;;, fori = f1;2g,
andj = f1,;2;3;4g get noisy but converge to zero, as shown in Figurgg and Figure4.7h

It is interesting to see in Figur.83 and Figure4.8bthat the augmented statesand ,, and
motor pwn values remain noise free. It should be noted thasthi.e., ; is input of the non-
extended quadrotor system, but is the state of the exterydéehs. Moreover, for implementing
controller @.23, thrust or ;, and , must be known, or in other words must be measured by

some sensor. Therefore, in the next simulation we add noitkase states.

4http://www.dis.uniromadl.it/ ~ oriolo/fda/matdid/ControlOfAQuadrotorUAV. pdf
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Figure 4.6: Path following in the presence of sensor noise
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Figure 4.7: Transformed states in the presence of sensse noi
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Figure 4.8: Augmented states without noise
4.6.3 Noise on augmented states

The quadrotor system is capable of measuring motor speédait effect sensors mounted on
the Pelican system. The motors speeds can be converteditd thrand numerically differen-
tiating thrust gives,. We add realistic noise levels t@, and ,. It should be noted that; is

not ltered at low level processor of Pelican, unlike IMU uals which are lItered at low level
processor. Numerical differentiation of a noigyresults in a larger noise level on. The noise
levels of these augmented states has a large impact on plathify performance as shown in
Figure4.93 4.9 4.10a, and Figuret.10h Finally, the noisy augmented states, and motor pwm
values are show in Figure11g and Figuret.11bh One can perform some basic online ltering,
such as low pass lItering or Kalman ltering, to reduce now®augmented states, but it leads to
delay the input signal, and that can further effect the pallbwing performance. We conclude

this chapter with the following comment,

Remark 4.6.1. In the light of Lemmat.3.1, and Lemmat.4.3the G, class of vehicle entails
dynamic extension, which forces the system to have two neess;; ,. As shown by the
simulation results, these noisy augmented states gre#idgta the path following control per-

formance. This brings up a natural question: can dynami¢sresion be avoided? Yes, it can be
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Figure 4.10: Transformed states with noise

78



200

150

(1,2

0 5 w5
t(sec)

25 30 0 5 10 15 20 25

o
t(sec)

(a) Augmented states; » (b) Motor pwm values

Figure 4.11: Augmented states with noise

avoided by adopting an all together different control sckerm other words, we used a mono-
lithic control design approach in this chapter, that req@srdynamic extension. By adopting an
“inner-outer loop” approach, dynamic extension can be aled. The idea of inner-outer loop

control in not new, for example se&. In Chapter6, we present a class of novel geometric
controllers for rigid bodies or8Q(3) by exploiting the inner-outer loop approach. Before this,

we consider an interesting problem of path following cohtas quadrotor in case of a rotor
failure in the next chapter.
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Chapter 5

Fault Tolerant Path Following of a

Quadrotor

In the previous chapter we have shown that the path followorgroller gives satisfactory per-
formance in the presence of low sensor noise, and under tadeal conditions the controller
allows the system to follow the given curve closely. Usingrailsr controller design procedure
used in the previous chapter we present a path followingrobhet for a speci ¢ vehicle in the
G, class of vehicle, i.e., a quadrotor UAV, and consider the easen the quadrotor experience
a single rotor failure. In the single rotor failure case, drenw one of the rotor is fully broken
we call it a three-rotor case, and when all the four rotorsaameking without any failure we call

it a four-rotor case. Similar to the four-rotor case presdnh Chapte#, we design a smooth,
dynamic feedback control law that allows the quadrotor tto¥o both closed and non-closed
embedded curves while maintaining a desired velocity gr@long the path when one out of
four motors is completely disabled. Unlike the four-rotase, this quadrotor model is not fully
feedback linearizable. Therefore, the nonlinear moddteijuadrotor is transformed into a par-
tially linear model by a coordinate and feedback transfdioma We prove that even with three

rotors path invariance is achieved, and the controllergsagisfactory performance with no sen-
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sor noise. We further show that the uncontrolled nonlineatign of the dynamics (internal

dynamics) are bounded.

5.1 Introduction

Informally, a fault tolerant control (FTC) system is a systéhat can maintain stability in the
presence of particular faults. In the literature, fauletaht controllers can be broadly classi ed
into two groups: active fault tolerant controllers (AFT@)nd passive fault tolerant controllers
(PFTC). AFTC relies on a fault diagnosis system, which dstacfault and makes an active
change to the controller to manage the faulty state conthélh a PFTC no switching occurs,
rather a continuous controller is designed and optimizethfault-free situation, while satisfy-
ing some degraded performance for the faulty c&8g [The fault tolerant path following control
considered in this chapter is based on the assumption ttrafglkpwing must be maintained in
the event one of the rotors no longer provides any thrust anem. Such a scenario gener-
ally may occurs when a rotor collides with a static objectha environment, causing the rotor
blade to break, a propeller loss, or an electrical failurerily typical operation the quadrotor
ies in a fault-free fashion and the path following conteldesigned in Chaptdrcan be used.
However, when a failure occurs, the goal of path followingdrmaes more challenging because
the requirements of path invariance and pre-de ned vejqmit le tracking must be maintained
using only three motors. The controller is of practical imtpace because it allows a quadrotor
to recover from a single rotor failure and maintain path rrarece at the expense of independent
control over yaw angle. The result is a vehicle that spinsuaiie bodyz-axis while travelling
along the path. The rate at which the yaw varies can be bouatleding for safe operation in

the presence of such a failure.

Compared to the fault-free case, less research has beenfalofaailt tolerant control of

quadrotors. In 70] the authors compare existing methods of fault toleranttrobrsystems.
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In [71, 72, 73] the authors propose a fault tolerant controller for quémhiusing sliding mode
control. In [74] the authors present a learning-based fault tolerant obhatifor the quadrotors.
The authors show in simulation that the proposed methodestefe for optimizing the fuzzy
tracking controller on-line and counteracting the side&# of actuator faults. In7p] the au-
thors discuss the problem of fault detection and diagndsasiwnmanned quadrotor helicopter
in the presence of actuator faults. Moreover, the auth@auds three fault cases: loss of control
effectiveness in one signal actuator, loss of control éffeness in two actuators, and loss of con-
trol effectiveness in three actuators, and show experiafigrthe effectiveness of the proposed
method. In [ €] the authors proposed a fault tolerant controller basedajadtory linearization
when one rotor of the quadrotor fails. 17 the authors applied feedback linearization and

discussed the problem of trajectory tracking by followihg tnner-outer loop control structure.

In this work, a path following controller is proposed for thase when one rotor of the
quadrotor encounters a failure. The control design prosadsallenging because it requires the
controller to manage six degrees of freedom using only thoggrol inputs instead of four. It
is shown in this work that using fault tolerant path follogjrthe system can be made to stay
precisely on the path, in other words path invariance candbéaed while the quadrotor is
running only on three rotors. Unlike the controller desidme the last chapter for the case of
fault-free system where the system was shown to be diffiagntat, the three rotor system
is not differentially at, but instead presents uncontealinternal dynamics. Nonetheless, it is
shown that the vehicle is still able to follow the given patigintain the desired speed along the

path, and does not rotate at an unbounded rate.

5.2 Mathematical model

Without loss of generality, assume the second mbtegffails due to collision. A fault diagnosis

system detects a severe effect on the vehicle roll contnol taggers the switch from the fault-
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free state to the faulty state and turns iy completely. The new control inputs arg; q; ,

and @.8) becomes

2 3 2 3
Uy 11 1_2 3
fa
0 0 0 |
= fs 7. (5.1)
: 1 0
fa
. d d d

The expression, = If , = Uy 5 can be substituted into the quadrotor modeb), We add
translational and rotational drag terms4n4), and the quadrotor model for the fault tolerant case

can be obtained as,

X1 = X4+ X551 To + XeCy T
X2 = XsC1  XgS1

X3 = S€G(X5S; + X6Cy)

Xa= ((Jz Jy)=d)xsxs (Kexa=d)+(1=J) 7 Er

Xs =  ((Ix  J2)=d)XaXs (kKixs=Jy)+(1=Jy) 4

Xe = ((Jy I)=I)Xaxs (Kixe=J;) +(1=3,) . (5.2)
X7 = X10

Xg = X11

X9 = X12

X10 = ( kiXg0=m) + (1 =m)(C1S,C3 + S;S3)u;
X11 = ( kixg=m) + (1=m)(C:S,S;  S:Ca)u;
X12=( kixpp=m)+ g (1=m)(C.Cy)u;:

The output of the quadrotor is the position of the center afiy of the quadrotor in the inertial

frame.
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5.3 Problem statement

Given a path presented in De ntigh2.1, we seek a smooth dynamic feedback law

—=A(x; )+ B(x; )u
(5.3)
u=Cx; )+ D(x; )u;
with! 2 R% u 2 R3and an open subset of initial conditions in a neighborhodtefift of the

path, such that the quadrotor with one damaged rotor meefsilbwing goals,

G1 The system asymptotically approaches the gdifxx(t))k ! Oast!1

G2 The zero level set(y) is output invariant for alt 0.

G3 On the path, the system follows a desired speed pro le albegurve.

G4 The body ratep; q; r remain bounded, i.ejpj < 1 ,jg< 1 ,andjrj< 1 forallt O.

G5 The system does not spin at unbounded rate about its axj$,4.& 1 forallt O.

5.4 Dynamic extension

As discussed in the last chapter, the largest controlleariant submanifold * contained in

can be obtained by applying the zero dynamics algoriijto[the function , asde nedin §.9).
Since the faulted quadrotor has only three inputs it is @dtoraugment the functior(9) with
one additional function to make the number of output fundiequal to the number of control
inputs and then check the relative degree of the system w#hect to the augmented output.
To this end let (x7;Xg; Xg) be any smooth real-valued function. It is easy to show, sinid
Lemma4.3.], that the “virtual” outputy = ( ; (X)) fails to yield a well-de ned relative degree

for the system§.2) because the decoupling matrix is always rank de cient.

1The dimensiorg of the controller state is not xed a priori.
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This problem is overcome by delaying the appearance of thieaoanputu; with the help of
two integrators, which are included through two additiostatesx;z = u; andxy4 = U;. Let

Ug = 4 andu = col(ug; ug; Uy) 2 R3, whereu, := ; andug := .

