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Abstract

This thesis focuses on one of the branches of soft matter: biological systems. More
specifically, we study the morphological transformation of lipid bilayer membranes induced
by interacting with macromolecules. Recent progress of the topic is reviewed, and there are
two types of systems studied in the thesis; macromolecules can either passively or actively
interact with membranes. In the first part, the Monte Carlo simulation is used to study
the structural properties of the system consisting of a self-avoiding polymer chain confined
between a fluid membrane and a flat hard surface. There are no attraction or repulsion
between the polymer and the membrane, and the membrane is adhesive to the flat surface
or is pressed against the surface due to a pressure difference. As the adhesion between
the soft membrane and the surface increases, the polymer is subject to a strong confine-
ment; the state containing a pancake-shaped polymer conformation eventually yields to a
bud state through an abrupt, discontinuous structural transition. We explore the scaling
behavior of the physical properties of the system as functions of the polymer’s size, the
membrane’s surface tension, and the adhesion energy. As for the pressure difference case,
we show that it has a discontinuous structural phase transition. Monte Carlo simulations
reveal that the system undergoes a transition from a confined (bump) state to a strongly
confined (flatten-out) state as the pressure increases. A scaling argument is also made to
understand the physical mechanism behind the phase transition and the properties of each
state. In the second part, to understand how the nanoparticle adhesion strength and the
deformation capability induce different protruding membrane structures, a model based on
grand canonical ensemble and its solution are presented. With free energy minimization,
we demonstrate that multiple nanoparticles with certain range of the adhesion strength
and the deformation capability are able to induce stably not only tubes and buds but
also pearls, and the structure diagrams of these shapes were computed. The results sug-
gest that the pearling structure results from a balance between the adhesion strength, the
deformation capability and the reduced volume of the vesicle. We also find a structural
transformation that a tubular structure changes abruptly into a pearling structure.
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Chapter 1

Introduction and overview

1.1 Soft matter—main ingredients

The basic aim of soft condensed matter physics is to study the properties of the collective
behaviors of aggregated molecules; the states of the molecules studied by soft matter
physicists are neither simple liquids nor crystalline solids. Some of them are familiar
from everyday life, such as glues, soaps, and rubbers; Some of them even becomes very
important in successful commercial products, such as LCDs (Liquid Crystal Displays) that
relies on the optical properties of liquid crystals. Of course, the biological materials we
are made of is also soft matter. Many such materials exhibits novel and counter-intuitive
phenomena that are quite different from the traditional solid state physics. For example, in
the common-sense of thermal expansion, heating an object results in expanding its volume.
However, heating a rubber band causes it to contract rather than expand.

To explain this seemingly contradicting behavior, let’s model the rubber band as a cross-
linked network composed of many polymer chains. Let’s simplify the model even further
by just considering the behavior of a single polymer chain (Fig. 1.1). We know from
statistical mechanics [85] that an equilibrium state is determined by finding the minimum
of its free energy F and that increasing the entropy decreases the free energy because

F = E − TS, (1.1)

where E is the energy of the system. The entropy of a system is determined by the
number of possible states it can have. Thus, if the chain is stretched, the number of
possible states decreases, and so does the entropy. Conversely, if the chain is unstreched,
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Figure 1.1: The structure of rubber bands can be modelled as a cross-linked network formed
by polymer chains. The model is further simplified to consider the behavior of a single
polymer chain.

the chain possesses higher entropy. Because heating the chain introduces disorder (more
possible states) and increases the entropy, the chain is more likely to stay in a unstreched
status. Thus, macroscopically, the rubber band contracts when being heated.

The above example provides us some insights of two important features of soft matter:

• Coarse-grained model. The length scales of many soft matter systems are between
atomic scales and macroscopic scales. It is possible to construct a coarse-grained
model without considering every details at atomic scales. This property is crucial for
the main theme of this thesis, that is, lipid bilayer membranes. In the rubber band
example, instead of considering the detailed atomic units of which the polymer chain
is composed, we model the polymer chain as a long, flexible filament in the space.

• Thermal fluctuations. Brownian motions induced by the thermal fluctuations plays
an important role in soft matter systems. To understand the thermal contraction of
rubber bands, the entropy of the polymer chain is taken into account. The size of the
typical energies associated with soft matter systems are usually comparable with the
size of the thermal energies, and interesting phenomena take place when the energy
(E) and the entropy (S) in Eq. (1.1) competes with each other.

