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Abstract

Constraint satisfaction problems (CSPs) are a natural class of decision problems where
one must decide whether there is an assignment to variables that satisfies a given formula.
Schaefer’s dichotomy theorem and its extension to all alphabets due to Bulatov and Zhuk,
shows that CSP languages are either efficiently decidable or NP-complete. It is possible
to extend CSP languages to quantum assignments using the formalism of nonlocal games.
The recent MIP∗ = RE theorem of Ji, Natarajan, Vidick, Wright, and Yuen shows that
the complexity class MIP∗ of multiprover proof systems with entangled provers contains
all recursively enumerable languages. As a consequence, general succinctly presented CSPs
are RE-complete. We show that a wide range of NP-complete CSPs become RE-complete
when the players are allowed entanglement, including all boolean CSPs, such as 3SAT and
3-colouring. This implies that these CSP languages remain undecidable even when not
succinctly presented.

Prior work of Grilo, Slofstra, and Yuen shows (via a technique called simulatable codes)
that every language in MIP∗ has a perfect zero knowledge (PZK) MIP∗ protocol. The
MIP∗ = RE theorem uses two-prover one-round proof systems. Hence, such systems are
complete for MIP∗. However, the construction in Grilo, Slofstra, and Yuen uses six provers,
and there is no obvious way to get perfect zero knowledge with two provers via simulatable
codes. This leads to a natural question: are there two-prover PZK-MIP∗ protocols for all
of MIP∗?

In this work, we show that every language in MIP∗ has a two-prover one-round PZK-
MIP∗ protocol, answering the question in the affirmative. For the proof, we use a new
method based on a key consequence of the MIP∗ = RE theorem, which is that every MIP∗

protocol can be turned into a family of boolean constraint system (BCS) nonlocal games.
This makes it possible to work with MIP∗ protocols as boolean constraint systems. In
particular, it allows us to use a variant of a CSP due to Dwork, Feige, Kilian, Naor, and
Safra that gives a classical MIP protocol for 3SAT with perfect zero knowledge.

To prove our results, we develop a toolkit for analyzing the quantum soundness of
reductions between constraint system (CS) games, which we expect to be useful more
broadly. In this formalism, synchronous strategies for a nonlocal game correspond to
tracial states on an algebra. We equip the algebra with a finitely supported weight that
allows us to gauge the players’ performance in the corresponding game using a weighted
sum of squares. The soundness of our reductions hinges on guaranteeing that specific
measurements for the players are close to commuting when their strategy performs well.
To this end, we construct commutativity gadgets for all boolean CSPs and show that the
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commutativity gadget for graph 3-colouring due to Ji is sound against entangled provers.
We define a broad class of CSPs that have simple commutativity gadgets. We show a
variety of relations between the different ways of presenting CSPs as games. This toolkit
also applies to commuting operator strategies, and our argument shows that every language
with a commuting operator BCS protocol has a two prover PZK commuting operator
protocol.
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Chapter 1

Introduction

This thesis establishes results in the theory of nonlocal games and computational complex-
ity. We introduce the weighted algebra formalism for analyzing the soundness of reductions
between constraint system (CS) games. This formalism generalizes the well-studied cor-
respondence between perfect strategies for synchronous CS games and tracial states on
the synchronous algebra. Imperfect strategies correspond to traces on the weighted alge-
bra that are nonzero on the support of the weight. The weighted algebra can be thought
of as a model of the synchronous algebra. We define a trace-dependent quantity called
the defect that quantifies how well traces on weighted algebras approximate traces on the
synchronous algebra. Since the weight of an observable depends on the probability of the
verifier asking the question it appears in, the defect gives us an algebraic tool to discuss
imperfect strategies for the corresponding game.

Applying the weighted algebra formalism, we show that some broad classes of classical
reductions between CS games remain sound even when the provers are allowed entangle-
ment. We divide these reductions into two types of transformations: classical homomor-
phisms and subdivisions. Classical homomorphisms map constraints in one CS to con-
straints in another CS and thus are simple to analyze with weighted algebras. Subdivision
involves separating one large constraint into many subconstraints and is more complex to
analyze.

The players’ measurements for variables that appear in the same constraint must com-
mute as they are simultaneously measured. When a constraint is subdivided, there is
no longer a guarantee that all the variables appearing in different subconstraints com-
mute. For our soundness argument, we use commutativity gadgets like those introduced
in [37] to force these variables to commute even though they appear in different subcon-
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straints. Using weighted algebras, we show that these commutativity gadgets are sound
against entangled provers and that they enforce approximate commutation in approximate
strategies. By reducing from the MIP*=RE protocol for the halting problem, we show
RE-completeness for the entangled version of any NP-complete CS game with unentan-
gled players, provided that we have a commutativity gadget. Specifically, we show that
NP-complete CS games become RE-complete with entanglement provided that they are
boolean, a graph 3-colouring game, or not two-variable falsifiable. As an application of
these results, we prove that MIP* admits two prover perfect zero knowledge proofs by
showing the quantum soundness of a variant of the two prover perfect zero knowledge
protocol for NP due to Dwork, Feige, Kilian, Naor and Safra [21].

1.1 Nonlocal games and multiprover interactive proofs

In a nonlocal game, two spatially separated and non-communicating players, Alice and
Bob, receive questions from a referee. The players’ questions i and j are sampled by the
referee from a finite set of questions I according to a probability distribution π known to
both players. The players then respond with answers a and b from the finite answer sets
Oi and Oj respectively. Often the players are defined to have separate question and answer
sets, but it is convenient for us to assume without loss of generality that the players have
the same question and answer sets. The referee then applies one of a family of functions
V (·, ·|i, j) : Oi × Oj → {0, 1} for each question pair (i, j) ∈ I × I. The players win if
V (a, b|i, j) = 1 and lose otherwise. The function V is called the decision predicate.

Alice and Bob cannot communicate with each other during the interaction, but they
can coordinate a strategy beforehand. This strategy can be deterministic or probabilistic,
employing shared randomness. We call such strategies classical. A strategy is called perfect
if it allows the players to satisfy the decision predicate for any question pair. It is clear
that not all games admit perfect strategies. If they have access to quantum resources,
the players may share a quantum state and condition their answers on the results of local
measurements. Their choice of state and the collection of local measurements for each
player make up a quantum strategy. Quantum strategies allow the players to correlate
their answers in ways that are not possible with classical resources [22, 7]. In fact, there
are nonlocal games that have perfect quantum strategies, but no perfect classical strategies,
such as the Mermin-Peres magic square game [59, 49]. The Mermin-Peres magic square
consists of a three-by-three grid. The referee asks Alice for an assignment of ±1 to each
square in one row, and asks Bob for an assignment of ±1 to each square in one column.
Alice’s row must contain −1 an even number of times, and Bob’s column must contain
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−1 an odd number of times. They win the game if their assignments agree on the square
where the row and column overlap; otherwise, they lose. There is no classical assignment
to the whole grid that satisfies all of the constraints, but there is an assignment of ±1
valued observables and a quantum state that allows the players to win on any question
pair.

The Mermin-Peres magic square game is an example of a broad class of games called
constraint system (CS) games. In a CS game, Alice and Bob receive constraints Ci and
Cj over a set of variables X from a set of constraints {Ci}mi=1. The players must respond
with satisfying assignments ϕi : Vi → Σ and ϕj : Vj → Σ over an alphabet Σ to the
set of variables Vi and Vj that are in the scope of the constraint Ci and Cj respectively.
Like in the magic square game, the winning condition is a consistency check between the
players’ assignments. The players lose when ϕi|Vi∩Vj ̸= ϕj|Vi∩Vj , and win otherwise. What
we have just described is the constraint-constraint (c-c) form of the CS game studied in,
e.g., [1, 58, 57, 45]. Alternatively, we can define the constraint-variable (c-v) form of the
CS game. In the c-v game, Alice is sent a constraint Ci and responds with a satisfying
assignment ϕi as before, but Bob is only sent a variable x ∈ X and responds with an
assignment to ϕ(x) ∈ Σ to that variable. The win condition is still a consistency check.
The players lose if ϕi(x) ̸= ϕ(x) and win otherwise. This form of CS game was studied in,
e.g., [16, 37]. Finally, there is a third type of game for 2-CSs — where each constraint has
only two variables. The verifier asks each player for an assignment to a single variable, and
they win if the assignments satisfy the corresponding constraint. This type of game was
studied in, e.g., [25, 32, 19]. If the alphabet Σ has size k, then we call the CS k-ary, and
in the particular case where k = 2, we say the CS is a boolean constraint system (BCS).
Associated with each CS game is a finitely presented ∗-algebra, called the CS algebra.
Every perfect quantum strategy for a CS game is a representation of the CS algebra. In
this way, the CS algebra generalizes the well-studied BCS algebra discussed in [16, 37]. It
will be a central tool in proving our main results.

The family of synchronous games is another important class studied in the nonlocal
game literature. The players’ question and answer sets are the same in a synchronous
game, and the synchronous condition states that if they receive the same question, they
must respond with the same answer. An important example of a synchronous game is the
graph k-colouring game first described in [15]. Given a graph G = (V,E) with vertices V
and edges E, the referee sends vertex x to Alice and y to Bob. The players respond with
colours a and b respectively from the set {1, . . . , k}. If (x, y) is an edge in E, then the
players lose if a = b and win otherwise. If x = y, the players win if and only if a = b, which
is the synchronous condition. Note that the graph colouring game with these questions and
answers is also a 2-CS game. There is a perfect classical strategy if and only if there is a
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k-colouring of the graph G. For some graphs however, entangled players can play the graph
k-colouring game perfectly even though no actual k-colouring exists [10, 12]. Such graphs
are called quantum k-colourable. Similarly to CS games, perfect quantum strategies for
a synchronous game correspond to representations of a finitely presented ∗-algebra called
the synchronous algebra of the game [34, 45].

In a nonlocal game, the players can use unbounded computational power to construct
their strategies, yet the referee is computationally bounded. Interactive proofs allow us to
study and quantify the computational power the referee can access in such interactions. In
an interactive proof protocol, a prover tries to convince a verifier that a string x belongs
to a language L. Interactive proof systems can be more powerful than non-interactive
systems; famously, the class IP of interactive proofs with a polynomial time verifier and a
single prover is equal to PSPACE [63], and the class MIP with a polynomial time verifier
and multiple non-communicating provers is equal to NEXP [4]. The proof systems used in
[4] are very efficient and require only two provers and one round of communication. Thus,
they can be thought of as a family of nonlocal games indexed by the input string x, with
the players as provers and the referee as the verifier. Since the provers in an MIP protocol
are not allowed to communicate, it is natural to ask what happens if they are allowed to
share entanglement. This leads to the complexity class MIP∗, first introduced by Cleve,
Hoyer, Toner, and Watrous (where the ∗ denotes that the players are entangled) [15].
Entanglement allows the provers to break some classical proof systems by coordinating
their answers, but the improved ability of the provers also allows the verifier to set harder
tasks. As a result, figuring out the power of MIP∗ has been difficult, and there have
been successive lower bounds in [41, 35, 36, 66, 67, 38, 54, 39, 53, 23]. Most recently,
the landmark work of Ji, Natarajan, Vidick, Wright, and Yuen showed that MIP∗ = RE,
the class of languages equivalent to the halting problem [40]. A multiprover interactive
proof protocol can be thought of as a decision problem, where the verifier must determine
whether or not an instance x is in L. In the accept instance, where x ∈ L, there is
a strategy that the provers can employ that wins the nonlocal game with probability c,
called the completeness parameter, which in this work we will always take to be 1. In the
reject instance, where x ̸∈ L, any strategy the provers employ can win the nonlocal game
with probability at most s, called the soundness parameter.

1.2 Constraint satisfaction problems

As a result of the proof that MIP = NEXP in [5], MIP is equivalent to the class of CS−MIP
proof systems, which are two-prover one-round proof systems in which the nonlocal games
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are CS games. In a CS−MIP proof system, the CS games are succinctly presented. In
other words, for a given instance, there may be exponentially many questions to sample or
answers to verify (in the instance size |x|), but these operations are implemented efficiently.
This can increase the complexity of the games significantly. For any family of constraints Γ
over an alphabet Σ, the constraint satisfaction problem (CSP) language CSP(Γ)1,1 consists
of all constraint systems that can be expressed as the conjunction of constraints from Γ,
where the yes instances are those for which all of the constraints can be satisfied, and
the no instances are those where at least one constraint must be unsatisfied. Due to the
CSP dichotomy theorem, it is well-understood that CSP languages are either solvable in
polynomial time or NP-complete. Moreover, the theorem completely classifies which CSP
languages are NP-complete [61, 11, 70]. The succinct version of this language is the promise
problem SuccinctCSP(Γ)1,s consisting of efficiently sampleable CSs with constraints from Γ,
where the yes instances are those for which all the constraints can be simultaneously
satisfied, and the no instances are those where there is a probability less than s of sampling
a satisfied constraint for any assignment. If CSP(Γ)1,1 is NP-complete, then there is a
constant s ∈ [0, 1), such that SuccinctCSP(Γ)1,s is NEXP-complete. Thus, the class of CS
games corresponding to SuccinctCSP(Γ)1,s is complete for MIP.

It is natural to ask if an analogous dichotomy holds when the provers are allowed
entanglement. In this thesis, we provide a partial answer to this question. As a result of
the MIP∗ = RE theorem, MIP∗ is equivalent to the class of CS−MIP∗ proof systems, the
class of two-prover one-round proof systems in which the nonlocal games are CS games with
entangled players. We prove that a family Γ of constraints with an NP-complete CSP(Γ)1,1
is RE-complete with entangled provers by reducing from the CS−MIP∗ proof system
for RE to a CS−MIP∗ proof system using only constraints from Γ. We use a classical
reduction between NP-complete constraint satisfaction problems, modified to ensure that
the reduction preserves the soundness of the entangled protocol.

The provers’ strategies in a CS−MIP∗ protocol are an operator assignment to the
variables in the constraint system and a choice of state. In general, operator assignments to
CSPs are non-commuting, but to guarantee the validity of some reductions between CSPs,
we need a way to guarantee commutativity (or near-commutativity) between variables. A
canonical way to do that is using empty constraints, which contain variables but impose
no relations between them, except that they are simultaneously measurable. However,
we have no guarantee that a given set of constraints Γ includes an empty constraint. To
remedy this, we construct commutativity gadgets: subsystems of constraints that behave
like an empty constraint when restricted to two of the variables.

To characterize the commutativity gadgets we can construct, we use a property of
some constraints we call two-variable falsifiability (TVF). A constraint is TVF if, for any
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pair of variables, there is an assignment to that pair for which the constraint is false no
matter what value the other variables are assigned. We call a CSP TVF if all of its
constraints are. Non-TVF CSPs have simple one-constraint commutativity gadgets. If a
CSP contains a non-TVF constraint, we can replace empty constraints with instances of
the non-TVF constraint and replace all but two variables in the non-TVF constraint with
dummy variables. If all constraints in Γ are TVF, this precludes the construction of these
generic commutativity gadgets built from one constraint. However, many important CSPs,
such as 3SAT, are not TVF. In particular, note that any CSP augmented by an empty
constraint is non-TVF and that this does not change its classical complexity.

For TVF constraints, the situation is more complicated, but in the boolean case, we
are able to construct a generic but more complicated commutativity gadget. The basic
example of an NP-complete TVF constraint satisfaction problem is 1-in-3-SAT, generated
by the three-variable boolean constraint where exactly one of the variables must be assigned
value 1, C = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. This has a commutativity gadget constructed by
connecting three copies of C in a triangular arrangement (see Figure 4.1), first studied
by Ji [37]. For the remaining NP-complete boolean TVF CSPs, we show that there is a
structure similar to C hidden within them, and hence that an analogous commutativity
gadget may be constructed.

The final case where we are able to construct a commutativity gadget is for graph
3-colouring. Here, we make use of a triangular prism gadget (see Figure 4.5), also intro-
duced by Ji [37]. The work of Ji shows that the gadget guarantees commutativity in the
case of perfect completeness; for our purposes, we extend this to the case of imperfect
completeness, showing soundness of the gadget.

In full, we show that if CSP(Γ)1,1 is NP-complete, and Γ is boolean, non-TVF, or 3-
colouring, then there exists a constant s ∈ [0, 1) such that the entangled CSP language
SuccinctCSP(Γ)∗1,s is RE-complete.

As a direct consequence, we find that the non-succinct version of the language, CSP(Γ)∗1,s,
is also RE-complete under Turing reductions, although it may not be polynomial-time re-
ducible from the halting problem. Completeness in NEXP is with respect to polynomial-
time Karp reductions; in fact, with exponential-time reductions, NP-complete problems
become complete for NEXP. In the same way, if SuccinctCSP(Γ)∗1,s is RE-complete with
a polynomial-time reduction, then CSP(Γ)∗1,s is RE-complete with an exponential-time re-
duction. In particular, there is a computable function that reduces the halting problem to
CSP(Γ)∗1,s, so it must be RE-complete.

For the proof of our main results, we begin with the output of the MIP∗ = RE theorem
rather than encoding an arbitrary MIP∗ protocol. The proof that MIP∗ = RE in [40] is very
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involved, but has as an important consequence that only two-prover one-round proof sys-
tems are required to attain the full complexity of MIP∗. Dong, Fu, Natarajan, Qin, Xu, and
Yao show in [20] that these proof systems can be reduced in size to have polynomial-length
questions and constant-length answers. In both [40] and [20], the games are synchronous
and admit oracularizable optimal strategies in the case of perfect completeness, meaning
that the two players’ measurement operators for any pair of questions asked at the same
time commute. One-round MIP∗ proof systems in which the games are synchronous and
oracularizable are equivalent to the class of BCS-MIP∗ proof systems, which are one-round
two-prover proof systems in which the nonlocal games are BCS games, that is, CS games
with boolean constraint systems. Since the games in [20] have constant answer size, so do
the corresponding BCS games. We prove the RE-hardness of NP-complete CS protocols
with entanglement by showing that the classical reduction from the BCS form of the pro-
tocol from [20] to a CS protocol is sound against quantum provers. Reductions between
MIP∗ protocols translate one proof system into another while preserving completeness and
controlling the degradation of soundness. In some cases, reductions between MIP∗ proof
systems have polynomial soundness dropoff and use parallel repetition to recover constant
soundness. Parallel repetition does not preserve many classes of CS games (for example,
graph colouring games), so we require our transformations to have a constant soundness
dropoff.

1.3 The weighted algebra formalism

In Section 1.1, we saw examples of the correspondence between perfect strategies for non-
local games and representations of finitely presented ∗-algebras. In the context of MIP∗

protocols, this correspondence allows us to use transformations between the algebras to ex-
amine reductions between the games that preserve perfect completeness as in [37]. That is,
where the completeness parameter remains equal to 1. These transformations are typically
homomorphisms or other syntactic operations that map one finitely presented ∗-algebra to
another, often reflecting a structural reduction between the corresponding nonlocal games.
For instance, one may rewrite a game by imposing new relations on the generators, such as
identifying certain observables or introducing auxiliary variables, thereby inducing a quo-
tient algebra. A perfect quantum strategy corresponds to a finite-dimensional C∗-algebra
representation of the associated game algebra, so if such a transformation preserves the
existence of the representation, then we can conclude that the second game is at least as
hard as the first. However, this correspondence does not let us track how transformations
between game algebras affect the soundness parameter. In the worst case, a transformation
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of this type could take the soundness parameter to 1, meaning the players can perform
arbitrarily well even in reject instances of the MIP∗ protocol. From a complexity theory
standpoint, gapless protocols can still be valuable because they provide insight into the ex-
pressive power of interactive proof systems and the kinds of languages that can be captured
within MIP∗, even when the verifier cannot distinguish between accepting and rejecting
instances. That is, such protocols may still characterize undecidable or recursively enumer-
able languages, helping us understand the upper bounds of provability or computability in
quantum interactive models. In actual implementations of these protocols in the lab, we
want the verifier to have a non-negligible chance of learning whether the instance is an ac-
cept or a reject. Furthermore, in the classical complexity theory literature, many hardness
results are proven by reducing one CSP to another and showing that this transformation
preserves the completeness and soundness of the corresponding MIP protocol. To show our
main results, we focus on these classical CSP reductions and develop tools to show that,
under certain circumstances, they preserve the soundness parameter even if the provers are
allowed to share entanglement.

In general, it’s difficult to determine if a classical transformation of constraint systems
(of which there are many) remains sound (meaning that it preserves the soundness of
protocols) in the quantum setting. For instance, one of the key parts of the MIP∗ = RE
theorem is the construction of a PCP of proximity that is quantum sound. On the other
hand, some transformations lift fairly easily to the quantum setting. We identify two
such classes of transformations, “classical transformations,” which are applied constraint
by constraint, and “context subdivision transformations,” in which each constraint is split
into several subclauses. Both types of transformations are used implicitly throughout
the literature on nonlocal games, including in [37], which was the first paper to consider
reductions between quantum strategies in BCS games. In this thesis, we systematically
investigate the quantum soundness of these transformations. In Section 3.2, we show
that classical transformations preserve soundness by a relatively simple argument. In
subdivision, each subclause becomes a different question in the associated BCS game. As
a result, a strategy for the subdivided game has many more observables than the original
game. Since these new observables don’t need to commute with each other, subdivision
is more complex to analyze. We show that if we have a way of enforcing commutativity
among these new variables, and if the subclauses have a bounded number of variables, then
subdivision preserves soundness with a constant dropoff. We prove this in Section 3.4.

While reductions between nonlocal games have been important in previous work, they
are difficult to reason about, since it’s necessary to keep track of how strategies for the input
game map to those for the output game. One advantage of working with constraint systems
in the classical setting is that it’s more convenient to work with assignments (and think
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about the fraction of constraints in the system that can be satisfied) than to work with
strategies and winning probabilities. In the quantum setting, it isn’t possible to work with
assignments to the variables because strategies involve observables that don’t necessarily
commute with each other. However, we can achieve a similar conceptual simplification
by replacing assignments with representations of the CS algebra of the constraint system.
The CS algebra is the same as the synchronous algebra of the CS game; we refer to [58] for
more background on the boolean case. With this approach, reductions between CS games
correspond to homomorphisms between CS algebras, which are much easier to describe
and work with than mappings between strategies. Near-perfect strategies correspond to
approximate representations of the CS algebra (See [57] for the boolean case). We can
thus prove that our reductions preserve the soundness of MIP* protocols by examining
how mappings between CS algebras treat these approximate representations. Previous
work using this idea (see e.g. [57, 30]) has focused on reductions between single games,
and the definitions are not suitable for working with protocols, as they do not incorporate
question distributions. To solve this problem, we introduce a notion of weighted algebras
and weighted homomorphisms, which allows us to keep track of the soundness of reductions
between games using completely algebraic arguments involving sums of squares.

Another advantage of the weighted algebras framework is that arguments can be made
simultaneously for both quantum and commuting operator strategies. As a result, our
proof methods extend to commuting operator strategies. However, our results here are not
as conclusive, as the exact characterization of the corresponding complexity class MIPco is
not known. There is a conjecture that MIPco = coRE, and with that conjecture, we expect
that it would be possible to extend our main results and show that NP-complete CSPs for
which we can construct commutativity gadgets are coRE-complete when the players can
share commuting operator entanglement.

1.4 Perfect zero knowledge

Interactive proof systems allow for zero knowledge protocols, in which the prover demon-
strates that x ∈ L without revealing any other information to the verifier. As a result,
interactive proof systems are important to cryptography in addition to complexity theory.
The first zero knowledge proof systems go back to the invention of interactive proof systems
by Goldwasser, Micali, and Rackoff [27], and every language in MIP admits a two-prover
one-round perfect zero knowledge proof system by a result of Ben-Or, Goldwasser, Kilian,
and Wigderson [8]. Perfect means that absolutely no information is revealed to the verifier,
in contrast to statistical zero knowledge (in which the amount of knowledge gained by the
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verifier is small but bounded), or computational zero knowledge (in which zero knowledge
relies on some computational intractability assumption).

Since any language in MIP admits a perfect zero knowledge proof system, it is natural
to wonder if the same can be done when the provers have access to entanglement. Chiesa,
Forbes, Gur, and Spooner showed that every language in NEXP (and hence in classical
MIP) has a perfect zero knowledge MIP∗ proof system, or in other words belongs to PZK-
MIP∗ [14]. Subsequently, Grilo, Slofstra, and Yuen show that all of MIP∗ belongs to
PZK-MIP∗ [29]. Combining PZK-MIP∗ = MIP∗ with MIP∗ = RE shows that there are
one-round perfect zero-knowledge MIP∗ proof systems for all languages that can be reduced
to the halting problem, a very large class. However, the construction in [29] is involved. The
idea behind the proof is to encode a circuit for an arbitrary MIP verifier in a “simulatable”
quantum error correcting code, and then hide information from the verifier by splitting the
physical qubits of this code between different provers. The resulting proof systems in [29]
require 6 provers, and because the core concept of the proof is to split information between
provers, bringing this down to 2 provers (as can be done with perfect zero-knowledge for
MIP) seems to require new ideas.

In this work, we apply our main results on the hardness of entangled CSPs to show that
MIP∗ does indeed admit two-prover one-round perfect zero knowledge protocols. In [21],
the authors construct a two-prover one-round perfect zero knowledge protocol for NP. We
show a reduction from the classes of CSP that are RE-hard with entanglement to a slight
variant of this protocol that is sound against entangled provers. We also demonstrate that
this variant protocol retains the zero knowledge property when the players are allowed
entanglement. Consequently, we show that every language in MIP∗ admits a two-prover
one-round perfect zero knowledge proof system with polynomial length questions and con-
stant length answers. Since we care only about the zero knowledge property and not the
exact CSP we get at the end, we can apply a constant amount of parallel repetition to
recover soundness s = 1/2.

Additionally, we prove that MIP∗ admits a two-prover one-round perfect zero knowledge
protocol with polynomial length questions and answers, completeness probability c = 1 and
soundness probability s = 1/2, in which the verifier chooses questions uniformly at random.
For the proof, we use a different version of the MIP∗ = RE protocol as the input of our
CSP reduction. Natarajan and Zhang have shown that MIP∗ proof systems require only a
constant number of questions and polylog length answers from the provers [55]. This shows
that MIP∗ = AM∗(2), the complexity class of languages with two-prover MIP∗ protocols
in which the verifier chooses their messages to the prover uniformly at random. When
we reduce from this protocol to our perfect zero knowledge protocol, we get a polynomial
soundness dropoff, but a polynomial amount of parallel repetition allows us to recover
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soundness 1/2.

Since the weighted algebra formalism applies to commuting operator strategies as well,
if we had a characterization of MIPco such as a confirmation that MIPco = coRE and a
parallel repetition theorem for commuting operator strategies, we should be able to show
that all languages in MIPco have a perfect zero knowledge commuting operator protocol.
Without these ingredients, we are limited to showing that BCS-MIPco = PZK-BCS-MIPco.
Previous work on perfect zero knowledge for commuting operator protocols does not pre-
serve soundness gaps [17].

Our results also have applications for the membership problem for quantum correla-
tions. For exact membership, the cohalting problem is many-one reducible to membership
in the set of quantum-approximable correlations Cqa, and to membership in the set of
commuting operator correlations Cqc [64, 17, 24]. It follows from MIP∗ = RE that the
halting problem is Turing reducible to approximate membership in Cq, the set of quantum
correlations, but this is not a many-one reduction. The proof of Theorem 5.4.8 immedi-
ately implies that there is a many-one reduction from the halting problem to approximate
membership in Cq.
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Chapter 2

Background and Preliminaries

2.1 General notation

For n ∈ N, we write the set [n] = {1, 2, . . . , n}. We assume the logarithm log is base 2
unless otherwise specified.

We identify Zk with the subset {0, . . . , k − 1} of N, and denote the primitive k-th root
of unity ωk = e2πi/k, dropping the subscript if clear from context.

For a graph G = (V,E) and U ⊆ V , write G|U for the subgraph on vertices in U and
G\U for the subgraph on vertices in V \U .

We deal only with probability distributions on finite sets. Hence, we present any prob-
ability distribution π on a set A by a function π : A→ [0, 1] such that

∑
a∈A π(a) = 1. We

say a probability distribution π on A×A is symmetric if π(a, b) = π(b, a) for all a, b ∈ A.
Following [47], we say that a probability distribution π on A×A is C-diagonally domi-
nant if π(a, a) ≥ C

∑
b∈A π(a, b) and π(a, a) ≥ C

∑
b∈A π(b, a) for all a ∈ A. We write un

for the uniform distribution on [n], i.e. un(i) =
1
n
for all i ∈ [n].

2.2 Quantum states and Hilbert space

Let C be the field of complex numbers. Given a set X, we define the free complex
vector space generated by X, denoted by CX, as the set of all finite linear combinations
of formal symbols |x⟩ for x ∈ X. That is, every element |v⟩ ∈ CX can be written as a sum
|v⟩ =

∑
x∈S ax |x⟩, for some finite subset S ⊆ X and coefficients ax ∈ C. In this way, the
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collection |x⟩x∈X forms a basis for CX. When X is finite, then CX is isomorphic to CX ,
the space of functions X → C.

For each x ∈ X, define a linear functional ⟨x| : CX → C by ⟨x| (|y⟩) = 1 if y = x and
is 0 otherwise for all y ∈ X. These functionals form a basis for the dual space of complex
linear functionals from CX → C when X is finite. Elements |v⟩ of CX are known as
kets, and elements of the dual space ⟨u| ∈ CX are known as bras. This is called bra-ket
notation and is commonly used in quantum physics to represent vectors and their duals in
a form aligned with the structure of inner products.

A complex inner product space V is a vector space with a map ⟨·|·⟩ : V × V → C
called an inner product that satisfies the following properties for all vectors |x⟩ , |y⟩ , |z⟩ ∈
V and scalars λ, ν ∈ C:

• ⟨x|y⟩ = ⟨y|x⟩ (conjugate symmetry),

• ⟨z|λx+ νy⟩ = λ⟨z|x⟩+ ν⟨z, y⟩ (linearity in the second argument),

• ⟨x|x⟩ > 0 for all |x⟩ ≠ 0 (positive definiteness).

If there is ambiguity about which inner product we mean, we will denote the inner product
on V by ⟨·|·⟩V . The inner product induces a norm on V defined by ∥ |x⟩ ∥2 = ⟨x|x⟩ for
all |x⟩ ∈ V . With this norm, V becomes a normed vector space. If there is ambiguity
about which norm we are discussing, we will denote the norm induced by the inner product
on V by ∥ · ∥V .

A sequence |x1⟩ , |x2⟩ , |x3⟩ , . . . in a normed vector space is called a Cauchy sequence
if for every positive real number ϵ, there is a positive integer N such that for all natural
numbers m,n > N , ∥ |xm⟩ − |xn⟩ ∥ < ϵ. A normed vector space V is called complete if
every Cauchy sequence in V converges to an element of V . An inner product space that is
complete is called a Hilbert space.

A linear operator on T : H → H′ that maps from a Hilbert space H to a Hilbert
space H′ is called bounded if there exists a constant C such that ∥T |x⟩ ∥H′ ≤ C∥x∥H for
all |x⟩ ∈ H. The set of all bounded linear operators from H to H′ is denoted B(H,H′)
and for convenience we write B(H) := B(H,H). If T ∈ B(H,H′) then there exists a
map T ∗ ∈ B(H′,H) called the adjoint map, satisfying ⟨y|Tx⟩H′ = ⟨T ∗y|x⟩H for all |x⟩ ∈
H, |y⟩ ∈ H′. An operator T ∈ B(H) is called unitary if TT ∗ = T ∗T = IdH, where IdH
is the identity map on H. If T ∗ = T , then T is called self-adjoint. Taking the adjoint
is an antilinear involution ∗ : B(H) → B(H) sending T → T ∗, with the property that
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(T ∗)∗ = T , (TS)∗ = S∗T ∗, and (λT )∗ = λT ∗ for all λ ∈ C, and T, S ∈ B(H). An operator
P ∈ B(H) is called projective if P 2 = P .

A projective measurement is a set of linear operators {Ma}a∈O in B(H) such that
Ma is self adjoint and projective for all a ∈ O,

∑
a∈OMa = IdH and MaMb = 0 when

a ̸= b. In quantum mechanics, the state of a quantum system is a unit vector in Hilbert
space. O is the set of possible outcomes when measuring a given quantity. If |x⟩ is the
state before measurement, then the probability of getting outcome a is p(a) = ⟨x|Ma |x⟩.
The final state after measuring and getting outcome a will be Ma |x⟩/⟨x|Ma |x⟩. This
probabilistic collapse of the state to one measurement outcome is called Born’s rule
and is the only way that quantum mechanics makes predictions about the outcome of
experiments. From a measurement, we can construct an operator P =

∑
a∈O λaMa in B(H)

called an observable, with real eigenvalues λa. The average value of a measurement is then
⟨x|P |x⟩. The state Ma |x⟩/⟨x|Ma |x⟩ after measurement of P is then a unit eigenvector
of P called an eigenstate. If two observables commute, then exchanging the order in
which they are measured has no effect on the outcome. Otherwise, the measurements
cannot be meaningfully performed simultaneously. Since a state cannot simultaneously be
an eigenstate for two non-commuting observables, one measurement disturbs the outcome
of the other. The disturbance of the measurement of one observable P1 by another P2 is
given by the magnitude of their commutator [P1, O2] = P1P2 − P2P1. This is Heisenberg’s
famous uncertainty principle.

Suppose H1 and H2 are Hilbert spaces with |x1⟩ , |x2⟩ ∈ H1 and |y1⟩ , |y2⟩ ∈ H2. Using
the inner products on H1 and H2, we define the inner product on the tensor product vector
space H1 ⊗ H2 by ⟨x1 ⊗ y1|x2 ⊗ y2⟩ = ⟨x1|x2⟩ ⟨y1| y2⟩. The completion of H1 ⊗ H2 with
respect to this inner product is called the tensor product of the Hilbert spaces H1 and
H2. Since we will not further discuss the vector space tensor product, we will denote the
tensor product Hilbert space by H1 ⊗H2. If H1 and H2 have bases {|x⟩}x∈X and {|y⟩}y∈Y
respectively, then H1⊗H2 is spanned by the elements {|x⟩⊗|y⟩}x∈X,y∈Y . A quantum state
|ψ⟩ ∈ H1 ⊗H2 is called bipartite. If there are vectors |ϕ1⟩ ∈ H1 and |ϕ2⟩ ∈ H2 such that
|ψ⟩ = |ϕ1⟩ ⊗ |ϕ2⟩, then |ψ⟩ is called a product state. States that are not product states
are called entangled. Measurements involving entangled states can create correlations
between spatially separated experiments that are impossible in classical physics.

For some of the definitions in the next section, we need to equip B(H) with a topology.
For a Hilbert space H, the weak operator topology is the weakest topology on B(H)
that makes the functional B(H) → C : T 7→ ⟨x|Ty⟩ continuous for all |x⟩ , |y⟩ ∈ H, and
T ∈ B(H). In this topology, the adjoint map is continuous. To see this, note that if {Ti}i∈N
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is a sequence of operators converging to T , then

lim
i→∞

⟨(T ∗i − T ∗)x| y⟩) = lim
i→∞

⟨x |(Ti − T )y⟩ = 0

for all |x⟩ and |y⟩ ∈ H.

2.3 ∗-algebras and representations

In this section, we recall some key concepts from the theory of ∗-algebras. These tools
will allow us to model the algebras of observables used by players in nonlocal games. See
[56, 62] for a more complete background.

A complex ∗-algebra A is a unital algebra over C with an antilinear involution

A → A : a 7→ a∗,

such that and (ab)∗ = b∗a∗. In a ∗-algebra, we denote the hermitian square as |a|2 := a∗a.
Let C∗⟨X⟩ denote the free complex ∗-algebra generated by the set X. If R ⊆ C∗⟨X⟩, let
C∗⟨X : R⟩ denote the quotient of C∗⟨X⟩ by the two-sided ideal generated by R. If X and
R are finite then C∗⟨X : R⟩ is called a finitely presented ∗-algebra.

A ∗-homomorphism ϕ : A → B between ∗-algebras is an algebra homomorphism
such that ϕ(x∗) = ϕ(x)∗ for all x ∈ A. A ∗-representation of A is a ∗-homomorphism
ρ : A → B(H) from A to the ∗-algebra of bounded operators on a Hilbert space H. If
A and B are ∗-algebras, and C∗⟨X : R⟩ is a presentation of A, then ∗-homomorphisms
A → B correspond to homomorphisms ϕ : C⟨X⟩ → B such that ϕ(r) = 0 for all r ∈ R.
Thus, a ∗-representation is an assignment of operators to the elements of X that satisfies
the defining relations R.

If A is a ∗-algebra, we write a ≥ b if a − b is a sum of hermitian squares, i.e. there
is k ≥ 0 and c1, . . . , ck ∈ A such that a − b =

∑k
i=1 c

∗
i ci. A finitely presented ∗-algebra

A is called archimedean if for all a ∈ A there exists a λ > 0 such that a∗a ≤ λ1. The
algebras we consider in this thesis are all archimedean. We will need the following lemma
when handling sums of hermitian squares.

Lemma 2.3.1. Let ai ∈ A, where A is a ∗-algebra. Then, we have that
∣∣∑k

i=1 ai
∣∣2 ≤

2⌈log k⌉
∑k

i=1 |ai|
2.

Proof. Since |a+ b|2 + |a− b|2 = 2|a|2 + 2|b|2, we see that |a+ b|2 ≤ 2|a|2 + 2|b|2. Thus

h(
∑n

i=1 ai) ≤ 2|
∑⌊n/2⌋

i=1 ai|2 + 2|
∑n

i=⌊n/2⌋+1 ai|2, and repeated applications gives the desired
inequality.
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If f : A → C is a linear functional then f is positive if f(a) ≥ 0 whenever a ≥ 0. A
state on A is a positive unital hermitian linear functional τ : A → C, that is τ(a∗a) ≥ 0,
τ(1) = 1, and τ(a∗) = τ(a) for all a ∈ A. A state is tracial if τ(ab) = τ(ba) for all
a, b ∈ A, and faithful if τ(a∗a) > 0 for all a ̸= 0. A tracial state τ induces the trace norm
∥a∥τ :=

√
τ(a∗a), also called the τ -norm. A directed set is a non-empty set D together

with a preorder ≤, which is a binary relation on D that is reflexive and transitive. A
net in A is a function from a directed set D to A taking d to xd. whose domain D is a
directed set. We say that a net is monotone increasing if xd ≤ xe whenever d ≤ e. A state
τ is called normal if for every monotone increasing net xd of operators with a least upper
bound x, τ(xd) converges to τ(x). Similarly to the case of bounded linear operators on
Hilbert spaces, an element u ∈ A is called unitary if u∗u = 1 = uu∗. Trace norms are
unitarily invariant, meaning that ∥uav∥τ = ∥a∥τ for all a ∈ A, and all unitaries u and v.