X4 + X581T2 + X6C1T2

X1

X2 = XsC1 XeS1

X3 = Sec (X2)(Xs5S1 + X6Cy)

K= (O 370 () + (kis2d) 5o b

Xs = ((Ix  J2)=dy)Xaxe (KixXs5=Jy) + (1 =Jy)uq

Xe = ((Jy Ix)=I)Xaxs (KrXe=Jz) + (1=J)u;

X7 = %0 (5.4)
Xg = X11

X9 = X12

X10 = ( KiX0=m) + (1 =m)(C;S,C3 + S;S3)X13
X11 = ( kixp=m) + (1 =m)(C:S,Ss  S1C3)X13
X12=( kixpp=m)+ g (1=m)(C;Cy)Xu3
X13 = X14
X34 = Ug:
With a slight abuse of notation we write the extended modeimactly as
x3
x=f(x)+  gxu:
i=1
As in [32], applying the zero dynamics algorithm to the outpfud( and the extended system

yields the path following manifold

= x2RM:LI (x)=0;i=0;1,234 : (5.5)
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The path following manifold in the faulted case equals thid f@llowing manifold for the fault-
free case. Once again, by making the path following maniddichctive and invariantG1 and

G2 are satis ed.

5.5 Path following controller design

Similar to the fault free case, we de ne a “virtual outputhictiony to be
2 3 2 3

1(X7; X} Xo) s1 h()
y= g 2(X7; Xg; Xo) % = g s2 h() % (5.6)
(X7; Xg; Xo) $ h()
Now we check the vector relative degree of the system) (
Lemma 5.5.1.The extended model of the quadrotor with ou{{us) yields a well-de ned vector
relative degree of 4; 4; 4g at each pointon *\f x 2 R : x,3 6 0g.

Proof. The proof is similar to the proof of Lemm&4.3 0J

The extended system has a well de ned vector relative deafreé; 4; 4g, which implies that
the dimension of the internal dynamicslid (4 +4 +4) = 2 . Two additional functions are

needed to de ne a complete coordinate transformation.

Corollary 5.5.2. Letx” 2 °nfx 2 R¥*:x; 9(°; x13 6 0g. There exists a neighbourhood
U R containingx” such that the mapping : U R¥! T(U) R dened by

2 3 2 3
ji L ! i (%)

g é=T(X)=§Lil(x)§; (5.7)
K (X)

fori 211;2;3;49,j 2f1;,2gandk 2 f 1; 2g, is a diffeomorphism.
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Proof. The choice of( ; ) 2 R'? is clear from b.7). However, the relative degree of the
extended system 8 less than the dimension of the state space. Therefore wesalest two
additional real-valued functions; ;to complete the de nition o . The distributiorGy(x) =
sparf g;; O; B:g9(X) is constant and therefore involutive. BY; Proposition 5.1.2] there exist real-
valued functions ; and , whose differentials belong to the annihilator@§(x) and complete

the coordinate transformatidn Two possible choices are

1= X3;

i Lxg (5.8)

2= T30 23.d

With the above choice of; and , it is suf cient to check the rank of th&4 14 Jacobian

matrix. The determinant of Jacobian mat%ﬁds given by

dT _ |(X13)4C1 . .
det & - Whj 1y (d 2 ()|. (59)

By arguments similar to given in Lemn#a4.3 Equation 6.9) equals zero at? 2 ?\f x 2
R4 : x13 6 0gif and only if C; = 0. However, by hypothesis, the gimbal lock conditior
= 90° does not hold ax?. Therefore, the Jacobian ®fis non-singular in a neighbourhood

of x” andT is a local diffeomorphism. O

Using the coordinate transformatidn from Corollary 5.5.2 the system is differentially
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equivalent in a neighbourhood xf to

41 = 12
42 = 13

43 = 14

4= LY o+ Lglf aur TN

21 = 22

22 = 23

23= 24 (5.10)
a= Lf o+ Lglf our o TN

a= 2

2= 3

3= 4

— 14 3
A_Lf +ngl—fqu:T (i)

G700 et 1
fori 2 f1;29,) 2 f1,2,3g, k 2 f1;29 and wherely, are smooth nonlinear functions. The

structure of $.10 suggests the feedback transformation

2 3 02 3 2 31
Us Lf 4 A

gué =D 1(x)%§ L¢ é + gv ég ; (5.11)
Uq L{ v

where (v ;v 2;v ) are auxiliary control inputs. By Lemm&a.5.1the feedback transforma-
tion (5.11) is well-de ned in a neighborhood of ever/ 2 ?\f x 2 R :x,36 0g. Thusina

neighborhood ok?, the closed-loop system is reducedtdecoupled chains of integrators and
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the nonlinear internal dynamics of the system.

H= 12 2= 2 1= 2 a=b(;; )

2= 13 2= 23 2= 3 _2=b(;; )
(5.12)

After applying the coordinate and feedback transformatiri/), (5.11) to the extended system
the auxiliary controller design is straight forward for tieear subsystems. A linear controller,
similar to the last chapter, can be designed to stabilizeotiggn of the . Similarly a linear

controller can be designed for the subsystem to satisi§ 3.

5.6 Internal dynamics

The -subsystem represents the internal dynamics

(s ) = sec(X2)(XeCr + XsS1)jy=7 1(:: 3
()= 0:51x 13 N Ik, Xe N K X4 + XsXg(Jx Jz) . (5.13)
2 3Jdz 23,30 NRNE T i)

In order to prove boundedness of the internal dynamics (Latt3, we need the following
preliminary results. We rst analyze the stability of the¢ sédifferential equations involving the

dynamics of the body rates from when the control inputs aréoseero.

Lemma 5.6.1. The origin(X4; Xs; Xg) = (0 ; 0; 0) of
Xa= ((Jz Jy)=d)xsxs (Krxa)=Jy
X5 = ((Ix Jz)sz)X4X6 (erS):Jy (5.14)
Xe = ((Jy I)=I)Xaxs  (KrXg)=d::

is globally exponentially stable.
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Proof. We assume, without the loss of generality, that J, J,, and let

Jy JZ Jx \]Z ‘]X Jy
a = Ay = ;ag3 = ——=
1 7, ) 3, 3 1,
K, K, K,
ky = —: kgi= —; kg = —:
4 I 5 3, 6 J,

If Jy Jy J, does not holda;, ay, a3 can be rede ned, so that these constants are non-

negative. With these de nitions5(14) becomes

A1 X5Xg k4X4

X4

X5 aX4Xs  KsXs (5.15)

Xg = a3XaXs KgXg:

Equation b.15 can be written ax. = f (X), for X := col(x4; Xs; Xs). Choose as a candidate

Lyapunov functiorvV : R®! R
V(X) = X°PX = piXj + poX2 + pax3 (5.16)

whereP := diag (p1; p2; Ps)- If p1; p2; ps are positive theW is a positive de nite quadratic form.

The Lie derivative oV along the vector eld$.15 is

LeV = 2X4XsXe (@1P1 @pP2 + asps) 2% diag (Kapa; Kspz; keps)X:

Now choosep; po; ps > Osothata;p;  axp, + azpsz = 0. This is always possible, for example

P = Jx, P2 = Jy, p3 = J, works. In summary we have that
(i) Forallx 2 R®,

min f pr; po; pegkxk®  V(x)  maxf py; pa; pagkxk®
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(i) Forallx 2 R,
LeV = 2%” diag (Kpy; Kspz; Keps)X
2 minf kapy; Kspz; Kepagkxk?

maxf ps; pz; Psg

maxf ps; pz; psg
2min fKap1; Kspo; kep?’gV(Y)

maxf pi; P2; Psg

Conditions (i) and (ii) imply, by T8, Theorem 3.1], that = 0 is globally exponentially

= 2minfkapr; Kspo; Kepsg kxk?

stable.
[l

Next we analyze the stability of the body rate equations &ogvghat they are input-to-state
stable (ISS-stable)/p]. Letk; := [=2Jy, kg :=  1=dJy, Ko := 1=y, Kyg := 1=J,.
Lemma 5.6.2. The systen(s.17)
X4 = a1Xs5Xs  KaXs + K7X13 + KgUy
X5 = @XaXg KsXs+ Kol (5.17)
X6 = @3XaXs KgXe + KioUy;

is input-to-state stable.

Proof. To be consistent with the notation we used %r16), write system%.17) asx. = f (X) +
Bw wherew := col (X13; Uy ; Ug). To prove that the systerd.(17) is ISS-stable we show that the
function (.16 is an ISS-Lyapunov function. As in the proof of Lemra#.1, choosep,, p»,

p; > O0sothata;p;  axp, + azps = 0. ThenQ := diag (kasp1; Ksp2; Kspz) and we have

L= 2X’Qx+2X PBw
= 2(1 )X Qx 2X Qx+2x QBwW; (8 2 (0;1)
2(1  X"QX 2 minfkapi; Kspo; kepsgkxk? + 2X” QBW
2(1 )X"QX 2 minfkapy; Kspo; Kepsgkxk? + 2 kxkkQKKB Kkwk:
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Thus

kQKkokB k3
8 kxk . kwk;
min f kapy1; Ksp2; Kepzg
\L (1 )X Qx
where 2 (0;1). This shows, by§0, Theorem 4.19], tha®(17) is ISS stable. 0J

In summary, by LemmaS.6.1and5.6.2we have shown that the body rateg xs; Xs are
bounded.

Lemma 5.6.3. If the control inputsus ; u,; uq of the quadrotor are bounded and the quadrotor
avoids the gimbal lock conditio(x; = x, = 90°), then ; and  in (5.13 are bounded.

Moreover, » is bounded.