We will see these two features recurring throughout the thesis.
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Figure 1.2: (a) The tails (hydrophobic) is shielded by the heads (hydrophilic) to avoid
contact with water. (b) A simple depiction of a phospholipid molecule.

1.2 Lipid bilayer membranes

Lipid bilayer membranes are the biological materials that build up the cell and isolate it
from the environment [1]. The membranes confine other biological materials and define
the cell boundaries. Lipid bilayer membranes are composed of phospholipids, which are
amphiphilic molecules that the head of the molecule is hydrophilic (love water) and the tail
is hydrophobic (hate water). The lipids self-assemble through Brownian motion in a way
that the hydrophobic parts (tail) are hidden from the water, shielded by the hydrophilic
parts (head) (Fig. 1.2(a)).

Fig. 1.2(b) shows the structure of a phospholipid, which is similar to a soap molecule.
However, one important difference is that the tail of the phospholipid has two hydrocarbon
chains, which makes the lipid more like in a cylindrical shape. A simple yet informative
geometry argument [59] provides an insight into how this shape prompts phospholipids to
aggregate in sheets and stack into bilayers. Assume that a single lipid inside the aggregate
takes an area A with a volume V , and its tail length is L. For a bilayer aggregate, formed
by N lipids, with a thickness d and membrane area Amem, it has to satisfy the following
relations:

NA = 2Amem, (1.2)

NV = dAmem. (1.3)
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Figure 1.3: A schematic summary about how the packing parameter P shapes the lipid
aggregates.
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Rearranging the above equations we have d = 2V/A. Since we don’t want any empty space
inside the bilayer, the combined tail length 2L must be greater than the thickness d, that
is, 2L ≥ d. Expressing the above relations in terms of volume and area, we have

P =
V

AL
≤ 1, for bilayers, (1.4)

where P is referred to as the packing parameter. The above argument can also be applied
to a spherical or a cylindrical aggregate. The results are

P =
V

AL
≤ 1

3
, for spherical aggregates, (1.5)

P =
V

AL
≤ 1

2
, for cylindrical aggregates. (1.6)

The above relations are summarized in Fig. 1.3. A small packing parameter corresponds
to molecules with a big head and a short tail, which tend to aggregate into spheres. On the
other hand, a larger packing parameter corresponds to a more cylindrical shape, which tend
to aggregate into bilayers. Thus, because of having two tails, the phospholipids are able to
self-assemble into quasi-two dimensional objects. The argument serves as an good example
of coarse-graining. Without going into the detailed atomic structures of phospholipids, we
are able to give a reasoning of why lipids tend to aggregate into bilayers.

An important structure formed by lipid bilayer membranes is called vesicle. When
lipid molecules stack into sheets, an energy cost appears at the edge since the tails at
the edge are exposed to water. However, one possible structure that eliminates the edges
is to form a closed surface of bilayers. Such a structure is known as a vesicle. Vesicles
can be considered to be a simple model of biological cells, separating its content from the
environment. They are also important as a tool of encapsulating molecules and delivering
them to a target inside the body, which has a potential application of the pharmaceutical
industry.

1.3 Modelling membranes

1.3.1 Membranes as thin elastic sheets

When macromolecules adhere to the surface of membranes, it costs energy to bend or to
deform the surface. Typically, the thickness of lipid bilayer membranes is d ∼ 5 nm, and
the surface area that spans a vesicle can be 10 ∼ 10000µm2 [8]. This implies that the
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dimension of thickness can be neglected, and it is reasonable to regard bilayers as thin
elastic sheets. The bending energy needed to deform the surface is modelled by Helfrich
energy [20, 55]:

Ebend =
κ

2

∫
(c1 + c2 − c0)2 dA+ κG

∫
c1c2 dA, (1.7)

where c1 and c2 are the principal curvatures that describe the curvature of the element
area dA. The simple average of c1 and c2 is known as the mean curvature M = (c1 +
c2)/2 while the product c1c2 is known as the Gaussian curvature [65]. The spontaneous
curvature c0 accounts for any tendency of the membrane to bend in one direction or another.
For a single component membrane, the spontaneous curvature must be zero due to the
symmetric packing of lipids. On the other hand, the spontaneous curvature is generated
when molecules adhere to or are embedded in the membranes, which causes asymmetry
between the two layers.