If ρ : A → B(H) is a ∗-algebra representation, then a vector |v⟩ ∈ H is cyclic for ρ
if the closure of ρ(A)|v⟩ with respect to the Hilbert space norm is equal to H. A cyclic
representation of A is a tuple (ρ,H, |v⟩), where ρ is a representation of A on H and
|v⟩ is a cyclic vector for ρ. If τ : A → C is a positive linear functional on A, then
there is a cyclic representation ρτ of A, called the GNS representation of τ , such that
τ(a) = ⟨ξτ | ρτ (a) |ξτ ⟩ for all a ∈ A. Two representations ρ : A → B(H) and π : A → B(K)
of A are unitarily equivalent if there is a unitary operator U : H → K such that
Uρ(a)U∗ = π(a) for all a ∈ A. If τ is the state defined by τ(a) = ⟨ξ| ρ(a) |ξ⟩ for all
a ∈ A and some cyclic representation (ρ,H, |ξ⟩), then (ρ,H, |ξ⟩) is unitarily equivalent to
the GNS representation. So states on ∗-algebras correspond to states on Hilbert spaces
up to unitary equivalence. A state τ is finite-dimensional if the Hilbert space Hτ in the
GNS representation (ρτ ,Hτ , |ξτ ⟩) is finite-dimensional. A state τ on A is called Connes-
embeddable if there is a trace-preserving embedding of A into the ultrapower of the
hyperfinite II1 factor.

If A is a ∗-algebra then two elements a, b ∈ A are said to be cyclically equivalent
if there is k ≥ 0 and f1, . . . , fk, g1, . . . , gk ∈ A such that a − b =

∑k
i=1[fi, gi], where

[f, g] = fg−gf . We say that a ≳ b if a− b is cyclically equivalent to a sum of squares. If τ
is a tracial state on A then τ(c∗i ci) ≥ 0 and τ([fj, gj]) = 0. Thus if a ≳ b then τ(a) ≥ τ(b),
and if a and b are cyclically equivalent then τ(a− b) = 0.

The ∗-algebras we use in this work are built out of the group algebras of the finitely
presented groups

Z∗Vq = ⟨V : xq = 1 for all x ∈ V ⟩ and ZVq = ⟨V : xq = 1, xy = yx for all x, y ∈ V ⟩.

Note that the group ZVq is in bijection with the functions V → Zq, via ϕ 7→
∏

x∈V x
ϕ(x); we

often make use of this identification implicitly. The group algebra CZ∗Vq is the ∗-algebra
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generated by variables x ∈ V with the defining relations from Z∗Vq , along with the relations
x∗x = xx∗ = 1 for all x ∈ V . Similarly CZVq is the ∗-algebra generated by variables x ∈ V
with the defining relations of ZVq , along with the relations x∗x = xx∗ = 1 for all x ∈ V .
Notice that CZVq is the quotient of CZ∗Vq by the relations xy = yx for all x, y ∈ V . If A
and B are complex ∗-algebras, then we let A ∗ B denote their free product, and A ⊗ B
denote their tensor product. Both are again complex ∗-algebras.

When working with CZVq , a monomial in V is an element of the form
∏

x∈V x
ax , where

0 ≤ ax < q. We say that the monomial contains a variable y ∈ V if ay > 0. The degree
of a monomial is

∑
x ax. If A1 and A2 are ∗-algebras for which we have a defined notion

of monomial, then a monomial in A1 ⊗ A2 is an element of the form v1v2, where vi is a
monomial in Ai. The degree of v1v2 is the sum of the degrees of v1 and v2, and a variable y
is contained in v1v2 if y is contained in v1 or v2. For instance, a monomial in CZV1q1 ⊗CZV2q2 is
an element of the form

∏
x∈V1 x

ax ·
∏

y∈V2 y
by , where 0 ≤ ax < q1 and 0 ≤ by < q2. Similarly,

a monomial in A1 ∗ A2 is an element of the form v1 · · · vk, where vj is a monomial in Aij

for all 1 ≤ j ≤ k, and ij ̸= ij+1 for all 1 ≤ j < k. In this case, the degree of v1 · · · vk is the
sum of the degrees of v1, . . . , vk, and a variable y is contained in v1 · · · vk if y is contained
in one of the monomials v1, . . . , vk. In any ∗-algebra where we have a defined notion of
monomial, a polynomial is a linear combination of monomials.

A C∗-algebra A is a complex ∗-algebra with a submultiplicative Banach norm that
satisfies the C∗ identity ∥aa∗∥ = ∥a∥2 for all a ∈ A. Every C∗-algebra can be realized as a
norm-closed ∗-subalgebra of the algebra of bounded operators B(H) on some Hilbert space
H. A C∗-algebra is a von Neumann algebra if it can be realized as a ∗-subalgebra of
B(H) which is closed in the weak operator topology. A tracial von Neumann algebra is
a von Neumann algebra M equipped with a faithful normal tracial state τ . We denote the
unitary group on M by U(M). If τ is a tracial state on a ∗-algebra A, and (ρ,H, |v⟩) is the
GNS representation, then the closure M = ρ(A) of ρ(A) in the weak operator topology is
a von Neumann algebra, and τ0(a) = ⟨v| a |v⟩ is a faithful normal tracial state on M. See
[9] for more background on C∗-algebras and von Neumann algebras.

2.4 Decidability and complexity

We recall some of the basics of computational complexity and computability theory. See [2]
for a more complete introduction. In computability and complexity theory, we often study
questions that have a yes-or-no answer for each possible input string over an alphabet Σ.
These are called decision problems. A set of strings called a language L over an alphabet
Σ is said to be decidable if there exists a Turing machine with input alphabet Σ that halts
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on all inputs and correctly determines membership in L. If there is a Turing machine M
that accepts every string in L but may run indefinitely on inputs not in L, then we say that
L is recursively enumerable (RE). We say that M recognizes L. For a language L,
being recognizable is a weaker property than being decidable, as the Turing machine that
recognizes L is not required to halt on strings that are not in L. A language belongs to
coRE if its complement is in RE. If L belongs to both RE and coRE, then it is decidable.
A fundamental example of an RE language that is not decidable is the halting problem:
the set of pairs (M,x) of Turing machines M and inputs x such that M halts on input x.
The complement of this set, consisting of pairs (M,x) where the Turing machine does not
halt on input x, belongs to coRE but not to RE.

The notion of reducibility helps us compare the difficulty of different decision problems.
A language L over an alphabet Σ is said to be RE-complete if every RE language can
be reduced to it via a computable function. In particular, L is RE-complete if there is a
computable function f from pairs (M,x) of Turing machines and inputs to strings over Σ
such that f(M,x) ∈ L if and only if M halts on input x. This expresses that L is as hard
as any language in RE under many-one reductions.

When a language is decidable, we classify its complexity by how many steps it takes to
decide. For a Turing machine M , the time function T : N → N is defined by taking T (n)
to be the smallest integer such that ifM halts on x, and x is an input string of length ≤ n,
then some computation path of M halts in ≤ T (n) steps. If there exists a Turing machine
M that recognizes a language L and has a time function bounded above by T : N → N,
then we say that L can be recognized in time T : N → N. A language L is in P (resp.
EXP) if it is decidable by a deterministic Turing machine that recognizes both x ∈ L and
x ∈ L in time T = O(poly(n)) (resp. T = O(exp(n))). A language L is in NP (resp.
NEXP) if it is decidable by a nondeterministic Turing machine in time T = O(poly(n))
(resp. T = O(exp(n)). A language L is called NP-hard (resp. NEXP-hard) if, for
any language L′ in NP (resp. NEXP) there is a polynomial-time computable function
f : Σ′∗ → Σ∗ from strings over the alphabet for L′ to strings over the alphabet for L such
that f(x) ∈ L if and only if x ∈ L′. The function f is called a polynomial-time reduction.
Intuitively, a language L is hard for a complexity class if any language in that class can
be solved by first reducing to an instance of L and then running a Turing machine that
decides L. A language L is called NP-complete (resp. NEXP-complete) if it is both
NP-hard (resp. NEXP-hard) and in NP (resp. NEXP).

Promise problems are a generalization of decision problems where the input is
promised to be in some specific subset of inputs. That is, the accept and reject instances
of the problem need not exhaust all possible inputs. When faced with an input that is not
in the promised subset, an algorithm for a promise problem is allowed to give any output
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and is not required to halt.

2.5 Nonlocal games and MIP*

A two-player nonlocal game G = (I, {Oi}i∈I , π, V ) consists of a finite set of questions
I, a collection of finite answer sets {Oi}i∈I , a probability distribution π on I × I, and a
family of functions V (·, ·|i, j) : Oi×Oj → {0, 1} for (i, j) ∈ I × I. In the game, the players
(commonly called Alice and Bob) receive questions from i and j from I with probability
π(i, j), and reply with answers a ∈ Oi and b ∈ Oj respectively. They win if V (a, b|i, j) = 1
and lose otherwise. For the sake of convenience, we have assumed that the players have the
same question and answer sets. This assumption can be made without loss of generality.
We often think of the question and answer sets as subsets of {0, 1}n and {0, 1}mi for i ∈ I
respectively. In this case, we say that the questions have length n and the answers have
length maxi∈I mi.

A correlation for a set of inputs and outputs (I, {Oi}i∈I) is a family p of probability
distributions p(·, ·|i, j) for all (i, j) ∈ I × I. Correlations describe the players’ behaviour
in a nonlocal game. The probability p(a, b|i, j) is interpreted as the probability that the
players answer (a, b) on questions (i, j). A correlation p is classical if there is a set Λ with
a probability measure µ, and if for each λ ∈ Λ there are functions fλ1 , f

λ
2 : I → ∪iOi such

that fλ1 (i), f
λ
2 (i) ∈ Oi for all i ∈ I, and p(a, b|i, j) = Prλ∼µ((f

λ
1 (i) = a)∧ (fλ2 (j) = b)) for all

i, j ∈ I, a ∈ Oi, b ∈ Oj. The collection (Λ, µ, {fλ1 }, {fλ2 }) is called a classical strategy.
This captures the notion that a strategy for classical unentangled provers consists of some
shared randomness that is independent of the verifier’s questions and player strategies that
are deterministic for a given state λ of the shared randomness. A correlation p is quantum
if there are

(a) finite-dimensional Hilbert spaces HA and HB,

(b) a projective measurement {M i
a}a∈Oi

on HA for every i ∈ I,

(c) a projective measurement {N i
a}a∈Oi

on HB for every i ∈ I, and

(d) a state |v⟩ ∈ HA ⊗HB

such that p(a, b|i, j) = ⟨v|M i
a ⊗ N j

b |v⟩ for all i, j ∈ I, a ∈ Oi, and b ∈ Oj. The collection
(HA,HB, {M i

a}, {N j
a}, |v⟩) is called a quantum strategy. Quantum strategies capture the

scenario where the players share some bipartite quantum state and condition their answers
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on measurements of that state. In quantum field theory, there is a more general notion
of entanglement called the commuting operator model. Players in a nonlocal game may
also employ commuting operator entanglement. A correlation is commuting operator if
there exists

(i) a Hilbert space H,

(ii) projective measurements {M i
a}a∈Oi

and {N i
a}a∈Oi

on H for every i ∈ I, and

(iii) a state |v⟩ ∈ H

such thatM i
aN

j
b = N j

bM
i
a and p(a, b|i, j) = ⟨v|M i

aN
j
b |v⟩ for all i, j ∈ I, a ∈ Oi, and b ∈ Oj.

The collection (H, {M i
a}, {N j

a}, |v⟩) is called a commuting operator strategy. The set
of classical correlations for a set of inputs and outputs (I, {Oi}) is denoted Cc(I, {Oi}).
Similarly, the set of quantum and commuting operator correlations are denoted Cq(I, {Oi})
and Cqc(I, {Oi}), respectively. If the inputs and outputs are clear from context we denote
the sets by Cc, Cq, and Cqc, respectively. It follows from the definitions that Cc ⊆ Cq ⊆ Cqc.

The winning probability of a correlation p in a nonlocal game G = (I, {Oi}, π, V ) is

w(G; p) :=
∑
i,j∈I

∑
a∈Oi,b∈Oj

π(i, j)V (a, b|i, j)p(a, b|i, j).

Given a strategy S for G with corresponding correlation p, the winning probability is also
denoted w(G;S) = w(G; p). The classical value of G is

wc(G) := sup
p∈Cc

w(G; p).

The quantum value is
wq(G) := sup

p∈Cq

w(G; p).

The commuting operator value is

wqc(G) := sup
p∈Cqc

w(G; p).

A correlation p is perfect for G if w(G, p) = 1, and ε-perfect if w(G, p) ≥ 1−ε. A strategy
is ε-perfect if its corresponding correlation is ε-perfect. Since Cc (resp. Cqc) is closed
and compact, G has a perfect classical (resp. commuting operator) strategy if and only if
wc(G) = 1 (resp. wqc(G) = 1). The set of quantum correlations Cq is not necessarily closed.
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There are games for which wq(G) = 1, but which do not have a perfect quantum correlation.
A correlation p is quantum approximable if it is an element of the closure Cqa = Cq,
and a game has a perfect quantum approximable strategy if and only if wq(G) = 1.

A nonlocal game G = (I, {Oi}, π, V ) is synchronous if V (a, b|i, i) = 0 for all i ∈ I
and a ̸= b ∈ Oi. A correlation p is synchronous if p(a, b|i, i) = 0 for all i ∈ I and a ̸=
b ∈ Oi. The set of synchronous classical, quantum and commuting operator correlations
are denoted Cs

c , C
s
q , and C

s
qc, respectively. A correlation is in Cs

qc (resp. C
s
q ) if and only if

there is

(A) a Hilbert space H (resp. finite dimensional Hilbert space H),

(B) a projective measurement {M i
a}a∈Oi

on H for all i ∈ I, and

(C) a state |v⟩ ∈ H

such that |v⟩ is tracial, in the sense that ⟨v|αβ |v⟩ = ⟨v| βα |v⟩ for all α and β in the
∗-algebra generated by the operators M i

a, i ∈ I, a ∈ Oi, and p(a, b|i, j) = ⟨v|M i
aM

j
b |v⟩ for

all i, j ∈ I, a ∈ Oi, and b ∈ Oj. The collection (H, {M i
a}, |v⟩) is called a synchronous

commuting operator strategy. If the Hilbert space H is finite dimensional, then the
collection (H, {M i

a}, |v⟩) is called a synchronous quantum strategy. The synchronous
quantum and commuting operator valuesws

q(G) andws
qc(G) of a game G are defined similarly

to wq(G) and wqc(G) by replacing Cq and Cqc with C
s
q and C

s
qc, respectively. A synchronous

strategy is called oracularizable if M i
aM

j
b = M j

bM
i
a for all i, j ∈ I, a ∈ Oi, and b ∈ Oj

with π(i, j) > 0.

Every quantum correlation that is close to being synchronous, in the sense that p(a, b|i, i)
≈ 0 for all i ∈ I and a ̸= b ∈ Oi, is close to a synchronous quantum correlation [68]. This
is also true for commuting operator correlations [46]. As a result, the synchronous quan-
tum and commuting operator values of a synchronous game are polynomially related to
the non-synchronous quantum and commuting operator values. We use a version of this
statement from [47]:

Theorem 2.5.1 ([47]). Suppose G is a synchronous game with a C-diagonally dominant
question distribution. If wq(G) (resp. wqc(G)) is ≥ 1 − ε, then ws

q(G) (resp. ws
qc(G)) is

≥ 1−O((ε/C)1/4).

Note that the probability distribution in any synchronous nonlocal game can be made
C-diagonally dominant by mixing the question distribution π with a distribution on sym-
metric question pairs (i, i). This will only perturb the synchronous quantum and com-
muting operator values slightly, but it may change the general quantum and commuting
operator values significantly.
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A two-prover one-round MIP protocol is a probabilistic Turing machine Q and an-
other Turing machine V , along with a family of nonlocal games Gx = (Ix, {Oxi}i∈Ix , πx, Vx)
for x ∈ {0, 1}∗, such that

• for all x ∈ {0, 1}∗ and i ∈ Ix, there are integers nx and mxi such that Ix = {0, 1}nx

and Oxi = {0, 1}mxi ,

• on input x, the Turing machine Q outputs (i, j) ∈ I×I with probability πx(i, j), and

• on input (x, a, b, i, j), the Turing machine V outputs Vx(a, b|i, j).

Let c, s : {0, 1}∗ → [0, 1] be computable functions with c(x) > s(x) for all x ∈ {0, 1}∗. A
language L ⊂ {0, 1}∗ belongs to MIP(2, 1, c, s) if there is a MIP protocol ({Gx}, Q, V ) such
that nx and mxi are polynomial in |x|, Q and V run in polynomial time in |x|, if x ∈ L
then wc(Gx) ≥ c, and if x ̸∈ L then wc(Gx) ≤ s. The function c is called the completeness
probability, and s is called the soundness probability. The functions nx and mxi are
called the question length and answer length respectively. The classes MIP∗(2, 1, c, s)
and MIPco(2, 1, c, s) are defined equivalently to MIP(2, 1, c, s), but with wc replaced by wq

and wqc, respecitvely. The protocols in these cases are called MIP∗ and MIPco protocols.
When we make the additional restriction that the nonlocal games must be synchronous,
we denote this by replacing MIP with SynMIP. The class of classical MIP protocols were
characterized in [5], which found that MIP(2, 1, 1, 1/2) = NEXP with polynomial-sized
questions and constant-sized answers. The MIP∗ = RE theorem of Ji, Natarajan, Vidick,
Wright, and Yuen states that MIP∗(2, 1, 1, 1/2) = RE [40]. We use the following stronger
version of the MIP∗ = RE theorem due to [20].

Theorem 2.5.2. ([20]) There is a two-prover one round MIP∗ protocol ({Gx}, Q, V ) for
the halting problem with completeness c = 1 and soundness s = 1/2, such that Gx is a
synchronous game with poly(|x|) length questions, and constant length answers. Further-
more, if Gx has a perfect strategy, then it has a perfect oracularizable synchronous quantum
strategy.

The constant-length answers will be key to preserving constant soundness in our reduc-
tions without requiring parallel repetition.
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Chapter 3

The weighted algebra formalism

In this chapter, we introduce the weighted algebra formalism. We begin by introducing
constraint system games in Section 3.1 and defining their corresponding weighted algebras
in Section 3.2. We define the defect of a weighted algebra as a way of keeping track of the
performance of the players’ strategies in constraint system games. In section Section 3.3,
we examine mappings between different versions of the constraint system algebra and how
they affect the defect. Finally, we introduce the context subdivision transformation in
Section 3.4 and show that it preserves the defect when the contexts have constant size.

3.1 Constraint system games

We now formally introduce constraint system games. If V is a set of variables, a constraint
on V is a subset C of ZVk . We call Zk the alphabet of the constraint, and think of it
as the multiplicative group of the kth roots of unity, since this is more convenient when
working with observables and measurements. An assignment to V is an element ϕ ∈ ZVk ,
and we refer to the elements of C as satisfying assignments for C. For convenience, we
assume every constraint is non-empty, i.e. has a satisfying assignment. A k-ary constraint
system (CS) S is a pair (X, {(Vi, Ci)}mi=1), where X is an ordered set of variables, Vi is
a nonempty subset of X for all 1 ≤ i ≤ m, and Ci is a constraint on the variables Vi
with alphabet Zk. If k = 2, then we call S a boolean constraint system (BCS), the
name “binary constraint system” is also used in other works. When working with nonlocal
games, the sets Vi are sometimes called the contexts of the system. If all the contexts
have |Vi| = 2 then we call S a 2-CS. A CS is satisfiable if there exists an assignment
f : X → Zk such that f |Vi ∈ Ci for all i. The order on X induces an order on the contexts
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Vi, which we use for some specific models of the weighted BCS algebra in Section 3.4. This
is the only thing we use the order on X for, so it can be ignored otherwise. A satisfying
assignment for S is an assignment ϕ to X such that ϕ|Vi ∈ Ci for all 1 ≤ i ≤ m. Also, if
V =

⋃k
i=1 Vi and Ci is a constraint on Vi, then the conjunction ∧ki=1Ci is the constraint

C on variables V such that ϕ ∈ C if and only if ϕ|Vi ∈ Ci for all 1 ≤ i ≤ k.

Let S = (X, {(Vi, Ci)}mi=1) be a CS, and let π be a probability distribution on [m]× [m].
The CS game G(S, π) is the nonlocal game ([m], Ci∈m, π, V ), where V (ϕi, ϕj|i, j) = 1
if ϕi|Vi∩Vj = ϕj|Vi∩Vj , and is 0 otherwise. In other words, in G(S, π), the players are
given integers i, j ∈ [m] according to the distribution π, and must reply with satisfying
assignments ϕi ∈ Ci and ϕj ∈ Cj respectively. They win if their assignments agree on
the variables in Vi ∩ Vj. With this definition, G(S, π) has questions of length ⌈logm⌉, and
answer sets of length |Vi|. This is also called the constraint-constraint version of the CS
game to contrast it with the other versions we will now discuss.

Given a constraint system S as above, we can define other variants of the CS game. Let
π′ be a probability distribution on [m], and define the probability distribution ν(i, x) =
π′(i)/|Vi| for all i ∈ [m] and x ∈ Vi, and 0 otherwise. The constraint-variable CS game
Gc−v(S, π

′) is the nonlocal game ([m]×X, {Ci×Zk}i∈[m],x∈X , ν, V
′), where and V ′(ϕ, a|i, x) =

1 if ϕ(x) = a, and is 0 otherwise. Note that in this case, the players have different
question sets, but the game can be symmetrized without changing the synchronous winning
probability. In this game, one player receives i ∈ [m] sampled from π′ and the other receives
a uniformly random variable x ∈ Vi. To win, the first player must answer a satisfying
assignment ϕ ∈ Ci and the second must answer a ∈ Zk such that a = ϕ(x).

For a 2-CS S = (X, {(Vi, Ci}mi=1) and a probability distribution π′ on [m], define the

2-CS game Ga(S, π
′) as the nonlocal game (X,Zk, νa, Va), where νa(x, y) = π′(i)

2
if Vi =

{x, y} and 0 otherwise, and Va(a, b|x, y) = 1 iff there exists ϕ ∈ Ci such that ϕ(x) = a and
ϕ(y) = b. In this game, the referee samples i from π′, and then asks each of the players
one variable from the constraint. Each player responds with an assignment to the variable
she received. They win if they have answered a satisfying assignment.

A CS-MIP protocol is a family of CS games G(Sx, πx), where Sx = (Xx, {(V x
i , C

x
i )}mx

i=1),
along with a probabilistic Turing machine Q and another Turing machine C, such that

1. on input x, Q outputs (i, j) ∈ [mx]× [mx] with probability πx(i, j), and

2. on input (x, ϕ, i), C outputs true if ϕ ∈ Cx
i and false otherwise.

Technically, this definition should also include some way of computing the sets Xx and V
x
i .

For instance, we might say that the integers |Nx| and |V x
i | are all computable, and there are
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computable order-preserving injections [|V x
i |] → [|Xx|]. However, for simplicity, we ignore

this aspect of the definition going forward, and assume that in any CS-MIP∗ protocol, we
have some efficient way of working with the sets Xx and V x

i , the intersections V x
i ∩ V x

j ,

and assignments ϕ ∈ ZV
x
i
k . A language L belongs to the complexity class CS-MIP∗(s) if

there is a CS-MIP protocol as above such that ⌈logmx⌉ and |V x
i | are polynomial in |x|, Q

and C run in polynomial time, if x ∈ L then ws
q(Gx) = 1, and if x ̸∈ L then ws

q(Gx) ≤ s.
The parameter s is called the soundness. Any CS-MIP∗ protocol for L can be transformed

into a SynMIP∗ protocol by playing the game Gx with the answer sets Ci replaced by ZV
x
i
k ,

and on input (x, ϕ, ψ, i, j), asking the verifier V to first check that ϕ ∈ Ci and ψ ∈ Cj
using C, and then checking that ϕ|Vi∩Vj = ψ|Vi∩Vj . Hence CS-MIP∗(s) is contained in
SynMIP∗(2, 1, 1, s). Notice that in this modified version of the CS game, the players can
answer with non-satisfying assignments, but they always lose if they do so. Thus, any
strategy for the modified game can be converted into a strategy for the original game with
the same winning probability, and perfect strategies for both types of games (ignoring
questions that aren’t in the support of π) are identical, so the SynMIP∗ protocol has the
same completeness and soundness as the CS-MIP∗ protocol. Replacing wq with wqc in the
definition gives us the class CS-MIPco(s), which is contained in SynMIPco(2, 1, 1, s). We can
also define subclasses of CS-MIP∗ and CS-MIPco. For instance, we let 3SAT-MIP∗ be the
class of languages with a CS-MIP∗ protocol ({G(Sx, πx)}, Q, C), in which every constraint
of Sx is a 3SAT clause, i.e. a disjunction x ∨ y ∨ z, where x, y, z are either variables from
Sx, negations of said variables, or constants.

An analogous protocol can be constructed using the constraint-variable version of the
CS games, which we call a constraint-variable CS-MIP protocol. Here, since the
constraint-variable game is not naturally synchronous, the only difference is that the ver-
ifier must randomly choose which player to ask the constraint question and which player
to ask the variable question, and also ask consistency check questions with some con-
stant probability. This transformation preserves constant completeness-soundness gap and
guarantees that the players can win near-optimally with synchronous strategies due to
Theorem 2.5.1, so we do not need to worry about it in practice.

In the constraint-constraint game, if the players receive the same question i ∈ [m], then
they must reply with the same assignment ϕ to win. Consequently, if π(i, i) > 0 for all i
then G(S, π) is a synchronous game. As per the previous section, a synchronous strategy
for G(S, π) consists of projective measurements {M i

ϕ}ϕ∈ZVi
2
, i ∈ [m], on a Hilbert space H,

along with a state |v⟩ ∈ H which is tracial on the algebra generated by M i
ϕ.

Conversely, it is well-known that every synchronous game G = (I, {Oi}, π, V ) can be
turned into a BCS game. One way to do this (see, e.g. [58, 57]) is to make a constraint
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system with variables xia for i ∈ I and a ∈ Oi, and constraints ∨a∈Oi
xia = true for all

i ∈ [m] and xia ∧xjb = false whenever V (a, b|i, j) = 0. The variable xia represents whether
the player answers a on input i, and the constraints express the idea that the players must
choose an answer for every question, and that they should reply with winning answers
(the synchronous condition on V implies that xia ∧ xib = false is a constraint for all i and
a ̸= b, which means that the players should choose a single answer for question i). The
BCS game G′ associated with this constraint system has a perfect quantum (resp. quantum
approximable, commuting operator) strategy if and only if G has a perfect quantum (resp.
quantum approximable, commuting operator) strategy. Unfortunately, if the size of the
answer set is allowed to vary, this construction results in a game with answer sets {±1}Oi .
This means that the bit-length of the answers increases exponentially from G. If wq(G) =
1 − ε, then wq(G) = 1 − O(ε/|Oi|), meaning that if this construction is used in a MIP∗

protocol, soundness can drop off exponentially.

To fix this, we look at the oracularization Gorac of G. There are several versions of Gorac

in the literature, all closely related. We use the version from [51], in which the verifier picks
a question pair (i1, i2) ∈ I according to π. The verifier then picks a, b, c ∈ {1, 2} uniformly
at random. When a = 1, they send player b both questions (i1, i2), and the other player
question (ic). Player b must respond with aj ∈ Oj such that V (a1, a2|i1, i2) = 1, and the
other player responds with b ∈ Oic . The players win if ac = b. If a = 2, both players are sent
(i1, i2) and must respond with (a1, a2) and (b1, b2) inOi1×Oi2 . They win if (a1, a2) = (b1, b2).
If G has questions of length q and answers of length a, then Gorac has questions of length
2q and answers of length 2a, so this construction only increases the question and answer
length polynomially. The following lemma shows that this construction is sound, in the
sense that wq(G

orac) cannot be much larger than wq(G).

Lemma 3.1.1 ([51, 40]). Let G be a synchronous game. If G has a perfect oraculariz-
able synchronous strategy, then Gorac has a perfect synchronous strategy. Conversely, if
wq(G

orac) = 1− ε, then wq(G) ≥ 1− poly(ε).

Proof. This is asserted in Definition 17.1 of [51]. Although a proof isn’t supplied, the proof
follows the same lines as Theorem 9.3 of [40].

Given a synchronous game G = (I, {Oi}, π, V ) where I ⊆ {0, 1}n and Oi ⊆ {0, 1}mi ,
construct a constraint system B as follows. Take X to be the set of variables xij, where
i ∈ I and 1 ≤ j ≤ mi. Let Vi = {xij, 1 ≤ j ≤ mi}, and identify ZVi2 with bit strings
{0, 1}mi , where the assignment to xij corresponds to the jth bit, and let Ci ⊆ ZVi2 be the
subset corresponding to Oi. Let P = {(i, j) ∈ I × I : π(i, j) > 0}. For (i, j) ∈ P , let

Vij = Vi ∪ Vj, and let Cij ⊂ ZVij2 = ZVi2 × ZVj2 be the set of pairs of strings (a, b) such that
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a ∈ Oi, b ∈ Oj, and V (a, b|i, j) = 1. Then B is the constraint system with variables X and
constraints {(Vi, Ci)}i∈I and {(Vij, Cij)}(i,j)∈P . Let I ′ = I ∪ P and πorac be the probability
distribution on I ′ × I ′ such that

πorac(i′, j′) =



1
8
π(i, j) i′ = (i, j), j′ = i

1
8
π(i, j) i′ = (i, j), j′ = j

1
8
π(i, j) i′ = i, j′ = (i, j)

1
8
π(i, j) i′ = j, j′ = (i, j)

1
2
π(i, j) i′ = j′ = (i, j)

0 otherwise

Then G(B, πorac) = Gorac, so the oracularization of a synchronous game is a BCS game. As
a result, Theorem 2.5.2 has the following corollary:

Corollary 3.1.2. There is a BCS−MIP∗ protocol (G(Bx, πx), S, C) for the halting problem
with constant soundness s < 1, where Bx has exponentially many contexts of constant size.
Furthermore, if G(Bx, πx) has a perfect quantum strategy, then it has a perfect oracularizable
synchronous quantum strategy.

Proof. Let ({Gx}, Q, V ) be the protocol from Theorem 2.5.2. Then Goracx is a BCS game
in which the underlying BCS has exponentially many contexts of constant size. If Gx
has a perfect strategy, then it has a perfect oracularizable synchronous strategy, so the
transformation to Goracx preserves perfect completeness. The probability distribution πorac

and the constraints of Goracx can be computed in polynomial time from Q and V , so by
Lemma 3.1.1 there is a BCS-MIP∗ protocol for the halting problem with constant soundness
s′ < 1. If Goracx has a perfect quantum strategy, then Gx has a perfect oracularizable
synchronous strategy S constructed using the players’ measurements for the question in
Goracx where they are asked both questions (i, j) from the original game Gx, and the same
state as their strategy for Goracx . From S we can construct a strategy S ′ for Goracx that is
synchronous and oracularizable. The measurements in S for any pair of questions (i, j)
asked in the Gx commute and satisfy the decision predicate for the Gx, so when a player is
asked for both questions (i, j) in Gorac

x they can simultaneously measure the observables for
i and j from S. Otherwise, if the player is asked only i or j, they measure the observable
from S for this question. The strategy S ′ constructed this way is perfect, synchronous,
and oracularizable.
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3.2 Weighted algebras for CS games

It is often worth thinking about synchronous strategies more abstractly. For any finite
set of variables X, we can suppose that there is an ordering on the set and that the
ordering induces an ordering on any subset of variables V ⊆ X. For a set of variables V ,
recall that CZ∗Vk is the free algebra generated by order-k unitaries labelled by the elements
x ∈ V , and CZVk is its abelianization. For any order-k unitary x and a ∈ Zk, write

Π
(k)
a (x) = 1

k

∑k−1
n=0 ω

−na
k xn for the projector onto the ωak-eigenspace of x; where k is clear,

we suppress the superscript (k). Given ϕ ∈ ZVk , we define the element Φ
(k)
V,ϕ ∈ CZ∗Vk as

Φ
(k)
V,ϕ =

∏
x∈V

Π
(k)
ϕ(x)(x),

where the product is ordered according to the ordering of V , and as before the super-
script (k) is suppressed where clear. We use the same notation for the image of Φ

(k)
V,ϕ under

any homomorphism when the homomorphism is clear. In particular, in CZVk , {ΦV,ϕ}ϕ∈ZV
k

forms a generating PVM for the commutative algebra. Given a constraint (V,C) over the
alphabet Zk, we write

A(V,C) = CZVk / ⟨ΦV,ϕ : ϕ /∈ C⟩ .

Since CZVq is commutative, the image of ΦV,ϕ is independent of the order of V ; however we
will work with CZ∗Vq in Section 3.4. The algebra A(V,C) is isomorphic to the C∗-algebra
of functions on the finite set C. Consequently, if ρ : A(V,C) → B(H) is a ∗-representation,
then {ρ(ΦV,ϕ)}ϕ∈C is a projective measurement on H, and conversely if {Mϕ}ϕ∈C is a
projective measurement on H then there is a ∗-representation ρ : A(V,C) → B(H) with
ρ(ΦV,ϕ) =Mϕ.

If S = (X, {(Vi, Ci)}mi=1) is a CS, then we define the constraint-constraint CS alge-
bra Ac−c(S) by the free product Ac−c(S) := ∗i∈[m]A(Vi, Ci). We let σi : A(Vi, Ci) → A(B)
denote the natural inclusion of the ith factor, so Ac−c(S) is generated by the involu-
tions σi(x) for i ∈ [m] and x ∈ Vi. Equivalently, Ac−c(S) is generated by the projec-
tions σi(ΦVi,ϕ) for i ∈ [m] and ϕ ∈ Ci. To avoid clogging up formulas with symbols,
we’ll often write ΦVi,ϕ instead of σi(ΦVi,ϕ) when it’s clear what subalgebra A(Vi, Ci) the
element belongs to. As with A(V,C), representations α of Ac−c(B) are in bijective cor-
respondence with families of projective measurements {M i

ϕ}ϕ∈Ci
, i ∈ [m] via the relation

M i
ϕ = α(ΦVi,ϕ). If ({M i

ϕ}, |v⟩ ,H) is a synchronous commuting operator strategy for G(S, π),
and α : Ac−c(S) → B(H) is the representation with α(ΦVi,ϕ) = M i

ϕ, then a 7→ ⟨v|α(a) |v⟩
is a tracial state on Ac−c(S). Conversely, if τ is a tracial state on Ac−c(S), then the GNS
representation theorem implies that there is a synchronous commuting operator strategy
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S = ({M i
ϕ}, |v⟩ ,H) such that τ(a) = ⟨v|α(a) |v⟩ where α is the representation correspond-

ing to {M i
ϕ}. Note that the trace is faithful on the image of the GNS representation.

As a result, synchronous commuting operator strategies for G(S, π) and tracial states on
Ac−c(S) can be used interchangeably, and in particular p ∈ Cqc if and only if there is a
tracial state τ with p(ϕ, ψ|i, j) = τ(ΦVi,ϕΦVj ,ψ) for all i, j, ϕ, and ψ. Finite-dimensional
tracial states on Ac−c(S) can be used interchangeably with synchronous quantum strate-
gies for G(S, π), and p ∈ Cq if and only if there is a finite-dimensional tracial state τ with
p(ϕ, ψ|i, j) = τ(ΦVi,ϕΦVj ,ψ) for all i, j, ϕ, and ψ. Similarly, p ∈ Cqa if and only if there is a
Connes-embbedable tracial state τ such that p(ϕ, ψ|i, j) = τ(ΦVi,ϕΦVj ,ψ) for all i, j, ϕ, and
ψ [45].

A correlation p is perfect for a CS game G(S, π) if p(ϕ, ψ|i, j) = 0 whenever π(i, j) > 0
and (ϕ, ψ) is a losing answer to questions (i, j). As a result, a tracial state τ on Ac−c(S)
is perfect (aka. corresponds to a perfect correlation) if and only if τ(ΦVi,ϕΦVj ,ψ) = 0
whenever ϕ|Vi∩Vj ̸= ψ|Vi∩Vj . Consequently a tracial state on Ac−c(S) is perfect for G(S, π)
if and only if it is the pullback of a tracial state on the synchronous algebra of G(S, π),
which is the quotient

SynAlg(S, π) = Ac−c(S)/⟨ΦVi,ϕΦVj ,ψ = 0 for all i, j ∈ [m] with π(i, j) > 0

and ϕ ∈ Ci, ψ ∈ Cj with ϕ|Vi∩Vj ̸= ψ|Vi∩Vj⟩.

For the special case of BCS games, this result about perfect strategies is due to Kim,
Paulsen, and Schafhauser [45]. The general notion of a synchronous algebra is due to [34].
In [26, 58], it is shown that the synchronous algebra of a BCS game is isomorphic to the
so-called BCS algebra of the game, and the general CS case follows by similar arguments.
In working with MIP∗ protocols, we also need a way to keep track of ε-perfect strategies.
In [57], it is shown that ε-perfect strategies for a BCS game correspond to ε-representations
of the BCS algebra, where an ε-representation is a representation of Ac−c(S) such that all
the defining relations of SynAlg(B, π) are bounded by ε in the normalized Frobenius norm.
In this prior work, the focus was on the behaviour of ε-perfect strategies for a fixed game,
so the number of questions and answers was constant. For MIP∗ protocols, the game size
is not constant, and we need to work with approximate representations where the average,
rather than the maximum, of the norms of the defining relations is bounded. For this, we
introduce the following algebraic structure:

Definition 3.2.1. A (finitely-supported) weight function on a set X is a function
µ : X → [0,+∞) such that supp(µ) := µ−1((0,+∞)) is finite. A weighted ∗-algebra is
a pair (A, µ) where A is a ∗-algebra and µ is a weight function on A.
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If τ is a tracial state on A, then the defect of τ is

def(τ ;µ) :=
∑
a∈A

µ(a)∥a∥2τ ,

where ∥a∥τ :=
√
τ(a∗a) is the τ -norm. When the weight function is clear, we just write

def(τ).

Since µ is finitely supported, the sum in the definition of the defect is finite, and hence
is well-defined. Note that traces τ on a weighted algebra (A, µ) with def(τ) = 0 correspond
to traces on the algebra A/⟨supp(µ)⟩. In general, def(τ) is a measure of how far τ is from
being a trace on A. Thus we can think of a weighted algebra (A, µ) as a presentation or
model for the algebra A/⟨supp(µ)⟩ that allows us to talk about approximate traces on this
algebra.

Definition 3.2.2. Let S = (X, {(Vi, Ci)}mi=1) be a CS, and let π be a probability distribution
on [m] × [m]. The (weighted) constraint-constraint CS algebra A(S, π) is the ∗-
algebra Ac−c(S), with weight function µc−c,π defined by

µc−c,π(ΦVi,ϕΦVj ,ψ) = π(i, j)

for all i, j ∈ [m] and ϕ ∈ Ci, ψ ∈ Cj with ϕ|Vi∩Vj ̸= ψ|Vi∩Vj , and µc−c,π(r) = 0 for all other
r ∈ Ac−c(S).