Proof. By Lemmab5.6.2we have shown that for any bounded inputs, the body rates;; X¢ are
bounded. By hypothesis the system is bounded away from Bofge singularitie$x; = x, =

9(P). From the expressions (L3 we have that

Ja  secks)(jXs) + jXg));

. Ik, N I it Kr i V2 JX.X i
] ) 2desz 6) ZJxJzJ 13 JXJZJ 4) 3.3, X)) Xe); (5.18)
] 2 3]X4J 2dJXJXGJ’

which is bounded because the body rates are boundexL,a8@ during the ight. O

In summary, all the goal&1-G5are achieved. It is interesting to note that the interndésta
1 Which represent the yaw angle may become unbounded. Thigesrtpat the quadrotor is
spinning about its body-axis while traveling along the path, which is not surprisas there is
an imbalance in torques that results when one of the foursdéils. However, we have shown
that the rate at which the quadrotor spins= _is bounded, which is a result of the rotational
drag term about the bodsraxis that resists overly fast rotation, regardless of thh praveled.
The result is a physically meaningful path following cotigothat sacri ces yaw angle control

to maintain path invariance and keep the quadrotor safe atiaiture occurs.
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5.7 Simulation

The initial position of the quadrotor is indicated by a salwt. The values ok; andk; used in
the simulation are taken from the rotational and transtatiolrag models presented in7] 81].
We consider a curve at varying height givensig(x;) + 3 units represented as: R! RS,
7! col(; cos();sin( )+ 3). The implicit representation of the same curve is given by
fsi(y) = s2(y) =09, wheres;(y) = y» cosfy;) =0 ands; = yz+sin(y;) 3. The quadrotor is
initialized at(x7; Xg; Xg) = (0; 0:9; 0). The results are shown in Figusel. While following the

z(m)

Xg =
-

20

10

Xg = y(m) X7 = x(m)

Figure 5.1: The path followed by the quadrotor is represkehtea bold red line and the desired
path is represented by a dashed green line. The initialippsf the quadrotor is represented by

a solid dot.

path the quadrotor is following the curve at a desired constae¢dmf0:3 m/sec, as presented
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in Figure5.2

o
w
T
Q

0 1 1 1 1 1 J
0 10 20 30 40 50 60

t(seQ

Figure 5.2: The quadrotor is traversing the curve at theréésielocity of 0.3 m/sec.

In Figure5.3the internal state; is shown. It represents the rate at which the quadrotor is

spinning about its axis which remains bounded.

30 \

seq
?Pi
i
1

7;1(rad

0 | | | | |
0 10 20 30 40 50 60

t(seQ

Figure 5.3: The yaw rate; remains bounded as the quadrotor traverses the desired path

This controller also requires dynamic extension, and adempntation needs the knowledge
of augmented states, and ,. In ideal or close to ideal situations with none or verydittensor

noise levels, such controllers perform very well. Howeuegase of very low sensor noise, it
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should be noted that is computed by taking derivative of the thrust, which resuita signal

with a relatively large noisy signal. This noisy signal maggdcade the overall performance of
closed loop system signi cantly in practical scenarios.the next chapter, we overcome this
issue by adopting a control strategy that does not requimamyc extension, and the need to use

augmented states for controller design.
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Chapter 6

Controller Class Gy for Attitude Tracking
of G, Vehicles

In Chapter4, and Chapteb a monolithic controller design approach is employed whiebks

to stabilize and track all states simultaneously. The tdsulrigid bodies from theG, class of
vehicles is that the controller relies on dynamic extendieguding to sensitivity to model errors,
and sensor noise. An alternative approach is to design adedcontrol system, also known as
“inner-outer loop” control, wherein the inner-loop stabés a rigid body's attitude, and the outer
loop its position and velocity by requesting desired atlétsi (and thrust) from the inner loop. In
an effort to eliminate the sensitivity of these control desi to noise, this chapter proposes an
attitude stabilization and tracking approach for inneplgontrol that avoids dynamic extension.
Further, the design operates directly®8(3), eliminating concerns over local chart limitations
such as gimbal lock. A Lie algebra valued function family iegented that induces a class of

geometric controllers 08Q(3), for which stability is proven.

96



6.1 Mathematical model

Consider, once again, a rigid body moving in free space. Agvahin Chapteg, the rigid body

dynamics are represented t#/3), and @.6), and are given here again for convenience,

d oo
R0 = R(t)R t) (6.1)

d
J (= @O (9 J(O): (6.2)
We apply a preliminary feedback to the system
=(t) J(t)+Jdu

whereu 2 R?is an auxiliary control input to be designed. This feedbaoipé es (6.2) and we

obtain
Lt)y=u (6.3)

Given the attitude dynamics of a rigid body.1), (6.3 and a desired attitudey : [0;1 ) !
SQ(3) generated by the exogenous system
Ra(t) = Ra(t)Pa(t)
—a(t) = uq(t);

whereuy : [0;1 ) ! R3is assumed to be continuously differentiable, we seek abfazid

(6.4)

control law for the inputu in (6.3) such thatR(t) asymptotically approachd®y(t) when the
initial “tracking error’R(0)  Ry(0) is suf ciently small. We further assume that the reference
frameRy(t) does not move “too quickly” in a sense to be made precise. W& alur controllers

to depend on the plant statBs as well as the exosystem staieg ¢ andugy. Thus we call
this an attitude tracking problem with full information. ilVia slight abuse of notion, we omit
time dependency @R, andb, unless explicitly mentioned for the sake of simpli catiohtime
dependent expressionsRf andDP and their derivatives. Next we present some basic, yet lsefu

results essential for the controller design section.
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6.2 Problem formulation

First we present a notion of distance 8@(3). The distance 0$5Q(3) cannot be de ned in a
usual Euclidean sense, beca@®#&3) is a manifold. To compare the “difference” between two
rotation matriceRR;; R, 2 SQ(3), a distance function or a metric @0O(3) can be de ned, as
shown in p6],
2 P +

SQ3)°! [0;2 2] R (6.5)

(RIRa) 7Hjj 1 RIRajje;
wherejj:jjr is the Frobenius norm of the matrix. It can be proven thas a metric onSQ(3),

see p6] for details. It should be noted thatgives a measure of rotation required to applyrto

to align it with R,.

6.2.1 Problem statement

Consider a rigid body represented 1), (6.3), and an exosystem given bg.{), there ex-
istsd 2 [0; 2p 2), we seek a smooth feedback control la¢R; Ry; b, bd) such that if jjl
Rz Rjj <d forallt O, therigid body satis es the following tracking goals,

T1 The attitude of the rigid body tracks the desired attitudgnefexosystenjjl R} Rjjr !
Oast!1l

T2 The body rates of the rigid body tracks the desired body ratdbe exosystemijj
gj! O,ast!l

T3 The rigid body is capable of performing multiple ips.

We call this the attitude tracking problem. We charactedizgrecisely in the sections to follow.
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6.3 Derivatives onS(3)

The controller design process presented in this chapteire=gcomputing derivatives of certain

function, and some key de nitions.

De nition 6.3.1. [5] The matrix exponential functioexp :R" " ! R" " is de ned in terms
of the Taylor series expansion of the exponential,
_ AZ A3
exp(A) = et =1 + A+ CTETI
De nition 6.3.2. [5] The matrix log is de ned only for matrices close to the idgnmatrix| ,
(X 12, (x1)°
2 3

=+

Log(X):=(X 1)

As shown in Chapte2, the matrix exponentiakip) is an analytic diffeomorphism between
Usoz) = b2s0@3):! 2 R%kl k; <
and
Usom = fR2 SO@Q) :trace(R) 6 1g:

The inverse of exponential map denotedlmg : Uspoz) | Usyz) is the principle matrix loga-
rithm de ned by6.3.2

Proposition 6.3.3.GivenR 2 SO(3), andbP 2 s0(3), satisfyingR-= RDP, then

d .. d_ "
F(R)= SR (6.6)

Proof. SinceR 2 SQ(3), by de nition,
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by taking derivate of both sides,

%(R>)R+ R>R=0 (6.7)
d > — >
f(RIR= R°R
d > — >
7 RIR= R(RY

d >\ > >
7®R)= R (RY R

%(Rﬂ = br>; by associativity of matrix product
d .. d_~
a(R )= ﬁR

O

Proposition 6.3.4.GivenR; Rq 2 SQ(3), and b.b, 2 s(3), satisfyingR- = RP, andRy =
Rdbd, then

(i)
JRIR =(RIR)D Dy(R;R)
(i)
%(W Ra) = (R*Rg)Py B R™Ry);
(iii)
d . d _. .
E(Rd R) E(R Ra) 2 s0(3);
(iv)
%(RRS): RPR> RbR};
(V)

d S > >
Ji(RaR”) = RPR>  RyPR>;
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(vi)
E(RR>) i(R R”) 2 so(3);
dtv 47 dtr ¢ ’
Proof. We prove(i) by taking time derivative oR; R,
%(Rj R)= RjR+ R} R; by Propositior6.3.3

= R¢Py R+R; RDb

b,R> R+ R; Rb
= by RZR + RIR b; by associativity of matrix product
This completes the proof ¢f). Proof of(ii ) follows by Propositior6.3.3 To prove(iii ), let
d > d so .
A= E(Rd R) m(R Ra):

It can be easily seen thatis a skew symmetric matrix by de nition, i.eA + A~ = 0. Hence
A 2 so(3), which proveqiii ). Proofs of(iv); (v), and(vi) are similar to the proofs dfi); (ii ),

and(iii ), respectively. This completes the proof. O
De nition 6.3.5. LetA 2 R" ". Then the sequendé&,g, o de ned by
Ss=1+A+ A"
is called the geometric series generatedAy The series converges if the sequeh8gg, o
converge.
Next we state a well known result of linear algebra.

Theorem 6.3.6. [82, Theorem 7.14] The geometric series generated & R" " converges if
and only ifj ;j < 1, for each eigenvalue; of A. If this condition holds, theh A is invertible

and we have

X 1
S,:= A= A AY;
k=0
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and hence the series converges to
s
Ak=(1 A)
k=0
Remark 6.3.7. GivenR 2 S(O(3), it is easy to check that each eigenvaludlof R) is strictly
less than 1, and by Theoresn3.6

X
(I R*=(I 1+R)!=R !=R™: (6.8)
k=0

Proposition 6.3.8.LetR(t) 2 SQ(3) satisfying
R(t) = R(OR 1);
thend LogR(t))= R> R=R1)

Proof. Let | by the 3 by 3 identity matrix. We prove the result by constrgtand applying

de nition 6.3.2 To simplify notation, time dependency Bfand b are omitted,

Log(R) =Log(l +(R 1))

Ry ,

—n:l . (R 1)

(1P ( 1)° (1)
=R ODF SRR 1)
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by taking time derivative of both sides of the equation we get

(17 (1f (1
2 3 4

L+ %R D+ DYR 1)2+( DR 1)° R+

d
dat Log(R)

R+ 3R )R+ 4R )R+

2R 1R+

P+ DR 1) +( *(R 1)?’+( 1*(R 1)° R+

( "R " R

n=0 I
= ( R+D)" R
n=0
= R R by (6.9
= R (RY
= b.
O
Proposition 6.3.9.LetR(t) 2 SQ(3) satisfying
R(t) = R(OR 1);
then® Log(R> (1)) = R t)
Proof. The proof is similar to the proof of propositié3.8 0J

Proposition 6.3.10.GivenR; Ry 2 SQ(3), and b.b, 2 s0(3), satisfyingR- = RP, andRy =
Rdbd, then

()

% Log(RiR) =P (R*Rq)Py(RIR);
(i)

% Log(R*Ra) = Py (RGR)R R*Ry);
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(iii)

d > > > . .
4; Log(RR3) = RiPR; RaPaR; =Adi, P Adjg, Pg;

(iv)
% Log(ReR>) = RB4R> RPR> =Adj by Adji P;

(v) Each of the derivatives listed above, i(@); (ii ); (iii ); (iv), is an element afo(3).