The constant κ is known as the bending modulus. A stable membrane has a positive
bending modulus. The typical value of κ is around tens of kBT [8], where kB is the
Boltzmann constant and T is the temperature. The bilayer’s thermal undulation can be
exploited to measure the value of κ in experiments [14, 13, 98, 99, 46, 56] and in computer
simulations [49, 70, 5, 44, 74, 114, 29, 28, 10, 113].

The constant κG is called saddle-splay modulus. In contrast to the bending modulus,
the value of the saddle-splay modulus is harder to estimate either in experiments or in
computer simulations. Recently, a fairly accurate method to determine κG in computer
simulations has been proposed [58]; a MARTINI lipid model [74, 75] representing DMPC
membrane was studied and κG/κ ∼ −0.9 was obtained.

There is one important simplification in Helfrich model, Eq. 1.9, which involves the
Gaussian curvature c1c2. The Gauss-Bonnet theorem [65] states that the integral of the
Gaussian curvature over a closed surface is an constant that depends only on the topology
of the surface, not its detailed shape. Specifically, as long as distortions of a closed surface
involves no change in topology, we have∫

c1c2 dA = constant. (1.8)

Therefore, for deformations without any changes in topology, the bending energy is simply
given by

Ebend =
κ

2

∫
(c1 + c2 − c0)2 dA. (1.9)
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Figure 1.4: Different particle-based models have been proposed to simulate bilayer mem-
branes at different length scales. The first two types of models (from the left side of the
figure) simulate lipids in atomic scale or in different levels of coarse-graining. The other
type of models construct the membrane surface through a network without any notion of
phospholipids.

1.3.2 Membranes in computer simulations

Following the bilayer structures presented in Sect. 1.2, it is natural to model the membrane
systems using particle-based models. One that deals with molecular details is the atomistic
model. This type of models is able to describe the molecular organization and dynamics
of the lipids. A nice review of atomistic models can be found in Ref. [78]. In the following
discussion, we highlight some of the coarse-grained models that each lipid molecule is
constructed with a certain degree of coarse-graining in the simulation. Depending on
modelling phospholipids explicitly or not to represent membranes, they can be classified
into two groups, as shown in Fig. 1.4.

The first group models bilayer membranes with coarse-grained phospholipids. Since
the formation of lipid bilayers are driven by the aversion of the lipid’s hydrophobic part
to exposure to water, it is natural to include the water molecules into models [50, 116,
67]. While it is straightforward to include solvent particles into simulations, it increases
computational cost a lot, limiting the accessible time and length scales. To overcome the
limitation, solvent-free models are developed [83, 44, 114, 29, 28, 11, 92, 90]. However,
the parametrization of such models is less intuitive, and some experimentally relevant
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membrane properties, such as the size of bending modulus, are hard to control. It is also
possible to represent a cluster of phospohlipids by only one particle. The first of such
models was proposed by Drouffe et al. [41], and along this direction, several models were
proposed [9, 7, 63]. The second group models membranes with a network-like structure,
purely exploiting the elastic properties of membranes without any notion of phospholipids.
The most common representation is the triangulated-network model [51, 39, 82, 2, 69].
This type of models is valid for larger length scales, for example, in micrometer level, but
it cannot account for topological changes such as budding.

Besides particle-based models, membrane systems can be modelled as continuous sur-
faces. The standard approach is writing all the interaction energies in the context of
Helfrich model and performs minimization with proper constraints to find the free energy
minimum. This approach is relatively fast and computationally inexpensive compared to
particle-based models. However, it is difficult to include the effect of thermal fluctuations
into models. One common method to minimize free energy is deriving the shape equations
from the free energy functional [101, 76]. This type of models has been widely used to
study membrane systems with axis symmetry. A nice review on treating membranes as
continuous surfaces to explore various membrane properties can be found in Ref. [100].

1.4 Macromolecules interacting with membranes

Generally, there are two ways that macromolecules can interact with membranes to deform
and to generate curvature: macromolecules can be either embedded in the lipid bilayer
membranes or adsorbed onto the membrane surface. In this discussion, we will focus on
the membrane deformation induced by adsorption and also some membrane structures
produced purely by excluded-volume interaction.