Note thatAc−c(S)/⟨supp(µc−c,π)⟩ is the synchronous algebra SynAlg(S, π) defined above,
so Ac−c(S, π) is a model of this synchronous algebra, and perfect strategies for G(S, π) cor-
respond to tracial states τ on Ac−c(S, π) with def(τ) = 0. The following lemma is an
immediate consequence of the definitions:

Lemma 3.2.3. Let S = (X, {(Vi, Ci)}mi=1) be a CS, and let π be a probability distribution
on [m]× [m]. A tracial state τ on Ac−c(S) is an ε-perfect strategy for G(S, π) if and only
if def(τ) ≤ ε.

Proof. Let p be the correlation corresponding to τ , so p(ϕ, ψ|i, j) = τ(ΦVi,ϕΦVj ,ψ). Then

def(τ) =
∑

π(i, j)τ(ΦVi,ϕΦVj ,ψ),

where the sum is across i, j ∈ [m] and ϕ ∈ Ci, ψ ∈ Cj with ϕ|Vi∩Vj ̸= ψ|Vi∩Vj . So
def(τ) = 1−w(G(B, π); p).
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In addition to the constraint-constraint algebra, we define the following weighted alge-
bras for constraint systems:

Definition 3.2.4. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS. We define the following alge-
bras:

• The inter-contextual algebra: Given a probability distribution π on [m] × [m],
define the weighted algebra Ainter(S, π) = (Ac−c(S), µinter,π), with weight function
µinter,π(σi(x)

l − σj(x)
l) = π(i, j) for all i ̸= j ∈ [m], l ∈ [k − 1] and x ∈ Vi ∩ Vj, and

0 on all other elements.

• The constraint-variable algebra Ac−v(S) = ∗m
i=1 A(Vi, Ci) ∗ CZ∗Xk : As above,

write the inclusion σi : A(Vi, Ci) → Ac−v(S), and write also the inclusion σ′ :
CZ∗Xk → Ac−v(S). For a probability distribution π′ on [m], define the weighted
algebra Ac−v(S, π

′) = (Ac−v(S), µc−v,π′) where the weight function µc−v(ΦVi,ϕ(1 −
Πϕ(x)(σ

′(x)))) = π′(i)
|Vi| for all x ∈ Vi, ϕ ∈ Ci, and 0 on all other elements.

• The assignment algebra Aa(S) = CZ∗Xk : Given a probability distribution π′ on
[m], define the weighted algebra Aa(S, π

′) = (Aa(S), µa,π′) where the weight function
µa,π′(ΦVi,ϕ) = π′(i) for all ϕ /∈ Ci, and 0 on all other elements.

• The assignment algebra with commutation: Define Aa+comm(S, π
′) = (Aa(S), µa,π′+

µcomm,π′), where the weight function µcomm,π′([Πa(x),Πb(y)]) =
∑

i. x,y∈Vi π
′(i) for all

a, b ∈ Zk and x, y ∈ X, and 0 on all other elements.

The goal of defining these algebras is that their traces correspond to synchronous strate-
gies for other variants of the CS game, except for Ainter(S, π). Instead, the inter-contextual
algebra is used as an intermediary step in the proof of the soundness of the subdivision
transformation in Section 3.4.

As we saw, a tracial state on Ac−c(S) is perfect for G(S, π) if and only if it is the pullback
of a tracial state on the synchronous algebra of G(S, π). Thus, Ac−c(S, π) can be thought
of as a model of SynAlg(S, π). In fact, assuming that for all x ∈ Vi there exists some j
such that x ∈ Vj and π(i, j) > 0, each of the algebras defined above — except in general
the assignment algebra — are models for SynAlg(S, π), since

SynAlg(S, π) = Ac−c(S)/⟨supp(µc−c,π)⟩ = Ac−c(S)/⟨supp(µinter,π)⟩
= Ac−v(S)/⟨supp(µc−v,π′)⟩ = Aa(S)/⟨supp(µa,π′ + µcomm,π′)⟩,
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where π′(i) =
∑

j π(i, j). Thus, if one of these algebras has a perfect trace, then all the
others do.

In addition to looking at CS games, we also want to consider transformations between
constraint systems and examine how they affect the corresponding games. To keep track of
how near-perfect strategies change, we introduce a notion of homomorphism for weighted
algebras.

Definition 3.2.5. Let (A, µ) and (B, ν) be weighted ∗-algebras, and let C > 0. A C-
homomorphism α : (A, µ) → (B, ν) is a ∗-homomorphism α : A → B such that

α(
∑
a∈A

µ(a)a∗a) ≲ C
∑
b∈B

ν(b)b∗b.

The point of this definition is the following:

Lemma 3.2.6. Suppose α : (A, µ) → (B, ν) is a C-homomorphism. If τ is a trace on
(B, ν), then def(τ ◦ α) ≤ C def(τ).

Proof. Let A = α(
∑

a∈A µ(a)a
∗a) and B =

∑
b∈B ν(b)b

∗b. Note that

def(τ ◦ α) =
∑
a∈A

µ(a)∥a∥τ◦α =
∑
a∈A

µ(a)τ(α(a∗a)) = τ(A),

By the definition of ≲, there are c1, . . . , ck and f1, . . . , fℓ, g1, . . . , gℓ ∈ B such that

CB − A =
k∑
i=1

c∗i ci +
ℓ∑

j=1

[fj, gj].

Since τ is a tracial state, τ(c∗i ci) ≥ 0 and τ([fj, gj]) = 0 for all i and j. Hence Cτ(B) ≥ τ(A)
as required.

We can now easily handle transformations of constraint systems which apply a homo-
morphism to each context. Note that a homomorphism σ : A(V,C) → A(W,D) between
finite abelian C∗-algebras is equivalent to a function f : D → C. Indeed, given a function
f : D → C, we can define a homomorphism σ by σ(ΦV,ϕ) =

∑
W,ψ∈f−1(ϕ) ΦW,ψ, and it is not

hard to see that all homomorphisms have this form. We extend this notion to CS algebras
in the following way.

Definition 3.2.7. Let S = (X, {(Vi, Ci)}mi=1) and S ′ = (X ′, {(Wi, Di)}mi=1) be constraint
systems. A homomorphism σ : A(S) → A(S ′) is a classical homomorphism if
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1. σ(A(Vi, Ci)) ⊆ A(Wi, Di) for all 1 ≤ i ≤ m, and

2. if σ(ΦVi,ϕi) =
∑

k ΦWi,ψik
, σ(ΦVj ,ϕj) =

∑
k ΦWj ,ψjk

, and ϕi|Vi∩Vj ̸= ϕj|Vi∩Vj then
ψik|Wi∩Wj

̸= ψjl|Wi∩Wj
for all k, l.

To explain this definition, note that condition (1) implies that σ restricts to a homo-
morphism A(Vi, Ci) → A(Wi, Di), and hence gives a collection of functions fi : Di → Ci
for all 1 ≤ i ≤ m. Condition (2) states that if fi(ϕ)|Vi∩Vj ̸= fj(ψ)|Vi∩Vj for some ϕ ∈ Di,
ψ ∈ Dj, then ϕ|Wi∩Wj

̸= ψ|Wi∩Wj
. Conversely, any collection of functions fi : Di → Ci

satisfying this condition can be turned into a classical homomorphism σ : A(S) → A(S ′).

Lemma 3.2.8. Let S = (X, {(Vi, Ci)}mi=1) and S ′ = (Y, {(Wi, Di)}mi=1) be constraint sys-
tems, and let π be a probability distribution on [m]× [m]. If σ : A(S) → A(S ′) is a classical
homomorphism, then σ is a 1-homomorphism A(S, π) → A(S ′, π).

Proof. Suppose σ arises from a family of functions fi : Di → Ci as above. For any
1 ≤ i, j ≤ m, let Rij = {(ϕ, ψ) ∈ Ci × Cj : ϕ|Vi∩Vj ̸= ψ|Vi∩Vj}, and let Tij = {(ϕ, ψ) ∈
Di ×Dj : ϕ|Wi∩Wj

̸= ψ|Wi∩Wj
. Then

σ

∑
i,j

∑
(ϕ,ψ)∈Rij

π(i, j)ΦVi,ϕΦVj ,ψ

 =
∑
i,j

∑
ϕ′∈f−1

i (ϕ),ψ′∈f−1
i (ψ)

π(i, j)ΦWi,ϕ′ΦWj ,ψ′

≤
∑
i,j

∑
(ϕ,ψ)∈Tij

π(i, j)ΦWi,ϕΦWj ,ψ.

One situation where we get a classical homomorphism is the following:

Corollary 3.2.9. Let S = (X, {(Vi, Ci)}mi=1) be a CS, and let S ′ = (X ′, {(Wi, Di)}mi=1) be
a CS with X ⊂ X ′, Vi ⊆ Wi for all 1 ≤ i ≤ m, and Wi ∩Wj = Vi ∩Vj for all 1 ≤ i, j ≤ m.
Suppose that for all i ∈ [m], ϕ ∈ Ci if and only if there exists ψ ∈ Di with ψ|Vi = ϕ. Then
for any probability distribution π on [m]× [m], the homomorphism

σ : A(S) → A(S ′) : σi(x) 7→ σi(x) for i ∈ [m], x ∈ Vi

defined by the inclusions Vi ⊆ Wi is a 1-homomorphism A(S, π) → A(S ′, π), and there is
another 1-homomorphism σ′ : A(S ′, π) → A(S, π).

In the next section we will see the relationship between imperfect traces on the different
CS algebras.

33



Ac−c(S, π)

Ainter(S, π)

Ac−v(S, π
′) Aa+comm(S, π

′)

Aa(S, π
′)

Ac−c(B(S), π)

O(1)O(L)

O(L)

O(P )

O(1)

O(1) O(L2)

poly(kL)

O(1)

Figure 3.1: C-homomorphisms (solid arrows) and trace-dependent mappings (dashed ar-
rows) between the different weighted algebras for a k-ary CS S = (X, {(Vi, Ci)}mi=1). Here

π′(i) =
∑

j π(i, j), L = maxi |Vi|, P = maxi,j. Vi∩Vj ̸=∅
π′(i)
π(i,j)

, and B(S) is the BCS defined
in Definition 3.3.1.

3.3 Relations between CS algebras

In this section, we study the relationships between the weighted algebras coming from a
CS. Fig. 3.1 summarises the C-homomorphisms we find between these weighted algebras.
First, we note that any constraint-constraint algebra is equivalent to a related BCS algebra.

Definition 3.3.1. Given a k-ary CS S = (X, {(Vi, Ci)}mi=1), the boolean form of S is
defined as B(S) = (X ′, {(V ′i , C ′i)}mi=1), where X

′ = {(x, a)|x ∈ X, a ∈ Zk}, V ′i = {(x, a)|x ∈
Vi, a ∈ Zk}, C ′i = {ϕ′|ϕ ∈ Ci} where

ϕ′(x, a) =

{
1 ϕ(x) = a

0 else
.

This corresponds to replacing each variable in X with k indicator variables indicating
which value in Zk is assigned to x.

Lemma 3.3.2. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS and π be a probability distribution
on [m] × [m]. There is a ∗-isomorphism α : Ac−c(B(S)) → Ac−c(S) such that α and α−1

are 1-homomorphisms between Ac−c(B(S), π) and Ac−c(S, π).

Proof. Write B(S) = (X ′, {(V ′i , C ′i)}mi=1). Consider first the map αi : CZ
V ′
i

2 → CZVik defined
as the homomorphism such that

α((x, a)) = 1− 2Π(k)
a (x).
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Since for any ϕ ∈ ZV
′
i

2 , ΦV ′
i ,ϕ

=
∏

(x,a)∈V ′
i

1+(−1)ϕ(x,a)(x,a)
2

=
∏

x∈Vi

∏
a∈Zk

1+(−1)ϕ(x,a)(x,a)
2

,

αi(ΦV ′
i ,ϕ

) =
∏
x∈Vi

∏
a∈Zk

1 + (−1)ϕ(x,a)(1− 2Π
(k)
a (x))

2
=
∏
x∈Vi

∏
ϕ(x,a)=0

(1− Π(k)
a (x))

∏
ϕ(x,a)=1

Π(k)
a (x)

=

{∏
x∈Vi Π

(k)
ψ(x)(x) ∃ψ ∈ ZVik . ϕ(x, b) = 1 ⇐⇒ b = ψ(x) ∀x ∈ Vi

0 otherwise
.

This means that, if αi(ΦV ′
i ,ϕ

) ̸= 0, there exists ψ ∈ ZVik such that ϕ = ψ′. Further, in this

case αi(ΦV ′
i ,ϕ

) = Φ
(k)
Vi,ψ

. As such, the map αi factors through to a map ᾱi : A(V ′i , C
′
i) →

A(Vi, Ci). Since we have ᾱi(ΦV ′
i ,ϕ

′) = Φ
(k)
Vi,ϕ

for all ϕ ∈ Ci, ᾱi is an isomorphism. Finally,
we take α : Ac−c(B(S)) → Ac−c(S) to be given by ᾱi on the corresponding term of the free
product. By construction, α is an isomorphism, and α and α−1 both preserve the weight
function as they exchange ΦV ′

i ,ϕ
′ and Φ

(k)
Vi,ϕ

.

Now we examine the homomorphisms between the Ac−c(S, π) and Ainter(S, π) algebras.

Proposition 3.3.3. Suppose S = (X, {(Vi, Ci)}mi=1) is a k-ary CS and π is a probability
distribution on [m] × [m]. Then the identity map Ac−c(S) → Ac−c(S) gives an O(1)-
homomorphism Ac−c(S, π) → Ainter(S, π), and an O(L)-homomorphism Ainter(S, π) →
Ac−c(S, π), where L = maxi,j |Vi ∩ Vj|.

Recall that σi : A(Vi, Ci) → Ac−c(S) is the natural inclusion of the ith factor.

Proof. Fix 1 ≤ i, j ≤ m. Since ΦVi,ϕ is a projection in A(Vi, Ci), (ΦVi,ϕΦVj ,ψ)
∗(ΦVi,ϕΦVj ,ψ)

is cyclically equivalent to ΦVi,ϕΦVj ,ψ for all ϕ ∈ Ci, ψ ∈ Cj. For x ∈ Vi ∩ Vj, let Rx be the
pairs (ϕ, ψ) ∈ Ci × Cj such that ϕ(x) ̸= ψ(x). Then∑

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

ΦVi,ϕΦVj ,ψ ≲
∑

x∈Vi∩Vj

∑
(ϕ,ψ)∈Rx

ΦVi,ϕΦVj ,ψ,

and since ϕ|Vi∩Vj and ψ|Vi∩Vj can disagree in at most |Vi ∩ Vj| places,∑
x∈Vi∩Vj

∑
(ϕ,ψ)∈Rx

ΦVi,ϕΦVj ,ψ ≲ |Vi ∩ Vj|
∑

ϕ|Vi∩Vj
̸=ψVi∩Vj

ΦVi,ϕΦVj ,ψ.
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Fix x ∈ Vi ∩ Vj, and let V ′i = Vi \ {x}, V ′j = Vj \ {x}.∑
(ϕ,ψ)∈Rx

ΦVi,ϕΦVj ,ψ =
∑

ϕ∈ZV ′
i

k ,ψ∈Z
V ′
j

k
a̸=b

ΦV ′
i ,ϕ

[
Π(k)
a (σi(x))Π

(k)
b (σj(x))

]
ΦV ′

j ,ψ

=
∑
a̸=b

Π(k)
a (σi(x))Π

(k)
b (σj(x)),

where the last equality holds because
∑

ϕ∈Z
V ′
i

k

ΦV ′
i ,ϕ

and
∑

ψ∈Z
V ′
j

k

ΦV ′
i ,ψ

are both equal to 1.

Notice that ∑
a̸=b

Π(k)
a (σi(x))Π

(k)
b (σj(x)) =

∑
a

Π(k)
a (σi(x))(1− Π(k)

a (σj(x)))

≲
1

2

∑
a

∣∣Π(k)
a (σi(x))− Π(k)

a (σj(x))
∣∣2 .

Thus, we get ∑
(ϕ,ψ)∈Rx

ΦVi,ϕΦVj ,ψ ≲
1

2

∑
a

∣∣Π(k)
a (σi(x))− Π(k)

a (σj(x))
∣∣2

=
1

2

∑
a

∣∣∣1
k

k−1∑
ℓ=0

a−ℓ(σi(x)
ℓ − σj(x)

ℓ)
∣∣∣2

≤ 2⌈log k⌉−1
∑
a

1

k2

k−1∑
ℓ=0

∣∣σi(x)ℓ − σj(x)
ℓ
∣∣2

≤ 2⌈log k⌉−1
1

k

k−1∑
ℓ=0

∣∣σi(x)ℓ − σj(x)
ℓ
∣∣2 ,

where the second last inequality is due to Lemma 2.3.1. Finally, notice that
∑k−1

ℓ=0 |σℓi (x)−
σℓj(x)|2 is cyclically equivalent to

∑
a∈Zk

2Π
(k)
a (σi(x))(Π

(k)
a (σi(x))− Π

(k)
a (σj(x))). Then

Π(k)
a (σi(x))(Π

(k)
a (σi(x))− Π(k)

a (σj(x))) = Π(k)
a (σi(x))(1− Π(k)

a (σj(x)))

gives the result.

Next, we look at homomorphisms between the constraint-constraint and constraint-
variable algebras.

36



Lemma 3.3.4. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS and π be a symmetric probability
distribution on [m] × [m]. There is a 4L-homomorphism α : Ac−c(S, π) → Ac−v(S, π

′)
where π′(i) =

∑
j π(i, j) and L = maxi |Vi|.

Proof. Let α be the inclusion of Ac−c(S) in Ac−v(S), then for all i, j∑
ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
=ψ|Vi∩Vj

∣∣ΦVi,ϕΦVj ,ψ

∣∣2 ≲ ∑
ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
=ψ|Vi∩Vj

ΦVi,ϕΦVj ,ψ ≲
∑

x∈Vi∩Vj

∑
ϕ∈Ci,ψ∈Cj

ϕ(x) ̸=ψ(x)

ΦVi,ϕΦVj ,ψ

=
∑

x∈Vi∩Vj

∑
ϕ∈Ci,ψ∈Cj

ΦVi,ϕ

∑
a̸=b

Πa(σi(x))Πb(σj(x))ΦVj ,ψ

=
∑

x∈Vi∩Vj

∑
a̸=b

Πa(σi(x))Πb(σj(x)).

Now, noting that∑
a̸=b

Πa(σi(x))Πb(σj(s)) =
∑
a

Πa(σi(x))(1− Πa(σj(x))) ≲
1

2

∑
a

|Πa(σi(x))− Πa(σj(x))|2 ,

we get that∑
i,j

ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

π(i, j)
∣∣ΦVi,ϕΦVj ,ψ

∣∣2 ≲ 1

2

∑
i,j

x∈Vi∩Vj

π(i, j)
∑
a

|Πa(σi(x))− Πa(σj(x))|2

≤
∑
i,j

x∈Vi∩Vj

π(i, j)
∑
a

(
|Πa(σi(x))− Πa(σ

′(x))|2 + |Πa(σj(x))− Πa(σ
′(x))|2

)
.

Next, using the symmetry of π and the fact that L ≥ |Vi| for all i,∑
i,j

ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

π(i, j)
∣∣ΦVi,ϕΦVj ,ψ

∣∣2 ≲ 2
∑
i,x∈Vi

π′(i)
∑
a

|Πa(σi(x))− Πa(σ
′(x))|2

≤ 2L
∑
i,x∈Vi

π′(i)

|Vi|
∑
a

|Πa(σi(x))− Πa(σ
′(x))|2

≲ 4L
∑
i,x∈Vi

π′(i)

|Vi|
∑
a

Πa(σi(x))(1− Πa(σ
′(x))).

37



Finally, reintroducing the projectors ΦVi,ϕ,∑
i,j

ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

π(i, j)
∣∣ΦVi,ϕΦVj ,ψ

∣∣2 ≲ 4L
∑
i

π′(i)

|Vi|
∑
x∈Vi
ϕ∈Ci

∑
a

ΦVi,ϕΠa(σi(x))(1− Πa(σ
′(x)))

= 4L
∑
i

π′(i)

|Vi|
∑
x∈Vi
ϕ∈Ci

ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

≲ 4L
∑
i

π′(i)

|Vi|
∑
x∈Vi
ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Lemma 3.3.5. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS and π be a probability distribution
on [m] × [m]. There is a P -homomorphism β : Ac−v(S, π

′) → Ac−c(S, π) where π′(i) =∑
j π(i, j) and P = maxi,j. Vi∩Vj ̸=∅

π′(i)
π(i,j)

.

Note that, for an arbitrary π, P can be arbitrarily large. This C-homomorphism will
nevertheless be useful in the case of perfect completeness (defect 0).

Proof. For each x ∈ X, choose ix ∈ [m] such that x ∈ Vix . Let β be the ∗-homomorphism
defined by

β(σi(x)) = σi(x), and

β(σ′(x)) = σix(x)

for all x ∈ X. Then, for all x ∈ X and ϕ ∈ Ci

β
[∣∣ΦVi,ϕ(1− Πϕ(x)(σ

′(x)))
∣∣2] = ∣∣ΦVi,ϕ(1− Πϕ(x)(σix(x)))

∣∣2 ≲ ΦVi,ϕ(1− Πϕ(x)(σix(x)))

=
∑

ψ∈Z
Vix
k

ϕ(x) ̸=ψ(x)

ΦVi,ϕΦVix ,ψ
≲

∑
ψ∈Z

Vix
k

ϕ(x)̸=ψ(x)

∣∣ΦVi,ϕΦVix ,ψ

∣∣2
≤

∑
ψ∈Cix

ϕ|Vi∩Vix
̸=ψ|Vi∩Vix

∣∣ΦVi,ϕΦVix ,ψ

∣∣2 .
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Thus, we get

β
[∑

i

π′(i)

|Vi|
∑
x∈Vi
ϕ∈Ci

∣∣ΦVi,ϕ(1− πϕ(x)(σx(x)))
∣∣2] ≲∑

i

π′(i)

|Vi|
∑
x∈Vi

∑
ϕ∈Ci,ψ∈Cix

ϕ|Vi∩Vix
̸=ψ|Vi∩Vix

∣∣ΦVi,ϕΦVix ,ψ

∣∣2
≤
∑
i,j

π′(i)
∑

ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

∣∣ΦVi,ϕΦVj ,ψ

∣∣2
≤ P

∑
i,j

π(i, j)
∑

ϕ∈Ci,ψ∈Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

∣∣ΦVi,ϕΦVj ,ψ

∣∣2 .

Now, we look at homomorphisms between the constraint-variable and assignment al-
gebras. In order to preserve the oracularizability, we first consider the variant of the
assignment algebra with commutation constraints added to the defect. In one direction,
we find a C-homomorphism; in the other, we have a trace-dependent mapping.

Lemma 3.3.6. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS and π be a probability distribution
on [m]. There is a 20L2-homomorphism α : Aa+comm(S, π) → Ac−v(S, π), where L =
maxi |Vi|.

Proof. Let α be the inclusion of Aa(S) in Ac−v(S). Fix i and write Vi = {x1, . . . , xn}
ordered according to the ordering of X. Also, for j = 1, . . . , n, write xj,a = Πa(σ

′(xj)) and
x̄j,a = Πa(σi(xj)). Then, as σi(ΦVi,ϕ) = 0 for all ϕ /∈ Ci,

α
[∑
ϕ/∈Ci

|ΦVi,ϕ|
2
]
=
∑
ϕ/∈Ci

∣∣x1,ϕ(x1) · · ·xn,ϕ(xn)∣∣2 = ∑
ϕ/∈Ci

∣∣x1,ϕ(x1) · · ·xn,ϕ(xn) − x̄1,ϕ(x1) · · · x̄n,ϕ(xn)
∣∣2

≤
∑

a1,...,an

|x1,a1 · · ·xn,an − x̄1,a1 · · · x̄n,an|
2

=
∑

a1,...,an

∣∣∣ n∑
l=1

x1,a1 · · ·xl−1,al−1
(xl,al − x̄l,al)x̄l+1,al+1

· · · x̄n,an
∣∣∣2

≤ 2⌈log(n)⌉
∑

a1,...,an

n∑
l=1

∣∣x1,a1 · · · xl−1,al−1
(xl,al − x̄l,al)x̄l+1,al+1

· · · x̄n,an
∣∣2

≤ 2n
∑
a

n∑
j=1

|xj,a − x̄j,a|2 = 2|Vi|
∑
x∈Vi

∑
a

|Πa(σ
′(x))− Πa(σi(x))|2 .
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Also, we find that

α
[ ∑
x,y∈Vi; a,b∈Zk

|[Πa(x),Πb(y)]|2
]
=

∑
j,k=1,...,n; a,b∈Zk

|[xj,a, xk,b]|2

=
∑

j,k=1,...,n; a,b∈Zk

|[xj,a, xk,b]− [x̄j,a, x̄k,b]|2

=
∑

j,k=1,...,n; a,b∈Zk

|[xj,a − x̄j,a, xk,b]− [x̄j,a, x̄k,b − xk,b]|2

≤ 2
∑

j,k=1,...,n; a,b∈Zk

|[xj,a − x̄j,a, xk,b]|2 + |[x̄j,a, x̄k,b − xk,b]|2

≲ 4
∑

j,k=1,...,n; a,b∈Zk

|(xj,a − x̄j,a)xk,b|2 + |x̄j,a(x̄k,b − xk,b)|2

≤ 8n
∑

j=1,...,n; a∈Zk

|xj,a − x̄j,a|2

= 8|Vi|
∑
x∈Vi

∑
a

|Πa(σ
′(x))− Πa(σi(x))|2 .

By the proof of Lemma 3.3.4, we know∑
x∈Vi

∑
a

|Πa(σ(x))− Πa(σi(x))|2 ≲ 2
∑
x∈Vi
ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Thus, we get that

α
( ∑
r∈Aa(S)

(µa,π(r) + µcomm,π(r))r
∗r
)
≲
∑
i

π(i)20|Vi|
∑
x∈Vi
ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2
≤ 20L2

∑
i

π(i)

|Vi|
∑
x∈Vi
ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Lemma 3.3.7. Let S = (X, {(Vi, Ci)}mi=1) and let π be a probability distribution on [m].
Then, for every trace τ on Aa+comm(S, π), there exists a trace τ ′ on Ac−v(S, π) such that
def(τ ′) ≤ poly(kL) def(τ), where L = maxi |Vi|.

Proof. Let τ = ρ ◦ φ be the GNS representation, where φ : Aa(S) → M ⊆ B(H) is a
∗-homomorphism, and ρ : M → C is a tracial state. Let

εi =
∑
x,y∈Vi

∑
a,b∈Zk

∥[Πa(σ
′(x),Πb(σ

′(y))]∥2τ .
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We have def(τ) = def(τ ;µa,π)+
∑

i π(i)εi. Let ux,a = φ(1−2Πa(x)). Fix some i ∈ [m]. We
have in particular ∥[ux,a, uy,b]∥2ρ ≤ εi for all x, y ∈ Vi and a, b ∈ Zk. So, using Lemma 3.4.1,
there exist commuting order-2 unitaries vx,a ∈ M such that ∥vx,a − ux,a∥2ρ ≤ poly(k|Vi|)εi.
Next, note that∥∥∥∑

a∈Zk

Π1(vx,a)− 1
∥∥∥2
ρ
=

1

4

∥∥∥∑
a∈Zk

(ux,a − vx,a)
∥∥∥2
ρ
≤ 1

4
2⌈log2 k⌉

∑
a∈Zk

∥ux,a − vx,a∥2ρ

≤ k2 poly(k|Vi|)εi = poly(|Vi|, k)εi.

Let p be the projector onto the kernel of
∑

a∈Zk
Π1(vx,a) − 1. Then, as the eigenvalues of∑

a∈Zk
Π1(vx,a)−1 are integers, ∥1−p∥2ρ ≤ poly(|Vi|, k)εi. Take wi,x =

∑
a∈Zk

ωakΠ1(vx,a)p+
(1 − p). As the supports of the Π1(vx,a)p = Π1(vx,a) ∧ p are disjoint, wi,x is an order-k
unitary. Further,

∥Πa(wi,x)− Πa(φ(x))∥2ρ ≤ 4
(
∥Π1(vx,a)(p− 1)∥2ρ + ∥1− p∥2ρ + ∥Π1(vx,a)− Π1(ux,a)∥2ρ

)
≤ 4
(
2∥1− p∥2ρ + 1

4
∥vx,a − ux,a∥2ρ

)
≤ poly(|Vi|, k)εi.

Now, take the PVM {PVi,ϕ}ϕ∈ZVi
k

as PVi,ϕ =
∏

x∈Vi Πϕ(x)(wi,x). Fix some ϕi ∈ Ci and

take the PVM {P̃Vi,ϕ}ϕ∈Ci
as P̃Vi,ϕ = PVi,ϕ + δϕ,ϕi

∑
ψ/∈Ci

PVi,ψ. Now, we can take the ∗-
representation χ : Ac−v(S, π) → M defined by χ(σ′(x)) = φ(x) and χ(ΦVi,ϕ) = P̃Vi,ϕ; and
take the tracial state τ ′ = ρ ◦ χ. It remains to calculate the defect of τ ′. First, note that

def(τ ′) =
m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈Ci

τ ′(ΦVi,ϕ(1− Πϕ(x)(σ
′(x))))

=
m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈Ci

ρ(P̃Vi,ϕ(1− Πϕ(x)(φ(x))))

=
m∑
i=1

π(i)

|Vi|

( ∑
x∈Vi,ϕ∈Ci

ρ

(
PVi,ϕ(1− Πϕ(x)(φ(x))) +

∑
x∈Vi,ϕ ̸∈Ci

PVi,ϕ(1− Πϕi(x)(φ(x)))

))

=
m∑
i=1

π(i)

|Vi|

( ∑
x∈Vi,ϕ∈Z

Vi
k

ρ(PVi,ϕ(1− Πϕ(x)(φ(x))))

+
∑

x∈Vi,ϕ/∈Ci

ρ(PVi,ϕ(Πϕ(x)(φ(x))− Πϕi(x)(φ(x))))

)

≤
m∑
i=1

π(i)

|Vi|

(
1

4

∑
x∈Vi,a∈Zk

∥Πa(wi,x)− Πa(φ(x))∥2ρ + 2|Vi|
∑
ϕ/∈Ci

∥PVi,ϕ∥2ρ

)
.
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For fixed i and ϕ ∈ ZVik , write Vi = {x1, . . . , x|Vi|}, pj = Πϕ(xj)(xj), and p̄j = Πϕ(xj)(wi,xj).
So we have that

∥PVi,ϕ∥2ρ = ∥p̄1 · · · p̄|Vi|∥2ρ

=
∥∥∥p1 · · · p|Vi| + |Vi|∑

j=1

p1 · · · pj−1(p̄j − pj)p̄j+1 · · · p̄|Vi|
∥∥∥2
ρ

≤ 2⌈log2(|Vi|+1)⌉

(
∥p1 · · · p|Vi|∥2ρ +

|Vi|∑
j=1

∥p̄j − pj∥2ρ

)

≤ 2(|Vi|+ 1)

(
∥ΦVi,ϕ∥2τ +

∑
x∈Vi

∥Πϕ(x)(wi,x)− Πϕ(x)(φ(x))∥2ρ

)
.

As such, we get that the defect

def(τ ′) ≤
m∑
i=1

π(i)

|Vi|

(
1

4

∑
x∈Vi,a∈Zk

∥Πa(wi,x)− Πa(φ(x))∥2ρ + 4|Vi|(|Vi|+ 1)
∑
ϕ/∈Ci

∥ΦVi,ϕ∥2τ

+ 4|Vi|(|Vi|+ 1)
∑
ϕ/∈Ci

∑
x∈Vi

∥Πϕ(x)(wi,x)− Πϕ(x)(φ(x))∥2ρ

)
≤ 4(L+ 1) def(τ ;µa,π)

+
m∑
i=1

π(i)

(
1

4|Vi|
+ 4(|Vi|+ 1)k|Vi|−1

) ∑
x∈Vi,a∈Zk

∥Πa(wi,x)− Πa(φ(x))∥2ρ

≤ 4(L+ 1) def(τ ;µa,π) +
m∑
i=1

π(i)

(
1

4|Vi|
+ 4(|Vi|+ 1)k|Vi|−1

)
k|Vi| poly(|Vi|, k)εi

≤ poly(kL) def(τ).

Finally, we consider the relationship between the assignment algebras with and without
commutation. Here, we are only able to find a C-homomorphism in one direction, as a
C-homomorphism in the other direction would imply oracularizability of the underlying
assignment algebra, which does not hold for general CSs.

Lemma 3.3.8. Let S = (X, {(Vi, Ci)}mi=1) be a k-ary CS and π be a probability distribution
on [m]. There is a 1-homomorphism α : Aa(S, π) → Aa+comm(S, π).

Proof. Let α be the identity map. Noting that µa,π + µcomm,π ≥ µa,π gives the result.
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3.4 Subdivision and stability

Suppose we have a BCS where each constraint is made up of subconstraints on subsets of
the variables (for instance, a 3SAT instance made of 3SAT clauses). In this section, we look
at what happens when we split up the contexts and constraints so that each subconstraint
is in its own context. In the weighted BCS algebra, splitting up a context changes the
commutative subalgebra corresponding to the context to a non-commutative subalgebra.
To deal with this, we use a tool from the approximate representation theory of groups,
namely the stability of Zk2.

Lemma 3.4.1 ([13]). Let (M, τ) be a tracial von Neumann algebra, and suppose f : [k] →
M is a function such that f(i)2 = 1 for all i ∈ [k] and ∥[f(i), f(j)]∥2τ ≤ ε for all i, j ∈ [k],
where k ≥ 1 and ε ≥ 0. Then there is a homomorphism ψ : Zk2 → U(M) such that
∥ψ(xi)− f(i)∥2τ ≤ poly(k)ε for all i ∈ [k], where the xi generate Zk2.

A function f satisfying the conditions of Lemma 3.4.1 is called an ε-homomorphism
from Zk2 to U(M).

We now formally define the subdivision of a BCS.

Definition 3.4.2. Let B = (X, {(Vi, Ci)}mi=1) be a BCS. Suppose that for all 1 ≤ i ≤ m
there exists a constant mi ≥ 1 and a set of constraints {Dij}mi

j=1 on variables {Vij}mi
j=1

respectively, such that

1. Vij ⊆ Vi for all i ∈ [m] and j ∈ [mi],

2. for every i ∈ [m] and x, y ∈ Vi, there is a j ∈ [mi] such that x, y ∈ Vij, and

3. Ci = ∧mi
j=1Dij for all i ∈ [m], where ∧ is conjunction.

The BCS B′ = (X, {(Vij, Dij)}i,j) is called a subdivision of B. When working with
subdivisions, we refer to Dij as the clauses of constraint Ci, and we refer to mi as the
number of clauses in constraint i. A subdivision is uniform if mi = mj for all i, j.

Given a subdivision B′ of B with M =
∑m

i=1mi, we pick a bijection between [M ]
and the set of pairs (i, j) with 1 ≤ i ≤ m and 1 ≤ j ≤ mi. If π is a probability
distribution on [m]× [m], then let πsub be the probability distribution on [M ]× [M ] with
πsub(ij, kl) = π(i, k)/mimk. Note that if π is uniform and the subdivision is uniform, then
πsub is uniform as well.

One of the first things we notice about subdivision is that strategies for G(B, π) can be
lifted to strategies for the subdivided game.
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Proposition 3.4.3. Let B = (X, {(Vi, Ci)}mi=1) be a BCS, and let B′ = (X, {Vij, Dij}i,j) be
a subdivision. Let π be a probability distribution on [m]× [m], and let πsub be the probability
distribution defined from π as above. The homomorphism α : A(B′) → A(B) defined by
σij(x) 7→ σi(x) is a 1-homomorphism Ainter(B

′, πsub) → Ainter(B, π), and also induces an
isomorphism SynAlg(B′, πsub) ∼= SynAlg(B, π).

Here σij(x) denotes the copy of x in A(Wij, Dij) ⊆ A(B′).

Proof. Recall that |a|2 = a∗a denotes the hermitian square of a. By definition, α(σij(x)−
σkl(x)) = σi(x)− σk(x). Hence

α
( ∑

ij ̸=kl
x∈Vij∩Vkl

πsub(ij, kl)|σij(x)− σkl(x)|2
)
=

∑
ij ̸=kl

x∈Vij∩Vkl

π(i, k)

mimk

|σi(x)− σk(x)|2

≤
∑
i ̸=k

x∈Vi∩Vk

π(i, k)|σi(x)− σk(x)|2,

since each variable x ∈ Vi appears in at mostmi subclauses Vij. Hence α : Ainter(B
′, πsub) →

Ainter(B, π) is a 1-homomorphism.

To show that the synchronous algebras are isomorphic, observe that since every pair of
elements x, y ∈ Vi belongs to some Vij, there is an isomorphism

SynAlg(B′, πsub) ∼= ∗mi=1Z
Vi
2 /⟨R⟩,

where R is the set of relations σi(ΦVij ,ϕ)σi(ΦVkℓ,ψ) = 0 for all ϕ and ψ which do not agree
on Vij ∩ Vkℓ, and σi(ΦVij ,ϕ) = 0 for all ϕ ̸∈ Dij. From these latter relations, it is possible
to recover the relations ΦVi,ϕ = 0 for ϕ ̸∈ Ci, and then to recover all the relations of
SynAlg(B, π).

Proposition 3.4.3 implies that G(B, π) has a perfect quantum (resp. commuting opera-
tor) strategy if and only if G(B′, πsub) has a perfect quantum (resp. commuting operator)
strategy. The main result of this section is that near perfect strategies for G(B′, πsub) can
be pulled back to near perfect strategies for G(B, π).

Theorem 3.4.4. Let B = (X, {(Vi, Ci)}mi=1) be a BCS and let B′ = (X, {(Vij, Dij)}i,j) be
a subdivision of B with mi clauses in constraint Ci. Let π be a probability distribution on
[m] × [m] that is C-diagonally dominant for some C > 0, and let πsub be the probability
distribution defined from π as above. If there is a trace τ on Ac−c(B

′, πsub), then there
is a trace τ̃ on Ac−c(B, π) with def(τ̃) ≤ poly(2L,M,K) def(τ), where L = maxi,j |Vij|,
K = maxi |Vi|, and M = maxmi.
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To prove the theorem, we consider other versions of the weighted BCS algebra, where
A(Vi, Ci) is replaced by CZ∗Vi2 , and the defining relations of A(Vi, Ci) are moved into the
weight function.