Proof. We start by provindi). LetA = (R3 R). By Propositior6.3.8 we can write

d >
aLog(A)— A A

> > d >
(RIR)” S-(RiR)

(R°Ry) (RER)D DBy(R5R) ; by Propositiors.3.4

b (R*Ry)Pu(R;R)

b Adj (r> ry) by:

By de nitionAdj g g, b, 2 so(3), andso(3) is closed under addition, therefore the above
expression is an element®d(3), which provegi). The proof of(ii ) follows a similar sequence.
To prove(iii ), similar to(i), we write,

d :
5t Log((RR?))

> 2 d >
RRy a(RRd)

(RgR”) RPR; RP4R; :; by Propositior.3.4
= RePR;  RyP4R;
=Adj g, P Adig, Pa:
By de nition the above expression is 80(3). The proof of(iv) follows the similar sequence of

(iii ) and is not included to avoid repetition of the arguments ciiproveqv), This completes

the proof. O
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6.4 Function family Fg

To solve the attitude tracking problem, we consider a familfunctionFg. We call this family
Fr because it consists of functions that depends only on pasitee., rotation matriceR, and
Rg.

De nition 6.4.1. A functionf : U  (SQ@3))?! so(3) is said to belong td-y if there exists
anopenset (SQ(3))? containing(l; | ) such that

P1 Itis twice continuously differentiable du.
P2 f 1(0)= f(R;Rg) 2 U :R = Rqg.

P3 Forall X = (I;R4;0;Pg) 2 U  so(3)?, the differential of2f (R; Ra) with respect td®

is non-singular.
Example 6.4.2.Consider the function

f:U SOB3)°! so?d)
(R;Rg) 7! log(R; R):

Take the open sét to be
U:== (R;Rq) 2 (SO3))?:trace(R;R)6 1 :

Since the matrix logarithm is analytic id, P1 holds. Also, it's clear thaf (0) is the subset

of U in whichR = Ry. To checkP3, we take the derivative &f. By Propositior5.3.10
d > >
gtf (RiRg) = b (R*Ry)by4(RR): (6.9)

From the expression above it is easy to check d‘g:ﬁ%f (R; Ry)) is non-singular everywhere in
U, satisfyingP3. N
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Example 6.4.3.Consider the function

f:U! so3)
(R;Rg) 7' RZR  R’Ry
with
U:= (R;Rg)2S03)%: (R;Ry) < 2 :

Similar to Examplé.4.2 one can check that this function satis es b&th andP2. Using the

results from Propositio®.3.4the rst time derivative can be written as,

d . —_— d > >
gt (RiR) = (RIR R*Rq) 6.10)
=(R;R)D  PyR;R)+ R R”Ry) (R*Ry)Py:

which, using propertyl.1), can be written as
d > >
db(ﬁf (R;Ry)) =trace(R"Ry)l (R Ry):

It can be seen thdttrace(R” Rq)l (R Rg)g 2 GL(3; R) only whenR, is a neighborhood of
Rg. In other Wordsdb(%f (R; Rg)) is non-singular in some neighborhoodRf, henceP3 is
also satis ed. AR = Ry, ftrace(R”Ry)l  (R”Rg)g = diag(2;2; 2). N

Some other examples of functions belonging to the fafpyare:

1.f =a(RjJR R’Ry); a2R
2.f =R°Ry R3R

3.f = RR; RyR’

4.f = RgR®> RR]

5.f =log R3R
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6.f =alog R°PRy ; a2 R
7. f =log RRj

8. f =log RyR”

9. f =log(R) log(Ry)

10. f =trace(ls 3 R Rg)(RZR R7Ry).

6.4.1 ClasLx feedback controllers

Letf be any function irFr. We start by taking the Lie derivative df 2 F g along the vector
elds of (6.1), (6.3), (6.4). Formally, this yields

%f (RiRg) = (drf)R+(dgr,f)Rg

= (drf)RP+(d g, f)R4P: (6.11)

Since the control input does not appear we take the secondties of f ,

2
ST (RiR9) = [@R(da ) RRBE (@ 5 1) R (d a(dr, 1)) R4

+(dr,(dr T)) ReRP+ (d g, (dr, f)) RaRaPy + (dr,r) RePa
+(drf)RZ @ g, F)RePy

= (dr(drf)) RPRBr (d & f)RPDBr(d g(dg, f)) RPRGP,
+(dr,(dr ) RaPaRBH (d &, (dR, f)) RaPaRaPy + (d ryr) RaPaPs
+(drf)RO+ (dg, f)Rqgby:
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By propertyP3, dr f is nonsingular wheiR = 1. Therefore, by properti?1, it's invertible in

a neighbourhood dR = | . Thus the feedback controller

N

b:=(drf)R) *  (dr,f)Rabs (Kif-)"  Kof=
(dr(dr f)) RORP  (dr f)RPD  (dr(dr, f)) RPR4P,

(0]
(dr,(dr F)) RgPGRP  (dr,(dr, f)) RPsRePy  (dr,i) RaPePy ; (6.12)

whereK 1; K, 2 R® 2 are Hurwitz, is well-de ned in a neighbourhood Bf = 1. We call the
control law6.12a clas feedback controller. The overall control scheme is reprieskby the

block diagrans. 1

Figure 6.1: Attitude control scheme

Remark 6.4.4. The controller clas<x is designed without any local chart. In other words,

the controller is designed directly on the manif@&d(3), therefore the controller clas&y is

geometric.

Now we prove the main results.

Theorem 6.4.5.Given rigid body dynamics bi.1), and(6.3), and an exogenous system satis-

fying (6.4), each controller in the clas& asymptotically stabilizes the rigid body.
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Proof. Letf (R; Rq) belong to families of functior r. The time derivative of (R; Rq) is given

by,

SRR = 9= @R NRBH(A o, DRy (6.13)

We pick a real valued positive de ne Lyapunov function

V: (SOB)? (so3)? ! R (6.14)
1. ., 1. )
(R;Rg; P; by) 71 Siigiiz + SiiKaf -jis:

We take the derivative of the Lyapunov function,

V= (g >%9L+(K1f_)>%f_
=(g)” (dr(drf))RPRP:(d o f)RPBr(d r(dg, ) RPR4D, (6.15)

+(dRy(dr F)) RaPaRPH(d g, (dr, f)) RaPaRsPy + (d ryr) RaPaPa
+ (drf)Rb+(dg, f)Rabag + (Kif-)" (g-):
We apply the controlle€z from (6.12) in the above expression,

V() (Kif-) Kaf= o+ (Kaf-) (o)
n (0]
=(g) (Kif-)  Kof=  +(Kif-)" (g)

=(g) f (Kaf-)  (Kog)g+ (Kaf-) (g-) (6.16)
(0) (Kaf-)  (g-)7 (Kog-) + (Kaf =) (g-)
(Kif-) (g-) (g)” (Kog-)+(Kif-)" (g-); by PropositionA:3:1

ji P K,g-ji%; by PropositionA:3:2:

Hence, by 80, Theorem 4.1] the system is (at least locally) asymptdiicdbble. O

Theorem6.4.5solves the attitude tracking problem, and satisldsT2, andT3.
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Example 6.4.6. The example is the continuation of Exampld.2 Following the controller
design procedure, we take the second derivativésd)

d d > > > >
LHRR)= 2 SRRy Py(RIR)  (R*R)%(RR)

(RR)Py H(R3R) (6.17)

Using results from Propositio6.3.4 the above equation can be written as,

d > >
LHRR)= b (RR)%(R;R)

n 0
(R"R)Py  ® R*Ry) Py(RZR) (6.18)
n 0]
(R"Ra)Ps (RGR)P Py(RGR) :
It can be seen that the term multiplied bys | , therefore by propertf1 it is invertible every-

where. The closed form expression of the controller can ligenras,
n 0
b=(R*Rg)%(RiR)+ (R°R)Pa R R*Rqy) Pu(R3R)
n o] . A (6.19)
+(R*Rg)Py (RIR)P byRZR)  (Kif-) Kof=

It is easy to see that the controllér 2 Cy is not global, becausé = log(R3R) is not de-
ned globally. Preciselyf = log(RgR) is not de ned whertrace(R;R) = 1. OnSQ(3)

trace(R;R) = 1at the following three points,
1. (R;R) =diag( 1, 1;1),
2. (RzjR) =diag( 1,1, 1),
3. (RzR) =diag(1; 1, 1).

We can consider a set consisting of these three points, arog $his set consists of nite ele-
ments, its Lebesgue measure is zero. By Theérdmg the controller is asymptotically stable
everywhere except on this set of Lebesgue measure zere, thencontroller is almost globally

asymptotically stable. N
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Remark 6.4.7.The controlletb given in(6.19 is not globally stable. In fact, no continuous time-
invariant feedback controller can globally asymptotigadtabilize an equilibrium attitude of a
rigid body, or globally track a reference attitude becaug$eapological obstructions34, 83).
The strongest stability or tracking property that can be iagkd is almost global asymptotic
stability. Informally, almost global asymptotic stabylis global asymptotic stability everywhere
excluding a “small” set of zero measure. In terms of globayraptotic stability (or region of
convergence), the controll€6.19 is the best possible controller. Other controllers alsodre

to the clas< that enjoys almost global asymptotic property.