1.4.1 A simple analysis on one spherical particle problem

Let us start from a simple case. A spherical particle with a radius Rp is adsorbed onto a
flat membrane surface. We assume the depth of the adsorption h is much smaller than the
radius Rp, and the contact area between the particle and the membrane is Acap = 2πRph.
The setup of the system is illustrated in Fig. 1.5. According to Helfrich model, the bending
energy in this case is 2κAcap/R

2
p. Since the originally flat membrane is now deformed and

stretched, a cost of surface tension energy has to be taken into account, which is σπh2,
where σ is the surface tension, and πh2 is the area difference between the contact area Acap
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Figure 1.5: An adsorbed spherical particle deforms the membrane surface.

and its projected area to the flat surface. The surface tension energy can be expressed in
terms of Scap, that is, σπh2 = σA2

cap/(4πR
2
p). The adhesion energy due to adsorption is

−εAcap, where ε is the adhesion constant per unit area. Combining the above three terms,
the free energy of the system is

F = 2κ
Acap

R2
p

+ σ
A2

cap

4πR2
p

− εAcap. (1.10)

Minimizing the free energy with respect to Acap, we obtain the following expression,

Acap

4πR2
p

=
ε− κ/R2

p

2σ
. (1.11)

The result suggests that, for a particle to be adsorbed on the membrane, the adhesion has to
be strong enough to overcome the cost of bending energy; otherwise, the particle departs
from the membrane even if there is adhesion between the particle and the membrane.
Moreover, for zero surface tension, the particle becomes wrapped as soon as ε > 2κ/R2

p.

1.4.2 One particle problem

The above analysis gives us a general picture of the problem. The one particle adhesion
model has been studied extensively because not only it serves as a basic model to under-
stand how membranes are deformed by outsiders but also it resembles a process called
endocytosis, which cells absorb molecules (such as proteins) by engulfing them. A large
body of theoretical works have been conducted to understand the nature of this process
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[71, 37, 36, 48, 103, 53, 68, 118, 21]. An early work [71] neglecting the contribution of sur-
face tension predicted that the adsorbed particle can either be unbound or fully wrapped,
which does not explain the partial wrapping observed in experiments and simulations. Re-
cent studies [37, 36] using shape equations derived from the free energy functional shows
that increasing the adhesion constant ε leads to a continuous binding followed by a dis-
continuous wrapping transition. These findings agree with the results of particle-based
simulations [103, 118]. Also, the membrane deformation caused by a single adhesive non-
spherical particle have been explored and found results similar to the spherical particle
cases [25, 117, 112, 118, 34]. Some experiments have been performed to understand the
interaction between a single nanoparticle and a bilayer membrane [61, 93]. Interestingly,
Ref. [61] reported that the cell functions altered by nanoparticles depends on the size of
nanoparticles.

1.4.3 Many particles problem

When two particles are adsorbed on the membranes, the deformation responds in a way that
minimizes the cost of bending energy and maximizes the contact area between nanoparticles
and the membrane, which can result in effective interactions between adsorbed particles.
These membrane-mediated interaction can be either attractive or repulsive. For example,
two cylindrical particles adhering to a planar membrane perturbs the membrane shape.
An effective attractive interaction is mediated through the membrane deformation for
cylinders adhering to the opposite side of the membrane. On the other hand, an effective
repulsive interaction is mediated for cylinders adhering to the same side of the membrane
[115, 80, 77]. It has also been shown that, for two adsorbed spherical particles in the
strongly curved membrane regime, a crossover from repulsive to attractive pair-interactions
emerges [91].

The behaviors of adsorbed nanoparticles become more versatile when there are three
or more adhering particles. With particles that have no attractions to each other in the
solution, Koltover et al. experimentally observed that two nanoparticles bound to a vesi-
cle surface tend to approach each other and bound after a period of time. When a third
particle is added into the system, a chain-like triplet was formed instead of an isotropic
triangular formation [64]. With multiple nanoparticles different arrangement of nanoparti-
cles can be formed. Theoretical studies have shown that based on the size of nanoparticles
[120] and the bending rigidity of a membrane [95], the nanoparticles can self-assemble into
hexagonal closed packing or linear aggregates, as shown in Fig. 1.6. For large deformation,
it has been shown in computer simulations that nanoparticles are able to produce tubular
protrusions for large enough adhesion strength. The tubular membrane wraps around the
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 (a) (b) 

Figure 1.6: Illustration of nanoparticle arrangement: (a) hexagonal closed packing and (b)
linear aggregates.

linearly aggregated nanoparticles, and the diameter of the tube roughly equals the one of
nanoparticles [96, 6]. A similar tube formation process has been observed experimentally
[42]. This is quite different from membrane tubes pulling out by optical tweezers or mi-
cropipette [88, 43, 94, 30] since the tube diameter is determined by membrane’s mechanical
property [35].