Definition 3.4.5. Let B = (X, {(Vi, Ci)}mi=1) be a BCS with a probability distribution π on
[m] × [m], and let B′ = (X, {(Vij, Dij)}i,j) be a subdivision, with mi clauses in constraint
Ci and probability distribution πsub induced by π. Let σi : CZ∗Vi2 → ∗mi=1CZ

∗Vi
2 denote the

inclusion of the ith factor. Let Afree(B) := ∗mi=1CZ
∗Vi
2 , and define weight functions µinter,

µsat, µclause, and µcomm on Afree(B) by

µinter(σi(x)− σj(x)) = π(i, j) for all i ̸= j ∈ [m] and x ∈ Vi ∩ Vj,
µsat(ΦVi,ϕ) = π(i, i) for all i ∈ [m] and ϕ ∈ ZVi2 \ Ci,
µclause(ΦVij ,ϕ) = π(i, i)/m2

i for all (i, j) ∈ [m]× [mi] and ϕ ∈ ZVij2 \Dij, and

µcomm([σi(x), σi(y)]) = π(i, i) for all i ∈ [m] and x, y ∈ Vi,

and µinter(r) = 0, µsat(r) = 0, µclause(r) = 0, and µcomm(r) = 0 for any elements r
other than those listed. Let Afree(B,B

′, π) be the weighted algebra (Afree(B), µall), where
µall := µinter + µclause + µcomm.

Note that µinter is the same as the weight function of the algebra Ainter(B, π) defined
in Definition 3.2.4, except that it’s defined on Afree(B) rather than Ac−c(B). The weight
function µsat comes from the defining relations for Ac−c(B), while µclause comes from the
defining relations for Ac−c(B

′), so Afree(B,B
′, π) is a mix of relations from Ainter(B, π)

and Ainter(B
′, π). As mentioned previously, the context Vi has an order inherited from

X, and this is used for the order of the product when talking about ΦVi,ϕ and ΦVij ,ϕ in
Afree(B). In particular, the order on Vij is compatible with the order on Vi.

The weight functions µinter, µsat and µclause can also be defined on ∗mi=1CZ
Vi
2 using the

same formulae as in Definition 3.4.5, and we use the same notation for both versions. The
following lemma shows that we can relax Ainter(B, π) to (∗mi=1CZ

Vi
2 , µinter+µclause), as long

as π is C-diagonally dominant.

Lemma 3.4.6. Let B = (X, {(Vi, Ci)}mi=1) be a BCS, and let π be a probability dis-
tribution on [m] × [m] which is C-diagonally dominant for some C > 0. Let B′ =
(X, {(Vij, Dij)}i,j) be a subdivision of B. Let µinter, µsat and µclause be the weight functions
defined above with respect to π. Then there is an O(K)-homomorphism Ainter(B, π) →
(∗mi=1CZ

Vi
2 , µinter+µsat), where K = maxi |Vi|. Furthermore, there is anM2-homomorphism

(∗mi=1CZ
Vi
2 , µinter+µsat) → (∗mi=1CZ

Vi
2 , µinter+µclause), where M = maximi is the maximum

number of clauses mi in constraint i.
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Proof. Since Ci is non-empty by convention, we can choose ψi ∈ Ci for every 1 ≤ i ≤ m.
Define the homomorphism α : Ainter(B, π) → (∗mi=1CZ

Vi
2 , µinter + µsat) by

α(σi(x)) =
∑
φ∈Ci

ΦVi,φσi(x) +
∑

φ∈ZVi
2 \Ci

ΦVi,φ(−1)ψi(x).

Let Φi =
∑

φ∈Ci
ΦVi,φ, and recall that |a|2 = a∗a denotes the hermitian square of a. Then

α
(
|σi(x)− σj(x)|2

)
=
∣∣Φiσi(x) + (1− Φi)(−1)ψi(x) − Φjσj(x)− (1− Φj)(−1)ψj(x)

∣∣2
≤ 4

∣∣Φiσi(x) + (1− Φi)(−1)ψi(x) − σi(x)
∣∣2

+ 4
∣∣Φjσj(x) + (1− Φj)(−1)ψj(x) − σj(x)

∣∣2 + 4 |σi(x)− σj(x)|2 .

Observe that σi(x) =
∑

φ∈ZVi
2
ΦVi,φ(−1)φ(x), so∣∣Φiσi(x) + (1− Φi)(−1)ψi(x) − σi(x)

∣∣2 =∑
φ∈ZVi

2 \Ci

ΦVi,φ((−1)ψi(x) − (−1)φ(x))2 ≤ 4
∑

φ∈ZVi
2 \Ci

ΦVi,φ.

Thus

α
( ∑
1≤i ̸=j≤m
x∈Vi∩Vj

π(i, j) |σi(x)− σj(x)|2
)
≤

∑
1≤i ̸=j≤m
x∈Vi∩Vj

π(i, j)
(
16
∑

φ∈ZVi
2 \Ci

ΦVi,φ + 16
∑

φ∈Z
Vj
2 \Cj

ΦVj ,φ + 4 |σi(x)− σj(x)|2
)

≤
∑

a∈∗mi=1CZ
Vi
2

4µinter(a)a
∗a+

∑
a∈∗mi=1CZ

Vi
2

32
K

C
µsat(a)a

∗a

≤ O(K)
∑

a∈∗mi=1CZ
Vi
2

(µinter(a) + µsat(a))a
∗a,

since π is C-diagonally dominant.

Next, suppose B′ is a subdivision of B. If ϕ ∈ ZVi2 \ Ci, then we can choose jϕ ∈ [mi]

such that ϕ|Vijϕ ̸∈ Dijϕ . Since
∑

ϕ:ϕ|Vij=ϕ
′

ΦVi,ϕ = ΦVij ,ϕ′ ,

∑
ϕ ̸∈Ci

ΦVi,ϕ =
∑

1≤j≤mi

∑
ϕ:jϕ=j

ΦVi,ϕ ≤
∑

1≤j≤mi

∑
ϕ:ϕ|Vij ̸∈Dij

ΦVi,ϕ =
∑

1≤j≤mi

∑
ϕ′ ̸∈Dij

ΦVij ,ϕ′ .

Hence ∑
r

µsat(r)r
∗r ≤M2

∑
r

µclause(r)r
∗r,
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where theM2 comes from the fact that we divide bym2
i in the definition of µclause. Thus the

identity map (∗mi=1CZ
Vi
2 , µinter+µsat) → (∗mi=1CZ

Vi
2 , µinter+µclause) is anM

2-homomorphism.

The following proposition shows how to construct tracial states on Ainter(B, π) from
tracial states on Afree(B,B

′, π).

Proposition 3.4.7. Let B = (X, {(Vi, Ci)}mi=1) be a BCS, and let π be a probability
distribution on [m] × [m] which is C-diagonally dominant for some C > 0. Let B′ =
(X, {(Vij, Dij)}i,j) be a subdivision of B with mi clauses in constraint Ci. If τ is a trace on
Afree(B,B

′, π), then there is a trace τ̃ on Ainter(B, π) such that def(τ̃) ≤ poly(2L,M,K) def(τ),
where L = maxij |Vij|, K = maxi |Vi|, and M = maximi. Furthermore, if τ is finite-
dimensional then so is τ̃ .

Proof. Since π is C-diagonally dominant, if π(i, i) = 0 then π(i, j) = π(j, i) = 0 for all
j ∈ [m], and the variables in Vi do not appear in supp(µinter). Thus we may assume without
loss of generality that π(i, i) > 0 for all i ∈ [m]. Let τ be a trace on Afree(B,B

′, π). By
the GNS construction there is a ∗-representation ρ of Afree(B,B

′, π) acting on a Hilbert
space H0 with a unit cyclic vector ψ such that τ(a) = ⟨ψ|ρ(a)|ψ⟩ for all a ∈ Afree(B).

Let M0 = ρ(Afree(B)) be the weak operator closure of the image of ρ, and let τ0 be the
faithful normal tracial state on M0 corresponding to |ψ⟩ (so τ0 ◦ ρ = τ).

Let
∑

a∈ZVi
2
µcomm(a)∥a∥2τ = εi for all i ∈ [m]. The restriction of ρ to Z∗Vi2 is an

εi-homomorphism from ZVi2 into (M0, τ0), so by Lemma 3.4.1 there is a representation
ρi : ZVi2 → U(M0) such that

∥ρi(xj)− ρ(xj)∥2τ0 ≤ poly(K)εi (3.4.1)

for all generators xj ∈ ZVi2 . Let ρ̃ : ∗mi=1CZ
Vi
2 → M0 be the homomorphism defined by

ρ̃(x) = ρi(x) for x ∈ ZVi2 . Suppose x ∈ Vi ∩ Vj, then

∥ρ̃(σi(x)− σj(x))∥2τ0 ≤ 4∥ρ̃(σi(x))− ρ(σi(x))∥2τ0 + 4∥ρ̃(σj(x))− ρ(σj(x))∥2τ0
+ 4∥ρ(σi(x)− σj(x))∥2τ0

≤ poly(K)(εi + εj) + 4∥σi(x)− σj(x)∥2τ .
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We conclude that

def(τ0 ◦ ρ̃;µinter) ≤
∑
i ̸=j

∑
x∈Vi∩Vj

π(i, j)
(
poly(K)(εi + εj) + 4∥σi(x)− σj(x)∥2τ

)
≤
∑
i

∑
x∈Vi∩Vj

π(i, i)

C

(
poly(K)2εi + 4∥σi(x)− σj(x)∥2τ

)
≤ O(poly(K) def(τ ;µcomm) + def(τ ;µinter)).

For any S ⊆ Vi, let xS :=
∏

x∈S x ∈ Z∗Vi2 , where the order of the product is inherited
from the order on X. By Equation (3.4.1),

∥ρ̃(xS)− ρ(xS)∥2τ0 ≤ poly(K)εi,

where the degree of the polynomial poly(K) has increased by one. Since

ΦVij ,ϕ =
1

2|Vij |

∑
S⊆Vij

(−1)ϕ(xS)xS,

we get that

∥ρ̃(ΦVij ,ϕ)− ρ(ΦVij ,ϕ)∥2τ0 ≤
1

2|Vij |

∑
S⊆Vij

∥ρ̃(xS)− ρ(xS)∥2τ0 ≤ poly(K)εi.

If 1 ≤ i ≤ m, 1 ≤ j ≤ mi, and ϕ ̸∈ Dij, then

∥ρ̃(ΦVij ,ϕ)∥2τ0 ≤ 2∥ρ̃(ΦVij ,ϕ)− ρ(ΦVij ,ϕ)∥2τ0 + 2∥ρ(ΦVij ,ϕ)∥2τ0 ,

and hence

def(τ0 ◦ ρ̃;µclause) =
∑
i,j

π(i, i)

m2
i

∑
ϕ ̸∈Dij

∥ρ̃(ΦVij ,ϕ)∥2τ0

≤
∑
i,j

∑
ϕ ̸∈Dij

π(i, i)

m2
i

(
poly(K)εi + 2∥ΦVij ,ϕ∥2τ

)
≤
∑
i

2L
π(i, i)

mi

poly(K)εi + 2def(τ ;µclause)

≤ 2L def(τ ;µcomm) + 2 def(τ ;µclause).
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We conclude that τ̃ = τ0 ◦ ρ̃ is a tracial state on ∗mi=1CZ
Vi
2 with def(τ̃ ;µinter + µclause)

bounded by

O(def(τ ;µinter) + def(τ ;µclause) + 2L poly(K) def(τ ;µcomm)).

We conclude that

def(τ̃ ;µinter + µclause) ≤ poly(2L, K) def(τ ;µinter + µclause + µcomm).

By Lemma 3.4.6, there is a O(KM2)-homomorphism Ainter(B, π) → (∗mi=1CZ
Vi
2 , µinter +

µclause), and pulling τ̃ back by this homomorphism gives the proposition.

Finally, we can pull back tracial states from the subdivision algebra Ainter(B
′, πsub) to

traces on Afree(B,B
′, π).

Proposition 3.4.8. Let B = (X, {(Vi, Ci)}mi=1) be a BCS, and let B′ = (X, {(Vij, Dij)}i,j)
be a subdivision of B. Let π be a probability distribution on [m] × [m], and let πsub
be the probability distribution defined from π as above. Then there is a poly(M, 2L)-
homomorphism Afree(B,B

′, π) → Ainter(B
′, πsub), where L = maxij |Vij| andM = maximi.

Proof. For each 1 ≤ i ≤ m and x ∈ Vi, choose an index 1 ≤ rix ≤ mi such that x ∈ Virix .
Also, for each x, y ∈ Vi, choose an index ixy such that x, y ∈ Vixy . Define α : ∗mi=1Z

∗Vi
2 →

A(B′) by α(σi(x)) = σirix(x). It follows immediately from the definitions that α is a
O(M2)-homomorphism (Afree(B), µinter) → Ainter(B

′, πsub). Moving on to µcomm, observe
that

α(|[σi(x), σi(y)]|2) = |σirix(x)σiriy(y)− σiriy(y)σirix(x)|2

≤ 4|(σirix(x)− σixy(x))σiriy(y)|2 + 4|σixy(x)(σixy(y)− σiriy(y))|2+
+ 4|(σiriy(y)− σixy(y))σirix(x)|2 + 4|σixy(y)(σirix(x)− σixy(x))|2

≲ 8|σirix(x)− σixy(x)|2 + 8|σiriy(y)− σixy(y)|2,

where we use the fact that [σixy(x), σixy(y)] = 0, and that U∗a∗aU is cyclically equivalent
to a∗a if UU∗ = 1. For any given x ∈ Vi and 1 ≤ j ≤ mi, the number of elements y ∈ Vi
with ixy = j is bounded by |Vij|. Hence∑

i

∑
x,y∈Vi

π(i, i)α(|[σi(x), σi(y)]|2) ≲ O(LM2)
∑
i,j,j′

∑
x∈Vij∩Vij′

π(i, i)

m2
i

|σij(x)− σij′(x)|2,

where σij : CZ
Vij
2 → A(B′) is the inclusion of the ijth factor. We conclude that there is

an O(LM2)-homomorphism (Afree(B), µcomm) → Ainter(B
′, πsub).
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Finally, for µclause, if i ∈ [m], j ∈ [mi], and ϕ ̸∈ Dij then σij(ΦVij ,ϕ) = 0, so

α(ΦVij ,ϕ) = α(ΦVij ,ϕ)− σij(ΦVij ,ϕ)

=
1

2|Vij |

∑
S⊆Vij

∏
x∈S

ϕ(x)σirix(x)−
1

2|Vij |

∑
S⊆Vij

∏
x∈S

ϕ(x)σij(x)

=
1

2|Vij |

∑
S⊆Vij

∑
x∈S

ux,Sϕ(x)(σirix(x)− σij(x))vx,S,

where ux,S is the product of ϕ(y)σij(y) for y ∈ S appearing before x in the order on Vi,
and vx,S is the product of ϕ(y)σiriy(y) for y ∈ S appearing after x in the order on Vi. Since

there are less than |Vij| · 2|Vij | terms in this sum, and ϕ(x)ux,S and vx,S are unitary,

|α(ΦVij ,ϕ)|2 ≲
2|Vij|
2|Vij |

∑
S⊆Vij

∑
x∈S

|σirix(x)− σij(x)|2

=
|Vij|

2|Vij |−1

∑
x∈Vij

∑
x∈S⊆Vij

|σirix(x)− σij(x)|2

= |Vij|
∑
x∈Vij

|σirix(x)− σij(x)|2.

Hence ∑
i∈[m],j∈[mi]

π(i, i)

m2
i

∑
ϕ ̸∈Dij

α(|ΦVij ,ϕ|2) ≲
∑
i,j

π(i, i)

m2
i

∑
ϕ ̸∈Dij

L
∑
x∈Vij

|σirix(x)− σij(x)|2

≤ L2L
∑
i,j

π(i, i)

m2
i

∑
x∈Vij

|σirix(x)− σij(x)|2.

Since every term in the latter sum occurs in the sum
∑

r µ
′(r)r∗r for the weight function

µ′ of Ainter(B
′, πsub), α is a L2L-homomorphism (Afree(B), µclause) → Ainter(B

′, πsub). We
conclude that α is an O(M2+LM2+L2L)-homomorphism Afree(B, π) → Ainter(B

′, πsub),
and O(M2 + LM2 + L2L) ≤ poly(M, 2L).

Proof of Theorem 3.4.4. Applying Proposition 3.4.8, Proposition 3.4.7 and Proposition 3.3.3
gives the result.
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Chapter 4

RE-completeness of entangled CSPs

In this chapter, we prove our main result about the hardness of constraint system games.
We begin with an introduction to classical and quantum constraint satisfaction problems.
We then prove our main result in three parts. First, we show that NP-hard CS games
that are not two-variable falsifiable are RE-hard with entanglement by using a non-TVF
constraint as a commutativity gadget. Finally, we prove the RE-hardness of NP-hard
boolean CS and 3-colouring games with entanglement by showing that they admit more
complex commutativity gadgets.

4.1 Constraint system languages

Informally, a constraint satisfaction problem is a collection of constraint systems that are
constructed by filling a fixed set of constraints with variables arbitrarily. We formalise this
with the notion of a pushforward constraint.

Definition 4.1.1. Let C ⊆ ΣV and let r : V → W . The pushforward constraint of C
by r is r∗C =

{
ϕ ∈ ΣW

∣∣ϕ ◦ r ∈ C
}
.

Definition 4.1.2. Let Γ be a finite set of constraints over an alphabet Σ. The constraint
satisfaction problem (CSP) of Γ is the set of constraint systems

CSP(Γ) = {(X, {(Wi, ri∗Ci)}mi=1)|Wi ⊆ X, (Vi, Ci) ∈ Γ, ri : Vi → Wi} .

If every element of CSP(Γ) is a 2-CS, we say it is a 2-CSP. We also abuse notation
and say Γ is a 2-CSP.

51



Example 4.1.3.

• 3SAT is the CSP where Σ = {Z3
2\{t}|t ∈ Z3

2}.

• k-colouring is the CSP where Σ = Zk and Γ = {≠Zk
}, for ̸=Zk

= {(a, b) ∈ Z2
k|a ̸= b}.

This is a 2-CSP.

A natural complexity problem given a CSP is to decide the satisfiability of the CS
instances. Much is known about the classical version of this problem, which we outline
here.

Definition 4.1.4 (Constraint languages). Let Γ be a set of constraints over an alphabet
Σ, and let 1 ≥ c ≥ s ≥ 0.

• CSP(Γ)c,s is the promise problem with instances that are CSs S = (X, {(Vi, Ci)}mi=1) ∈
CSP(Γ), where S is a yes instance if there is an assignment f : X → Σ such that
f |Vi ∈ Ci for at least mc values of i, and S is a no instance if, for every assignment
f , f |Vi ∈ Ci for strictly less than ms values of i.

• SuccinctCSP(Γ)c,s is the promise problem with instances that are probabilistic Turing
machines M that sample the constraints of a CS S = (X, {(Vi, Ci)}mi=1) ∈ CSP(Γ)
according to some probability distribution π : [m] → [0, 1], where M is a yes instance
if there is an assignment f : X → Σ such that Pri←π[f |Vi ∈ Ci] ≥ c, and M is a no
instance if for every assignment Pri←π[f |Vi ∈ Ci] < s.

Definition 4.1.5. A mapping f : Σk → Σ induces a polymorphism (ΣV )k → ΣV as

f(ϕ1, . . . , ϕn)(v) = f(ϕ1(v), . . . , ϕn(v)).

The polymorphism f preserves (V,C) if for all ϕ1, . . . , ϕn ∈ C, f(ϕ1, . . . , ϕn) ∈ C. For a
set of constraints Γ, we say f is a Γ-homomorphism if it preserves every constraint in
Γ.

Definition 4.1.6. A map f : Σk → Σ is a weak near-unanimity if for all a, b ∈ Σ,
f(b, a, . . . , a) = f(a, b, a, . . . , a) = · · · = f(a, . . . , a, b).

Theorem 4.1.7 ([70, 11]). For all finite alphabets Σ, CSP(Γ)1,1 is NP-complete if there is
no weak near-unanimity Γ-homomorphism; otherwise, CSP(Γ)1,1 ∈ P.

Corollary 4.1.8. If CSP(Γ)1,1 is NP-complete, then there is a constant s ∈ [0, 1) such
that SuccinctCSP(Γ)1,s is NEXP-complete. Otherwise, SuccinctCSP(Γ)1,s ∈ EXP for all
s.
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Proof sketch. Using the CSP version of the complexity class PCP[m, q] = NEXP for m =
exp(n) and q = O(1), we know that SuccinctCSP(Γq)1,1/2 = NEXP, where Γq is the set
of all constraints on q boolean variables [5, 65]. From the proof of hardness part of the
CSP dichotomy conjecture [11, 70], we see that reduction of CSP(Γq)1,1 to CSP(Γ)1,1 is
done constraint by constraint, by replacing each constraint by a conjunction of constraints
from Γ. As there is a finite number of constraints in Γq, there existsM ∈ N such that every
constraint can be expressed by at most M constraints from Γ. We can apply the same
reduction to any instance of S ∈ SuccinctCSP(Γq)1,1/2 in polynomial time to get a succinct
description of an S ′ ∈ CSP(Γ). Note first that, if S is a yes instance, all the constraints are
satisfied, and therefore all the constraints of S ′ are satisfied. Next, if S is a no instance,
suppose ≥ 1− 1

2M
constraints are satisfied by an assignment to S ′. Then, ≤ 1

2M
constraints

of S ′ are not satisfied. Since each constraint of S is mapped to a conjunction of at most
M constraints in S ′, this means there is an assignment that satisfies ≥ 1

2
constraints of S,

a contradiction. Hence, taking s = 1 − 1
2M

, if S is a no instance of SuccinctCSP(Γq)1,1/2,
S ′ is a no instance of SuccinctCSP(Γ)1,s, as wanted.

Conversely, if CSP(Γ)1,1 is not NP-complete, by the CSP dichotomy theorem [11, 70]
there is a polynomial-time algorithm for it. Hence, this translates to an exponential-time
algorithm for SuccinctCSP(Γ)1,1. As every yes (cf. no) instance of SuccinctCSP(Γ)1,s is a
yes (cf. no) instance of SuccinctCSP(Γ)1,1, the algorithm also decides SuccinctCSP(Γ)1,s
in exponential time. Hence, SuccinctCSP(Γ)1,s ∈ EXP.

To finish this section, note that in the boolean case Σ = Z2, the set of weak near-
unanimity polymorphisms is well known.

Definition 4.1.9. The following are the weak near unanimity polymorphisms for boolean
constraint systems.

• The constant 0 polymorphism is 0 : Z0
2 → Z2 with output 0.

• The constant 1 polymorphism is 1 : Z0
2 → Z2 with output 1.

• The AND polymorphism is AND : Z2
2 → Z2, AND(a, b) = a ∧ b.

• The OR polymorphism is OR : Z2
2 → Z2, OR(a, b) = a ∨ b.

• The majority polymorphism is MAJ : Z3
2 → Z2, MAJ(a, b, c) = (a∧ b)∨ (b∧ c)∨

(c ∧ a).

• The minority polymorphism is MIN : Z3
2 → Z2, MIN(a, b, c) = a⊕ b⊕ c.
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Theorem 4.1.10 (Schaefer’s dichotomy theorem [61]). For Γ a set of constraints over Z2,
CSP(Γ)1,1 ∈ P if one of the polymorphisms 0, 1,AND,OR,MAJ,MIN is a Γ-homomorphism;
otherwise CSP(Γ)1,1 is NP-complete.

4.2 Quantum CSPs

The quantum satisfiability problem for CSPs can be equivalently phrased in terms of
algebra representations or nonlocal games.

Definition 4.2.1 (Entangled constraint systems). Let Γ be a set of constraints over Zk,
let w ∈ {c− c, c− v, a, a+ comm}, and let 1 ≥ c ≥ s ≥ 0.

• CSPw(Γ)
∗
c,s is the promise problem with instances that are CSs S = (X, {(Vi, Ci)}mi=1) ∈

CSP(Γ), where S is a yes instance if

inf
τ
def(τ) ≤ 1− c,

where the infimum is over all finite-dimensional traces τ on Aw(S,um), where um is
the uniform distribution on [m]; and S is a no instance if

inf
τ
def(τ) > 1− s.

• SuccinctCSPw(Γ)
∗
c,s is the promise problem with instances that are probabilistic Turing

machines M that sample the constraints of a CS S = (X, {(Vi, Ci)}mi=1) ∈ CSP(Γ)
according to some probability distribution π : [m] → [0, 1], where S is a yes instance
if

inf
τ
def(τ) ≤ 1− c,

where the infimum is over all finite-dimensional traces τ on Aw(S, π); and S is a no
instance if

inf
τ
def(τ) > 1− s.

We drop the subscripts if they are not important. Note that we can always replace the
infima over finite-dimensional traces by Connes-embeddable traces.

In this definition, the yes instances correspond exactly to CSs where the quantum
synchronous value of the corresponding CS game, as defined in Section 3.1, is at least c,
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and the no instances correspond to CSs whose quantum synchronous value is less than s.
If w = c − c, the corresponding game is the constraint-constraint CS game; if w = c − v,
the corresponding game is the constraint variable CS game; and if w = a, there is only an
associated game if Γ is a 2-CSP, in which case it is the 2-CS game.

In contrast to the classical case, where there is a complete classification of CSPs, less
is known about the complexity of quantum CSPs. Prior work by Atserias, Kolaitis, and
Severini [3, 58] has shown that all the classically-easy boolean CSPs except for LIN, the
class of linear systems over Z2, remain easy with entanglement; but the complexity of
entangled LIN and of any classically easy CSPs over larger domains remains unknown. In
this work, we are concerned with what happens to problems on the hard side of the CSP
dichotomy when the provers are allowed entanglement.

We make use the following property of CSs, which precludes the construction of simple
commutativity gadgets.

Definition 4.2.2. Let C ⊆ ΣV be a constraint over an alphabet Σ. C is two-variable
falsifiable (TVF) if for all x ̸= y ∈ V , there exist a, b ∈ Σ such that ϕ /∈ C if ϕ(x) = a
and ϕ(y) = b.

We say a CS S or a set of constraints Γ is TVF if every constraint in it is TVF.

Two-variable falsifiability can seem like a very strong restriction on the constraints.
However, the example of 1-in-3-SAT shows that there are nontrivial CSPs that are TVF.

Example 4.2.3. Consider the boolean constraint

C = {(0, 0, 1), (0, 1, 0), (1, 0, 0)} ⊆ Z3
2.

This is TVF as setting any two variables to 1 makes the constraint unsatisfied. On the
other hand, the language CSP({C})1,1 is NP-complete as a direct consequence of Schaefer’s
dichotomy theorem.

We are now ready to state the main result of this chapter.

Theorem 4.2.4. Let Γ be a set of constraints over Zk such that CSP(Γ)1,1 is NP-complete,
and one of the following holds:

1. Γ is not TVF,

2. Γ is boolean, or
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3. Γ = {̸=Z3} is 3-colouring.

Then, there exists a constant s ∈ [0, 1) such that SuccinctCSPc−v(Γ)
∗
1,s is RE-complete.

It remains open whether non-boolean TVF CSPs, except for 3-colouring, are also RE-
complete. As an important example, we do not know if k-colouring for k ≥ 4 is RE-
complete with entanglement. However, we do know that any 2-CSP that contains an
empty constraint (where all assignments are accepted), such as the language of all 2-CSPs
over Zk, is RE-complete as it is not TVF.

For RE-complete entangled CSPs, it also holds that SuccinctCSPc−c(Γ)
∗
1,s is RE-complete,

which we show using a mapping between the constraint-variable and constraint-constraint
algebras given in Proposition 4.6.1. This is in contrast with Lemma 3.3.5, where the defect
can scale very badly when mapping to the constraint-constraint algebra.

Corollary 4.2.5. Let Γ be a set of constraints satisfying the conditions of Theorem 4.2.4.
Then, there exists a constant s ∈ [0, 1) such that SuccinctCSPc−c(Γ)

∗
1,s is RE-complete.

For some CSPs, we can also show a similar RE-hardness result for the assignment
algebra via an oracularizability property. For 2-CSPs, this corresponds to the associated
2-CS game.

Corollary 4.2.6. Let Γ be a set of constraints over Zk such that CSP(Γ)1,1 is NP-complete,
and Γ is boolean TVF, Γ = {≠Z3}, or Γ = {C ⊆ Z2

k}. Then, there exists a constant
s ∈ [0, 1) such that SuccinctCSPa(Γ)

∗
1,s is RE-complete.

More generally, the hardness extends to the assignment algebra with commutation.

Corollary 4.2.7. Let Γ be a set of constraints satisfying the conditions of Theorem 4.2.4.
Then, there exists a constant s ∈ [0, 1) such that SuccinctCSPa+comm(Γ)

∗
1,s is RE-complete.

This follows immediately from the mappings between the constraint-variable and as-
signment with commutation algebras given in Lemmas 3.3.6 and 3.3.7. By these, the values
of the defects for these algebras are equal up to constant factors (for constraint systems
with constant-size constraints and alphabets), and therefore, the hardness of deciding one
directly implies the hardness of the other.

Next, as noted in the introduction, we can extend the undecidability of entangled CSP
languages to non-succinct languages, by considering computable reductions that are not
polynomial-time.
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Corollary 4.2.8. Let Γ be a set of constraints over Zk such that CSP(Γ)1,1 is NP-complete,
and Γ satisfies the conditions of Theorem 4.2.4. Then, there exists a constant s ∈ [0, 1)
such that CSPc−v(Γ)

∗
1,s, CSPc−c(Γ)

∗
1,s, and CSPa+comm(Γ)

∗
1,s are RE-complete with respect

to exponential-time reductions. If Γ additionally satisfies the conditions of Corollary 4.2.6,
CSPa(Γ)

∗
1,s is RE-complete with respect to exponential-time reductions.

Theorem 4.2.4 and earlier corollaries give a polynomial-time mapping from instances of
the halting problem to instances of SuccinctCSPw(Γ)

∗
1,s, preserving yes and no instances. In

exponential time, the whole constraint-sampling algorithm can be described. This gives us
an exponential-time mapping to CSPw(Γ)

∗
1,s. The only remaining issue to check is whether

we can make the probability distribution uniform while preserving the constant gap. First,
in the constraint-variable game, the probability can be perturbed by mixing with a uniform
distribution to ensure that the probability of any constraint is at least α/m for some small
constant α ∈ (0, 1) while preserving a constant gap. Next, each constraint i can be repeated
with multiplicity ⌊π(i)m/α⌋. These constraints are sampled from a uniform distribution,
which preserves the constant soundness. Note that the defect cannot be made smaller by
making the trace have different values on the different copies; there exists a trace on the
original algebra corresponding to the minimal value of the trace over all copies. Also, this
reduction to uniform distribution requires the number of constraints to be polynomial in
order to be efficient, as it may be easy to sample from a distribution while being hard to
compute the probabilities. An analogous argument applies for the other algebra models.

The following sections are devoted to the proof of Theorem 4.2.4. Using the subdivision
transformation from Section 3.4 allows us to ask constraints from a CSP as separate ques-
tions, rather than asking large CSP instances, while preserving a constant gap, so long as
we start and end with questions of constant size. We split the proof of Theorem 4.2.4 into
three parts. In Section 4.3, we prove Theorem 4.2.4 for the case of non-TVF CSPs. Next,
in Section 4.4, we provide the proof of Theorem 4.2.4 for the case of boolean TVF CSPs.
We also show Corollary 4.2.6 for these CSPs there. In Section 4.5, we prove Theorem 4.2.4
for 3-colouring, and Corollary 4.2.6 for 3-colouring and the language of all 2-CSPs. Finally,
in Section 4.6, we prove Corollary 4.2.5.

4.3 Hardness of non-TVF CSPs

In this section, we prove the first part of Theorem 4.2.4, proving RE-hardness for noncom-
mutative non-TVF CSPs. The main obstacle in doing so is condition (2) of Definition 3.4.2:
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to subdivide a constraint, each pair of variables must appear together in one of the sub-
constraints. But, in general, putting two variables in the same constraint puts nontrivial
restrictions on the values that they may take. A naive way to get around this is using
empty constraints.

Definition 4.3.1. We call a constraint (V,C) over an alphabet Σ empty if C = ΣV .

Empty constraints impose no conditions on the variables involved, but they can be used
to guarantee that variables commute. Hence, they are useful in subdivision to make sure
every pair of variables appears in at least one constraint. However, if we wish to reduce
to a CSP that does not contain any empty constraints, we need to find a way to replace
these empty constraints by some constraint system coming from the CSP.

If a set of constraints is non-TVF (Definition 4.2.2), we can replace any empty constraint
by a simple commutativity gadget coming from a non-TVF constraint.

Proposition 4.3.2. Let Γ be a non-TVF set of k-ary constraints. Then, for every CS
S = (X, {(Vi, ri∗Ci)}mi=1) ∈ CSP(Γ ∪ {Z2

k}), there exists a CS S ′ = (X ′, {(V ′i , r′i∗C ′i)}mi=1) ∈
CSP(Γ) such that there is a L

2
-homomorphism α : Ac−v(S, π) → Ac−v(S

′, π), where L =
max(V,C)∈Γ |V |; and there is a 1-homomorphism β : Ac−v(S

′, π) → Ac−v(S, π), for every
probability distribution π on [m].

Proof. Without loss of generality, we may assume that there exists 1 ≤ n ≤ m such that
Ci is a constraint from Γ for all i ≤ n and Ci is an empty constraint for all i > n. Since Γ is
not TVF, there exists a constraint (V,C) ∈ Γ such that C ⊆ Zlk and u ̸= v ∈ V such that
for all a, b ∈ Zk, there exists ϕa,b ∈ C with ϕa,b(u) = a and ϕa,b(v) = b. For each i > n, and
w ∈ V \{u, v} let ziw be a variable and take X ′ = X ∪ {ziw|i > n,w ∈ V \{u, v}}. Also,
if i ≤ n, let (V ′i , r

′
i∗C

′
i) = (Vi, ri∗Ci); and if i > n, take V ′i = Vi ∪ {ziw | w ∈ V \{u, v}},

C ′i = C, and r′i a bijection such that r′i(w) = ziw for all w ∈ V \{u, v}.
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Now, let α be the inclusion of Ac−v(S) in Ac−v(S
′). First, note that for every i > n,

α
( ∑

x∈Vi
ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2) =
∑
x∈Vi
ϕ∈ZVi

k

∣∣∣∏
y∈Vi

Πϕ(y)(σi(y))(1− Πϕ(x)(σ
′(x)))

∣∣∣2

=
∑
x∈Vi
ϕ∈ZV ′

i
k

∣∣∣∏
y∈V ′

i

Πϕ(y)(σi(y))(1− Πϕ(x)(σ
′(x)))

∣∣∣2

=
∑
x∈Vi

ϕ∈r′i∗C
′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2
≤

∑
x∈V ′

i
ϕ∈r′i∗C

′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Hence, we get that

α
( m∑
i=1

∑
x∈Vi

ϕ∈ri∗Ci

π(i)

|Vi|
∣∣ΦVi,ϕ(1− Πϕ(x)(σ

′(x)))
∣∣2)

≤
n∑
i=1

π(i)

|Vi|
∑
x∈V ′

i
ϕ∈r′i∗C

′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2 + m∑
i=n+1

π(i)

2

∑
x∈V ′

i
ϕ∈r′i∗C

′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2

≤ |V |
2

∑
i,x∈V ′

i
ϕ∈r′i∗C

′
i

π(i)

|V ′i |
∣∣ΦV ′

i ,ϕ
(1− Πϕ(x)(σ

′(x)))
∣∣2 ≤ L

2

∑
i,x∈V ′

i
ϕ∈r′i∗C

′
i

π(i)

|V ′i |
∣∣ΦV ′

i ,ϕ
(1− Πϕ(x)(σ

′(x)))
∣∣2

For the converse, let β be defined as the map acting on x ∈ X as σi(x) 7→ σi(x),
σ′(x) 7→ σ′(x); and on ziw as

β(σi(ziw)) = β(σ′(ziw)) =
∑
a,b∈Zk

ω
ϕa,b(w)

k Πa(σi(x))Πb(σi(y)).

Then, for all i ≤ n, β(ΦV ′
i ,ϕ

) = ΦVi,ϕ, and for i > n, writing Vi = {x, y},

β(ΦV ′
i ,ϕ

) = Πϕ(x)(σi(x))Πϕ(y)(σi(y))
∏

w∈V \{u,v}

∑
a,b. ϕa,b(w)=ϕ(ziw)

Πa(σi(x))Πb(σi(y))

=

{
Πϕ(x)(σi(x))Πϕ(y)(σi(y)) ∀w ∈ V \{u, v} ϕϕ(x),ϕ(y)(w) = ϕ(ziw)

0 else
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That is, β(ΦV ′
i ,ϕ

) = ΦVi,ϕ|Vi if and only if ϕ = ϕϕ(x),ϕ(y) ◦ r−1i , and is 0 otherwise. In
particular, it maps every ΦV ′

i ,ϕ
for ϕ /∈ ri∗C

′
i to 0, meaning β is a ∗-homomorphism as

needed. Also, in the case β(ΦV ′
i ,ϕ

) ̸= 0, we have that β(ΦV ′
i ,ϕ

(1−Πϕ(ziw)(σ
′(ziw)))) = 0, so

β
( ∑
i,x∈V ′

i
ϕ∈r′i∗C

′
i

π(i)

|V ′i |
∣∣ΦV ′

i ,ϕ
(1− Πϕ(x)(σ

′(x)))
∣∣2)

=
n∑
i=1

π(i)

|Vi|
∑
x∈Vi

ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 + m∑
i=n+1

π(i)

|V |
∑
x∈Vi

ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2
≤
∑
i

π(i)

|Vi|
∑
x∈Vi

ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .

We are now ready to prove the hardness of non-TVF CSPs.

Theorem 4.3.3 (Part 1 of Theorem 4.2.4). Let Γ be a non-TVF set of k-ary constraints
such that CSP(Γ)1,1 NP-complete. Then there exists a constant s ∈ [0, 1) such that
SuccinctCSPc−v(Γ)

∗
1,s is RE-complete.

Proof. By Corollary 3.1.2, there is a BCS−MIP∗ protocol (G(Bx, πx), S, C) for the halting
problem with constant soundness 0 ≤ s < 1, where Bx = (Xx, {(V x

i , C
x
i )}mx

i=1), mx is
exponential in |x|, and |V x

i | = O(1). By the NP-completeness of CSP(Γ)1,1, there is a BCS
B′ = (Yx, {(W x

i , D
x
i )}nx

i=1) as in Corollary 3.2.9, where |W x
i | = O(1), nx exponential in x,

and Dx
i is the boolean form of a CSP(Γ) instance. By Lemma 3.2.6, there is a BCS−MIP∗

protocol (G(B′, πx), S, C
′) for the halting problem with the same soundness. Since |W x

i | =
O(1), Theorem 3.4.4 implies that there is a a BCS−MIP∗ protocol (G(B(Sx), π

x
sub), S̃, C̃)

for the halting problem with constant soundness, where Sx is a CSP(Γ) instance that
may contain empty constraints. By subdividing further, we may always assume that the
empty constraints are on two variables. Applying Lemmas 3.3.2, 3.3.4 and 3.3.5 gives
a constraint-variable CS−MIP∗ protocol (G(Sx, π

x
sub), S̃, C̃

′) for the halting problem with
constant soundness, where Sx is a CSP(Γ) instance that may contain empty constraints.
Finally, Proposition 4.3.2 gives the result.
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y w z

x

u v

Figure 4.1: The basic commutativity gadget for TVF boolean constraint systems. Exactly
one variable in each triangle must be assigned value 1. These constraints bound the
commutator [x, y], and any assignment to x and y may be extended to an assignment to
all three constraints.