Remark 6.4.8. Physically, the condition whetmtace(RzR) = 1 happens when the desired
orientation is furtherest apart from the current orientati In other words, when the distance
metric achieves the maximum vaIIZ(EJ 2. More intuitively,trace(R;R) = 1, when, for
example, a rigid body is upside down, and the desired ortentas upright. In local coordinate
(e.g., Euler Angles) this condition happens when the deésireentation is radians apart in

either roll, pitch or yaw axis.

Example 6.4.9.This example is the continuation of Examplé.3 Following the controller

design procedure, we take the second derivativ@df0

d d > > > d >
ZHRR)= - (RIR) Pr( RIRZ ByRIR) By (RGR)
dt dt dt (6.20)
> d > d > > .
+PRRY+ D S(RR)  (RR) Dy (RRy%
Using results from Propositio6.3.4 the above equation can be written as,
% f (R:Ry) = " R;R)P D R>R0b+ R3R)b
g (RRI= (RiRP Du(RIR) P+ ( RiR)D
“%(R3R) by (RIR)D Dy(R3R)
(6.21)

n 0
+ b(R*Ry)+ O (RPRy)Py R R™Ry)

n 0 b
(R"Ry)Py B R*Ry) by (R™Ry) 2
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Figure 6.2:det(D)

Combining the terms involvinig, and using the propert¥.1, we can write

dz . — > > n b > > b

—f(R;Rq) = trace(R” Ry)l (R"Rg) u —d(Rd R) (R"Rg) 4

de? n 0 n 0

+ (RGR)P Py(RZR) P+ b (RPRyPy R R*Ry) (6.22)
n 0O n o]
b, (RZR)P Py(RZR)  (R"Ry)Py R RRy) by

By P3 the matrix trace(R>Rg)l (R”>Rq4) s invertible in some neighborhood Bf = | .
LetD := trace(R”Rg)l (R>Rg) . Itcan be shown that the matrix is not invertible for

all R; Ry 2 SQO(3), moreover, it loses rank whenever the following conditioolsl,

1. trace(R°Ry) =1, and

2. trace(RRg) = 1L

The condition whemD loses rank is shown in Figuré.2. At the start of the simulatioR is

aligned withRg, i.e.,R = Ry. In other wordstrace(R> Rq) = 3, then the rigid body is rotated
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about any arbitrary axis t@ . As seen in Figuré.2. The matrix determinardet(D) goes to
zero, wherrace (R>Rgy) = 1, ortrace (R”Ry) = 1, and this happens when the rotation value
iIs =2or . Another way to interpret this condition is that, on the drste metric , i.e.,D
loses rank whenever=2 and =2 P 2. This motivates us to pick a neighborhood arot

such that the distance between each point in the neighborhood dhgdis less thar®, i.e,
U:= (R;Rg)2S0OQR)*: <2 :

UsingP1 the closed form expression of the controller can be writtemf(6.22

h
b= traceR*Rq)l (R°Ra) ° P4(RIR)+(R*Ra)2y

n (0] n (0]
(R;R)P byR;R) b b (RPRy)P; B R*Ry)

n o n 0

+by (RFR)P Dy(RFR) + (RRa)Py R R*Ry) Pu(Kif-)"  Kof=

(6.23)

By Theoren®.4.5 the controller(6.23 is asymptotically stable everywhere on and is local.
N

6.5 Almost global controller simulation

In this section we present simulation results of the colardb.19 presented in Examplg.4.2
and Examplé.4.6

6.5.1 Stabilization

First we discuss wheRy is not moving with time. Without loss of generality, 1By = |.
Starting from an “almost” upside down position, i.e., thei@h orientation att = 0 is R(0) =
exp(( )bB1), wherej j 0 2 R is close to zero but not identically zero. The target is to

achieve upright position, i.eR = Ry = |. It can be seen in Figur& 33 that att = O the error
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Figure 6.3: Attitude errors

was almosin 2, which in other words is the almost upside down position.rtBig from this
maximum error in attitude the error converges to zero. Traylvate errors ¢ about each
body axis also converge to zero, as shown in Figugt Finally, we represent the stabilization
of rigid body in terms of Euler angles in Figuée4a It should be noted that Euler angles are
used only for representation purposes, and are not usedritnot design. As seen in the gure,
att = 0 the roll angle is almost , and then converges to zero. Figérdbshows the control

effort required to achieve the stabilization task.

Stabilization with noise

Again, we consider the stabilization case, i.e., when thereeé rigid body pos®y is 1. We
investigate the tracking errors in the presence of noisecsider that the rigid body is attached
with an IMU, and a low level processing unit that gives futitade information, i.e., both and
R, with noise levels used in the simulation based?@mtTegelican noise level from Tablké. 1
This assumption is quite practical, as the quadrotor platfAscTec is equipped with such
an IMU, and a low level processing unit that is capable ofrggviull attitude information at

an update rate of up tb KHz. Figure6.53 and6.5brepresent attitude and body rates errors
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Figure 6.4: Euler angles and system inputs

converging to zero.

6.5.2 Sinusoidal signal tracking

In this section we show simulation results for the trackiage; i.e., wheRy(t) is changing with
time. Starting from an initial pose d®(0) = exp(( =2)b,), the target is to track the desired

moving reference attitude
Rg(t) = exp ((170 ( =180) sin(Q005))k;) :

In local coordinates, the initial condition can be intetpteas a pitch angle of 2, and the
desired reference attitud®; can be seen ask0 sinusoidal movement about roll axis. It can
be seen in Figuré.6athat the tracking errors converge to zero. Fig@réashows the rigid
body tracking the sinusoidal signal. Again, the gure shdiwder angles just for the purpose
of demonstration, as it is relatively intuitive to visuaithe pose of a rigid body in terms of
Euler angles. It can be seen that the rigid body crosses thieagjiock point. This is one of the

advantage of this geometric controller: as the contrafleieisigned without selecting a local chart
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Figure 6.6: Attitude errors
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Figure 6.7: Euler angles and system inputs

such as Euler angles, singularities such as gimbal lock eavbided. Figuré.6brepresents all
of the body rates converging to zero. Figér&bshows the control signals required to track the
given sinusoidal signal. As shown in gure, at 0 the controller applies body torques up to 6

N.m to follow the desired reference signal.

Sinusoidal tracking with noise

Now we show the simulation results of the controller tragkine same sinusoidal reference atti-
tudeRq4(t) = exp ((170 ( =180) sin(Q005))k,), starting from the same initial attitud®(0) =
exp(( =2)k,), but in the presence of noise. Figue3g and Figure6.8h represent the errors

converging to zero. It can be seen that even in the presengeisé the controller tracks the

desired attitude signal closely.
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Figure 6.8: Attitude errors in the presence of noise

6.5.3 Multiple ips

In this section we show simulation results of the rigid bogyfprming multiple ips. Starting
from an initial pose oR(0) = exp(( = 2)k,), the target is to track the desired moving reference
attitude

Rg(t) = exp (0:05th,) :
Informally, the controller is capable of performing mulépips as long as the rigid body is not
moving “too fast”. Formally this is equivalent to saying ttiae distance betweeR and Ry
on the metric is less thaer 2 for all time, i.e., ( R(t);Rq(t)) < 2p 2. It can be seen in
Figure6.10that the rigid body is tracking a time varying signal along thll axis, and performs
more than six ips, and the attitude error converges to zershown in Figuré.9a The body

rate errors are shown in FiguéeQh

Multiple ips with noise

Next we show the performance of this controller in the presef noise. Again starting from the

same initial conditiorR(0) = exp(( =2)b,), and tracking the same attitude referefgt) =
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Figure 6.10: Euler angles showing multiple ips

exp (0:05tk,) the target is to track the desired moving reference attitueigure 6.11g and

Figure6.11bshow the attitude and body rates errors converging to zetfeipresence of noise.
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Figure 6.11: Attitude errors in the presence of noise
6.6 Local controller simulation

In this section we present simulation results of the localticdler 6.23 presented in Example
(6.4.3, and Example@.4.9. We call this controller local because the region of cogeace of
this controller is in a small neighborhood of the desirechpand not all or almost-all of the state
space. Moreover, we compare this local controller with theal controller we designed using
Euler angles in Chaptet. Since the tracking performance of this local geometrictiaier is
similar to the geometric tracking controller except thewegf convergence of this controller is
smaller, we provide simulation results only with sensorsedor the case of stabilization, and
multiple ips to avoid repetition of similar looking guresThroughout this section we select the

same level of sensor noise that we selected in the previatisse

120



g
o

g
~

I
N}

[

o
®

Il - R, Rl||r

O — Qq(rad/sec)

o
~

o
N

o
&

4 6 8 10 “o 2 s 6 N 0
t(sec) t(sec)

o
N

(a) Rotation matrix error converging to zero (b) Body rates error d converging to zero

Figure 6.12: Attitude errors in the presence of noise

6.6.1 Stabilization with noise

First we discuss wheRy is constant. Again, without loss of generality, R§ = |. The rigid

body is initialized at,

R(0) = exp 60@91 + 30@5 + 15@a

The target is to achieve an upright position, iRz Ry = | . It can be seen in Figui@12g that
att = 0 the error was almogt6 on the metric . It should be noted that for all time the tracking
error has to be less thayunlike the almost-global case when the tracking error aless than

2p 2. Figure6.12brepresents the body rate errors converging to zero.