4.4 Hardness of boolean TVF CSPs

In this section, we examine the hardness of boolean CSPs that are two-variable falsifiable.
NP-complete classical boolean CSPs can emulate any other constraint system. What we
show in this section is that this emulation can be done in a way that is sound against
quantum provers. We find that boolean TVF CSPs are NP-complete if and only if they
allow for a commutativity gadget similar to that constructed in [37] for 1-in-3SAT. We prove
the RE-hardness of the entangled version of these CSPs by showing that the commutativity
gadget is quantum sound.

4.4.1 The basic commutativity gadget

We begin with a description of the commutativity gadget, and the proof of its quantum
soundness.

Lemma 4.4.1. Let C = {(0, 0, 1), (0, 1, 0), (1, 0, 0)} ∈ Z[3]
2 . Let X = {u, v, w, x, y, z} be a

set of variables; let V1 = {x, u, v}, V2 = {y, u, w}, and V3 = {z, v, w}; and let ri : [3] → Vi
be bijections. Consider the BCS B = {X, {(Vi, ri∗C)}3i=1}. For all ax, ay ∈ Z2, there
exists a classical satisfying assignment ϕ : X → Z2, ϕ|Vi ∈ ri∗C such that ϕ(x) = ax and
ϕ(y) = ay. Also, in the algebra Ac−v(B),

|[σ′(x), σ′(y)]|2 ≲ 512
3∑
i=1

∑
ϕ∈ri∗C

∑
z∈Vi

∣∣ΦVi,ϕ(1− Πϕ(z)(σ
′(z)))

∣∣2 .
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This is a robust version of Lemma 5 in [37].

The commutativity gadget defined in this lemma is illustrated in Figure 4.1. Note
also that an identical commutativity gadget can be constructed from C with any of
the variables negated, one of the constraints C ′ = {(0, 0, 0), (0, 1, 1), (1, 0, 1)}, C ′′ =
{(0, 1, 0), (0, 0, 1), (1, 1, 1)}, or C ′′′ = {(1, 1, 0), (1, 0, 1), (0, 1, 1)}, where the last one, two,
or three variable are negated, respectively. To achieve this, it suffices to connect three con-
straints in the same way, additionally taking care that negated variables are only connected
to other negated variables. This is illustrated in Figure 4.2.

Proof. For the first part, we can work out all the cases: forX ordered as in the lemma state-
ment, we get the satisfying assignments (1, 1, 1, 0, 0, 0) for (ax, ay) = (0, 0), (0, 1, 0, 0, 1, 0)
for (ax, ay) = (0, 1), (0, 0, 1, 1, 0, 0) for (ax, ay) = (1, 0), and (0, 0, 0, 1, 1, 1) for (ax, ay) =
(1, 1). For the second part, write xi1 = Π1(σi(x)) and xi0 = Π0(σi(x)) and similarly for
the other variables. Write x1 = Π1(σ

′(x)) and x0 = Π0(σ
′(x)) and similarly for the other

variables. First, note that x11u
1
1 = x11v

1
1 = u11v

1
1 = 0, so x11 + u11 + v11 ≤ 1, and

1 = x11u
1
0v

1
0 + x10u

1
1v

1
0 + x10u

1
0v

1
1 ≤ x11 + u11 + v11,

giving equality x11 + u11 + v11 = 1. In the same way, y21 + u21 + w2
1 = 1. Therefore, the

commutator

[x11, y
2
1] = [1− u11 − v11, 1− u21 − w2

1] = [u11 + v11, u
2
1 + w2

1]

= [u11, u
2
1] + [u11, w

2
1] + [v11, u

2
1] + [v11, w

2
1].

Noting that [u11, u
1
1] = [u21, w

2
1] = [v11, u

1
1] = [v31, w

3
1] = 0, we can write

[x11, y
2
1] = [u11, u

2
1 − u11] + [u11 − u21, w

2
1] + [v11, u

2
1 − u11] + [v11 − v31, w

2
1] + [v31, w

2
1 − w3

1]

= [u11 + v11 + w2
1, u

2
1 − u11]− [w2

1, v
1
1 − v31] + [v31, w

2
1 − w3

1].

From here, we can expand

[x1, y1] = [x11, y
2
1] + [x1 − x11, y

2
1] + [x1, y1 − y21]

= [u11 + v11 + w2
1, u

2
1 − u11]− [w2

1, v
1
1 − v31] + [v31, w

2
1 − w3

1] + [y21, x
1
1 − x1]− [x1, y

2
1 − y1]

= [u11 + v11 + w2
1, u

2
1 − u1]− [u11 + v11 + w2

1, u
1
1 − u1]− [w2

1, v
1
1 − v1] + [w2

1, v
3
1 − v1]

+ [v31, w
2
1 − w1]− [v31, w

3
1 − w1] + [y21, x

1
1 − x1]− [x1, y

2
1 − y1].
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Hence, we get the bound on the hermitian square of the commutator

|[x1, y1]|2 ≤ 2⌈log 8⌉
( ∣∣[u11 + v11 + w2

1, u
2
1 − u1]

∣∣2 + ∣∣[u11 + v11 + w2
1, u

1
1 − u1]

∣∣2
+
∣∣[w2

1, v
1
1 − v1]

∣∣2 + ∣∣[w2
1, v

3
1 − v1]

∣∣2 + ∣∣[v31, w2
1 − w1]

∣∣2
+
∣∣[v31, w3

1 − w1]
∣∣2 + ∣∣[y21, x11 − x1]

∣∣2 + ∣∣[x1, y21 − y1]
∣∣2 )

≲ 16
( ∣∣u21 − u1

∣∣2 + ∣∣u11 − u1
∣∣2 + ∣∣v11 − v1

∣∣2 + ∣∣v31 − v1
∣∣2 + ∣∣w2

1 − w1

∣∣2
+
∣∣w3

1 − w1

∣∣2 + ∣∣x11 − x1
∣∣2 + ∣∣y21 − y1

∣∣2 )
≤ 16

3∑
i=1

∑
t∈Vi

∣∣ti1 − t1
∣∣2 = 4

3∑
i=1

∑
t∈Vi

∣∣1− tit
∣∣2 = 16

3∑
i=1

∑
t∈Vi

∣∣ti0t1 + ti1t0
∣∣2

≤ 32
3∑
i=1

∑
t∈Vi

∑
a∈Z2

∣∣tia(1− ta)
∣∣2 = 32

3∑
i=1

∑
ϕ∈ri∗C

∑
z∈Vi

∣∣ΦVi,ϕ(1− Πϕ(z)(σ
′(z)))

∣∣2 .
Noting that [x1, y1] =

1
4
[x, y] finishes the proof.

4.4.2 Compression and simulation: building the needed con-
straints

In this section, we analyse the structure of boolean TVF constraints. In particular, we
show that, given an NP-complete set of boolean TVF constraints, we can recover the 1-
in-3SAT constraint from Lemma 4.4.1, or its negation on a subset of variables. To do so,
we need to study the combinatorial structure of TVF constraints, which will allow us to
simplify the sets of constraints we work with and then simulate the wanted constraint.

y w z

x

u v

y w z

x

u v

y w z

x

u v

Figure 4.2: Basic commutativity gadgets with one, two, or three variables per constraint
negated. The white vertices indicate the negated variables: note that negated variables
must be only connected amongst themselves to construct the gadget.
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Definition 4.4.2. A (boolean) TVF graph is a graph with two types of undirected
edges, labelled 00 and 11, and one type of directed edge, labelled 01. We denote a TVF
graph G = (V,E00 ⊔E11 ⊔E01). Given a vertex v ∈ V , we say that an edge e of G is 0 on
v if there exists u ∈ V such that e = {u, v} ∈ E00 or e = (v, u) ∈ E01. In the same way, we
say that e is 1 on v if there exists u ∈ V such that e = {u, v} ∈ E11 or e = (u, v) ∈ E01.

Let V be a finite set and let C ⊆ ZV2 be a boolean constraint on V . The TVF graph
of C is a graph GTV F (C) = (V,E00 ⊔ E11 ⊔ E01), where {u, v} ∈ E00 is an edge if ϕ(u) =
ϕ(v) = 0 implies ϕ /∈ C; {u, v} ∈ E11 is an edge if ϕ(u) = ϕ(v) = 1 implies ϕ /∈ C; and
(u, v) ∈ E01 is a directed edge if ϕ(u) = 0 and ϕ(v) = 1 implies ϕ /∈ C.

A constraint C is TVF if and only if the TVF graph of C is complete. We can study
TVF graphs independently of the constraints that generate them, although any TVF graph
is generated by some constraint.

In a TVF graph, we sometimes denote an undirected edge {a, b} in the same way as a
directed edge, (a, b), if we want to be more general about which edge set the edge belongs
to.

Definition 4.4.3. An assignment to a TVF graph G = (V,E00⊔E11⊔E01) is a function
ϕ : V → Z2 such that (ϕ(u), ϕ(v)) ̸= (0, 0) for all {u, v} ∈ E00, (ϕ(u), ϕ(v)) ̸= (1, 1) for all
{u, v} ∈ E11, and (ϕ(u), ϕ(v)) ̸= (0, 1) for all (u, v) ∈ E01.

Every satisfying assignment to C induces an assignment to GTV F (C), but the converse
is not necessarily true.

Definition 4.4.4. Let G = (V,E00 ⊔ E11 ⊔ E01) be a TVF graph. We say that G is
compressible to U ⊆ V if for all v ∈ V \U and all assignments ϕ to G, either there is a
constant b ∈ Z2 such that ϕ(v) = b, or u ∈ U such that ϕ(v) = ϕ(u), or u ∈ U such that
ϕ(v) = ¬ϕ(u).

In the first case, we say that G compresses by a constant to b at v. In the second
case, we say that G compresses by equality to u at v. In the third case, we say that
G compresses by negation to u at v. We say G is incompressible if G is only
compressible to U ⊆ V when U = V .

We use the same notation for a constraint C ⊆ ZV2 when the properties hold for its
TVF graph GTV F (C).

It is easy to see that if a subgraph of G is compressible, so is G. Now, we give some
important examples of compressible TVF graphs.
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Lemma 4.4.5. (i) A TVF graph with a 00 or 11 edge as a loop is compressible.

(ii) A TVF graph with a double edge between two distinct vertices is compressible.

(iii) The following TVF graph is compressible for n > 1 and all b1, . . . , bn+1 ∈ Z2: G =
({x1, . . . , xn}, E00 ⊔ E11 ⊔ E01) with (xi, xi+1) ∈ E¬bibi+1

for i = 1, . . . , n − 1 and
(xn, x1) ∈ E¬bnbn+1.

Note that 01 loops are redundant as they do not affect the assignments. As such we
may suppose that TVF graphs have no 01 loops. Hence, this lemma tells us in particular
that incompressible TVF graphs have no loops or multiple edges, i.e. they are simple
graphs. The cycle graph described in (iii) is illustrated in fig. 4.3.

Proof. (i) Consider the one-vertex TVF graph G with V = {x} and Ebb = {{x, x}}.
Then, we know that for every assignment ϕ to G, if ϕ(x) = b, then ϕ(x) ̸= b. Hence,
we must have that ϕ(x) = ¬b. As such, G compresses by a constant at x.

(ii) Consider the two-vertex TVF graph G = ({x, y}, E00 ⊔E11 ⊔E01). Up to relabelling
of x and y, there are 4 possible double edges. In the case E00 = E11 = {{x, y}} and
E01 = ∅, we have that ϕ(x) ̸= ϕ(y) for every assignment ϕ, so G is compressible
by negation. In the case E00 = {{x, y}}, E11 = ∅, and E01 = {(x, y)}, we have
that ϕ(x) = 1 for every assignment ϕ, so G is compressible by a constant. In the
case E00 = ∅, E11 = {{x, y}}, and E01 = {(x, y)}, we have that ϕ(y) = 0 for every
assignment ϕ, so G is compressible by a constant. And in the case E00 = E11 = ∅
and E01 = {(x, y), (y, x)}, we have that ϕ(x) = ϕ(y) for every assignment ϕ, so G is
compressible by equality.

(iii) If n = 2, we are in the case of (ii), so we know that G is compressible. In the case
n ≥ 3, we consider two cases depending on the value of ϕ(x2) for an assignment ϕ.
First note that, if ϕ(x2) = b2, then ϕ(x1) = b1. Also, if ϕ(x2) = ¬b2, then ϕ(x3) = ¬b3,
and by induction ϕ(xi) = ¬bi for i = 2, . . . , n. This implies ϕ(x1) = ¬bn+1. If
b1 = ¬bn+1, then ϕ(x1) = b1 in both possible cases, so G is compressible by a constant.
If b1 = bn+1, we get in the first case that ϕ(x1) = b1 = bn+1, so ϕ(xn) = bn and by
induction ϕ(xi) = bi for all i = 2, . . . , n. As n ≥ 3, there exist i ̸= j = 1, . . . , n such
that bi = bj, and hence ϕ(xi) = ϕ(xj) in both cases, giving that G is compressible by
equality.
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Figure 4.3: The compressible cycle TVF graph from Lemma 4.4.5.iii.

If a given set of constraints has compressible elements, there may be significant redun-
dancy in the variables. To remedy this, we show that we can always reduce to the case
of incompressible constraints while preserving the NP-hardness. We will then show that
all compressed NP-hard constraint systems allow for the construction of commutativity
gadgets.

Lemma 4.4.6. Let C ⊆ ZV2 be a constraint. Suppose C is compressible to U ⊆ V , and
that C|U is compressible to W . Then, C is compressible to W .

Proof. Let v ∈ V \W . If v ∈ U , we know, since C|U is compressible to W , that either
ϕ(v) = b for some b ∈ Z2, ϕ(v) = ϕ(u) for some u ∈ W , or ϕ(v) = ¬ϕ(u) for some u ∈ W ,
for all ϕ ∈ C. If v /∈ U , since C is compressible to U , either ϕ(v) = b for some b ∈ Z2,
ϕ(v) = ϕ(u) for some u ∈ U , or ϕ(v) = ¬ϕ(u) for some u ∈ U , for all ϕ ∈ C. In the latter
two cases, if u ∈ W we are done. If not, knowing that C|U compresses at u, we have that
either ϕ(u) = b, ϕ(u) = ϕ(w), or ϕ(u) = ¬ϕ(w), for some w ∈ W . As such, in the two
cases, we get either ϕ(v) = b, ϕ(v) = ϕ(w), or ϕ(v) = ¬ϕ(w); or ϕ(v) = ¬b, ϕ(v) = ¬ϕ(w),
or ϕ(v) = ϕ(w).

Proposition 4.4.7. Every constraint C ⊆ ZV2 is compressible to an incompressible con-
straint.
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Proof. We proceed recursively. If for every nonempty U ⊂ V , C does not compress to
U , then C is incompressible. Otherwise, C compresses to some U1. Now, consider C|U1 ,
and continue recursively. We get a descending sequence of subsets V ⊃ U1 ⊃ U2 ⊃ . . .
such that C compresses to U1, C|U1 compresses to U2, and so on. As these inclusions are
strict, there will be some k ∈ N such that C|Uk

is incompressible. But by Lemma 4.4.6, C
compresses to Uk.

Definition 4.4.8. Let Γ be a set of constraints. For each (V,C) ∈ Γ, let UC ⊆ V be a
set of variables such that C is compressible to UC and C|UC

is incompressible. Then, the
maximal compression of Γ is Γmax = Γcomp ∪ Γaux, where Γcomp = {(UC , C|UC

)|C ∈ Γ}
and

• {b} ∈ Γaux (constant constraint) iff, for some (V,C) ∈ Γ, there exists v ∈ V \UC that
compresses by a constant to b ∈ Z2;

• C= = {(0, 0), (1, 1)} ∈ Γaux (equality constraint) iff, for some (V,C) ∈ Γ, there exists
v ∈ V \UC that compresses by equality; and

• C ̸= = {(0, 1), (1, 0)} ∈ Γaux (negation constraint) iff, for some (V,C) ∈ Γ, there exists
v ∈ V \UC that compresses by negation.

Note that all the constraints in Γcomp are incompressible, but the constraints in Γaux

are compressible. However, they are important in making sure the hardness of the CSP is
preserved, both in the quantum and classical cases.

Lemma 4.4.9. Let Γ be a set of constraints and let Γmax be its maximal compression. If
Γmax satisfies one of the polymorphisms 0, 1, AND, OR, MAJ, or MIN, so does Γ.

By contrapositive and Schaefer’s dichotomy theorem, we get that if CSP(Γ)1,1 is NP-
complete, so is CSP(Γmax)1,1.

Proof. Suppose first that Γmax satisfies the constant polymorphism 0. Then, by construc-
tion we know that if Γ compresses by a constant, it must compress to 0, and it cannot
compress by negation, as the negation constraint does not satisfy a constant polymorphism.
Thus, all the compressed variables compress by a constant to 0 or by equality. As such, we
know that 0 ∈ C|UC

implies that 0 ∈ C, so Γ satisfies the constant polymorphism 0. The
same argument holds for the constant polymorphism 1.

Next, suppose that Γmax satisfies the polymorphism AND. By construction, we know
that Γ does not compress by negation, as the negation constraint does not satisfy AND.
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As such, every variable must compress by equality or a constant. Thus, if C|UC
compressed

in this way satisfies AND, so does C. The same argument holds for OR.

Suppose now that Γmax satisfies the majority polymorphism MAJ. If C|UC
satisfies

MAJ, then so does C, as every assignment to the variables in UC is constant, or equal to,
or the negation of one of the remaining variables, and majority commutes with negation.
So Γ must also satisfy MAJ. The same argument holds for MIN.

In what follows, we can always assume that we are working with a maximally com-
pressed set of constraints, hence with either an incompressible constraint, a constant con-
straint, an equality constraint, or a negation constraint. Note that, of these constraints,
only the incompressible constraints can have more than three satisfying assignments, which
is a necessary condition to avoid satisfying the majority polymorphism. Now, we study
the structure of incompressible TVF constraints and use it to construct commutativity
gadgets.

Definition 4.4.10. Let G = (V,E00 ⊔ E11 ⊔ E01) be a TVF graph. The constraint
generated by G, CTV F (G), is the set of all assignments to G. The TVF completion
of a constraint C is CTV F (GTV F (C)).

Lemma 4.4.11. For any TVF graph G, GTV F (CTV F (G)) = G.

Proof. Let G′ = GTV F (CTV F (G)). By definition, G and G′ have the same vertex sets. Let
(u, v) be an ab edge of G. Equivalently, (ϕ(u), ϕ(v)) ̸= (a, b) for all ϕ ∈ CTV F (G). By
definition, this is equivalent to (u, v) being an ab edge of G′.

Lemma 4.4.12. Let G = (V,E00⊔E11⊔E01) be a complete TVF graph. Then, |CTV F (G)| ≤
|V |+ 1.

Proof. We proceed by induction on |V |. If |V | = 0, there are no edges, so no constraints,
and only one assignment, the vacuous one. Hence |CTV F (G)| = 1 = |V |+ 1.

Now, suppose the induction hypothesis holds for |V | ≤ k. Now let |V | = k + 1 and let
v ∈ V . The vertex v is connected to every element of V \{v}. Let ℓ ≤ k be the number
of edges that are 0 on v. Hence, given an assignment ϕ to G, if ϕ(v) = 0, there are ℓ
vertices v1, . . . , vℓ whose value of ϕ is fixed; and if ϕ(v) = 1, the value on the remaining
k − ℓ vertices vℓ+1, . . . , vk is fixed. As such,

|CTV F (G)| = | {ϕ ∈ CTV F (G)|ϕ(v) = 0}|+ | {ϕ ∈ CTV F (G)|ϕ(v) = 1}|
≤ |CTV F (G\{v, v1, . . . , vℓ})|+ |CTV F (G\{v, vℓ+1, . . . , vk})|
≤ (k − ℓ+ 1) + (ℓ+ 1) = k + 2 = |V |+ 1,
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by induction hypothesis.

Definition 4.4.13. Let C ⊆ ZV2 be a constraint. The tableau form of C with respect to
orderings V = {v1, . . . , vk} and C = {ϕ1, . . . , ϕn} is the matrix

ϕ1(v1) ϕ1(v2) · · · ϕ1(vk)
ϕ2(v1) ϕ2(v2) · · · ϕ2(vk)
...

. . .
...

ϕn(v1) ϕn(v2) · · · ϕn(vk)

 .
We say C has a tableau form M if M is the tableau form for some ordering of the variables
and satisfying assignment.

We say that M is upper triangular if it is upper triangular as a matrix.

Lemma 4.4.14. Let G = (V,E) be a directed complete graph with no multiple edges or
loops, i.e. for all x, y ∈ V distinct, either (x, y) ∈ E or (y, x) ∈ E, but not both. Suppose
that every vertex of G has an incoming edge, and |V | ≥ 3. Then G has a cycle.

Proof. We proceed by induction on |V |. For the base case, we have |V | = 3. If there is a
vertex x ∈ V with two incoming edges (y, x), (z, x) ∈ E. Then, there is an edge between
y and z, which we may assume without loss of generality is (y, z) ∈ E. Then, y has no
incoming edges, which contradicts the hypothesis. As such, every vertex has must have
one incoming edge and one outgoing edge. So G is a directed 3-cycle, and thus contains a
cycle.

Now let |V | > 3. If every vertex of G has both an incoming and an outgoing edge,
then it has a subgraph that is a cycle. Otherwise, there exists a vertex with only incoming
edges. Consider the subgraph H of G with that vertex removed. Then, every vertex of H
has at least one incoming edge and H has |V | − 1 vertices. By induction hypothesis, H
has a cycle, and therefore so does G.

Proposition 4.4.15. Let G be an incompressible complete TVF graph with no 00 or 11
edges. Then the constraint CTV F (G) has a tableau form

1 1 1 · · · 1 1
0 1 1 · · · 1 1
0 0 1 · · · 1 1
...

. . .
...

0 0 0 · · · 1 1
0 0 0 · · · 0 1
0 0 0 · · · 0 0


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As a consequence, for any TVF constraint C ⊆ ZV2 whose TVF graph has no 00 or 11
edges, there is a tableau form of C that is a subset of the rows of the above matrix.

Proof. We construct an ordering on V and C = CTV F (G) recursively. We say that
GTV F (C) = G = (V,E01) has a directed edge from x to y if (y, x) ∈ E01. Then, note
that there must always be a vertex v1 ∈ V such that all the edges incident to v1 must be
pointing outwards. Otherwise, every vertex has at least one edge pointing inwards. Then,
due to Lemma 4.4.14, we know that G has a cycle, and due to Lemma 4.4.5, this cycle is a
compressible subgraph. Then, G is compressible, a contradiction. As such, for each v ̸= v1,
(v1, v) ∈ E01. Consider the assignment ϕ1 to G such that ϕ1(v1) = 1, then ϕ1(v) = 1 for all
v ∈ V . As ϕ1 is an assignment to G, it is in C by definition. For every other ϕ ∈ C, we have
ϕ(v1) = 0. Now, we can continue this recursively with the subgraph of G constructed by
removing vertex v1. Suppose we have v1, . . . , vk and some ϕ1, . . . , ϕk such that ϕj(vi) = 0
for i < j and ϕj(v) = 1 for all other v ∈ V , and for all other ϕ ∈ C, ϕ(vi) = 0. Then, take
Gk = G\{v1, . . . , vk}. As above, there must be a vertex vk+1 with only outgoing edges. By
maximality of C, there exists a unique ϕk+1 ∈ C with ϕk+1(vk+1) = 1 and ϕk+1(vi) = 0 for
i < k+1, and we must have ϕk+1(v) = 1 for all v /∈ {v1, . . . , vk}. We have that ϕ(vk+1) = 0
for all ϕ ∈ C\{ϕ1, . . . , ϕk+1}. Hence, we can continue recursively until we have exhausted
all the elements of V .

At the end, we have orderings v1, . . . , v|V | and ϕ1, . . . , ϕ|V | such that ϕj(vi) = 1 if i ≥ j
and 0 otherwise. We can then construct the assignment ϕ|V |+1(v) = 0. This brings the
number of elements of C to |V |+1, the maximum possible by Lemma 4.4.12, finishing the
proof.

Corollary 4.4.16. Let Γ be a set of boolean TVF constraints. If CSP(Γ)1,1 is NP-complete,
then there exists at least one C ∈ Γcomp whose TVF graph has a 00 or 11 edge.

Proof. Suppose otherwise that every edge of the TVF graph of every C ∈ Γcomp is a 01
edge. Then, the TVF completion of C has a tableau form as given in Proposition 4.4.15.
Such constraints satisfy the majority polymorphism. In fact, if i ≥ j ≥ k with ϕi, ϕj, ϕk ∈
C, MAJ(ϕi, ϕj, ϕk) = ϕj ∈ C. Therefore, by Lemma 4.4.9, every constraint in Γ must
also satisfy the majority polymorphism. Hence, CSP(Γ) is in P by Schaefer’s dichotomy
theorem. By contrapositive, we get the desired result.

Lemma 4.4.17. Suppose that G = (V,E00⊔E11⊔E01) is an incompressible complete TVF
graph. If G has no 00 edges, then CTV F (G) has an upper triangular tableau form.

Proof. The proof follows the structure of Proposition 4.4.15; that is, we recursively con-
struct an order on the variables and the constraints of C = CTV F (G) to get the wanted
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form. For the base case, we first show that there is a vertex v1 ∈ V such that every edge of
G incident to v1 is 1 on it. Suppose otherwise that for every vertex of v, there is a 01 edge
that is 0 on v. Start with an arbitrary vertex v and follow one of the 01 edges which is 0 on
v to the next vertex. Then repeat this procedure. Because the graph is finite, eventually
we visit a vertex twice. But this induces a cycle satisfying the conditions of Lemma 4.4.5,
so G is compressible, a contradiction. Looking at the subgraph on the vertex set V \{v1}
we can apply the same reasoning to find a vertex v2. Then, continuing recursively, we find
vertices v1, . . . , v|V | such that the (unique) edge from vi to vj is 1 on vi iff i < j. Thus, for
any assignment ϕ ∈ C, if ϕ(vi) = 1, then the value ϕ(vj) is fixed for all j > i. As such,
for each i, there is exactly one ϕi ∈ C such that ϕi(vk) = 0 for all k < i, and ϕi(vi) = 1.
Finally, the zero assignment ϕ|V |+1(v) = 0 gives the remaining element of C.

Definition 4.4.18. Let r : V → W ∪Σ. Given a map ϕ ∈ ΣW , the augmented compo-
sition of ϕ with r is ϕ ◦ r ∈ ΣV defined as

(ϕ ◦ r)(v) =

{
ϕ(r(v)) r(v) ∈ W

r(v) r(v) ∈ Σ
.

The augmented pushforward of a constraint C ⊆ ΣV by r is r∗C =
{
ϕ ∈ ΣW

∣∣ϕ ◦ r ∈ C
}
.

We say that C simulates a constraint C ′ ⊆ ΣW if there existsW ′ ⊇ W and r : V → W ′∪Σ
such that C ′ = r∗C|W .

Let r : V → W ∪ ¬W ∪ Z2. Given a map ϕ ∈ ZW2 , the augmented composition
(with negation) of ϕ with r is ϕ ◦ r ∈ ZV2 defined as

(ϕ ◦ r)(v) =


ϕ(r(v)) r(v) ∈ W

¬ϕ(w) r(v) = ¬w ∈ ¬W
r(v) r(v) ∈ Z2

.

The augmented pushforward (with negation) of a constraint C ∈ ZV2 by r is r∗C ={
ϕ ∈ ZW2

∣∣ϕ ◦ r ∈ C
}
. We say that C simulates C ′ ⊆ ZW2 with negation if there exists

W ′ ⊇ W and r : V → W ′ ∪ ¬W ′ ∪ Z2 such that C ′ = r∗C|W .

Proposition 4.4.19. Suppose that C ⊆ ZV2 is a TVF constraint that does not satisfy the
majority polymorphism and whose TVF graph does not have a 00 edge. Then, C either
simulates {(1, 0, 0), (0, 1, 0), (0, 0, 1)} or {(1, 0, 1), (0, 1, 1), (0, 0, 0)}.

Proof. By Lemma 4.4.17, the TVF completion of C has an upper triangular tableau form,
induced by orderings V = {v1, . . . , v|V |} and CTV F (GTV F (C)) = {ϕ1, . . . , ϕ|V |+1}. Let

71



I ⊆ [|V | + 1] be the set of indices of elements of CTV F (GTV F (C)) that are in C. By
construction of the upper triangular tableau, for all rows i, j, k ∈ [|V | + 1] there exists
rijk ∈ [|V | + 1] such that MAJ(ϕi, ϕj, ϕk) = ϕrijk . By hypothesis, there exist three rows
i < j < k in I such that rijk /∈ I. First, we know that for all l < j, ϕj(vl) = ϕk(vl) = 0,
so MAJ(ϕi, ϕj, ϕk)(vl) = 0. We know that ϕj(vj) = 1 and ϕk(vj) = 0. We claim that
ϕi(vj) = 0 as well. In fact, if ϕi(vj) = 1, then by construction we know that ϕi(vl) = ϕj(vl)
for all l ≥ j. Hence, the majority MAJ(ϕi, ϕj, ϕk) = ϕj, a contradiction.

Now consider two cases. Suppose first that there is some j < h < k such that ϕi(vh) =
ϕj(vh) = 1. We can also suppose that h is the smallest index satisfying this property.
Then, we know that ϕi(vl) = ϕj(vl) for l ≥ h. As such, rijk = h, so h /∈ I. Now, define a
map r : V → {x, y, z, z′} ∪ Z2 as follows:

r(vl) =



ϕi(vl) if ϕi(vl) = ϕj(vl) = ϕk(vl)

x if ϕi(vl) = 1 and ϕj(vl) = ϕk(vl) = 0

y if ϕj(vl) = 1 and ϕi(vl) = ϕk(vl) = 0

z′ if ϕk(vl) = 1 and ϕi(vl) = ϕj(vl) = 0

z if ϕi(vl) = ϕj(vl) = 1 and ϕk(vl) = 0

.

Note that no other cases are possible as ϕi(vl) = ϕj(vl) for all l ≥ h, while ϕk(vl) = 0 for

all l < h. Let ϕ ∈ Z{x,y,z,z
′}

2 be such that ψ = ϕ ◦ r ∈ C. Since ψ(vl) = 0 for all l < i,
ψ = ϕt for some t ≥ i. First, we claim that if ϕ(x) = 1, then ϕ(y) = 0 and ϕ(z) = 1. Since
if ϕ(x) = 1, then ψ(vi) = 1, so ψ = ϕi. As such, ψ(vj) = 0 and ψ(vh) = 1 as wanted.
Next, suppose that ϕ(x) = 0. Then, if ϕ(y) = 1, we have that ψ(vj) = 1 and ψ(vl) = 0
for all l < j. As such, ψ = ϕj and ψ(vh) = 1, giving that ϕ(z) = 1. On the other hand, if
ϕ(x) = ϕ(y) = 0 and ϕ(z) = 1 we would have that ψ(vh) = 1 and ψ(vl) = 0 for all l < h.
This does not correspond to any ϕt for t ∈ I and therefore we must have ϕ(z) = 0. Hence,
restricting to the variables {x, y, z}, we find that C simulates {(1, 0, 1), (0, 1, 1), (0, 0, 0)}.

Now, suppose that ϕi(vl) and ϕj(vl) are not both 1 for all j < l < k. Note that we
must have ϕi(vk) = ϕj(vk) = 0, as otherwise MAJ(ϕi, ϕj, ϕk) = ϕk. Let h be the minimal l
such that two of ϕi(vl), ϕj(vl), ϕk(vl) are equal to 1. Then, rijk = h and h /∈ I. Now, define
r : V → {x, y, z, z′} ∪ Z2 as follows:

r(vl) =



ϕi(vl) if ϕi(vl) = ϕj(vl) = ϕk(vl)

x if ϕi(vl) = 1 and ϕj(vl) = ϕk(vl) = 0

y if ϕj(vl) = 1 and ϕi(vl) = ϕk(vl) = 0

z if ϕk(vl) = 1 and ϕi(vl) = ϕj(vl) = 0

z′ if only two of ϕi(vl), ϕj(vl) and ϕk(vl) are equal to 1

.
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Let ϕ ∈ Z{x,y,z,z
′}

2 be such that ψ = ϕ◦r ∈ C. We claim that at most one of ϕ(x), ϕ(y), ϕ(z)
can be 1. If ϕ(x) = 1, then ψ = ϕi, so ϕ(y) = ϕ(z) = 0. Next, if ϕ(y) = 1 we must have
ϕ(x) = 0 to not contradict the above, and therefore ϕ = ϕj so ϕ(z) = 0. Finally, if
ϕ(z) = 1, we have by the above that ϕ(x) = ϕ(y) = 0. To complete the argument con-
sider two cases. Suppose that there is no ϕ ∈ r∗C such that ϕ(x) = ϕ(y) = ϕ(z) = 0.
Then, via r, C simulates r∗C|{x,y,z} = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. For the second case,
suppose that there is such an element ϕ ∈ r∗C. For this element, note that if ϕ(z′) = 1,
ψ = ϕh. As h /∈ I, this implies that we must have ϕ(z′) = 0. Therefore, we have
that r∗C is one of the following constraints: {(1, 0, 0, 0), (0, 1, 0, 1), (0, 0, 1, 1), (0, 0, 0, 0)},
{(1, 0, 0, 1), (0, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 0)}, {(1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 0), (0, 0, 0, 0)}. Take
s : {x, y, z, z′} ∪ Z2 → {x, y, z} ∪ Z2, where s(a) = a for a ∈ Z2 and s(z′) = z. In the first
case, s(x) = 0, s(y) = x, s(z) = y; in the second case s(x) = x, s(y) = 0, s(z) = y; and
in the third case, s(x) = x, s(y) = y, s(z) = 0. In all three cases, via s ◦ r, C simulates
{(1, 0, 1), (0, 1, 1), (0, 0, 0)}.

Definition 4.4.20. Let ϕ ∈ ZV2 and U ⊆ V . The negation of ϕ at U is the map ϕ¬U ∈ ZV2
defined as

ϕ¬U(v) =

{
¬ϕ(v) v ∈ U

ϕ(v) otherwise.

The negation of a constraint C ⊆ ZV2 at U is the constraint C¬U = {ϕ¬U |ϕ ∈ C} .

Lemma 4.4.21. Let G = (V,E00 ⊔ E11 ⊔ E01) be an incompressible complete TVF graph.
There exists U ⊆ V such that CTV F (G)¬U has an upper triangular tableau form.

Proof. The proof again follows the structure of Proposition 4.4.15; that is, we recursively
construct an order on the variables and the constraints of C = CTV F (G) to get the wanted
form. Here, we also construct the subset U ⊆ V at the same time. For the base case, we
first show that there is a vertex v1 ∈ V such that all edges of G incident to v1 are 0 on v
or 1 on v. Suppose otherwise that for every vertex v of G, there is an edge that is 0 on
v and an edge that is 1 on v. Start with an arbitrary vertex u1 and follow any edge to
the next vertex u2. This edge is b on u2 for some b ∈ Z2, so we can pick an edge that is
¬b on u2, connecting to the next vertex u3. Then we repeat this procedure. Because the
graph is finite, eventually we visit a vertex twice. But this induces a cycle satisfying the
conditions of Lemma 4.4.5, so G is compressible, a contradiction. If every edge incident
to v1 is 0 on v1, we pass to the negated constraint C¬{v1}, so that now the edges are 1 on
v1. Looking at the subgraph on the vertex set V \{v1} we can apply the same reasoning
to find a vertex v2. Then, continuing recursively, we find vertices v1, . . . , v|V | such that the
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edge from vi to vj in the TVF graph of C¬U is 1 on vi if i < j. Thus, for any assignment
ϕ ∈ C¬U , if ϕ(vi) = 1, then ϕ(vj) can only take one value for all j > i. As such, for each
i, there is exactly one ϕi ∈ C¬U such that ϕi(vk) = 0 for all k < i and ϕi(vi) = 1. Finally,
the zero assignment ϕ|V |+1(v) = 0 gives the remaining element of C¬U .

Proposition 4.4.22. Suppose that C ⊆ ZV2 is a TVF constraint that does not satisfy the
majority polymorphism. Then, C simulates {(1, 0, 0), (0, 1, 0), (0, 0, 1)} with negation.

Proof. Let U ⊆ V be such that the TVF completion of C¬U has an upper triangular tableau
form induced by orderings V = {v1, . . . , v|V |} and CTV F (GTV F (C))¬U = {ϕ1, . . . , ϕ|V |+1},
guaranteed by Lemma 4.4.21. Let I ⊆ [|V | + 1] be the set of indices of elements of
CTV F (GTV F (C))¬U that are in C¬U . By construction, we know that for all i, j, k ∈ [|V |+1],
there exists rijk such that MAJ(ϕi, ϕj, ϕk) = ϕrijk . Since C does not satisfy the majority
polymorphism, neither does C¬U , and hence there exist i < j < k in I such that rijk /∈ I.
Define r : V → {x, y, z,¬x,¬y,¬z} ∪ Z2 as follows:

r(vl) =



ϕi(vl) if ϕi(vl) = ϕj(vl) = ϕk(vl) and vl /∈ U

¬ϕi(vl) if ϕi(vl) = ϕj(vl) = ϕk(vl) and vl ∈ U

x if (ϕi(vl) = 1, ϕj(vl) = ϕk(vl) = 0, vl /∈ U)

or (ϕi(vl) = 0, ϕj(vl) = ϕk(vl) = 1, vl ∈ U)

¬x if (ϕi(vl) = 0, ϕj(vl) = ϕk(vl) = 1, vl /∈ U)

or (ϕi(vl) = 1, ϕj(vl) = ϕk(vl) = 0, vl ∈ U)

y if (ϕj(vl) = 1, ϕk(vl) = ϕi(vl) = 0, vl /∈ U)

or (ϕj(vl) = 0, ϕk(vl) = ϕi(vl) = 1, vl ∈ U)

¬y if (ϕj(vl) = 0, ϕk(vl) = ϕi(vl) = 1, vl /∈ U)

or (ϕj(vl) = 1, ϕk(vl) = ϕi(vl) = 0, vl ∈ U)

z if (ϕk(vl) = 1, ϕi(vl) = ϕj(vl) = 0, vl /∈ U)

or (ϕk(vl) = 0, ϕi(vl) = ϕj(vl) = 1, vl ∈ U)

¬z if (ϕk(vl) = 0, ϕi(vl) = ϕj(vl) = 1, vl /∈ U)

or (ϕk(vl) = 1, ϕi(vl) = ϕj(vl) = 0, vl ∈ U)

.