6.6.2 Multiple ips with noise

In this section we show simulation results of the rigid boayfprming multiple ips in the
presence of sensor noise. Although this controller is [atahn perform multiple ips, unlike a

local controller designed using a local chart such as Eulglea Starting from an initial pose of
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Figure 6.13: Attitude errors in the presence of noise

R(0) = exp(60( = 180),), the target is to track the desired moving reference atitud
Rq(t) = exp (0:05h,) :

Similar to the almost global case, the controller is capablgerforming multiple ips as far as
the rigid body stays “close” to the desired target. The oiffgence is that in this local case the
distance betweeR andR4 on metric needs to be less th&for all time, i.e., ( R(t); Rq(t)) <

2, unlike the almost global case when the distance betiRandRy on metric needs to be
less thaer 2. Similar to the simulation of almost global controller, #rcbe seen in Figui.14
the rigid body is tracking a time varying signal along rolis»xand perform more than six ips,
and the convergence of attitude error to zero is shown inrBigui3a The body rate errors are

shown in Figure5.13h

This simulation demonstrates an important point which liyoaigh this controller is local
yet it allows the system to perform ips or multiple ips. Haver, it is not possible if a smooth
controller is designed using a local chart such as EuleresnglThis local simulation highlights
another important point that the controller clas contains a rich collection of both almost

global and local controllers, and depending on an apptioaidesigner can pick a suitable con-
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troller from this class of controllers. This make our geameetontroller clas€ a broader class

compared to the geometric controllers proposedits).[ The characteristics of each controller
form this controller class such as noise sensitivity, afmistness is a future work. In summary,
we have solved the attitude tracking problem and show by Isition results in the presence of

noise as well that the rigid body satis @4,T2, andT3.
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Chapter 7

Application of C; Controller Class on G,

Class of Vehicles

In this chapter we consider the class of vehidls and design a controller that enables each
vehicle belonging to the clagg to track a given desired curve. We follow the inner-outeiploo
control strategy, see§, 85, 42, 15]. Generally, the inner loop runs at a faster rate, compared t
the outer loop in a typical inner-outer loop control framekvdn our case, inner loop represents
the attitude of the rigid body, and we use the controllerc@sfor attitude control designed in
Chapter6. This chapter focus on outer loop. Speci cally, we desigroatooller for the outer
loop, and demonstrate through simulations that it workk e controller clas€z. The overall
scheme of the inner-outer loop controller is summarized igyife 7.1 The outer loop, also
called the position loop, assigns a desired attitRgeto the controller clas€z, and a thrust
command ¢ to the translational dynamics. The controller cleksassigns body torques to the

attitude dynamics.
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7.1 Tracking position control

Consider the translational dynamics of the rigid bo@y’), repeated here for convenience,

=V

1
v= 9k EUtRbsi

We assume that a desired trajectory, parameterized by ttaeneeds to be followed is given in
three dimensional space, such that the desired positisiredevelocity, and desired acceleration
isgiven by 4(t); _4(t), *4(t), respectively. The time dependency of the desired positiesired
velocity, and desired acceleration is removed for the diogilon of expressions, whenever
obvious from the context. We de ne := 4, ande, := v 4. By taking the time

derivative ofe |,

e =
= - (7.1)
e=Vv g
By taking the second derivative of the above expression,amencite,
&=V °gq
1 (7.2)
=gy —uRb; ey
Let,
T:= 1u Rb;: (7.3)
- m t . .



Using (7.2), and {.3), the translational dynamic2 (/) can be expressed in terms of error coor-

dinates,
e =&
(7.4)
& =g+ T g
It is easy stabilize the origin of the above system. For exaryp selecting
T= gh+eq kie koo, (7.5)
for some positivek;, andk;, the system.4) takes the form,
e =6
(7.6)

e = ke ke:

It is easy to see that the above system is asymptoticallyestab

7.1.1 Thrust and attitude extraction

It should be noted that the control input of the error dynanfic4) is T 2 R3. We need to
extract the actual control input of the rigid body 2 R. We assume that mass of the rigid is
m, and thrust produced by the propeller mechanismf each vehicles i, is strictly positive.
Consider 7.3,

1
T= ZuR
mUtb3

1
kTk =k mutRbak
k ghy+egq kie koek= %uthmk; m;u; > 0 (7.7)
k ghy++y ke kogk= %ut; kRbxk =1
mk ghy+eyq kie ke k= ug

It should be noted thd&b; represent the third column of the rotation matrix, which tai$ norm

by de nition. This completes the thrust extraction part.
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Next we extract the desired attitutRy 2 SQ(3) from the control de nitionT. LetRy :=
col(hy,; by, ; y,) 2 SQ(3) be the desired attitude. Intuitively, the z-axis of the oebireference
frame (or in other words, the third column vectoRy) must align with the z-body axis. Another
way of saying this ish;, must align with the thrust produced by the rigid body. Theref we

pick
. — T —
SR

This leaves us to pick two more columns of the desired ratatiatrix Rq. There are in nitely

Rb;: (7.8)

many choices to pick the other two columns of the desirediootanatrix. Letvy 2 R® be an

arbitrary vector of unit length such thiaty; bs,i & 0, then we pick

T
by = g Ve
and
T .
= gk e

By de nition Ry = col by, ; by, ; by, 2 SQ(3). This completes the attitude extraction part.

Remark 7.1.1. It can be seen that the controll€r.5) asymptotically stabilizes the translational
subsystent2.7), and the controller clas€k, designed in Chapte8, stabilizes the rotational
subsysten(2.3), (2.6). In general, asymptotic stability of each subsystem do¢guarantee
asymptotic stability of over all (cascade) system, s¥& 20, 85, 18]. However, for the system
under study, i.e., rigid body, the rotational dynamics afaster” compared to translational
dynamics, and it has been practically demonstrated by rekes, seel5, 16, 87, 52, 72], that
given each subsystem is asymptotic stability the overaliqade) system remains stable under
reasonable maneuvers. In other words, as far as the attibashrol loop runs at a suf ciently
higher rate (about 5 times the speed of the translationaploo more), the over all system

practically demonstrate stable behavior.

Although, asymptotic stability of the overall system, ,ileoth translational and rotational

subsystem is an interesting theoretical problem but is ant gritical for the case of rigid body
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control. The main reason is the attitude dynamics, and theoseipdate rate of attitude loop, is at
least ve to ten times higher than the translational loop.staractical systems are attached with
an IMU that provides an update rateloKHz. On the other hand, the translation states are either
updated by a GPS which provides an update rat&0dfiz to 50 Hz, or an indoor positioning
system with an update rate ®§00Hz to 150Hz. The faster attitude dynamics provide a control
design separation. i.e., one can design control of eaclystdms without worrying about the
overall stability of the cascade system. We will not disahesoverall stability of the connected
system, i.e., stability of the cascade system as cascad®kisrbeyond the scope of this thesis,
and is left as a future research topic. Since the attitudeuahyrs are faster compared to the
translational dynamics, one can design any translatianaliter loop controller, even a standard
PID controller [L5], and by selecting any controller from the controller cl@ssone can achieve
desired tracking performance. In the next section we desiganslational controller using the

control design procedure discuss in Chatet.

7.2 Path following position control

In the last section the controller.§) allows the rigid body to track a trajectory parameterizgd b
time. In this section, instead of tracking a function parterized by time the goal is to follow
a path speci ed as a function of state variables. Lete thei™ row andj™ column entry of

R 2 SQ(3) fori = f1;2;3g, andj = f1;2;3g. The translational subsyster.{) can be written

as,
x= (i) (7.9)
y= %(rm); (7.10)
= g+ rmﬁ(ut): (7.11)

We design the position controller in two steps. In the r&stve design a path following height

controller, and in the second step we design a controll¢pidorms path following inthg y
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plane.

7.2.1 Height controller

To control the height dynamics given by.11), we stabilize a path as a function of
f,:R! R (7.12)
z 7! 1,(2);

such that the functiori, is at leastC!. It should be noted thdt,(z) is a function of state
variablez, and not time. We design the controller by following a pragedsimilar to one used
in Chapter3, Chapter4, and Chapteb. By taking the second derivative b the control input

U, appears,

h [
@fzz+ @f g+ rﬁut (7.13)

.= @2% @z m

forrz3 6 0, and by selecting

m g+ 1 @f,
I33 @f=@z @%

Let ?:= f,and 3 := f,. By following the procedure inl[3, 32, 46], by some diffeomorphism

U =

z+u, (7.14)

the height dynamics can be represented as,

; (7.15)

HN

u, (7.16)

NN

The above system is a linear double integrator system, dloving proofs similar to Chaptet,

it can proven that the system is exponentially stable by sappeopriate choice af,.

7.2.2 x vy Position controller

Thex vy position dynamics is given by7(9), and (7.10. We assume that the trust control

inputu; is already selected by the height controller stage, ang foy position stage the control
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inputs arer 3, andr,s. To this end designing a tracking controller for this simpl#gsystem,
given by (7.9), and (.10, is straightforward, however we seek a path following colier. \We

pick two functions

i'R?1 R (7.17)

(X y) 70 i(xy);

fori = f1;2g. Let the gradient vectors be represented by

dy, i :=col @.0:

@x @y ’
i = f1,29. We assume thaparfd,, 1;0xy 20 = R? With a slight abuse of notation,7.©),

and (7.10 can be written in the control af ne form
X=f(X)+ q(X)riz+ g(X)rzs; (7.18)

where,X := col(X;y; Vx; W), T (X) = col(vy; vy; 0;0), g:(X) := col(0; 0; u;=m;0), andgx(X) =
col(0; 0; 0; u;=m). By following a reasoning similar to Sectigh4, it is easy to see that control
inputsr3; r23 appear by taking second derivatives of functions.e.,Ly ; =0, fori = f1;2g,

andj = f1;2g, and the decoupling matrix is given by,

2 3 2 3
LglLf 1 ngLf 1 u % %
D(X) = § E:ﬁﬁ@x@y (7.19)
Lgll—f 2 ngl—f 2 Ei @i,
Direct computations give
U >, hD Ei
det(D(X) = = Oy 1;(dy 2) -, (7.20)

where(d,y, 2) _,represents the vectok, ,rotated by =2. Sincesparfd,, 1;0xy 209 =
R?, this implies that the decoupling matriX.(9 is non singular whenever, 6 0. To this end,

a path following controller for th& vy position can be easily designed similar to Sectdch
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7.3 Simulation results

In this section we present simulation results for each ofdtlter loop controllers presented in
this chapter with the inner loop controller claSs. In the presence of sensor noise, we present
results under two cases: inthe rst case the outer loop otlats demands the vehicle to move at
a normal speed, while in the other case the vehicle is redjtireerform aggressive maneuvers.

For the simulation purposes, we use the global trackingrotbet from the controller clas€z.