First, let ϕ = (0, 0, 0) ∈ Z{x,y,z}2 . We claim that ϕ /∈ r∗C. Let ψ = ϕ ◦ r. Then, for
vl /∈ U , ψ(vl) = 1 if two of ϕi(vl), ϕj(vl), ϕk(vl) are 1; and for vl ∈ U , ψ(vl) = 1 if two of
ϕi(vl), ϕj(vl), ϕk(vl) are 0. Hence, ψ¬U = ϕrijk , and thus ψ /∈ C. So (0, 0, 0) /∈ r∗C. Now
suppose that ϕ ∈ r∗C with ϕ(x) = 1. We claim that ϕ(y) = ϕ(z) = 0. Since ϕ(x) = 1,
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ϕ ◦ r = ϕi. Since rijk ̸= j, we know that ϕi(vj) = 0 so ϕ(y) = 0. If there exists j < h < k
such that ϕi(vh) = ϕj(vh) = 1, then ¬ϕ(z) = 1 so ϕ(z) = 0. Otherwise, we know that
rijk ̸= k, so ϕi(vk) = ϕj(vk) = 0, giving ϕ(z) = 0 as well. Next, suppose ϕ(y) = 1. By
the above, we must have ϕ(x) = 0. Then, we have that ϕ ◦ r = ϕj, so by the same two-
case argument as above ϕ(z) = 0. Finally, note that it is possible to have ϕ(z) = 1 and
ϕ(x) = ϕ(y) = 0, as ϕ◦ r = ϕk in that case. By the above, this is the only possible ϕ ∈ r∗C
with ϕ(z) = 1. As such, we have that r∗C = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, as wanted.

4.4.3 The general commutativity gadget

In this section, we show that the simplification and simulation arguments of the previous
section are quantum-sound, and use this to construct a general commutativity gadget
modelled on that of Lemma 4.4.1.

First, we want to show the constraints in the maximal compression can be expressed in
terms of the original set of constraints, in a quantum-sound way. Then, we can work only
with the maximal compression to construct gadgets.

Lemma 4.4.23. Let Γ be a set of constraints and let Γmax be its maximal compression. For
each CS S = (X, {(Vi, ri∗Ci)mi=1) ∈ CSP(Γmax) and probability distribution π on [m], there
exists a CS S ′ = (X ′, {(V ′i , r′i∗C ′i)mi=1) ∈ CSP(Γ) such that there exists a L-homomorphism
α : Ac−v(S, π) → Ac−v(S

′, π), where L = max(V,C)∈Γ |V |.

Proof. By definition of Γmax, for each Ci, there exists a C
′
i ∈ Γ such that C ′i|VCi

= Ci. Then,

letX ′ = X∪
{
xi,v
∣∣v ∈ VC′

i
\VCi

}
, let V ′i = Vi∪

{
xi,v
∣∣v ∈ VC′

i
\VCi

}
, and let r′i|VCi

= ri and for
v ∈ VC′

i
\VCi

, r′i(v) = xi,v. Now, define α onA(Vi, ri∗Ci) via α(ΦVi,ϕ) =
∑

ψ∈r′i∗C
′
i,ψ|Vi=ϕ

ΦV ′
i ,ψ
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and as identity on CZ∗X2 . Then,

α
( m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 )
=

m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

ψ∈ri∗C′
i, ψ|Vi=ϕ

∣∣ΦV ′
i ,ψ

(1− Πϕ(x)(σ
′(x)))

∣∣2

=
m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈r′i∗C
′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2
≤ L

m∑
i=1

π(i)

|V ′i |
∑

x∈V ′
i ,ϕ∈r′i∗C

′
i

∣∣ΦV ′
i ,ϕ

(1− Πϕ(x)(σ
′(x)))

∣∣2 .

Next, we show that if a constraint can be simulated, it can also be done in a quantum-
sound way, assuming that there are constraints that set variables to constants. Similarly,
we also show that using a negation constraint, any negation of a constraint can be simulated
in a quantum-sound way.

Lemma 4.4.24. Suppose that C ⊆ ZV2 simulates C ′ ⊆ ZW2 via r : V → W ′∪Z2. Consider
the BCS S = (W ′ ∪ {x0, x1}, {(Vi, Ci)}3i=1), where V1 = W ′ ∪ {x0, x1}, C1 = s∗C with
s(v) = r(v) for r(v) ∈ W ′ and s(v) = xr(v) for r(v) ̸∈ W ′, V2 = {x0}, C2 = {0}, V3 = {x1},
and C3 = {1}. There exists a 24(|W ′|+2)-homomorphism α : Ac−v((W, {(W,C ′)}),u1) →
Ac−v(S,u3).

Proof. Let α be the natural embedding Ac−v((W, {(W,C ′)})) ↪→ Ac−v(S). First, note that
as C ′ = r∗C|W , ΦW,ϕ =

∑
ψ∈r∗C,ψ|W=ϕΦW ′,ψ. Therefore,∑

x∈W,ϕ∈C′

∣∣ΦW,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 ≤ ∑
x∈W,ϕ∈r∗C

∣∣ΦW ′,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Next, note that any ϕ ∈ r∗C admits an extension to ϕ′ ∈ s∗C by setting ϕ′(x0) = 0,
ϕ′(x1) = 1, and ϕ′|W ′ = ϕ. Then, ΦV1,ϕ′ = ΦW ′,ϕΠ0(σ1(x0))Π1(σ1(x1)). Noticing that
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Π0(σ2(x0)) = 1, we get

|Π0(σ1(x0))− 1|2 ≤ 2 |Π0(σ1(x0))− Π0(σ
′(x0))|2 + 2 |Π0(σ

′(x0))− 1|2

≲ 2
∑
b

|Πb(σ1(x0))(1− Πb(σ
′(x0)))|2 + 2 |Π0(σ2(x0))(1− Π0(σ

′(x0)))|2

= 2
∑
ϕ∈C1

∣∣ΦV1,ϕ(1− Πϕ(x0)(σ
′(x0)))

∣∣2 + 2
∑

x∈V2,ϕ∈C2

∣∣ΦV2,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
In the same way,

|Π1(σ1(x1))− 1|2 ≲ 2
∑
ϕ∈C1

∣∣ΦV1,ϕ(1− Πϕ(x1)(σ
′(x1)))

∣∣2+2
∑

x∈V3,ϕ∈C3

∣∣ΦV3,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Putting these together,

|Π0(σ1(x0))Π1(σ1(x1))− 1|2 ≤ 2 |Π0(σ1(x0))Π1(σ1(x1))− Π0(σ1(x0))|2 + 2 |Π0(σ1(x0))− 1|2

≤ 2 |Π1(σ1(x1))− 1|2 + 2 |Π0(σ1(x0))− 1|2

≲ 4
3∑
i=1

∑
ϕ∈Ci

x=x0,x1

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
As such, we get the result∑

x∈W,ϕ∈C′

∣∣ΦW,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 ≤ ∑
x∈W,ϕ∈r∗C

∣∣ΦW ′,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2
≤

∑
x∈W,ϕ∈r∗C

∣∣(ΦV1,ϕ′ − ΦW ′,ϕ(Π0(σ1(x0))Π1(σ1(x1))− 1))(1− Πϕ(x)(σ
′(x)))

∣∣2
≲ 2

∑
x∈W,ϕ∈r∗C

∣∣ΦV1,ϕ′(1− Πϕ′(x)(σ
′(x)))

∣∣2 + 2|W | |Π0(σ1(x0))Π1(σ1(x1))− 1|2

≲ 2
∑

x∈W ′,ϕ∈C1

∣∣ΦV1,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 + 8|W |
3∑
i=1

∑
ϕ∈Ci

x=x0,x1,

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2

≤ 8|W |
3∑
i=1

∑
x∈Vi,ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2
≤ 8|W ||V1|

3∑
i=1

1

|Vi|
∑

x∈Vi,ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
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Lemma 4.4.25. Let C ⊆ ZV2 be a constraint and U ⊆ V , and suppose V is ordered as
V = {v1, . . . , v|V |}. Let I = {i|vi ∈ U} Consider the constraint system

S = ({v1, w1, . . . , v|V |, w|V |}, {(Vi, Ci)}|V |i=0)

where V0 = V , C0 = C, and Vi = {vi, wi} and Ci = C ̸= for i > 0. There exists a
4(|V |+ 1)-homomorphism α : Ac−v((V, {(V,C¬U)}),u1) → Ac−v(S,u|V |+1).

Proof. Define α on A(V,C) as α(vi) = σ0(vi) if i /∈ I and α(vi) = −σ0(vi) if i ∈ I; let
α(σ′(vi)) = σ′(vi) if i /∈ I and α(σ′(vi)) = σ′(wi) if i ∈ I. First, we get that

α
( ∑
x∈V,ϕ∈C¬U

∣∣ΦV,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 )
=

∑
i∈I,ϕ∈C¬U

∣∣ΦV0,ϕ¬U
(1− Πϕ(vi)(σ

′(wi)))
∣∣2 + ∑

i/∈I,ϕ∈C¬U

∣∣ΦV0,ϕ¬U
(1− Πϕ(vi)(σ

′(vi)))
∣∣2

=
∑

i∈I,ϕ∈C

∣∣ΦV0,ϕ(1 + Πϕ(vi)(σ
′(wi)))

∣∣2 + ∑
i/∈I,ϕ∈C

∣∣ΦV0,ϕ(1− Πϕ(vi)(σ
′(vi)))

∣∣2
Next, in Ac−v(S), we have that for i > 0, σi(vi) = −σi(wi), so

|σ′(vi) + σ′(wi)|2 ≤ 4 |σi(vi)− σ′(vi)|2 + 4 |σi(wi)− σ′(wi)|2

≤ 16
∑

x∈Vi,ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .
Putting these together,∑

i∈I,ϕ∈C

∣∣ΦV0,ϕ(1 + Πϕ(vi)(σ
′(wi)))

∣∣2
≤ 2

∑
i∈I,ϕ∈C

(∣∣ΦV0,ϕ(1− Πϕ(vi)(σ
′(vi)))

∣∣2 + 1

4
|ΦV0,ϕ(σ

′(vi) + σ′(wi))|2
)

≤ 2
∑

i∈I,ϕ∈C

∣∣ΦV0,ϕ(1− Πϕ(vi)(σ
′(vi)))

∣∣2 + 4
∑
i∈I

∑
x∈Vi,ϕ∈Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 .

Now, in order to construct the constant and negation constraints, we appeal to the
structure of TVF graphs of incompressible constraints.
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Lemma 4.4.26. Let C ⊆ ZV2 be an incompressible TVF constraint whose TVF graph has a
11 edge between vertices u, v ∈ V . Let r : V → V \{v} be defined r(v) = u and r(w) = w for
all w ̸= v. Then, there is a (|V | − 1)-homomorphism α : Ac−v(({x}, {({x}, {0})}),u1) →
Ac−v({V \{v}, {(V \{v}, r∗C)}),u1).

Proof. Noting that σ1(x) = 1, define α by α(σ′(x)) = σ′(u). Then, we have that

α
(
|1− Π0(σ

′(x))|2
)
= |1− Π0(σ

′(u))|2 .

On the other hand, noting that ϕ ∈ r∗C implies that ϕ(u) ̸= 1,∑
w∈V \{v},ϕ∈r∗C

∣∣ΦV \{v},ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2 ≥ ∑
ϕ∈r∗C

∣∣ΦV \{v},ϕ(1− Πϕ(u)(σ
′(u)))

∣∣2
= |1− Π0(σ

′(u))|2 ,

giving the wanted result.

Lemma 4.4.27. Let C ⊆ ZV2 and r be as in the previous lemma, and let C ′ ⊆ ZW2 be an in-
compressible nonempty constraint that does not contain the all-0 assignment. In particular,
there exists W0 ⊂ W and ϕ0 ∈ C ′ such that ϕ0(w) = 0 if w ∈ W0 and ϕ0(w) = 1 other-
wise. Consider the constraint system S = (V \{v} ∪ {u′}, {(V \{v}, r∗C), ({u, u′}, s∗C ′)})
where s(w) = u if w ∈ W0 and s(w) = u′ otherwise. Then, there exists a 8(|V | − 1)-
homomorphism α : Ac−v(({y}, {({y}, {1})}),u1) → Ac−v(S,u2).

Proof. As in the previous lemma, σ1(y) = −1, so we define α by α(σ′(y)) = σ′(u′), giving

that α
(
|1− Π1(σ

′(y))|2
)
= |1− Π1(σ

′(u′))|2. As before, we have∑
w∈V \{v}
ϕ∈r∗C

∣∣ΦV \{v},ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2 ≥ |1− Π0(σ
′(u))|2 .

Next, note that Φ{u,u′},(0,0) = 0 by hypothesis so Π1(σ2(u
′)) ≥ Π0(σ2(u)). Then,

|1− Π1(σ
′(u′))|2 ≤ 2 |1− Π1(σ2(u

′))|2 + 2 |Π1(σ2(u
′))− Π1(σ

′(u′))|2

≤ 2 |1− Π0(σ2(u))|2 +
1

2
|σ2(u′)− σ′(u′)|2

≤ 4 |1− Π0(σ
′(u))|2 + |σ2(u)− σ′(u)|2 + |σ2(u′)− σ′(u′)|2

≤ 4
∑

w∈V \{v},ϕ∈r∗C

∣∣ΦV \{v},ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2
+ 4

∑
w∈{u,u′},ϕ∈s∗C′

∣∣Φ{u,u′},ϕ(1− Πϕ(2)(σ
′(w)))

∣∣2 .
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Lemma 4.4.28. Let C ⊆ ZV2 and C ′ ⊆ ZV ′
2 be incompressible TVF constraints whose TVF

graphs have a 00 edge between u, v ∈ C and a 11 edge between u′, v′ ∈ C ′, respectively. Con-
sider the constraint systems S = ({x, y}, {({x, y}, C̸=)}) and S ′ = (X, {(V1, C), (V2, r∗C ′)}),
where X = V ∪V ′\{u′, v′}, V1 = V , V2 = V ′\{u′, v′}∪{u, v}, and r : V ′ → V2 is a bijection
such that r2(u

′) = u and r2(v
′) = v. Then, there exists a 4max{|V |, |V ′|}-homomorphism

α : Ac−v(S,u1) → Ac−v(S
′,u2).

Proof. Define α as α(σ′(x)) = α(σ1(x)) = −α(σ1(y)) = σ′(u) and α(σ′(y)) = σ′(v). Then,
α(Φ{x,y},(0,1)) = Π0(σ

′(u)) and α(Φ{x,y},(1,0)) = Π1(σ
′(u)), so

α
( ∑
z∈{x,y},ϕ∈C ̸=

∣∣Φ{x,y},ϕ(1− Πϕ(z)(σ
′(z)))

∣∣2 ) = |Π0(σ
′(u))Π0(σ

′(v))|2 + |Π1(σ
′(u))Π1(σ

′(v))|2 .

We have that Π0(σ1(u))Π0(σ1(v)) = Π1(σ2(u))Π1(σ2(v)) = 0, so

|Π0(σ
′(u))Π0(σ

′(v))|2 = |Π0(σ1(u))Π0(σ1(v))− Π0(σ
′(u))Π0(σ

′(v))|2

≤ 2 |Π0(σ1(u))− Π0(σ
′(u)))|2 + 2 |Π0(σ1(v))− Π0(σ

′(v))|2

≤ 2
∑

w∈{u,v},ϕ∈C

∣∣ΦV1,ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2
≤ 2

∑
w∈V1,ϕ∈C

∣∣ΦV1,ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2 .
By a similar argument, |Π1(σ

′(u))Π1(σ
′(v))|2 ≤ 2

∑
w∈V2,ϕ∈C

∣∣ΦV2,ϕ(1− Πϕ(w)(σ
′(w)))

∣∣2,
giving the wanted result.

Now, we show that at least one of the constraints necessary to construct a version of
the basic commutativity gadget can be simulated.

Theorem 4.4.29. Let Γ be a set of boolean TVF constraints such that CSP(Γ)1,1 is NP-
complete. Then, there exists a CS S = (X, {(Vi, ri∗Ci)}mi=1) ∈ CSP(Γ) and a poly(L)-
homomorphism

α : Ac−v(S0,u1) → Ac−v(S,um),

where L = max(V,C)∈Γ |V | and S0 = ({x, y, z}, {({x, y, z}, r∗C)}) for C being one of
{(1, 0, 0), (0, 1, 0), (0, 0, 1)}, {(1, 0, 1), (0, 1, 1), (0, 0, 0)}, {(1, 1, 1), (0, 0, 1), (0, 1, 0)},
{(0, 1, 1), (1, 0, 1), (1, 1, 0)}, and r : [3] → {x, y, z} a bijection.
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Proof. Since CSP(Γ)1,1 is NP-complete, we know that CSP(Γmax)1,1 is NP-complete by
Lemma 4.4.9. In particular, by Schaefer’s dichotomy theorem, we know that there exist
C1, C2 ∈ CSP(Γmax) such that C1 does not satisfy the majority polymorphism, and C2

does not satisfy the constant 0 polymorphism (0 /∈ C2 and C2 ̸= ∅). Further, by Corol-
lary 4.4.16, there exists an incompressible C3 ∈ Γmax such that the TVF graph of C3 has
a 00 or a 11 edge. Suppose we are in the second case. Suppose also that no constraint
in Γmax has a TVF graph with a 00 edge. Then, we know by Proposition 4.4.19 that
C1 simulates either {(1, 0, 0), (0, 1, 0), (0, 0, 1)} or {(1, 0, 1), (0, 1, 1), (0, 0, 0)}. Let this be
C. First, using Lemma 4.4.24, there is a constraint system S1 ∈ CSP(C1, {0}, {1}) and
a poly(L)-homomorphism α1 : Ac−v(S0) → Ac−v(S1), where uniform probability distribu-
tions on the constraints are implied. Now, using Lemma 4.4.26 and Lemma 4.4.27, we
can express the constraints {0} and {1}, respectively, with constraint systems in terms
of C2 and C3. This induces a poly(L)-homomorphism α2 : Ac−v(S1) → Ac−v(S2) where
S2 ∈ CSP(C1, C2, C3) ⊆ CSP(Γmax). To finish, note that using Lemma 4.4.23, we can con-
struct a CS S ∈ CSP(Γ) and a poly(L)-homomorphism α3 : Ac−v(S2) → Ac−v(S). Taking
α = α3 ◦ α2 ◦ α1 finishes the proof in this case.

In the case that there are no 11 edges in the constraints of Γmax, we can do an identical
argument with the labels 0 and 1 reversed. Then, we have that C may be taken to be
{(1, 1, 1), (0, 0, 1), (0, 1, 0)} or {(0, 1, 1), (1, 0, 1), (1, 1, 0)}, the negation of the possible Cs
from the previous case.

Now, suppose that there are incompressible constraints C3, C4 ∈ Γmax such that the
TVF graph of C3 has a 11 edge and the TVF graph of C4 has a 00 edge. Take C =
{(1, 0, 0), (0, 1, 0), (0, 0, 1)}. Then, by Proposition 4.4.22, C1 simulates C with negation.
In particular, there exists U ⊆ VC1 such that (C1)¬U simulates C. As before, using
Lemma 4.4.24, Lemma 4.4.26, and Lemma 4.4.27, there is a constraint system S1 ∈
CSP((C1)¬U , C2, C3) and a poly(L)-homomorphism α1 : Ac−v(S0) → Ac−v(S1). Now, using
Lemma 4.4.25, there exists a CS S2 ∈ CSP(C1, C̸=, C2, C3) and a poly(L)-homomorphism
α2 : Ac−v(S1) → Ac−v(S2). Next, by applying Lemma 4.4.28, we see there exists a CS
S3 ∈ CSP(C1, C2, C3, C4) ⊆ CSP(Γmax) and a poly(L)-homomorphism α3 : Ac−v(S2) →
Ac−v(S3). Finally, as before, we use Lemma 4.4.23, to construct a CS S ∈ CSP(Γ) and a
poly(L)-homomorphism α4 : Ac−v(S3) → Ac−v(S), and take α = α4 ◦α3 ◦α2 ◦α1, finishing
the proof.

To finish this section, we construct the commutativity gadget.

Corollary 4.4.30. Let Γ be a set of Boolean TVF constraints such that CSP(Γ)1,1 is NP-
complete. Then, there exists a BCS S = (X, {(Vi, ri∗Ci)}mi=1) ∈ CSP(Γ) and variables
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x, y ∈ X such that S is satisfiable for any assignments to x, y in Z2 and

|[σ′(x), σ′(y)]|2 ≤ poly(L)
1

m

m∑
i=1

1

|Vi|
∑

ϕ∈Ci,z∈Vi

∣∣ΦVi,ϕ(1− Πϕ(z)(σ
′(z)))

∣∣2
in Ac−v(S), where L = max(V,C)∈Γ |V |.

Proof. We begin with the the BCS from Lemma 4.4.1, B = {X, {(Vi, ri∗C)}3i=1}, where C is
one of {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, {(1, 0, 1), (0, 1, 1), (0, 0, 0)}, {(1, 1, 1), (0, 0, 1), (0, 1, 0)},
{(0, 1, 1), (1, 0, 1), (1, 1, 0)}. Now, we can apply the poly(L)-homomorphism α from Theo-
rem 4.4.29 to each of the constraints in B to get S ∈ CSP(Γ). Letting x0, y0 ∈ X be the
approximately-commuting variables in B, we take σ′(x) = α(σ′(x0)) and σ

′(y) = α(σ′(y0))
to get the wanted result.

Theorem 4.4.31 (Part 2 of Theorem 4.2.4). Let Γ be a set of boolean TVF constraints such
that CSP(Γ)1,1 is NP-complete. Then, there exists s ∈ [0, 1) such that SuccinctCSPc−v(Γ)

∗
1,s

is RE-complete.

Proof. Noting that the set of constraints Γ∪{Z2
2} is non-TVF and NP-complete, we have by

Theorem 4.3.3 that SuccinctCSPc−v(Γ ∪ {Z2
2})∗1,s is RE-complete for some s < 1. To com-

plete the proof, note that we can use Corollary 4.4.30 to replace any instance of an empty
constraint Z2

2 by a gadget composed of the constraints in Γ while preserving completeness
and constant soundness.

4.4.4 Oracularizability of boolean TVF CSPs

Lemma 4.4.32. Suppose S = (X, {(Vi, Ci)}mi=1) is a TVF BCS. The identity map is a
(16L2 + 1)-homomorphism Aa+comm(S, π) → Aa(S, π), where L = maxi |Vi|.

Proof. By the TVF property, for every constraint i and pair of variables x, y ∈ Vi, there
exist a, b ∈ Z2 such that ϕ /∈ Ci if ϕ(x) = a and ϕ(y) = b. Then,

∥[Πa(x),Πb(y)]∥2τ ≤ 4∥Πa(x)Πb(y)∥2τ = 4τ(Πa(x)Πb(y))

= 4
∑

ϕ∈ZVi
2 s.t.

ϕ(x)=a, ϕ(y)=b

∥ΦVi,ϕ∥2τ ≤ 4
∑
ϕ/∈Ci

∥ΦVi,ϕ∥2τ .
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Since Π¬a(x) = 1 − Πa(x), and similarly for y, this upper bound holds for all a, b ∈ Z2.
Then, we get that

∑
r∈Aa(S)

(µa,π(r) + µcomm,π(r))r
∗r =

m∑
i=1

π(i)
(∑
ϕ/∈Ci

∥ΦVi,ϕ∥2τ +
∑
x,y∈Vi
a,b∈Z2

∥[Πa(x),Πb(y)]∥2τ
)

≤
m∑
i=1

π(i)(1 + 16|Vi|2)
∑
ϕ/∈Ci

∥ΦVi,ϕ∥2τ

≤ (1 + 16L2)
m∑
i=1

π(i)
∑
ϕ/∈Ci

∥ΦVi,ϕ∥2τ .

Theorem 4.4.33 (Part 1 of Corollary 4.2.6). Let Γ be a set of boolean TVF constraints such
that CSP(Γ)1,1 is NP-complete. Then, there exists s ∈ [0, 1) such that SuccinctCSPa(Γ)

∗
1,s

is RE-complete.

Proof. Due to Lemmas 3.3.7 and 4.4.32, there is a mapping Ac−v(S, π) → Aa(S, π) for all
S ∈ CSP(Γ) that preserves the constant soundness; and due to Lemmas 3.3.6 and 3.3.8
there is a C-homomorphism in the other direction, preserving completeness. Hence, the
result follows from Theorem 4.4.31.

4.5 Hardness of 2-CSPs

4.5.1 The case of 3-colouring

In this section, we show the RE-completeness of 3-colouring in the assignment and constraint-
variable settings. Our arguments are exactly those of [37], but adapted to the context of
imperfect completeness, where we can phrase them in the language of weighted algebras.

First, we show the oracularizability of 3-colouring, and use this to construct a mapping
from the assignment algebra to the constraint-variable algebra for 3-colouring instances.

Lemma 4.5.1. Let A be a ∗-algebra. Let x, y ∈ A be order-3 unitaries. Then, for any
a, b ∈ Z3,

|[Πa(x),Πb(y)]|2 ≲ 16
∑
c∈Z3

|Πc(x)Πc(y)|2 .
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This can be seen as a robust version of Lemma 2 from [37].

Proof. If a = b, then |[Πa(x),Πb(y)]|2 ≲ 4 |Πa(x)Πa(y)|2, giving the result. Else, without
loss of generality, suppose a = 0 and b = 1, and write xi = Πi(x) and yi = Πi(y). We have
that

[x0, y1] = x0y1 − y1x0 = (y0 + y1 + y2)x0y1 − y1x0(y0 + y1 + y2)

= y0x0y1 − y1x0y0 + y2x0y1 − y1x0y2

= y0x0y1 − y1x0y0 + y2(1− x1 − x2)y1 − y1(1− x1 − x2)y2

= y0x0y1 − y1x0y0 − y2x1y1 + y1x1y2 − y2x2y1 + y1x2y2.

Thus, by triangle inequality,

|[x0, y1]|2 ≤ 8
(
|y0x0y1|2 + |y1x0y0|2 + |y2x1y1|2 + |y1x1y2|2 + |y2x2y1|2 + |y1x2y2|2

)
≲ 16

(
|x0y0|2 + |x1y1|2 + |x2y2|2

)
.

Lemma 4.5.2. Suppose S = (X, {(Vi, ri∗ ̸=Z3)}mi=1) is a 3-colouring instance. Then, the
identity map on Aa(S) is a 145-homomorphism Aa+comm(S, π) → Aa(S, π).

Proof. Using lemma 4.5.1, we get that∑
r∈Aa(S)

µcomm,π(r) |r|2 =
∑
x,y∈X
a,b∈Z3

∑
i.

x,y∈Vi

π(i) |[Πa(x),Πb(y)]|2 =
∑
Vi

x,y∈Vi

π(i)
∑
a,b∈Z3

|[Πa(xi),Πb(yi)]|2

≲ 144
∑
i

π(i)
∑
c∈Z3

|Πc(xi)Πc(yi)|2

= 144
∑

r∈Aa(S)

µa,π |r|2 .

Therefore, we see that
∑

r∈Aa(S)
(µa,π(r) + µcomm,π(r)) |r|2 ≤ 145

∑
r∈Aa(S)

µa,π |r|2

Now, we show the soundness of the prism graph construction of [37] in the assignment
algebra, which we will use as a commutativity gadget.

Lemma 4.5.3. Let A be a ∗-algebra with tracial state τ , and let x, y, z ∈ A be order-3
unitaries. Then,∑
a∈Z3

∥Πa(x) + Πa(y) + Πa(z)− 1∥2τ = 2
∑
a∈Z3

∥Πa(x)Πa(y)∥2τ + ∥Πa(y)Πa(z)∥2τ + ∥Πa(z)Πa(x)∥2τ .
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x

zy

Figure 4.4: The triangular constraint system in Lemma 4.5.3. Each vertex corresponds to
a variable and each edge corresponds to a 3-colouring constraint.

This is a robust version of Lemma 3 from [37]. The right-hand side corresponds to the
defect of a constraint system where the three variables x, y, z are connected by 3-coloring
constraints in a triangular arrangement. See Figure 4.4 for a graphical representation.

Proof. As in the proof of Lemma 4.5.1, write xi = Πi(x), yi = Πi(y), and zi = Πi(z).
Then, for i = 0, 1, 2, we can expand∑

i

∥xi + yi + zi − 1∥2τ =
∑
i

τ
(
(xi + yi + zi − 1)2

)
=
∑
i

τ(xi + xiyi + xizi + yixi + yi + yizi + zixi

+ ziyi + zi − 2(xi + yi + zi) + 1)

=
∑
i

(2τ(xiyi + yizi + zixi) + τ(1− (xi + yi + zi)))

= 2
∑
i

(τ(xiyi) + τ(yizi) + τ(zixi)) + 3−
∑
i

xi −
∑
i

yi −
∑
i

zi

= 2
∑
i

∥xiyi∥2τ + ∥yizi∥2τ + ∥zixi∥2τ .

Lemma 4.5.4. Let A be a ∗-algebra with tracial state τ , and let x, y, z, x′, y′, z′ ∈ A be
order-3 unitaries. Writing as previously xi = Πi(x) and similarly for the other variables,
we have∑

i,j

∥[xi, y′j]∥2τ ≤ 6240
∑
i

(
∥xiyi∥2τ + ∥yizi∥2τ + ∥zixi∥2τ + ∥x′iy′i∥2τ + ∥y′iz′i∥2τ + ∥x′iy′i∥2τ

+ ∥xix′i∥2τ + ∥yiy′i∥2τ + ∥ziz′i∥2τ
)
.
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This is a version of Lemma 4 from [37] with imperfect completeness. As in the previous
lemma, the right-hand side corresponds to the defect of a 3-colouring constraint system.
Here, the variables are arranged as the vertices of a triangular prism, as illustrated in
Figure 4.5.

Proof. Consider first the case i = j = 0. Using [37, Lemma 4], we see that

z0z
′
0x0 = z0(1− x′0 − y′0)x0 + z0(x

′
0 + y′0 + z′0 − 1)x0

= z0(1− y′0)x0 − z0x
′
0x0 + z0(x

′
0 + y′0 + z′0 − 1)x0

= (1− x0 − y0)(x0 − y′0x0)− z0x
′
0x0 + z0(x

′
0 + y′0 + z′0 − 1)x0

+ (x0 + y0 + z0 − 1)(1− y′0)x0

= −y0x0 − y′0x0 + x0y
′
0x0 + y0y

′
0x0 − z0x

′
0x0 + z0(x

′
0 + y′0 + z′0 − 1)x0

+ (x0 + y0 + z0 − 1)(1− y′0)x0,

and taking the adjoint

x0z
′
0z0 = −x0y0−x0y′0+x0y′0x0+x0y′0y0−x0x′0z0+x0(x′0+y′0+z′0−1)z0+x0(1−y′0)(x0+y0+z0−1).

Hence, the commutator

[x0, y
′
0] = x0y

′
0 − y′0x0

= −x0y0 − x0z
′
0z0 + x0y

′
0y0 − x0x

′
0z0 + x0(x

′
0 + y′0 + z′0 − 1)z0

+ x0(1− y′0)(x0 + y0 + z0 − 1) + y0x0 + z0z
′
0x0 − y0y

′
0x0 + z0x

′
0x0

− z0(x
′
0 + y′0 + z′0 − 1)x0 − (x0 + y0 + z0 − 1)(1− y′0)x0,

so the norm is bounded

∥[x0, y′0]∥2τ ≤ 32(∥x0y0∥2τ + ∥z0z′0∥2τ + ∥y0y′0∥2τ + ∥x0x′0∥2τ
+ ∥x′0 + y′0 + z′0 − 1∥2τ + ∥x0 + y0 + z0 − 1∥2τ ).

Now, by symmetry and using Lemma 4.5.3,∑
i

∥[xi, y′i]∥2τ ≤ 32
∑
i

(∥xiyi∥2τ + ∥ziz′i∥2τ + ∥yiy′i∥2τ + ∥xix′i∥2τ + ∥x′i + y′i + z′i − 1∥2τ

+ ∥xi + yi + zi − 1∥2τ )

= 32
∑
i

(
∥ziz′i∥2τ + ∥yiy′i∥2τ + ∥xix′i∥2τ + 2∥x′iy′i∥2τ + 2∥y′iz′i∥2τ + 2∥z′ix′i∥2τ

+ 3∥xiyi∥2τ + 2∥yizi∥2τ + 2∥zixi∥2τ
)
.
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Now, consider the case i = 0, j = 1. Again using [37, Lemma 4],

y′2x
′
2x0 = y′2(1− x′0 − x′1)x0 = (1− y′0 − y′1)(x0 − x′1x0)− y′2x

′
0x0

= x0 − y′0x0 − y′1x0 − x′1x0 + y′0x
′
1x0 + y′1x

′
1x0 − y′2x

′
0x0,

and taking the adjoint x0x
′
2y
′
2 = x0−x0y′0−x0y′1−x0x′1+x0x′1y′0+x0x′1y′1−x0x′0y′2. Hence,

[x0, y
′
1] = x0y

′
1 − y′1x0

= −x0x′2y′2 − x0y
′
0 − x0x

′
1 + x0x

′
1y
′
0 + x0x

′
1y
′
1 − x0x

′
0y
′
2

+ y′2x
′
2x0 + y′0x0 + x′1x0 − y′0x

′
1x0 − y′1x

′
1x0 + y′2x

′
0x0

= −[x0, y
′
0]− [x0, x

′
1]− x0x

′
2y
′
2 + y′2x

′
2x0 + x0x

′
1y
′
1 − y′1x

′
1x0

− x0x
′
0y
′
2 + y′2x

′
0x0 + x0[x

′
1, y
′
0] + [x0, y

′
0]x
′
1 − y′0[x

′
1, x0].

Taking the norm, and then using Lemma 4.5.1,

∥[x0, y′1]∥2τ ≤ 16
(
2∥[x0, y′0]∥2τ + ∥[x0, x′1]∥2τ + 2∥x′2y′2∥2τ + 2∥x′1y′1∥2τ + 2∥x0x′0∥2τ

+ ∥[x′1, y′0]∥2τ + ∥[x′1, x0]∥2τ
)

≤ 16
(
2∥[x0, y′0]∥2τ + 2∥x′2y′2∥2τ + 2∥x′1y′1∥2τ + 2∥x0x′0∥2τ

+ 16
∑
i

∥x′iy′i∥2τ + 32
∑
i

∥xix′i∥2τ
)
.

By symmetry,∑
i,j

∥[xi, y′j]∥2τ ≤
∑
i

(
65∥[xi, y′i]∥2τ + 1664∥x′iy′i∥2τ + 3136∥xix′i∥2τ

)
≤
∑
i

(
5824∥x′iy′i∥2τ + 4160∥y′iz′i∥2τ + 4160∥x′iy′i∥2τ

+ 6240∥xiyi∥2τ + 4160∥yizi∥2τ + 4160∥zixi∥2τ
+ 5216∥xix′i∥2τ + 2080∥yiy′i∥2τ + 2080∥ziz′i∥2τ

)
.

Definition 4.5.5. The triangular prism graph is the graph illustrated in Figure 4.5,
i.e. Gprism = (Vprism, Eprism) where Vprism = {x, y, z, x′, y′, z′} and

Eprism = {{x, y}, {y, z}, {z, x}, {x′, y′}, {y′, z′}, {z′, x′}, {x, x′}, {y, y′}, {z, z′}}.

Corollary 4.5.6. Let S = (X, {(Vi, ri∗ ̸=Z3)}m0
i=1 ∪ {(Vi,ZVi3 )}mi=m0+1) be a 3-ary 2-CS

and let π be a probability distribution on [m]. Write Vi = {xi, y′i}. Then, define S ′ =
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Figure 4.5: The triangular prism constraint system in Lemma 4.5.4. Each vertex corre-
sponds to a variable and each edge correspond to a 3-colouring constraint.

(X ′, {(Vi, ri∗ ̸=Z3)}m0
i=1 ∪ {(Vie, rie∗ ̸=Z3)}i∈[m]\[m0],e∈Eprism

), where the new set of variables
X ′ = X ∪ {yi, y′i, zi, z′i|i = m0 + 1, . . . ,m} and Vie = {αi, βi}, with {α, β} = e, and
rie : [2] → Vie is a bijection. Let π′ be the probability distribution π′(i) = π(i) if i ∈ [m0]

and π′(ie) = π(i)
9

otherwise. Then, for any trace τ on Aa(S
′, π′), there exists a trace τ ′ on

Ac−v(S, π) such that def(τ ′) ≤ C def(τ) for some universal constant C > 0.

The constraint system S ′ is constructed by replacing every empty constraint in S by
the triangular prism gadget from Lemma 4.5.4.

We can also use Lemmas 3.3.6 and 3.3.8 and Lemmas 3.3.7 and 4.5.2 to relate traces
on Aa(S

′, π′) and Ac−v(S
′, π′).

Proof. First, via Lemma 4.5.1, for each i = 1, . . . ,m0, we have that∑
a,b∈Z3

∥[Πa(xi),Πb(y
′
i)]∥2τ ≤ 144

∑
c∈Z3

∥Πc(xi)Πc(y
′
i)∥2τ = 144

∑
ϕ/∈ri∗̸=Z3

∥ΦVi,ϕ∥2τ

Also, using Lemma 4.5.4, we have that for each i = m0 + 1, . . . ,m,∑
a,b∈Z3

∥[Πa(xi),Πb(y
′
i)]∥2τ ≤6240

∑
c∈Z3

(
∥Πc(xi)Πc(yi)∥2τ + ∥Πc(yi)Πc(zi)∥2τ + ∥Πc(zi)Πc(xi)∥2τ

+ ∥Πc(x
′
i)Πc(y

′
i)∥2τ + ∥Πc(y

′
i)Πc(z

′
i)∥2τ + ∥Πc(x

′
i)Πc(y

′
i)∥2τ

+ ∥Πc(xi)Πc(x
′
i)∥2τ + ∥Πc(yi)Πc(y

′
i)∥2τ + ∥Πc(zi)Πc(z

′
i)∥2τ

)
=6240

∑
e∈Eprism

ϕ/∈rie∗̸=Z3

∥ΦVie,ϕ∥2τ .
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Therefore, as Aa(S) is a subalgebra of Aa(S
′), the defect

def(τ |Aa(S);µa,π + µa,comm) =

m0∑
i=1

π(i)
∑

φ/∈ri∗̸=Z3

∥ΦVi,ϕ∥2τ +
m∑
i=1

π(i)
∑

x,y∈Vi a,b∈Z3

∥[Πa(x),Πb(y)]∥2τ

≤ 145

m0∑
i=1

π(i)
∑

φ/∈ri∗̸=Z3

∥ΦVi,ϕ∥2τ + 6240
m∑

i=m0+1

π(i)
∑

e∈Eprism

ϕ/∈rie∗̸=Z3

∥ΦVie,ϕ∥2τ

≤ 56160 def(τ).