7.3.1 Tracking position control

In the rst simulation, the system is required to track a uitle at a relatively low speed in the
presence of practical sensor noise. Roughly, the systeaqisred to traverse the unit circle at a
speed ofl:2m=sec Figure7.2ashows a 2D view of the system tracking the desired unit circle
The desired circle is shown with the green line, and the systactual trajectory is shown by
the red line. The initial position is represented by a saéid dot. The gure shows that when
the system is initialized in the neighborhood of the desirafctory it converges, and tracks it.
Figure7.2bshows the system follows the given trajectory in 3D. Thetmsicontrollers assigns

a desired attitude, and body rates to the inner loop. As seEmgure7.3g and Figure7.3h the
rotation matrix error, and body rates error converge to.z&igure7.4 shows the desired and
actual attitude commands (in terms of local coordinates)s interesting to see that tracking
controller assigns an attitude command df0 to track the circle at the desired slow speed. As
seen from the gure the controller belonging to the clé&kstracks the desired angles with an

error of less than a degree.

In the second case, we test the same outer loop trackingotlentron the same trajectory,
i.e., unit circle in the presence of noise, but this time itdquired to follow the trajectory at a
relatively aggressive speed 8&f3 m/sec. As shown in Figuré.5g and Figure7.5h the system

tracks the desired trajectory. Moreover, Figdrég and FigureZ.6bshows the attitude and body
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rates error converge to zero. It can be seen in Figufthat in order to track the unit circle at the
desired speed the system outer loop or the tracking coetsalissigns larger attitude commands
(i.e., in terms of Euler angles abou#0 ). The inner loop controller belonging to the controller
classGy tracks the desired signal in a satisfactory manner (witht@de error of few degrees).
It should be noted that since the desired attitude anglelaaye, most of linear controller may

fail to perform attitude tracking.

7.3.2 Path following position control

Now we present simulation results for the outer loop pattovahg controller. Similar to the
previous case, the outer loop path following controlleigiss a desired attitude command to

the inner loop attitude tracking controller belonging te #tlassG;. In the rst case the unit
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circle is required to follow at a relatively slower speedpatil:2 m/sec in the presence of sensor
noise. Figurer.8g and Figure7.8bshows the system following the desired path. Compared to
the tracking case, it can be seen that the controller pedooa is quite similar at low speeds.
Figure7.9g and Figure7.9bshow rotation matrix, and body rates errors. Similar to th&eo
loop tracking case, it can be seen in Figuré&Othat the outer loop path following controller
assigns small desired attitude commands (in terms of Enlglea 10 ) to the inner loop, and

the controller tracks the desired attitude commands wdhierror of less than a degree.

Now we test the outer loop path following controller at realy higher speed aroun@®.3
m/sec). It can be seen from Figurellg and Figurer.11bthat at higher speed the outer loop
path following controller follows the curve “closely” whemompared to the tracking controller.
The attitude errors and body rate errors are shown in Figur2a and Figure7.12ly respec-

tively. It is interesting to note that (see Figurel23 in this case, the attitude error is around
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0:1 units at steady state, while in the tracking case (as seeigurd-7.69 the attitude error is
around0:2 units. Therefore, in terms of attitude error the outer loaghdollowing controller

is better compared to outer loop tracking controller. Samib the outer loop tracking case at
higher speed, it can be seen in Figuré3that the path following outer loop assigns an attitude
command of around 40 . As shown in the gure the inner loop controllers tracks tlesided

attitude commands with an attitude error of up-to few degree

In summary, as shown by the simulation results, the patloiatg outer loop controller
performs better compared to the trajectory tracking outep Icontroller in terms of attitude
tracking error. We show through simulation that, since tiieuale loop operates at a higher rate
compared to the outer loop, the overall system exhibitdestadhavior. Theoretically, the overall
stability of the system is a cascade control problem whidieigond the scope of this thesis, and

is left as a future direction.
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Chapter 8

Conclusion and Future Work

In this chapter we brie y summarize the main highlights oé ttihesis, and conclude some of
the limitations and advantages of the controller desigregulare adopted in this thesis. Both
geometric and local controllers lead to interesting futlirections, and we conclude this chapter

on the future work note.

8.1 Conclusion

In this thesis we consider the motion control problem of@eclass of vehicles which includes
satellites, quadrotors, under water vehicles, and tdihgitvehicles. Informally, the motion
control problem is the following: given each vehicle frone ttlassG,, and given a “curve” in
the three dimensional space, the task is to follow the cusuggthe control inputs. We treat the
curve either as a path (parameterized by a path paramete3,atrajectory (parameterized by
time). In this thesis we consider the motion control probilerder two settings: a local controller
design problem, and a global (or geometric) control probMfe call the motion control problem

local when the system's model is represented by some loaat sluch as Euler angles, and
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call the motion control problem a geometric control problefmen the system dynamics are

represented without any local chart, or directly®@(3).

Broadly, in this thesis, we solve the motion control problentwo ways: a path following
approach, and a trajectory tracking approach. In the pétiwimg problem we not only consider
the path parameterized by the path parameter, but alsaheearoblem in a uni ed setting. In
other words, under path following setting, we do not divide problem into the so-called “inner
loop” and “outer loop” approach. A set stabilization apmioé used to solve the path following
problem for the class of vehicl€% . Before presenting the path following problem for the class
of vehicles, we present, in Chapt&how a path following controller is design for a planar mebil
robot using the path following and set stabilization apphod his chapter has two purposes: rst
it explains the controller design process by consideringséesn with much “simpler” dynamics
compared td@5, , and second, it highlights the important fact that althotigthcontroller is based
on the concept of feedback linearization the controlleogmnprecise path following when tested
on a real platform. Again, most of the theoretical contiidmu$ of this chapter is part of the

author's masters work, but the practical implementatigueig of the author's doctoral work.

Chapter4 presents a novel path following controller {Gy. Moreover the controller is de-
signed when the system dynamics are represented by a laod) ch., Euler angles. The path
following controller is based on the idea on set stabil@ativhich allows path invariance. In-
formally, path invariance means once the system is on theipaill never leave the path. This
controller allows each vehicle belonging to the class oficlelto follow a broad class of both
closed and non-closed curves. Although, this path follgyagontroller provides invariance prop-
erty, it suffers two limitations. The rst limitation is gitval lock, which arises because of the
choice of Euler angles as a local chart. The second, pradiitéation is that the control de-
sign procedure requires dynamic extension. Dynamic ekiemequires nding two derivatives
of the thrust input, and treating thrust input and rate ofngjeaof thrust input as system states.

The derivatives of the thrust input (already a noisy sigaat) even more noisy which, although
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proven to be practically working well on a ground robot déspinis, makes the controller for
G, practically less feasible. We believe that practicallyfhwow-noise sensors and careful state

observer design, the controller could be used on@gallass of vehicles.

Chapter6 addresses both limitations, i.e., gimbal lock, and senfitto noise caused by
dynamics extension. Gimbal lock is avoided by treating teengetric version of the problem.
Secondly, we adopt an inner-outer loop control design agaravhich eliminates the need to
perform dynamic extension. The heart of the inner-outep lomtion control design problem is
the inner loop control, which is the focus of this chaptersdtve the inner loop control problem,
we propose a novel family of functioms:, which induces a novel geometric class of controllers
G. The controller clas§r consists of both global and local controllers that stabiiz. We
show in simulation that this controller class is capable effgrming better in the presence of
noisy sensor data compared to the controllers that reqymardic extension. Moreover, the
geometric nature of the controller claGs allows the class of vehicl€, to perform multiple
ips.

For the class of vehicle§, under study, the inner loop or attitude dynamics are “faster
compared to the outer loop or translational dynamics. Téssef inner loop dynamics make
the so-called separation principle hold, which means omedesign an asymptotically stable
outer loop controller and use it with an asymptotically &abner loop controller without direct
consideration of overall stability of the full system. Tlésnot strictly true, as if both the inner
loop and outer-loop are asymptotically stable, the ovesgtem can be unstabl2d). However,
as practically previously demonstrated, such ad i), [under reasonable assumption, i.e., if the
inner-loop is running at least two to three times faster ttienouter loop, the overall system
exhibits stability. In Chapter we design two asymptotically stable outer loop controlkend
demonstrate in simulation that these controllers work wéh the geometric controller clagk

even in the presence of sensor noise.
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8.2 Future work

In this section we informally discuss some of the future aesle directions that stem from the

work considered in this thesis.

8.2.1 Function family Fg.

In Chapter6 we propose a family of functionsg, i.e., a family that depends only on positions
R, here we propose another novel family of functions that ddpéoth on position&R; Rq), and
velocities P; bd), and represent this family byr. . In other words=g. consists of functions
that depend on all the state information, i.e, all positiand velocities. LeK = ( R;Ry; b, bd)
denote a point ifSQ(3))%:  (so(3))2.

De nition 8.2.1. Letf be a velocity error, andr 2 F r. A function

f:U (SOQ)* (so3)?! so3)
(f fR) 7' f +fg

is saidto belong t& . if there existsanopenset (SQ(3))2 (so(3))? containing(l;; 0;0)

such that

Al Itis continuously differentiable od.
A2 Forall (R;Ry;0; bd) 2 U, the differentiaf with respect td is non-singular.

A3 f isacompatible velocity error withg.

Precise de nitions of velocity error and compatible vetgaerrors are part of future work,

along with controller design, and stability proof.

Some other examples of functions belonging to the dfass are
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1.f = by briog R>Ry
2.1 =0 Adjg. g Pa+log RFR
3.f = b Adjg:r Pa+ RZR  R™Ry

4.f=b b+ aRR R>Ry); a2 R

5. f =trace(ls 5 R”Ry) Adjg: r Pg+log R3R

This problem is theoretically novel and interesting beeatis like partial feedback linearization
but on manifolds, and this requires careful handling of aradi such as vector relative degree,

internal dynamics, and zero dynamics.

8.2.2 Stability of the cascade system

The controller clas€z described in Chapté&rasymptotically stabilizes the attitude dynamics (in-
ner loop) of the rigid body, while the position controllerepented in Chaptérasymptotically
stabilize the translational dynamics (outer loop)®f As highlighted in Chapter, although
both subsystem are asymptotically stable this does noagtee stability of overall system. This
leads to an interesting theoretical cascade control pnobAdich is proving stability of the over-
all system when each subsystem is asymptotically stable pfablem can be approached in
two ways. The rst approach is to use the so called standatuhigues of cascade control that
involve proving one of the subsystem to be input to statdetétr more details se, 88, 21].
The second approach is to solve the attitude control prolalsra geometric set stabilization
problem, which would be a nontrivial task. In other wordss tlequires proving the controller
classGs using set stabilization, and then using reduction theoremd nested set scheme, as
described by §4], to prove stability of the overall system. The main chaljenn both cases

would be the geometric analysis for the whole controllesglaMoreover, in the second case
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the problem is de ned on a non-compact set, while the stahdedtuction theorems deal with

compact sets. This leads to an interesting novel reseaotieon.