Now, due to Lemma 3.3.7, there exists a trace τ ′ on Ac−v(S, π) such that def(τ) ≤
56160 poly(kL) def(τ), which is a constant as k = 3, L = 2.

Theorem 4.5.7 (Part 3 of Theorem 4.2.4 and Part 2 of Corollary 4.2.6). There exists
a constant s ∈ [0, 1) such that SuccinctCSPa({≠Z3})∗1,s and SuccinctCSPc−v({̸=Z3})∗1,s are
RE-complete.

Proof. We proceed similarly to Theorem 4.4.31. By Theorem 4.3.3, we know that the
promise problem SuccinctCSPc−v({̸=Z3 ,Z2

3})∗1,s0 is RE-complete. Next, using Corollary 4.5.6,
we can replace the commutation constraints by gadgets over the assignment algebra, and
find that SuccinctCSPa({̸=Z3})∗1,s1 is RE-complete. Finally, using Lemmas 3.3.7 and 4.5.2
and Lemmas 3.3.6 and 3.3.8, we find that SuccinctCSPc−v({≠Z3})∗1,s2 is also RE-complete.

∈ EXP

RE
1

≈ 0.864

< 1

(a) Succinct entangled 3-colouring

∈ P

RE
1

≈ 0.864

< 1

(b) Entangled 3-colouring

Figure 4.6: Transitions in complexity based on soundness parameter for entangled 3-
colouring

89



An interesting consequence of part 3 of Theorem 4.2.4 is that there exists a constant
soundness parameter s ∈ [0, 1) such that the class of succinct graph 3-colouring games is
RE-complete with entanglement. On the other hand, Culf, Mousavi, and Spirig show that
entangled graph 3-colouring with s = 0.864 is in P, and thus the succinct version with this
soundness is in EXP [19]. This situation is illustrated in Figure 4.6. The question of what
the complexity is when s is between these two values is an interesting open problem.

4.5.2 The case of 2-CSP(k)

Definition 4.5.8. Define the CSP 2-CSP(k) = CSP(Γ), where Γ = {C ⊆ Z2
k}. This

corresponds to the set of all 2-CSPs over an alphabet of size k. Define the corresponding
promise problems as 2-CSP(k)c,s = CSP(Γ)c,s, Succinct-2-CSP(k)c,s = SuccinctCSP(Γ)c,s,
2-CSPw(k)

∗
c,s = CSPw(Γ)

∗
c,s, Succinct-2-CSPw(k)

∗
c,s = SuccinctCSPw(Γ)

∗
c,s, where w ∈ {c−

c, c− v, a, a+ comm}.

Next, we relate the assignment algebra for the language of all 2-CSPs to a language
where the c-v algebra is hard.

Proposition 4.5.9. Let k ≥ 3 and set C =
{
(x1, ..., xk) ∈ Zk2

∣∣∃!i. xi = 1
}
. Note that

|C| = k, so for a ∈ Zk, let ca ∈ C be the element with 1 in the a-th position. Consider
some BCS S = (X, {(Vi, ri∗C)}mi=1) ∈ CSP({C}) and a probability distribution π on [m].
Define a k-ary 2-CS S ′ = (Y, {(Wix, Dx)}i∈[m],x∈Vi) by Y = X∪ {yi|i ∈ [m]}, Wix = {yi, x},
and Dx = {(a, 0)|f(x) = 0, f ◦ ri = ca} ∪ {(a, b)|f(x) = 1, f ◦ ri = ca, b ̸= 0} ⊆ Z2

k. Let

π′(i, x) = π(i)
|Vi| . Then, there is a trace τ on Ac−v(S, π) with def(τ) = ε if and only if there

is a trace τ ′ on Aa(S
′, π′) with def(τ ′) = ε.

Proof. Let τ be a trace on Ac−v(S), and τ = ρ ◦ φ be its GNS representation. Let χ be
the representation of Aa(S

′) defined by

χ(Πa(yi)) =

{
φ(ΦVi,f ) if there is f ∈ ri∗C. f ◦ ri = ca

0 otherwise,

χ(Π0(x)) = φ(Π0(σ
′(x))), χ(Π1(x)) = φ(Π1(σ

′(x))), and χ(Πa(x)) = 0 for a ̸= 0, 1. Take

90



τ ′ = ρ ◦ χ. Then, the defect

def(τ ′) =
∑

i∈[m],x∈Vi

π′(i, x)
∑

(a,b)/∈Dx

∥Πa(yi)Πb(x)∥2τ ′ =
∑

i∈[m],x∈Vi

π(i)

|Vi|
∑

(a,b)/∈Dx

τ ′(Πa(yi)Πb(x))

=
∑

i∈[m],x∈Vi

π(i)

|Vi|

( ∑
a. (a,0)/∈Dx

f∈ri∗C. f◦ri=ca

τ(ΦVi,fΠ0(σ
′(x))) +

∑
a. (a,1)/∈Dx,

f∈ri∗C. f◦ri=ca

τ(ΦVi,fΠ1(σ
′(x)))

)

=
∑

i∈[m],x∈Vi

π(i)

|Vi|
∑

ϕ∈ri∗C

τ(ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))) = def(τ).

Conversely, suppose that τ ′ is a trace on Aa(S
′) with GNS representation τ ′ = ρ′ ◦

φ′. Then, define the representation χ′ of Ac−v(S) by χ′(ΦVi,f ) =
∑

a.f◦ri=ca φ
′(Πa(yi)),

χ′(Π0(σ
′(x))) = φ′(Π0(x)), and χ′(Π1(σ

′(x))) =
∑

a̸=0 φ
′(Πa(x)). Let τ = ρ′ ◦ χ′. By a

similar calculation as above, we have that the defect

def(τ) =
∑

i∈[m],x∈Vi

π(i)

|Vi|
∑

ϕ∈ri∗C

τ(ΦVi,ϕ(1− Πϕ(x)(σ
′(x))))

=
∑
i∈[m]

π′(i, x)

( ∑
x∈Vi,f∈ri∗C

f(x)=0

τ(ΦVi,fΠ1(σ
′(x))) +

∑
x∈Vi,f∈ri∗C

f(x)=1

τ(ΦVi,fΠ0(σ
′(x)))

)

=
∑

i∈[m],a∈Zk

π′(i, x)

( ∑
x∈Vi,

f◦ri=ca,f(x)=0

∑
b̸=0

τ ′(Πa(yi)Πb(x)) +
∑
x∈Vi,

f◦ri=ca,f(x)=1

τ ′(Πa(yi)Π0(x))

)

=
∑

i∈[m],x∈Vi

π′(i, x)
∑

(a,b)/∈Dx

τ ′(Πa(yi)Πb(x)) = def(τ ′).

Theorem 4.5.10 (Part 3 of Corollary 4.2.6). There exists s ∈ [0, 1) such that the promise
problem Succinct-2-CSPa(k)

∗
1,s is RE-complete.

Proof. Let C be as in Proposition 4.5.9. By Theorem 4.4.31, we know that the promise
problem SuccinctCSPc−v({C})∗1,s is RE-complete. But, by Proposition 4.5.9, there is a
value-preserving mapping from instances of the SuccinctCSPc−v({C})∗1,s to instances of
the assignment problem Succinct-2-CSPa(k)

∗
1,s, completing the proof.
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4.6 Constraint-variable to constraint-constraint for CSPs

Proposition 4.6.1. Let Γ be a set of k-ary constraints with (V0, C0) ∈ Γ and v ∈ V0 such
that for all a ∈ Zk there exists ϕ ∈ C0 such that ϕ(v) = a. Let S = (X, {(Vi, ri∗Ci)}mi=1) ∈
CSP(Γ), and let π be a probability distribution on [m]. Then, there exists a CS S ′ =
(X ′, {(V ′i , r′i∗C ′i)m

′
i=1) ∈ CSP(Γ) and a probability distribution on [m′], such that there is a

2-homomorphism α : Ac−v(S, π) → Ac−v(S
′, π′) and a 1

2
-homomorphism β : Ac−v(S

′, π′) →
Ac−v(S, π). Also, there exists a probability distribution π

′′ on [m]×[m] and a 1
2
-homomorphism

γ : Ac−v(S
′, π′) → Ac−c(S

′, π′′).

As will be shown below in the proof of Corollary 4.2.5, note that all the sets of con-
straints considered in Theorem 4.2.4 satisfy the necessary condition of this proposition.

Proof. Define S ′ = (X ′, {(Vi, ri∗Ci)}mi=1 ∪ {(Vx, rx∗C0)}x∈X), where X ′ = X ∪
⋃
x∈X Vx,

Vx = x ∪ {ux|u ∈ V0\{v}}, and

rx(u) =

{
x u = v

ux otherwise.

Define π′(i) = π(i)
2

and π′(x) =
∑

i∈[m]. x∈Vi
π(i)
2|Vi| . Taking α to be the natural embedding

Ac−v(S, π) ↪→ Ac−v(S
′, π′) gives a 2-homomorphism. Next, we can take β to be the identity

on Ac−v(S, π) ⊆ Ac−v(S
′, π′) and then take β(σx(x)) = σ′(x), and β(σ′(ux)) = β(σx(ux)) ∈

⟨σ′(x)⟩ such that they give a satisfying assignment to rx∗C0. Therefore, the terms corre-
sponding to (Vx, rx∗C0) are sent to 0 and we have that

β
( m′∑
i=1

π′(i)

|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 )
=

1

2

m∑
i=1

π(i)

|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 ,
giving the wanted 1

2
-homomorphism.

Now, take π′′(i, i) = π′′(x, x) = π′′(x, i) = 0 and

π′′(i, x) =

{
π(i)
|Vi| x ∈ Vi

0 else
.
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Let γ(ΦVi,ϕ) = ΦVi,ϕ, γ(σ
′(x)) = γ(σx(x)) = σx(x), and γ(σ′(ux)) = γ(σx(ux)) = σx(ux).

Then, we have that

γ
( m′∑
i=1

π′(i)

|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σ
′(x)))

∣∣2 )
=

m∑
i=1

π(i)

2|Vi|
∑

x∈Vi,ϕ∈ri∗Ci

∣∣ΦVi,ϕ(1− Πϕ(x)(σx(x)))
∣∣2

≲
1

2

∑
i∈[m],x∈Vi

π′′(i, x)
∑

ϕ∈ri∗Ci,a̸=ϕ(x)

ΦVi,ϕΠa(σx(x))

=
1

2

∑
i∈[m],x∈Vi

π′′(i, x)
∑

ϕ∈ri∗Ci,ψ∈rx∗C0

ϕ|Vi∩Vx ̸=ψ|Vi∩Vx

ΦVi,ϕΦVx,ψ

≲
1

2

m′∑
i,j=1

π′′(i, j)
∑

ϕ∈ri∗Ci,ψ∈rj∗Cj

ϕ|Vi∩Vj
̸=ψ|Vi∩Vj

∣∣ΦVi,ϕΦVj ,ψ

∣∣2 ,
giving the wanted 1

2
-homomorphism.

Proof of Corollary 4.2.5. Let Γ be a set constraints satisfying the conditions of Theo-
rem 4.2.4. In the case that Γ is boolean, there must be a variable that takes both as-
signment 0 and 1, as there must be at least one constraint that has two distinct satisfying
assignments. Next, in the case that Γ = {≠Z3}, either of the two variables can take all three
values in Z3. Finally, in the case that Γ is non-TVF, there is a pair of variables that can
take any pair of values, so in particular either one of them can take any value. In all three
cases, Γ satisfies the condition of Proposition 4.6.1. Further, we know by Theorem 4.2.4
that SuccinctCSPc−v(Γ)

∗
1,s is RE-complete. Then, by the first part of Proposition 4.6.1,

the instances of this problem can be mapped to a subset of the instances in such a way
that the constant gap is preserved. Then, using the second part of Proposition 4.6.1 and
Lemma 3.3.5, we find a C-homomorphism between these instances and the corresponding
constraint-constraint algebras, thus SuccinctCSPc−c(Γ)

∗
1,s′ is also RE-complete.
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Chapter 5

Two prover perfect zero knowledge
for MIP*

This chapter shows that MIP∗ admits two prover perfect zero knowledge proofs. Our
proof uses weighted algebras to show that a modified version of a two prover perfect zero
knowledge protocol for NP due to [21] is sound against entangled provers. We use an
algebraic argument to show that the players’ strategy in an accept instance employs a
correlation that the verifier can simulate efficiently.

5.1 Definitions

An MIP protocol is perfect zero knowledge if the verifier gains no new information from
interacting with the provers. If the players’ behaviour in a game G = (I, {Oi}i∈I , π, V )
is given by the correlation p, then what the verifier (or any outside observer) sees is
the distribution {π(i, j)p(a, b|i, j)} over tuples (a, b|i, j). Consequently an MIP∗ protocol
({Gx}, Q, V ) is said to be perfect zero-knowledge against an honest verifier if the players
can use correlations px for Gx such that the distribution {π(i, j)p(a, b|i, j)} can be sampled
in polynomial time in |x|. However, a dishonest verifier seeking to get more information
from the players might sample the questions from a different distribution π′ from π. To be
perfect zero-knowledge against a dishonest verifier, it must be possible to efficiently sample
{π′(i, j)px(a, b|i, j)} for any efficiently sampleable distribution π′, and this is equivalent to
being able to efficiently sample from {px(a, b|i, j)}(a,b)∈Oi×Oj

for any i, j. This leads to the
definition (following [17, Definition 6.3]):
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Definition 5.1.1. Let P = ({Gx}, Q, V ) be a two-prover one-round MIP∗ protocol for
a language L with completeness c and soundness s, where Gx = (Ix, {Oxi}, πx, Vx). The
protocol P is perfect zero knowledge if for every string x, there is a correlation px for
Gx such that

1. for all i, j ∈ Ix, the distribution {px(a, b|i, j)} can be sampled in polynomial time in
|x|, and

2. if x ∈ L then px ∈ Cqa and w(Gx, px) = 1.

The class PZK-MIP∗(2, 1, c, s) is the class of languages with a perfect zero knowledge two-
prover one round MIP∗ protocol with completeness c and soundness s.

By replacing Cqa with Cqc, we get another class PZK-MIPco. If we replace MIP∗ pro-
tocols with BCS-MIP∗ (resp. BCS-MIPco) protocols and Cqa with Cs

qa (resp. Cs
qc) we get

the class PZK-BCS-MIP∗ (resp. PZK-BCS-MIPco).

5.2 Parallel repetition

Let G = (I, {Oi}i∈I , π, V ) be a nonlocal game. The n-fold parallel repetition of G is the
game

G⊗n = (In, {Oi}i∈In , π⊗n, V ⊗n),

where

1. In is the n-fold product of I,

2. if i ∈ In, then Oi := Oi1 ×Oi2 × · · · ×Oin ,

3. if i, j ∈ In, then π⊗n(i, j) =
∏n

k=1 π(ik, jk), and

4. if i, j ∈ In, a ∈ Oi, b ∈ Oj, then V
⊗n(a, b|i, j) =

∏n
k=1 V (ak, bk|ik, jk).

In other words, the players each receive a vector of questions i = (i1, . . . , in) and j =
(j1, . . . , jn) from G, and must reply with vectors of answers (a1, . . . , an) and (b1, . . . , bn) to
each question. Each pair of questions (ik, jk), 1 ≤ k ≤ n is sampled independently from π,
and the players win if and only if (ak, bk) is a winning answer to questions (ik, jk) for all
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1 ≤ k ≤ n. If G has questions of length q and answers of length a, then G⊗n has questions
of length nq and answers of length na.

If p is a correlation for G, let p⊗n be the correlation for G⊗n defined by

p⊗n(a, b|i, j) =
n∏
k=1

p(ak, bk|ik, jk).

It is easy to see that p⊗n is a quantum (resp. commuting operator) correlation if and only if
p is a quantum (resp. commuting operator) correlation, and that w(G⊗n; p⊗n) = w(G, p)n.
Hence if wq(G) = 1 (resp. wqc(G) = 1) then wq(G

⊗n) = 1 (resp. wqc(G
⊗n) = 1) as well. If

wq(G) < 1, then wq(G
⊗n) ≥ wq(G)

n (and the same for the commuting operator value), but
this inequality is not always tight. However, Yuen’s parallel repetition theorem states that
the game value goes down at least polynomially in n:

Theorem 5.2.1 ([69]). For any nonlocal game G, if δ = 1 − wq(G) > 0, then wq(G
⊗n) ≤

b/ poly(δ, n), where b is the length of the answers of G.

Suppose B = (X, {(Vi, Ci)}mi=1) is a BCS and that π is a probability distribution on

[m] × [m]. For any n ≥ 1, let X(n) := X × [n], and V
(k)
i = Vi × {k} ⊆ X(n). We can

think of X(n) as the disjoint union of n copies of X, and V
(k)
i as the copy of Vi from the

kth copy of X. Since V
(k)
i is a copy of Vi, we can identify ZV

(k)
i

2 with ZVi2 in the natural

way. If i ∈ [m]n, let Vi = ∪kj=1V
(k)
ij

and Ci = Ci1 × · · · × Cik ⊆ ZVi2 = Z
V

(1)
i1

2 × · · · × Z
V

(k)
ik

2 .

Let B(n) := (X(n), {(Vi, Ci)i∈[m]n}). Given a distribution π on [m]× [m], consider the game
G(B(n), π⊗n), where π⊗n is the product distribution as above. In this game, the players are
given questions i and j from [m]n respectively, and must reply with elements ϕ ∈ Ci and

ψ ∈ Cj respectively. They win if and only if ϕ and ψ agree on Vi ∩ Vj =
⋃n
k=1 V

(k)
ik

∩ V (k)
jk

.

But this happens if and only if ϕk and ψk agree on Vik ∩ Vjk . Thus G(B(n), π⊗n) is the
parallel repetition G(B, π)⊗n. We record this in the following lemma:

Lemma 5.2.2. If G is a BCS game, then so is the parallel repetition G⊗n.

To illustrate the purpose of parallel repetition, suppose that ({Gx}, Q, V ) is an MIP∗(2, 1, 1, s)
protocol for a language L, where Gx = (Ix, {Oxi}, πx, Vx) and has answer length ax. If nx
is a polynomial in |x|, then π⊗nx

x can be sampled in polynomial time by running Q in-
dependently n times, and V ⊗nx

x can also be computed in polynomial time by running V
repeatedly. If Q⊗nx and V ⊗nx are these Turing machines for sampling π⊗nx

x and computing
V ⊗nx
x respectively, then ({G⊗nx

x }, Q⊗nx , V ⊗nx) is an MIP∗(2, 1, 1, s′) protocol for L, where
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s′ = ax/ poly(1 − s) · poly(nx). Since ax is polynomial in |x|, if 1 − s = 1/ poly(|x|), then
we can choose nx such that s′ is any constant < 1. By Lemma 5.2.2 the same can be done
for BCS-MIP∗.

For the one-round protocols that we are considering, parallel repetition preserves the
property of being perfect zero knowledge.

Proposition 5.2.3. Let ({Gx}, S, V ) be a PZK-MIP∗(2, 1, 1, s) protocol, and let nx be a
polynomial function of |x|. Then the parallel repeated protocol ({G⊗nx

x }, S⊗nx , V ⊗nx) is also
perfect zero knowledge.

Proof. Let px be a correlation for the game G that satisfies the two requirements of Defini-
tion 5.1.1. Then {p⊗nx

x (a, b|i, j)}a,b can be sampled in polynomial time in |x| for all i, j by
independently sampling from {px(a, b, iℓ, jℓ)}a,b for each pair (iℓ, jℓ) from i = (i1, . . . , inx)
and j = (j1, . . . , jnx). If x ∈ L, then w(G⊗nx

x ; p⊗nx ) = 1, and it is not hard to see that
p⊗nx
x ∈ Cqa.

5.3 The tableau construction

We will now prove the main result of this chapter that any proof system in BCS-MIP∗ or
BCS-MIPco can be turned into a perfect zero knowledge BCS-MIP∗ or BCS-MIPco protocol.
For this purpose, we use the perfect zero knowledge proof system for 3SAT due to Dwork,
Feige, Kilian, Naor, and Safra [21], slightly modified to prove quantum soundness. For the
construction, we assume that we start with a BCS-MIP∗ protocol (and in the proof of the
main result, this will be a 3SAT-MIP∗ protocol). Following [21], the new proof system is
constructed in three steps. First, we apply a transformation called oblivation, then turn
the resulting system into a permutation branching program via Barrington’s theorem [6],
and finally rewrite the permutation branching programs using the randomizing tableaux
of Kilian [44]. We start by describing obliviation.

Definition 5.3.1. Given a BCS B = (X, {(Vi, Ci)}mi=1) and n ≥ 1, let Z = X × [n], and
Ui = Vi × [n] for any 1 ≤ i ≤ m. To make the elements of Z look more like variables,
we denote (x, i) by x(i). Let Ei ⊆ ZUi

2 be the set of assignments ϕ to Ui such that the
assignment ψ to Vi defined by ψ(x) = ψ(x(1)) · · ·ψ(x(n)) is in Ci. The obliviation of B
of degree n is the constraint system Obln(B) = (Z, {(Ui, Ei)}mi=1). We call the variables
of Obln(B) oblivious variables.

The point of obliviation is the following:
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Lemma 5.3.2. Suppose B = (X, {(Vi, Ci)}mi=1) is a BCS, and let B′ = Obln(B) for some
n ≥ 1, using the notation from Definition 5.3.1. Then:

(a) There is a classical homomorphism α : Ac−c(B) → Ac−c(B
′) such that α(σi(x)) =

σi(x(1) · · · x(n)) for all i ∈ [m] and x ∈ Vi, where σi is the inclusion of the ith factor
for Ac−c(B) and Ac−c(B

′).

(b) Let Γ be the set of sequences x1, . . . , xk in Z of length 1 ≤ k ≤ n − 1, such that there
is some i ∈ [k] with xi ̸= xj for all j ∈ [k] \ {i}. If π is a probability distribution
on [m] × [m], and τ is a tracial state on Ac−c(B), then there is a tracial state τ̃ on
Ac−c(B

′) such that τ = τ̃ ◦ α, def(τ̃ ;µπ) = def(τ ;µπ), and τ̃(σi1(x1) · · ·σik(xk)) = 0
for all sequences x1, . . . , xk in Γ and indices i1, . . . , ik ∈ [m] such that xj ∈ Uij for
all 1 ≤ j ≤ k. If τ is finite-dimensional (resp. Connes-embeddable), then τ̃ is also
finite-dimensional (resp. Connes-embeddable).

(c) For any 1 ≤ i ≤ m, the set {
∏

x∈S x : S ⊆ Ui, |S| < n/2} of monomials in Ui of degree
less than n/2 is linearly independent in A(Ui, Ei).

In particular, if τ is perfect then τ̃ is perfect.

Proof. Define fi : ZUi
2 → ZVi2 for each i ∈ [m] by fi(ϕ)(x) = ϕ(x(1)) · · ·ϕ(x(n)) for ϕ ∈ ZUi

2

and x ∈ Vi. By definition, ϕ ∈ Ei if and only if fi(ϕ) ∈ Ci, so fi(Ei) = Ci. If fi(ϕ)(x) ̸=
fj(ψ)(x) for some ϕ ∈ ZUi

2 , ψ ∈ ZUj

2 , and x ∈ Vi ∩ Vj, then we must have ϕ(x(i)) ̸= ψ(x(i))
for some i. Since

σi(x(1) · · ·x(n)) =
∑
ϕ∈ZUi

2

fi(ϕ)(x)ΦUi,ϕ

for all x ∈ Vi, i ∈ [m], the functions fi correspond to a classical homomorphism α :
Ac−c(B) → Ac−c(B

′) with α(σi(x)) = σi(x(1) · · ·x(n)) for all i ∈ [m] and x ∈ Vi. This
proves part (a).

Conversely, given y ∈ ZX×[n−1]2 and ϕ ∈ ZVi2 , define ϕy ∈ ZUi
2 by ϕy(x(1)) = ϕ(x)y(x, 1),

ϕy(x(j)) = y(x, j−1)y(x, j) for 2 ≤ j ≤ n−1, and ϕy(x(n)) = y(x, n−1). Since fi(ϕy) = ϕ,

the function ϕ 7→ ϕy sends Ci to Ei. Also if ϕ ∈ ZVi2 and ψ ∈ ZVj2 , then ϕy|Ui∩Uj
̸= ψy|Ui∩Uj

if
and only if ϕ|Vi∩Vj ̸= ψ|Vi∩Vj , so the functions ϕ 7→ ϕy determine a classical homomorphism
βy : Ac−c(B

′) → Ac−c(B) with βy(σi(x(1))) = σi(x)y(x, 1), βy(σi(x(j))) = y(x, j−1)y(x, j)
for 2 ≤ j ≤ n− 1, and βy(σi(x(n))) = y(x, n− 1) for all i ∈ [m] and x ∈ Vi.
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Given a tracial state τ on Ac−c(B), define a tracial state τ̃ on Ac−c(B
′) by τ̃ =

2−|X|(n−1)
∑

y τ ◦ βy, where the sum is over all y ∈ ZX×[n−1]2 . Notice that if τ is finite-
dimensional (resp. Connes-embeddable), then τ̃ is also finite-dimensional (resp. Connes-
embeddable). Since βy ◦ α is the identity on Ac−c(B), τ̃ ◦ α = τ . Since βy and α are
1-homomorphisms,

def(τ ◦ βy;µπ) ≤ def(τ ;µπ) = def(τ ◦ βy ◦ α;µπ) ≤ def(τ ◦ βy;µπ)

for any y, so def(τ ◦ βy;µπ) = def(τ ;µπ) and hence def(τ̃ ;µπ) = def(τ ;µπ).

Finally, if x1, . . . , xk is a sequence in Z, and i1, . . . , ik is a sequence in [m] such that
xj ∈ Uij , then there is an element a ∈ Ac−c(B) and set S ⊆ X × [n− 1] such that

βy(σi1(x1) · · ·σik(xk)) = myτ(a)

for all y ∈ ZX×[n−1]2 , wheremy :=
∏

(x,j)∈S y(x, j). If x1, . . . , xk is in Γ, then S is non-empty,

and
∑

ymy = 0. Hence

τ̃(σi1(x1) · · ·σik(xk)) = 2−|X|(n−1)
∑
y

myτ(a) = 0.

This proves part (b).

For part (c), pick a tracial state τ on the finite-dimensional C∗-algebra A(Vi, Ci) (since
Ci is non-empty, this algebra is non-trivial). As in the proof of part (b), we can define a
tracial state τ̃ = 2|X|(n−1)

∑
y τ ◦ βy on A(Ui, Ei) with the property that τ̃(x1 · · ·xk) = 0 if

1 ≤ k ≤ n− 1 and x1, . . . , xk ∈ Ui are distinct. If S, T ⊆ Ui, then∏
x∈S

x ·
∏
x∈T

x =
∏

x∈S∆T

x,

where S∆T := (S ∪ T ) \ (S ∩ T ). If |S|, |T | < n/2, then |S∆T | < n, and S∆T = ∅ if and
only if S = T . Hence by part (b),

τ̃(
∏
x∈S

x ·
∏
x∈T

x) =

{
1 S = T

0 S ̸= T
.

It follows that the monomials {
∏

x∈S x : S ⊆ Ui, |S| < n/2} are linearly independent.

A permutation branching program of width 5 and depth d on a set of variables
X is a tuple P = (X, {(xi, π(i)

1 , π
(i)
−1)}di=1, σ) where xi ∈ X and π

(i)
1 , π

(i)
−1 are elements of the
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permutation group S5 for all 1 ≤ i ≤ d, and σ ∈ S5 is a 5-cycle. A permutation branching
program P defines a map P : ZX2 → S5 via P (ϕ) =

∏d
i=1 π

(i)
ϕ(xi)

. A program P recognizes

a constraint C ⊆ ZX2 if P (ϕ) = σ for all ϕ ∈ C, and P (ϕ) = e for all ϕ ̸∈ C, where e is
the identity in S5.

Theorem 5.3.3 (Barrington [6]). Suppose a constraint C ⊆ ZX2 is recognized by a depth
d fan-in 2 boolean circuit. Then C is recognized by a permutation branching program of
width 5 and depth 4d on the variables X.

For the rest of the chapter, we assume that we have a canonical way of turning con-
straints described by fan-in 2 boolean circuits into permutation branching programs using
Barrington’s theorem.

The final ingredient is randomizing tableaux, which are described using constraints of
the form x1 · · ·xn = γ, where the variables x1, . . . , xn take values in S5, γ is a constant
in S5, and the product is the group multiplication. Since |S5| = 120 < 27, we can encode
permutations as bit strings of length 7 by choosing an enumeration S5 = {e = γ0, . . . , γ119},
and identifying γj by its index j in binary. This means that any permutation-valued vari-
able can be represented by 7 boolean variables. Similarly, a permutation-valued constraint
x1 · · ·xn = γ can be rewritten as the constraint on 7n boolean variables which requires the
boolean variables corresponding to xi to encode a permutation value, and the product of
all the permutations to be equal to γ. Since we want our final output to be a boolean con-
straint system, we use permutation-valued variables and permutation-valued constraints
as short-hand for boolean constraint systems constructed in this way. We can now define
randomizing tableaux, still following [21] with small modifications.

Definition 5.3.4. Let B = (X, {(Vi, Ci)}mi=1) be a BCS, where each Ci is described by a fan-

in 2 boolean circuit. Let Pi = (Vi, {(xij, π(ij)
1 , π

(ij)
−1 )}

di
j=1, σi) be the permutation branching

program recognizing Ci. For each i ∈ [m], let

Wi = Vi ⊔ {Ti(p, q) : (p, q) ∈ [4]× [di]} ⊔ {ri(j, k) : (j, k) ∈ [3]× [di − 1]},

where Ti(p, q) and ri(j, k) are new permutation-valued variables (and thus represent 7
boolean variables each), and let

Y = X ⊔ {Ti(p, q), ri(j, k) : (i, p, q, j, k) ∈ [m]× [4]× [di]× [3]× [di − 1]}

be the union of all the original and new variables. The variables Ti(p, q) are called tableau
elements, and the variables ri(j, k) are called randomizers.

Let Di be the constraint on variables Wi which is the conjunction of the following
clauses:
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1. Ti(1, q) = π
(iq)
xq for all q ∈ [di],

2. Ti(p + 1, q) = ri(p, q − 1)−1Ti(p, q)ri(p, q) for q ∈ [di] and p ∈ [3], where we use the
notation ri(p, 0) = ri(p, di) = e,

3.
∏

1≤q≤di Ti(4, q) = σi, and

4. a trivial constraint (meaning that all assignment are allowed) on any pair x, y of
original or permutation-valued variables which do not appear in one of the above
constraints.

The tableau of B is Tab(B) = (Y, {(Wi, Di)}mi=1), interpreted as a boolean constraint
system. For a fixed i and p, we call the set of elements {Ti(p, q) : 1 ≤ q ≤ di} a row of the
tableau for constraint i. We further let {(Wij, Dij)}mi

j=1 be a list of the clauses in (1)-(4)
making up Di. The subdivided tableau of B is Tabsub(B) = (Y, {(Wij, Dij)}i∈[m],j∈[mi]).

Compared to [21], we’ve added the trivial constraints (4), as well as an extra row of the
tableau. As mentioned above, the product in the constraints on the permutation-valued
variables in parts (1)-(4) of the definition is the group product in S5. The constraints in
part (1) involve both original variables xq and permutation-valued variables Ti(1, q), and

say that the value of Ti(1, q) is either π
(iq)
1 or π

(iq)
−1 depending on the value of xq. In part

(4), x and y can be either an original or a permutation-valued variable. If one of them
is a permutation-valued variable, then all the corresponding boolean variables encoding
the permutation-valued variable are included in the constraint (so the constraint on x and
y may involve up to 14 boolean variables). Since the constraints in part (4) are trivial,
they do not contribute to Di, but they are included in the list of clauses (Wij, Dij) of the
subdivided tableau. The point of the constraints in part (4) is that, with them, Tabsub(B)
is a subdivision of Tab(B). The extra row of the tableau is needed to compensate for the
inclusion of these constraints in Tabsub(B) (see Remark 5.4.4). As in [21], the constraints
Di encode the constraints Ci as follows:

Lemma 5.3.5 ([21]). Suppose B = (X, {(Vi, Ci)}mi=1) is a BCS with tableau Tab(B) =
(Y, {(Wi, Di)}mi=1). If ψ ∈ Di, then ψ|Vi ∈ Ci. Conversely, if r ∈ SRi

5 , where Ri =
{ri(j, k) : (j, k) ∈ [3] × [di]} is the set of randomizers in Wi, and ϕ ∈ Ci, then there is a
unique element ϕr ∈ Di such that ϕr|Vi = ϕ and ϕr|Ri

= r.

In this lemma, the statement that ϕr|Ri
= r means that for every randomizer ri(j, k) ∈

Ri, the restriction of ϕ to the boolean variables corresponding to ri(j, k) is the encoding of
the permutation r(ri(j, k)).
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Proof. If ψ ∈ Di, then by constraint (2),
∏

q Ti(p+ 1, q) =
∏

q Ti(p, q). Since
∏

q Ti(4, q) =

σi by constraint (3),
∏

q π
(iq)
xq = σi. Since the permutation branching program Pi recognizes

Ci, we conclude that ψ|Vi ∈ Ci.

Conversely, given an assignment r ∈ SRi
5 to the variables Ri and ϕ ∈ Ci, we can set

Ti(1, q) = π
(iq)
ϕ(xq)

and Ti(p+ 1, q) = ri(p, q − 1)−1Ti(p, q)ri(p, q) to get an assignment where∏
q Ti(4, q) = σi.

5.4 Perfect zero knowledge

Although the permutation-valued variables in Tab(B) are shorthand for boolean vari-
ables, it is helpful to be able to work with the permutation-valued variables directly in
Ac−c(Tab(B)). Suppose for a moment that x1, . . . , x7 are variables in a set V , and C is
a constraint on V which includes the requirement that x1, . . . , x7 encode a permutation-
valued variable x. Let S = {x1, . . . , x7}. If ϕ ∈ ZS2 , then ΦS,ϕ = 0 in A(V,C) unless ϕ
is the binary representation of an index 0 ≤ j < 120, in which case we also write ΦS,ϕ as
ΦS,j. Hence the subalgebra of A(V,C) is generated by the single unitary

∑119
j=0 e

2πij/120ΦS,j,
which we denote by the same symbol as the permutation-valued variable x. In particu-
lar, if B = (X, {(Vi, Ci)}mi=1) and Tab(B) = (Y, {(Wi, Di)}mi=1) as in Definition 5.3.4, then
we can refer to Ti(p, q) and ri(j, k) as unitary elements of A(Wi, Di) of order 120, and
they generate the same subalgebra as the boolean variables encoding them. Since these
variables do not occur in any other context Wj for j ̸= i, we also use Ti(p, q) and ri(j, k)
to refer to σi(Ti(p, q)) and σi(ri(j, k)) in Ac−c(Tab(B)). We use the same convention for
A(Wiℓ, Diℓ), although since the variables Ti(p, q) and ri(j, k) occur in more than one con-
straint of Tabsub(B), we are stuck with the notation σiℓ(Ti(p, q)) and σiℓ(ri(j, k)) when
refering to these variables in Ac−c(Tabsub(B)). With these conventions, we can state the
following noncommutative version of Lemma 5.3.5.

Lemma 5.4.1. Suppose that B = (X, {(Vi, Ci)}mi=1) is a BCS with tableau Tab(B) =
(Y, {(Wi, Di)}mi=1). Let Ri = {ri(j, k) : (j, k) ∈ [3] × [di − 1]} be the set of randomizers in
Wi, and let R =

⋃
iRi.

(a) The natural map

A(Vi, Ci)⊗ CZRi
120 → A(Wi, Di) : xi 7→ xi, ri(j, k) 7→ ri(j, k)

is an isomorphism. In particular, A(Wi, Di) is generated as an algebra by Vi∪Ri, and
Ac−c(Tab(B)) is generated by

⋃
i{σi(x) : x ∈ Vi} ∪R.
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(b) The natural inclusion α : Ac−c(B) → Ac−c(Tab(B)) defined by α(σi(x)) = σi(x) for
i ∈ [m] and x ∈ Vi is a classical homomorphism.

(c) If r ∈ SR5 , then there is a classical homomorphism βr : Ac−c(Tab(B)) → Ac−c(B) such
that for all i ∈ [m], if x ∈ Vi then βr(σi(x)) = σi(x), and if x ∈ Ri then βr(x) = e2πij/120

where r(x) = γj in the enumeration of S5 fixed above.

(d) Let M be the set of monomials in Ac−c(B) of the form uσi(z)
av, where z ∈ Ri for some

i ∈ [m], 1 ≤ a < 120, and u and v are monomials in {σj(x) : j ∈ [m], x ∈ Vj∪Rj} which
do not contain z. If π is a probability distribution on [m]× [m], and τ is a tracial state
on Ac−c(B), then there is a tracial state τ̃ on Ac−c(Tab(B)) such that τ = τ̃ ◦α, where
α is the classical homomorphism from part (b), def(τ̃ ;µπ) = def(τ ;µπ), and τ̃(y) = 0
for all y ∈ M. Furthermore, if τ is finite-dimensional (resp. Connes-embeddable),
then τ̃ is also finite-dimensional (resp. Connes-embeddable).

Proof. For part (a), the algebra CZRi
120 has a basis consisting of the joint spectral projections

ΦRi,r =
∏
x∈Ri

λ(r(x))−1
∏

γk ̸=r(x)

(x− e2πik/120), r ∈ ZRi
120,

where λ(γj) =
∏

k ̸=j(e
2πij/120 − e2πik/120). Hence A(Vi, Ci) ⊗ CZRi

120 has a basis consisting

of the elements ΦVi,ϕ ⊗ ΦRi,r for ϕ ∈ Ci and r ∈ ZRi
120. Using the enumeration of S5 fixed

earlier, we can interpret ZRi
120 as the set S

Ri
5 of permutation-valued assignments to Ri. The

natural homomorphism A(Vi, Ci) ⊗ CZRi
120 → A(Wi, Di) sends ΦVi,ϕ ⊗ ΦRi,r to

∑
ψ ΦWi,ψ,

where the sum is across all ψ ∈ Di such that ψ|Vi = ϕ and ψ|Ri
= r. By Lemma 5.3.5, the

restriction map ϕ 7→ ϕ|Vi∪Ri
is a bijection between Di and Ci×SRi

5 , so this homomorphism
is an isomorphism.

Parts (b) and part (c) follow immediately from Lemma 5.3.5 and the definition of a
classical homomorphism.

The proof of part (d) is similar to the proof of Lemma 5.3.2, part (b). Given a tracial
state τ on Ac−c(B), let τ̃ be the tracial state on Ac−c(Tab(B)) defined by τ̃ = 1

120|R|

∑
r τ ◦

βr, where the sum is over r ∈ SR5 . If τ is finite-dimensional (resp. Connes-embeddable),
then τ̃ is finite-dimensional (resp. Connes-embeddable). Since βr(σi(x)) = σi(x) for all
i ∈ [m] and x ∈ Vi, βr ◦ α is the identity on Ac−c(B), and τ̃ ◦ α = τ . By parts (b) and (c),
def(τ ◦ βr) ≤ def(τ) = def(τ ◦ βr ◦ α) ≤ def(τ ◦ βr). This means that def(τ ◦ βr) = def(τ),
so def(τ) = def(τ̃). Finally, suppose y ∈ M, so y = uσi(z)

av for some z ∈ Ri, 1 ≤ a < 120,
and monomials u, v which do not contain z. By part (c), there is some monomial y′ in
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{σj(x) : j ∈ [m], x ∈ Vi} such that for all r ∈ SR5 , we have βr(y) = e2πaij/120cr′y
′, where

r(z) = γj, and cr′ ∈ C depends only on r′ = r|R\{z}. Hence

τ̃(y) = 1
120|R|

∑
r∈S5

τ(βr(y)) =
1

120|R|

120∑
j=0

e2πaij/120
∑

r′∈SR\{z}
5

cr′τ(y
′) = 0,

finishing the proof of part (d).

We need one more general fact about permutation-valued variables.

Lemma 5.4.2. Let f : Sm5 → S5 be a function, and suppose (V,C) is a boolean constraint
encoding the constraint x = f(y1, . . . , ym) on permutation-valued variables x, y1, . . . , ym. If
1 ≤ n < 120, then

xn =
∑
a

cay
a1
1 · · · yamm

for some coefficients ca ∈ C, where the sum is over all integer vectors a = (a1, . . . , am) with
0 ≤ a1, . . . , am < 120. Furthermore, if for every π1, . . . , πm−1 ∈ S5, we have the equality

{f(π1, . . . , πk−1, π, πk, . . . , πm−1) : π ∈ S5} = S5,

then ca = 0 if ak = 0.

Proof. Let Yk be the set of boolean variables representing yk, and let X be the set of
boolean variables representing x. The constraint x = f(y1, . . . , ym) states that

ΦX,ℓ =
∑

(γj1 ,...,γjm )∈f−1(γℓ)

ΦY1,j1 · · ·ΦYm,jm ,

where {γ0, . . . , γ119} is our chosen enumeration of S5. Since ΦYk,jk is a polynomial in yk, and
xm is a linear combination of the projections ΦX,ℓ for 0 ≤ ℓ < 120, we get xn = g(y1, . . . , yn),
where g =

∑
a cay

a1
1 · · · yamm is a polynomial in y1, . . . , ym. Since y120k = 1, we can further

assume that the sum is over vectors a = (a1, . . . , ak) with 0 ≤ ak < 120 for all k.

Given 0 ≤ j1, . . . , jm < 120, let ϕj : A(V,C) → C be the homomorphism sending
ΦYk,a 7→ δajk for all 1 ≤ k ≤ k. This homomorphism sends yk 7→ ωjk and x 7→ ωℓ, where
ω = e2πi/120, and γℓ = f(γj1 , . . . , γjm). We use the notation

A1, . . . ,|Ak, . . . , Am
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to denote the list A1, . . . , Am with the element Ak omitted. If, for some k, we fix 0 ≤
j1, . . . ,qjk, . . . , jm < 120, then∑

0≤jk<120

ϕj(g) =
∑
a

ca
∏
t̸=k

ωjtat
∑

0≤jk<120

ωjkak = h(ωj1 , . . . , qωjk , . . . , ωjm),

where h = g(y1, . . . , yk−1, 0, yk+1, . . . , ym). If {f(γj1 , . . . , γjm) : 0 ≤ jk < 120} is equal to
S5, then ∑

0≤jk<120

ϕj(x
n) =

∑
0≤ℓ<120

ωnℓ = 0

for 1 ≤ n < 120, and we conclude that

h(ωj1 , . . . , qωjk , . . . , ωjm) = 0.

If this occurs for all choices of 0 ≤ j1, . . . ,qjk, . . . , jm < 120, then h must be the zero
polynomial, so ca = 0 if ak = 0.

Although Lemma 5.4.2 is stated for general functions f , we are only going to use it for
the group multiplication and inverse functions, i.e. f(y1, y2) = y1y2 and f(y) = y−1. For
these functions, the additional hypothesis on f holds for all indices k. Thus the lemma
states that if (V,C) encodes the constraint x = y1y2, then x is a polynomial in y1 and y2
such that all monomials contain both y1 and y2, and similarly for the constraint x = y−1.

We can now prove the main algebraic lemma that we use to prove perfect zero knowl-
edge.

Lemma 5.4.3. Given a BCS B = (X, {(Vi, Ci)}mi=1), let Tab(B) = (Y, {(Wi, Di)}mi=1), and
let Tabsub(B) = (Y, {(Wij, Dij)}i∈[m],j∈[mi]). Let Ri = {ri(j, k) : (j, k) ∈ [3] × [di − 1]} be
the set of randomizers in Wi. Then:

(a) Suppose (Wij, Dij) is a constraint from Tabsub(B) of type (1), (2), or (4) in Defini-
tion 5.3.4. If y is a polynomial in Wij, then y is equal in A(Wi, Di) to a polynomial
in S ∪Ri, where Wij ∩ Vi ⊆ S ⊆ Vi and |S| ≤ 2.

(b) Suppose (Wij, Dij) is a constraint from Tabsub(B) of type (3). If y is a polynomial in
Wij then y is equal in A(Wi, Di) to a polynomial in Vi ∪ Ri where every non-scalar
monomial contains a variable from Ri.

(c) If y is a polynomial in Wij and z is a polynomial in Wik for some i ∈ [m], j, k ∈ [mi],
then yz is equal in A(Wi, Di) to a polynomial in Vi ∪ Ri in which every monomial
either contains a variable from Ri or has degree ≤ 4.
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Proof. Fix i ∈ [m], and consider the permutation-valued variables Ti(p, q) in A(Wi, Di).
The constraints of type (1) in Definition 5.3.4 imply that Ti(1, q) is a polynomial in xq for
all q ∈ [di]. The constraints of type (2) along with Lemma 5.4.2 imply that Ti(p + 1, q)
is a polynomial in {ri(p, q − 1), ri(p, q), Ti(p, q)}, and vice versa Ti(p, q) is a polynomial
in {ri(p, q − 1), ri(p, q), Ti(p + 1, q)}. Recall that ri(p, 0) = ri(p, di) = 1; for notational
convenience we use the convention that they are present in every monomial, although note
they aren’t elements of Ri. It follows that Ti(p, q) is a polynomial in {xq} ∪ {ri(p′, q −
1), ri(p

′, q) : 1 ≤ p′ < p}, and also a polynomial in {Ti(4, q)} ∪ {ri(p′, q − 1), ri(p
′, q) : p ≤

p′ ≤ 3}. Finally, the constraint of type (3) implies that for any q ∈ [di], the variable Ti(4, q)
is a polynomial in {Ti(4, q′) : q′ ̸= q}.

For part (a), suppose that y is a polynomial in Wij. By the previous paragraph, if
(Wij, Dij) is a constraint of type (1), then y can be written as a polynomial in xq, where
{xq} = Wij ∩ Vi. If (Wij, Dij) is a constraint of type (2) then y can be written as a
polynomial in {xq} ∪ Ri for some q ∈ [d1] (and Wij ∩ Vi = ∅). If (Wij, Dij) is a constraint
of type (4) then Wij has size two, and y can be written as a polynomial in {xq, xq′} ∪ Ri

for some q, q′ ∈ [di], where Wij ∩ Vi ⊆ {xq, xq′}. This finishes the proof of part (a).

For part (b), if (Wij, Dij) has type (3), then we can write y as a polynomial in {Ti(4, q) :
q ∈ [di − 1]}. Suppose M = Ti(4, q1)

a1 · · ·Ti(4, qk)ak is a monomial in this latter set of
variables, where k ≥ 1, 1 ≤ q1 < . . . < qk < di, and 0 ≤ a1, . . . , ak < 120. By Lemma 5.4.2,
Ti(4, qj)

aj is a polynomial in {xqj} ∪ {ri(p′, qj − 1), ri(p
′, qj) : p′ ∈ [3]} such that every

monomial contains all the randomizers. When we multiply these polynomials together to
get the monomialM , some of these randomizers may cancel out. However the randomizers
ri(p

′, qk) for p′ ∈ [3] appear only in the polynomial for Ti(4, qk). As a result, M is a
polynomial in Vi ∪ Ri such that every monomial contains ri(p

′, qk) for all p′ ∈ [3]. We
conclude that y can be written as a sum of monomials in Vi∪Ri, such that each non-scalar
monomial contains the randomizers {ri(p′, q) : p′ ∈ [3]} for some q ∈ [di−1]. In particular,
every non-scalar monomial contains some randomizer, finishing the proof of (b).

For part (c), suppose y and z are polynomials in Wij and Wik respectively. By part
(a), if (Wij, Dij) and (Wik, Dik) are constraints of type (1), (2) or (4) then y and z both
have Vi-degree less than or equal to two, and thus yz has Vi-degree less than or equal to
four. Suppose without loss of generality that (Wij, Dij) is the constraint of type (3). If
(Wik, Dik) is the same constraint, then yz is a polynomial in Wij, and is covered by part
(b).

Suppose (Wik, Dik) has type (2), so Wik = {ri(p, q− 1), ri(p, q), Ti(p, q), Ti(p+1, q)} for
some p ∈ [3], q ∈ [di]. If p ∈ [2], then z is a polynomial in {xq} ∪ {ri(p′, q − 1), ri(p

′, q) :
1 ≤ p′ ≤ p}. Since y can be written as a polynomial in Vi ∪ Ri such that every non-scalar
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monomial contains ri(3, q) for some q ∈ [di−1], yz can be written as a polynomial in Vi∪Ri

such that every monomial either has Vi-degree at most one or contains ri(3, q) for some
q ∈ [di−1]. If p = 3, then z can be written as a polynomial in {Ti(4, q), ri(3, q−1), ri(3, q)}
for some q ∈ [di]. For any 0 ≤ a < 120, Ti(4, q)

ay can be written as a polynomial in Vi∪Ri

such that every non-scalar monomial contains the randomizers ri(1, q
′), ri(2, q

′) for some
q′ ∈ [di−1]. So yz is a polynomial in Vi∪Ri such that every monomial either has Vi-degree
zero or contains ri(1, q

′), ri(2, q
′) for some q′ ∈ [di − 1].

Next suppose (Wik, Dik) has type (4), and let Fi = {Ti(4, q) : q ∈ [di]}. For q ∈ [di],
Ti(1, q) can be written as a polynomial in xq, Ti(2, q) can be written as a polynomial in
{xq, ri(1, q − 1), ri(1, q)}, and Ti(3, q) can be written as a polynomial in {Ti(4, q), ri(3, q −
1), ri(3, q)}. Hence every element Wi can be written as a polynomial in Vi ∪Ri ∪ Fi of Vi-
degree at most one such that no monomial contains ri(p, q), ri(p

′, q) for some q ∈ [di−1], and
p ̸= p′. Thus z can be written as a polynomial Vi∪Ri∪Fi with Vi-degree at most two, and
such that for all q ∈ [di − 1], no monomial contains all the randomizers {ri(p, q) : p ∈ [3]}.
If M is any monomial in Fi then My can be written as a polynomial in Vi ∪ Ri such that
every non-scalar monomial contains {ri(p, q) : p ∈ [3]} for some q ∈ [di − 1]. Hence yz can
be written as a polynomial in Vi ∪ Ri where every monomial either has Vi-degree at most
two or contains a variable from Ri.

Finally if (Wik, Dik) has type (1), then z is a polynomial in xq for some q, and as in the
previous paragraph, yz can be written as a polynomial in Vi ∪ Ri where every monomial
either has Vi-degree at most two or contains a variable from Ri. We conclude that part (c)
holds.

Remark 5.4.4. Note that the proof of Lemma 5.4.3, part (c) fails if we use a three-row
tableau in Definition 5.3.4 rather than a four-row tableau. Indeed, suppose we used three-
row tableaux. If (Wij, Dij) is the constraint of type (3), and (Wik, Dik) is the constraint
of type (4) with Wik = {ri(1, q), ri(2, q)}, then it is possible for yz to have monomials of
degree ≥ 5 that do not contain any randomizers. For instance, when q = 5, we can take
y = Ti(3, 1) · · ·Ti(3, 5). This corresponds to the fact that, with three-row tableaux, we can
recover the group product Ti(1, 1) · · ·Ti(1, q) from the variables Ti(3, q

′), q′ ∈ [q] and the
randomizers ri(1, q), ri(2, q).

Intuitively, Remark 5.4.4 prevents the three-row tableau from being perfect zero knowl-
edge, since the verifier can gain access to a product of more than five of the permutations
from the first row of the randomizing tableau. Using this information, the verifier may be
able to construct one of the original non-oblivious variables from the BCS−MIP∗ protocol
we reduce from. It is not necessarily possible to simulate the distribution of the players’
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strategy for even one of the original variables in polynomial time. Adding a fourth row
to the tableau solves this problem, as the verifier would need to learn three randomizers
to reconstruct a product of elements on the first row of the tableau from an assignment
to a type (3) constraint. No question allows the verifier to learn three randomizers. In
the classical setting, constraints of type (4) are not necessary because everything already
commutes, so a three-row tableau is enough.

Combining Lemma 5.4.3 with Lemma 5.3.2, for any BCS B we can define a perfect
correlation p for the BCS game G(Tabsub(Obl5(B))) such that p is a quantum correlation
if and only if G(B) has a perfect quantum strategy.

Proposition 5.4.5. Suppose B = (X, {(Vi, Ci)}mi=1) is a BCS with m constraints, and
π is a probability distribution on [m] × [m] such that π(i, j) > 0 for all i, j ∈ [m]. Let
Obl5(B) = (Z, {(Ui, Ei)}mi=1), Tab(Obl5(B)) = (Y, {(Wi, Di)}mi=1), and Tabsub(Obl5(B)) =
(Y, {(Wij, Dij)}i∈[m],j∈[mi]). Let Ri = {ri(j, k) : (j, k) ∈ [3] × [di − 1]} be the set of ran-
domizers in Wi. For any i ∈ [m] and n ≥ 1, let Λi,n be the set of non-scalar monomials
over Ui ∪Ri which either contain an element of Ri, or have degree at most n. Let Λ be the
subspace of Ac−c(Tab(Obl5(B))) defined by

Λ = C1 ⊕ span
⋃
i∈[m]

σi(Λi,4) ⊕ span
⋃

i ̸=j∈[m]

σi(Λi,2)σj(Λj,2),

and let f : Λ → C be the linear functional defined by f(1) = 1, f(σi(x)) = 0 for all
x ∈ Λi,4, and f(σi(x)σj(y)) = δxy for all x ∈ Λi,2, y ∈ Λj,2, where δab is the Kronecker
delta, i.e. δab = 1 if a = b, and is 0 otherwise. Let α : Ac−c(Tabsub(Obl5(B))) →
Ac−c(Tab(Obl5(B))) be the homomorphism sending σij(x) 7→ σi(x) for all x ∈ A(Wij, Dij),
as in Proposition 3.4.3.

For every i, k ∈ [m], j ∈ [mi], l ∈ [mk] and assignments ϕ and ψ to Wij and Wkl

respectively, let
p(ϕ, ψ|ij, kl) = f(α(ΦWij ,ϕΦWkl,ψ)).

Then p is a perfect correlation for the BCS game G(Tabsub(Obl5(B)), πsub), and p ∈ Cq
(resp. Cqa, Cqc) if and only if G(B, π) has a perfect quantum correlation in Cq (resp. Cqa,
Cqc).

Proof. We first observe that the linear functional f is well-defined, by showing that it can
be defined on a larger subspace. Indeed, for any set of variables S, let M(S) be the set of
non-scalar monomials in S, and letMn(S) ⊆ M(S) be the subset of monomials of degree at
most n. Since we’re assuming that (Vi, Ci) has at least one satisfying assignment, A(Vi, Ci)
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has a tracial state. Applying part (b) of Lemma 5.3.2 to the constraint system containing
the single constraint (Vi, Ci), we see that A(Ui, Ei) has a tracial state τi such that τi(x) = 0
for all x ∈ M4(Ui). Hence C1 ∩ spanM4(Ui) = {0} in A(Ui, Ei). By Lemma 5.3.2, part
(c), the set M2(Ui) is linearly independent in A(Ui, Ei). Hence we can choose a basis Ξi
for A(Ui, Ei) which contains {1}∪M2(Ui), and such that spanM4(Ui) ⊆ spanΞi\{1}. By
Lemma 5.4.1, part (a), the set {ab : a ∈ Ξi, b ∈ M(Ri)} is a basis for A(Wi, Di). Let Θi

be the set of non-identity elements in this basis. Because Ac−c(Tab(B)) is a free product
of the algebras A(Wi, Di), the set

Θ := {1} ∪
⋃
i∈[m]

σi(Θi) ∪
⋃

i ̸=j∈[m]

σi(Θi)σj(Θj)

is linearly independent in Ac−c(Tab(B)). Define a linear functional f on the span of Θ by
setting f(1) = 1, f(σi(x)) = 0 for all x ∈ Θi, and

f(σi(x)σj(y)) =

{
1 x and y are both in M2(Ui ∩ Uj) and x = y

0 otherwise

for all x ∈ Θi, y ∈ Θj with i ̸= j. The image of the set Λi,4 in A(Wi, Di) is contained
in the span of Θi, so the span of Θ contains the subspace Λ. Furthermore, if x ∈ Λi,4,
then f(σi(x)) = 0. Suppose x ∈ Λi,2 and y ∈ Λj,2 with i ̸= j. If x contains an element
of Ri, then x is contained in the span of {ab : a ∈ M(Ui), b ∈ M(Ri), b ̸= 1}, and
f(σi(x)σj(y)) = 0 = δxy. The same is true if y contains an element of Rj. If neither
x or y contains an element of Ri or Rj respectively, then x ∈ M2(Ui) and y ∈ M2(Uj)
are elements of Θi and Θj respectively. The only way for x and y to be equal is if both
belong to M2(Ui ∩Uj), so f(σi(x)σj(y)) = δxy. Thus the restriction of f to Λ is the linear
functional defined in the proposition.

Since f is well defined, Lemma 5.4.3 implies that p is well defined. Since
∑

ϕΦWijϕ =
1, it follows that

∑
ϕ,ψ p(ϕ, ψ|ij, kl) = 1 for every i, k ∈ [m], j ∈ [mi] and l ∈ [mk].

To show that p is a perfect correlation for G(Tabsub(Obl5(B))), we need to show that
p(ϕ, ψ|ij, kl) ≥ 0 for all ϕ ∈ Dij, ψ ∈ Dkl, i, k ∈ [m], j ∈ [mi] and l ∈ [mk], and that
p(ϕ, ψ|ij, kl) = 0 if ϕ|Wij∩Wkl

̸= ψ|Wij∩Wkl
. If i = k, then α(ΦWij ,ϕ) and α(ΦWkl,ψ) are

both projections in the commutative algebra A(Wi, Di), and thus their product is also
a projection. Since Ci is non-empty by assumption, A(Vi, Ci) has a tracial state. If
Bi = (Vi, {(Vi, Ci)}) is the constraint system for the single constraint Ci, then Obl5(Bi) =
(Ui, {(Ui, Ei)}) and Tab(Obl5(Bi)) = (Wi, {(Wi, Di)}). By Lemma 5.3.2, part (b), there is
a tracial state τi on A(Ui, Ei) such that τi(x) = δx,1 for all x ∈ M4(Ui). By Lemma 5.4.1,
part (d), there is a tracial state τ̃i on A(Wi, Di) such that τ̃i(x) = τi(x) for all x ∈
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M(Ui), and τ̃i(x) = 0 for all monomials x ∈ M(Ui ∪ Ri) containing an element of Ri.
Since τ̃i(1) = 1 and τ̃i(x) = 0 for all x ∈ Λi,4, the linear functionals f and τ̃i agree on
C1⊕Λi,4, and f(α(ΦWij ,ϕΦWkl,ψ)) = τ̃i(α(ΦWij ,ϕΦWkl,ψ)) ≥ 0. If ϕ|Wij∩Wkl

̸= ψ|Wij∩Wkl
then

α(ΦWij ,ϕ)α(ΦWkl,ψ) = 0 in A(Wi, Di), and f(α(ΦWij ,ϕΦWkl,ψ)) = 0.

If i ̸= k and neither (Wij, Dij) or (Wkl, Dkl) are constraints of type (3) in Defini-
tion 5.3.4, then by Lemma 5.4.3 there exist Si ⊆ Ui and Sk ⊆ Uk of size at most two,
such that Wij ∩ Ui ⊆ Si, Wkl ∩ Uk ⊆ Sk, ΦWij ,ϕ is a polynomial in Si ∪ Ri, and ΦWkl,ψ is
a polynomial in Sk ∪ Rk. Since M2(Si) is a linearly independent in A(Ui, Ei), part (a) of
Lemma 5.4.1 implies that the subalgebra of A(Wi, Di) generated by Si ∪Ri is isomorphic
to CZSi

2 ×ZRi
120, and similarly with the algebra generated by Sk ∪Rk in A(Wk, Dk). Hence

the subalgebra C of Ac−c(Tab(Obl5(B))) generated by Si ∪ Sk ∪ Ri ∪ Rk is isomorphic to
the group algebra of (ZSi

2 ×ZRi
120) ∗ (Z

Sk
2 ×ZRk

120). Let H be the quotient of this free product
group by the relations σi(x) = σk(x) for all x ∈ Si ∩ Sk, where σi(x) and σk(x) are the
group generators corresponding to x in the first and second factors of the free product
respectively, and let

q : (ZSi
2 × ZRi

120) ∗ (Z
Sk
2 × ZRk

120) → H

be the quotient map. Observe that

H = Z∗Si∪Sk
2 ∗ Z∗Ri∪Rk

120 /⟨xy = yx for x, y in Si ∪Ri or Sk ∪Rk⟩

is a graph product. By the normal form theorem for graph products [28], if g ∈ M(Si∪Ri)
and h ∈ M(Sj ∪Rj), then q(gh) = 1 if and only if g, h ∈ M(Si ∩ Sj) and g = h. Hence if
τ is the canonical trace on the group algebra CH, then τ ◦ q(σi(g)σk(h)) = f(σi(g)σk(h)).
We conclude that f(α(ΦWij ,ϕΦWkl,ψ)) = τ ◦ q(α(ΦWij ,ϕΦWkl,ψ)). Since ΦWij ,ϕ and ΦWkl,ψ

are projections, τ ◦ q(α(ΦWij ,ϕΦWkl,ψ)) ≥ 0. Suppose ϕ(x) ̸= ψ(x) for some x ∈ Wij ∩Wkl.

Then we must have x ∈ Ui ∩ Uk, so x ∈ Si ∩ Sk. Since 1+ϕ(x)x
2

ΦWij ,ϕ = ΦWij ,ϕ and
1+ψ(x)x

2
ΦWkl,ψ = ΦWkl,ψ, we have

q(α(ΦWij ,ϕΦWkl,ψ)) = q

(
α(ΦWij ,ϕ)σi

(
1 + ϕ(x)x

2

)
σk

(
1 + ψ(x)x

2

)
α(ΦWkl,ψ)

)
= q(α(ΦWij ,ϕ))

(
1 + ϕ(x)x

2

)(
1 + ψ(x)x

2

)
q(α(ΦWkl,ψ)) = 0.

Thus f(α(ΦWij ,ϕΦWkl,ψ)) = 0 if ϕ|Wij∩Wkl
̸= ψ|Wij∩Wkl

.

Finally, suppose i ̸= k and (Wij, Dij) is a constraint of type (3). By Lemma 5.4.3,
part (b), we can write α(ΦWij ,ϕ) = λ1 +

∑
x cxx for some coefficients λ, cx ∈ C, where the

sum is over monomials x ∈ M(Ui ∪Ri) containing an element of Ri. Let τ̃i and τ̃k be the
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tracial states on A(Wi, Di) and A(Wk, Dk) defined above. Since τ̃i is equal to f on Λi,4 and
ΦWij ,ϕ is a projection, λ = f(α(ΦWij ,ϕ)) = τ̃i(α(ΦWij ,ϕ)) ≥ 0. Similarly, f(α(ΦWkl,ψ)) =
τ̃k(α(ΦWkl,ψ)) ≥ 0. If x ∈ M(Ui ∪ Ri) contains an element of Ri, then xα(ΦWkl,ψ) ∈
σi(Λi,4) ⊕ σi(Λi,2)σk(Λk,2), so f(xα(ΦWkl,ψ)) = 0. We conclude that f(α(ΦWij ,ϕΦWkl,ψ)) =
λf(α(ΦWkl,ψ)) ≥ 0. It is not possible to have ϕ|Wij∩Wkl

̸= ψ|Wij∩Wkl
when i ̸= k and

(Wij, Dij) has type (3), since Wij ∩Wkl = ∅.
This finishes the proof that p is a perfect correlation for G(Tabsub(Obl5(B)), πsub). If p ∈

Cqc (resp. Cqa, Cq), then G(Tab(Obl5(B)), π) also has a perfect strategy in Cqc (resp. Cqa,
Cq) by Proposition 3.4.3. This means that there is a tracial state (resp. Connes-embeddable
tracial state, finite-dimensional tracial state) τ̃ on Ac−c(Tab(Obl5(B))) with df(τ ;µπ) =
0. By Lemma 5.4.1, part (b), and Lemma 5.3.2, part (a), there is a 1-homomorphism
Ac−c(B) → Ac−c(Tab(Obl5(B))), and pulling back τ̃ by this 1-homomorphism yields a
perfect strategy for G(B, π) in Cqc (resp. Cqa, Cq). Conversely, if G(B, π) has a per-
fect strategy in Cqc, then there is a tracial state τ on Ac−c(B) with def(τ ;µπ) = 0. By
Lemma 5.3.2, part (b), there is a tracial state τ ′ onAc−c(Obl5(B)) such that def(τ ′;µπ) = 0,
τ ′(σi(x)) = 0 for all x ∈ M4(Ui) \ {1}, i ∈ [m], and τ ′(σi(x)σj(y)) = 0 for all x ∈ M2(Ui),
y ∈ M2(Uj), i ̸= j ∈ [m] with x ̸= y. By Lemma 5.4.1, part (d), there is a tracial
state τ̃ on Ac−c(Tab(Obl5(B))) with def(τ̃ ;µπ) = 0, τ̃(u) = τ ′(u) for all monomials u in
{σi(x) : i ∈ [m], x ∈ Ui}, and τ̃(uσi(z)av) = 0 for all i ∈ [m], z ∈ Ri, 1 ≤ a < 120, and
monomials u, v in {σj(x) : j ∈ [m], x ∈ Uj ∪ Rj} which do not contain z. Observe that
τ̃(1) = 1, and τ̃(σi(x)) = 0 for all x ∈ Λi,4. Similarly, if x ∈ Λi,2 and y ∈ Λj,2 are not equal,
then τ̃(σi(x)σj(y)) = 0. By Proposition 3.3.3, def(τ̃ ;µinter) = 0, and since π(i, j) > 0 for
all i, j ∈ [m], ∥σi(x)− σj(x)∥τ̃ = 0 for all x ∈ Ui ∩Uj. Since ∥ · ∥τ̃ is unitarily bi-invariant,
we get that ∥σi(x)− σj(x)∥τ̃ = 0 for all x ∈ M(Ui ∩ Uj), and hence τ̃(σi(x)σj(x)) = 1 for
all x ∈ M(Ui ∩ Uj). It follows that τ̃ |Λ = f , so p(ϕ, ψ|ij, kl) = τ̃ ◦ α(ΦWij ,ϕΦWkl,ψ) for all
ϕ ∈ Dij, ψ ∈ Dkl, i, k ∈ [m], j ∈ [mi], l ∈ [mk]. We conclude that p ∈ Cqc. If Ac−c(B)
has a perfect strategy in Cqa (resp. Cq), then we can take τ to be Connes-embeddable
(resp. finite-dimensional), so τ̃ will be Connes-embeddable (resp. finite-dimensional), and
p ∈ Cqa (resp. Cq).

Remark 5.4.6. The correlation p in Proposition 5.4.5 is described algebraically. Alter-
natively, it’s not hard to see that the correlation p(ϕ, ψ|ij, kl) can be simulated using the
following procedure: If neither (Wij, Dij) or (Wkl, Dkl) has type (3), then pick an assign-
ment to the variables Z ∪ R uniformly at random, and fill in the variables Ti(p, q) so that
the constraints (Wij, Dij) of types (1), (2), and (4) are satisfied, to get an assignment γ
to Y . Output ϕ = γ|Wij

and ψ = γ|Wkl
. If one of (Wij, Dij) or (Wkl, Dkl) has type (3),

then for each r ∈ [m], pick an assignment to Rr and a satisfying assignments to (Ur, Er)
uniformly at random, and fill in the variables Tj(p, q) to get a satisfying assignment γr
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to (Wr, Dr). Output ϕ = γi|Wij
and ψ = γk|Wkl

. This procedure will output ϕ, ψ with
probability p(ϕ, ψ|ij, kl).

The description of the correlation p in Remark 5.4.6 is simpler than the algebraic de-
scription. On the other hand, without the algebraic description, it’s harder to see that the
correlation generated in Remark 5.4.6 is quantum when Ac−c(B) has a perfect quantum
strategy. In fact, if we use three-row tableaux rather than four-row tableaux in Defini-
tion 5.3.4, then the procedure in Remark 5.4.6 is still well-defined, and simulates a perfect
strategy for the game. However, by Remark 5.4.4, the simulated correlation is not neces-
sarily quantum even if Ac−c(B) has a perfect quantum strategy — something that is not
immediately apparent from the description of the procedure.

We are now ready to prove this chapter’s main result.

Theorem 5.4.7. Let ({G(Bx, πx)}, Q, C) be a BCS-MIP∗ protocol for a language L with
completeness 1 and soundness 1 − f(x), such that each context of Bx has constant size,
and πx is E-diagonally dominant for some constant E > 0. Then there is a PZK-BCS-
MIP∗ protocol ({G(B′x, π′x)}, Q̃, C̃) for L with completeness 1 and soundness 1 − Df(x),
where D > 0 is the a universal constant. If πx is uniform, then π′x is also uniform, and if
G(Bx, πx) has a perfect finite-dimensional tracial state, then so does G(B′x, π

′
x).

Proof. Let B′x = Tabsub(Obl5(Bx)), and let π′x be the subdivision of πx corresponding to
the subdivision of Tab(Obl5(Bx)) into Tabsub(Obl5(Bx)). If πx is uniform, then π′x is also
uniform. Let px be the correlation for G(B′x, π

′
x) defined in Proposition 5.4.5. Because Bx

has contexts of constant size, Obl5(Bx) and Tab(Obl5(Bx)) also have contexts of constant
size. As a result, the number of clauses in the constraints of Tab(Obl5(Bx)) is constant,
as is the size of each clause (where by clause we mean the constraints of type (1)-(4) in
Definition 5.3.4). Hence the Turing machines Q and C can be turned into Turing machines

Q̃ and C̃ such that ({G(B′x, π′x)}, Q̃, C̃) is a BCS-MIP∗ protocol. Similarly, since all the
constraints of Tab(Obl5(B)) have constant size, there is a Turing machine which, given
questions and answers i, j, ϕ, ψ for G(B′x, π

′
x), can produce px(ϕ, ψ|i, j) in polynomial time

in i, j, and x. Since the number of answers for any question is constant, the correlation px
can be simulated in polynomial time in x.

If x ∈ L, then Bx has a perfect strategy in Cqa, so px ∈ Cqa, and hence G(B′x, π
′
x) has a

perfect strategy in Cqa. Similarly, if Bx has a perfect strategy in Cq, then G(B′x, π
′
x) has a

perfect strategy in Cq as well. Conversely, suppose that τ is a tracial state on Ac−c(B
′
x).

Since the size of contexts and number of clauses in each constraint of Tab(Obl5(Bx)) are
constant, the parameters L, M , and K in Theorem 3.4.4 when going from Tab(Obl5(Bx))
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to Tabsub(Obl5(Bx)) are all constant. Theorem 3.4.4 implies that there is a tracial state
τ0 on Ac−c(Tab(Obl5(Bx))) with def(τ0) ≤ poly(2L,M,K) def(τ). Since there is a classical
homomorphismAc−c(Bx) → Ac−c(Tab(Obl5(Bx))) by Lemmas 5.3.2 and 5.4.1, we conclude
that there is a tracial state τ1 on Ac−c(Bx) with def(τ1) ≤ poly(2L,M,K) def(τ). Hence
if x ̸∈ L, then there is no synchronous strategy p for G(B′x, π

′
x) with wq(G(B

′
x, π

′
x), p) ≥

1 − f(n)/ poly(2L,M,K). Hence ({G(B′x, π′x)}, S̃, C̃) is a BCS-MIP∗ protocol for L with
soundness 1− f(x)/ poly(2L,M,K).

Theorem 5.4.8. There is a perfect zero knowledge BCS-MIP∗(2, 1, 1, 1/2) protocol for the
halting problem in which the questions have length poly(n) and the answers have constant
length. Furthermore, if a game in the protocol has a perfect strategy, then it has a perfect
synchronous quantum strategy.

Proof. By Corollary 3.1.2, there is a BCS-MIP∗ protocol ({G(Bx, πx)}, Q, V ) for the halting
problem with constant soundness s < 1, where Bx has exponentially many contexts of
constant size. Furthermore, if ({G(Bx, πx)}, Q, V ) has a perfect strategy, then it has a
perfect synchronous strategy. Then by Theorem 5.4.7 there is a perfect zero knowledge
BCS-MIP∗(2, 1, 1, s′) protocol for the halting problem with constant soundness s′ > 0,
polynomial length questions and constant length answers. A constant amount of parallel
repetition yields the result.

The proof of Theorem 5.4.8 implies that the halting problem is many-one reducible to
membership in Cq. In fact, there is a reduction such that if the Turing machine does not
halt, then the corresponding correlation is bounded away from the closure Cqa of Cq:

Corollary 5.4.9. There is a polynomial-time computable function p from Turing machines
to synchronous correlations such that if M halts then p(M) ∈ Cs

q , and if M does not halt
then there is a linear functional f on the space of correlations such that f(p(M)) = 1 and
f(p′) ≤ 1/2 for all p′ ∈ Cqa.

Proof. Let ({G(BM , πM)}, S, C) be the BCS-MIP∗ protocol for the halting problem with
completeness one and soundness 1/2 constructed in the proof of Theorem 5.4.8, where the
index M runs through Turing machines. Let p(M) be the correlation for G(BM , πM) as
in Definition 5.1.1. That p(M) is in Cq follows from Theorem 5.4.8, and the fact that if
p ∈ Cq, then p

⊗n ∈ Cq. The corollary then follows with the linear functional f defined by
f(p′) = w(G(BM , πM), p′).

Note that the number of inputs for the correlation p(M) depends on the size of the
Turing machine M .
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If we change the input protocol of the reduction, we can get a PZK−MIP∗ protocol for
the halting problem with a uniform question distribution at the cost of polynomial length
answers. Consider the following strong version of MIP∗ = RE due to Natarajan and Zhang
[55].

Theorem 5.4.10. There is a two-prover one round AM∗(2) protocol ({Gx}, Q, V ) for the
halting problem with completeness c = 1 and soundness s = 1/2, such that Gx is a syn-
chronous game with constant length questions, and polylog(|x|) length answers. Further-
more, if Gx has a perfect strategy, then it has a perfect oracularizable synchronous quantum
strategy.

Recall that AM∗(2) is the complexity class of languages with two-prover MIP∗ protocols
where the verifier chooses their messages to the prover uniformly at random. We can now
show the following.

Theorem 5.4.11. There is a perfect zero knowledge BCS-MIP∗(2, 1, 1, 1 − 1/ poly(n))
protocol for the halting problem in which the verifier selects questions according to the
uniform distribution, the questions have length polylog(n), and the answers have constant
length. Furthermore, if a game in the protocol has a perfect strategy, then it has a perfect
synchronous quantum strategy.

Proof. By oracularizing Theorem 5.4.10, there is a BCS-MIP∗ protocol ({G(Bx, πx)}, S, V )
for the halting problem with constant soundness s < 1, in which Bx has a constant number
of contexts and contexts of size polylog(|x|), and πx is the uniform distribution on pairs of
contexts. Furthermore, if G(Bx, πx) has a perfect strategy, then it has a perfect synchronous
quantum strategy. By applying CSP reductions in each context ({G(Bx, πx)}, S, C) can
be turned into a BCS-MIP∗ protocol ({G(B′x, πx)}, S, C) where B′x = (X ′x, {(W x

i , D
x
i )}),

Di is a 3SAT instance with number of clauses polynomial in |x|, and |W x
i | is poly-

nomial in |x|. Then by subdividing the B′x into a 3SAT we obtain a 3SAT protocol
({G(B3SAT

x , π3SAT
x )}, S, C) with number of clauses polynomial in |x|, and π3SAT

x is uniform.
There is a 1-homomorphism Ac−c(B

3SAT
x , µπ3SAT

x
) → Ac−c(Bx, µπx), so if G(Bx, πx) has a

perfect synchronous quantum strategy, so does G(B3SAT
x , π3SAT

x ). The theorem follows from
Theorem 5.4.7.

Theorem 5.4.12. There is a perfect zero knowledge BCS-MIP∗(2, 1, 1, 1/2) protocol for
the halting problem in which the verifier chooses questions uniformly at random, and the
questions and answers have length poly(n). Furthermore, if a game in the protocol has a
perfect strategy, then it has a perfect synchronous quantum strategy.
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Proof. Let ({G(Bx, πx)}, S, C) be the BCS-MIP∗ protocol from Theorem 5.4.11, so in par-
ticular Bx has mx contexts, where mx = poly(|x|), and πx is the uniform distribution on
[mx]× [mx]. Since the uniform distribution is 1/2mx-diagonally dominant, Theorem 2.5.1
implies that ({G(Bx, πx)}, S, C) has soundness 1 − 1/ poly(n) when considered as a MIP∗

protocol. The result follows from Theorem 5.2.1 using a polynomial amount of parallel
repetition.

Finally, we also have:

Theorem 5.4.13. PZK-BCS-MIPco(2, 1, 1, 1−1/ poly(n)) = BCS-MIPco(2, 1, 1, 1−1/ poly(n)).

The proof is similar to the proof of Theorem 5.4.8, but without the parallel repetition.
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