8.2.3 Geometric path following

Chapter4 presents a path invariant controller for the rigid bodies thoes not require additional
stability tools as the problem was solved in a uni ed applodt¢owever, as discussed before, one
of the limitation of the controller was the gimbal lock whiaghses because the system's dynamics
were represented in local coordinates. One way to avoid gifobk is to consider a geometric
version of the problem. It is our conjecture that the systéthneeds dynamics extension, or
it would be required to add virtual states to the system. Wusld require one to check the so
called “vector relative degree” of a system de ned on a madifwhich is a challenging and
nontrivial task at this point. Moreover, rest of the anadysiould require geometric tools and

may leads to a novel and almost-global path following cdtgro

8.2.4 Practical implementation

A natural extension of the work considered in this thesi® igrtplement controllers from each
controller class on an actual platform such as a quadrat@an enderwater vehicle. This task is
quite challenging in its own ways, as these controller arneehand have never been tested and
implemented on a real platform. This can lead to more interggractical questions. Moreover,
investigating robustness of these controllers, or stylmfithese controller with a geometric lter

would be an interesting and practical research direction.
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Appendix A

Basic Concepts and Notations

This Appendix reviews some of the basic concepts used iptbigosal document. Some de ni-
tions from algebra, analysis and differential geometrywaiy brie y reviewed that is used peri-
odically in this book. The purpose of this appendix is to gameinformal and intuitive review of

some of the basic tools used in this proposal. These conaeptaken from4, 80, 5, 66, 61, 2].

A.1 Review of Algebra, Analysis and Differential Geometry

Informally a map is an operator taking elements from its dionend generating elements in its
co-domain. LetJ andV be open subsets &" andR™ respectively. A functiorf is sometimes
called a mapping, and we say thaimaps a domain element2 U to its codomain element
b2 V, sometimes called the imageafin symbols, we might writé : U! V andf :a7! b

Surjective, injective and bijective maps are the basis g@ngs of maps.

Denition A.1.1. Amapf : U R"! V  R™is surjective or onto if for eacly 2 V there

exist at least on& 2 U such thaff (x) = v.
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De nition A.1.2. A mapf : U RV V R™ is injective or one-to-one ifxy; X, 2

U;f(x1) = f(X2) impliesx; = X,.
Denition A.1.3. Amapf : U R"! V R™isbijective if it is both injective and surjective.

De nition A.1.4. A groupG is a set with a binary operatioft) : G G 7! G, such that the

following properties are satis ed:

1. associativity(a:b:c = a:(b:g forall a;b;c2 G
2. 9 an identity elemerg such thate:a= a:e= aforalla2 G
3. 8a2 G there exists an inverse ! suchthata;a 1= a L:a= e

De nition A.1.5. A homomorphism between groups, G 7! H, is a map which preserves the
group operation

(ah= (a): (b

De nition A.1.6. An isomomorphism is a homomorphism that is bijective.

Smooth Manifold and Smooth Maps Roughly speaking, manifolds are, locally, vector spaces
but are globally curved spaces. For example the surface phars is “locally at” but glob-
ally curved and globally the surface of a sphere is not a veetd. Although manifolds re-
semble Euclidean spaces near each point (“locally”), toéalstructure of a manifold may be
more complicated. For example, any point on the usual twieedisional surface of a sphere is
surrounded by a circular region that can be attened to autarcregion of the plane, as in a

geographical map. However, the sphere differs from thegplan

Let U andV be open subsets 6" andR™ respectively. A mappin§ : U 7! V is called
smooth iff is differentiable and the derivative of the m@pf=@#s continuous. In this case the
functionf is of classC?. If f isr™" order differentiable an@f=@xis continuous then we sdy

is of classC'. If f is smooth for all niter then we say is smooth or of classC? .
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Denition A.1.7. Amapf : U R"! V  R™isdiffeomorphism if is a homeomorphism
(i.e., a one-to-one or injective continuous map with a amndius inverse) and if both andf *

are smooth.

De nition A.1.8. A subsetM RK is called a smooth manifold of dimensianif for each
X 2 M there is a neighborhooWV \ M, whereW  RX, that is a diffeomorphic to an open
subsety RM™

A unitcircleS!  R?de ned byf(cos; sin )g; 2 [0;2 ]is an example of a manifold. A

submanifold is simply a smaller manifold inside a larger if@d.

De nition A.1.9. A manifoldM is said to be an invariant manifold if whenewer2 M and
to 0, we have
(Ly;to) 2 M;

Theorem A.1.10.(Inverse Function Theoren®f]) Let U be an open subset &" andf : U !
R", aC! mapping. If the Jacobiardf,-, is nonsingular at somg” in U, then there exists an
open neighborhooW ofx? in U such thaWW = f (U) is open inR" andf j,, is a diffeomorphism

ontoWw.

Regular Values Letf : M ! N be a smooth map between manifolds of same dimensions.
A pointx 2 M is said to be a regular point &f if the derivativeDf , is nonsingular. I is
a regular point it follows from the inverse function theorématf maps a neighborhood of

diffeomorphically onto a neighborhood gf= f (x).

De nition A.1.11. Givenamag : M ! N,y 2 N is said to be a regular value if every point

inthe sef 1(y) is a regular point.
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A.1.1 Vector elds and their Derivatives

A vector eld is an assignment of a vector to each point in asstilof Euclidean space. A vector

eld in the plane for instance can be visualized as an arrah agiven magnitude and direction,
attached to each point in the plane. Vector elds are ofteedus model speed and direction of
a moving objects throughout space, for example speed aedtidin of a mobile robot. The

following demonstrates the notion of vector eld,

2 3
X3
2

1+ x2

The Lie derivative also called the direction derivativelaa#es the change of a vector eld
along the ow of another vector eld. This change is coordménvariant and therefore the Lie

derivative is de ned on any differentiable manifold.

De nition A.1.12. Consider a vector eld and a real valued function,
U R"! R; (A.2)

the derivative of alongf isafunctionL; :U! R denedas

@ X @

Li ()= hd (x);f(x)i = @)1: (x) = ~ @fi(x); (A.3)

which is also called the Lie derivative or directional deative of alongf, whereh;:i is the

Euclidean inner product.

Repeated use of this operator is possible and the followatgtion can be used,

@k (x) . % ok .
G 9= =g (A.4)

Lol (X):= a@x

i=1
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The operation can be recursively de ned, such that takimegtderivatives of alongf would

be denoted by ¥ where,

‘ @Kt (x) _X’@l,'fl_ _
LE (0= gy T = ex fi(X): (A.5)

Consider a parameterized curve R! R". Itis clear that ( ) represents location of a
moving point along the curve. The velocity vector ofit point can be represented by ).

The speed at is the lengttk { )k.
De nition A.1.13. The parameterization( ) is unit-speed ik { )k = 1.

De nition A.1.14. The curve ( )isregularif )60 forall 2 R.
Consideracurve( )=(a cos;a sin ). It has velocity
% )= a(cos sin; sin + cos );

and speed

. P . . Y
k { )k=jaj (cos sin )2+(sin + cos )2=ja 1+ 260:

Therefore the parameterization is regular.

A.2 Nonlinear Control Systems

Consider a time-invariant, nite-dimensional, deternsitnc control-af ne system witim inputs,
u:=[u; uy]” 2 RM"andpoutputsand : R"! R", g :R"! R"andh:R"! RPare
smoothC" maps.
xn
x=f0)+  g(ui = f(x)+ gx)u; (A.6)

i=1

(A.7)
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and consider a function,
2 3

h1(x)
y=h(x) = E
hp(X)

which is the output of the system. The relative degree is #edoncept in solving feedback

% 8y 2 RP; (A.8)

linearization problems.

De nition A.2.1. Consider systerfA.6) with u 2 R and with output functiorfA.8) with m =
p=1ie.,y= h(x),y 2 R. The system has a relative degree @it a pointxy if

1. LgLkh(x) = 0;8x 2 a neighborhood ok and8k <r 1,
2. Lyl *h(xo) 6 0.

The relative degree of a single input single output (SIS@jesy is the number of times we
need to differentiate the output before the control inpyiesps. A notion, called the vector

relative degree can be de ned for the multiple-input muétputput (MIMO) systems.

De nition A.2.2. Consider systerA.6withm = p. We de ne arm  m matrix,

2
Lo, Li* thy(x) Lgn Lt thy(x)
Lo, L2 thy(x) Lo, L2 *ha(x)

A(X) := ' . . : (A.9)
Lo, Li™ *hm(X) Lo, Li™ thm(X)

The system has a vector relative degreérgf : : : r,g at a pointxg if

1.ngL}‘hi(x):O;81 ] mforallk <r; 1foralll i mandforallxina

neighborhood okq.
2. The matrixA(x) is nonsingular ak = Xp,
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A.3 Elementary results

In this section we present some elementary results. Althgtlhgse results are basic and easy to

prove, yet we nd them valuable for writing proofs of some b&tmain results of this thesis.

Proposition A.3.1.
Letkq; ko ks 2 RY, andv;w 2 R3, andK = diag(ka; k; ks), then
v (Kw) = (Kw)>v
Proof.

v (Kw) = hv; Kwi

= hKw; Vi
= (Kw)’v:
O
Proposition A.3.2. If ki; ko; ks 2 R* andv 2 R3, then
o P _p_p_ 2
v~ (diag(ks; ko; k3)v) = diag ki ko ks v , (A.10)
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Proof. letK :=diag(ks; ks; k3), by expanding the left hand side &.10)
2 32 3
ks 0 O

. Vi
h |
Vi Vo V3 g 0 k2 0 %g Vo %

0 O k3 V3
2 3

h g v
Vi Vo V3 k2V2

Ksvs

V7 (Kv)

Kiv2 + Kov3 + Kav3

11
-0} 0)0) 0))
o o =
Z

©

9

N

(@)
ONNNN W
POOCOO) N
s s
ORNNRNN

1
A
<

—_p_p_— 2
diag ki; ko; ks v

which proves the result.
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