It is also possible for adhering nanoparticles to aggregate and produce collectively large
membrane deformations, which the length scale of the produced structure is at least an
order of magnitude larger than the size of the nanoparticles. Yu et al. studied the tubula-
tions and pearling induced by cationic nanoparticles enclosd inside spherical phospholipids
vesicles [119]. There are two stages in the whole process. First, the protrusion happens and
grows into a tubular structure. The tube keeps growing until the whole vesicle becomes
a long tubule. Note that the diameter of the tubule is at least an order of magnitude
larger than the one of nanoparticles. Second, the pearling process starts from the tip of
the tubule, which develops into a string of beads. Finally, the pearling structure breaks
into many smaller spherical vesicles. A similar collective protrusion has been studied in
computer simulations [91]. Caps and particles that modelled viruses are adsorbed on a
particle-based membrane model. The deformations produced by each cap or particle over-
lap with each other and generate a large collective budding. However, for the pearling
structure induced by nanoparticles, there is no theoretical explanation at this time. In Ch.
4, we proposed a coarse-grained model based on the grand canonical ensemble to study
the mechanism of pearling.

In contrast to deformations induced by particle adhesion, different membrane struc-
tures can be produced by purely exploiting the excluded-volume interaction between nano-
objects and membranes. For example, two nanoparticles inside a membrane with compa-
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rable diameters are pushed away from or are bound to each other based on the surface
tension of the membrane [24]. Also, a polymer chain, which can be regarded as a group of
nanoparticles with strong correlations, trapped inside a membrane tube exhibits a similar
response, which the polymer and the membrane adopt a globule structure as the surface
tension increases[109, 16, 22]. Inspired by recent experiments [57, 81], our group studied
the response of the polymer and the membrane when a polymer is trapped between a
bilayer membrane and a flat surface [106, 107]. The results are discussed in Chs. 2 and 3.

1.5 Organization of thesis

In a broad sense, based on how the macromolecules interact with membranes, we study
two types of systems in the thesis:

• Passive interaction. In Chs. 2 and 3, we study a polymer trapped between a bilayer
membrane and a flat surface, which serves as a general model when polymers (such
as DNAs or proteins) is trapped between a biological membranes (such as mucous
membranes) and tissues (such as muscles or bones). Using Monte Carlo simulations,
we show that the systems undergo discontinuous structural transitions by tuning ei-
ther the adhesion strength between the membrane and the flat surface or the pressure
difference between the compartment and the environment. Scaling theories were also
developed to understand the behavior of the confined polymer chain.

• Active interaction. In Ch. 4, a theoretical model of the vesicle tubulation and pearling
induced by nanoparticle adhesion is proposed and investigated. Based on the grand
canonical ensemble, we construct a free energy model in the context of Helfrich model.
By minimizing the free energy directly, we show that multiple nanoparticles with a
proper adhesion strength and the deformation capability are able to induce protru-
sions, such as a bud, a tube, or a pearling structure. We also found a discontinuous
structural transformation from a tubular structure to a pearling structure.

Finally, in Ch. 5, we summarize our findings and point out possible directions for our
future studies.
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Chapter 2

A self-avoiding polymer confined by
a soft membrane adhering onto a flat
wall

2.1 Introduction

A self-avoiding polymer in confinement is a classical topic in polymer physics [33], which
is now understood relatively well. The problem of a polymer confined in soft walls made
of fluid membranes contains even richer structures, however, is less well understood. For
example, when a polymer is confined in a membrane tube with much smaller diameter
than the polymer’s size [16, 4, 22], its reduced entropy can overcome the membrane’s
elastic energy, driving the system to a drastically different, globular phase. In another
example, when a polymer is confined near an originally flat soft surface by a short-ranged,
attractive potential well, the net effects are modifications of the membrane’s curvature
[87, 72, 62]. Interesting structures emerge from the theoretical work, as well as recent
experimental studies of related systems [40, 89, 109, 57, 104].

In this chapther, we study the system where a self-avoiding polymer is confined between
two surfaces; one is made of lipid membrane bilayer and the other a hard wall, where the
two surfaces attract to each other [see Fig. 2.1]. The theoretical model is inspired by
a recent experiment conducted by Hisette et al. [57]. Using a Monte Carlo simulation
scheme, we demonstrate that two distinctive states exist in the system: pancake and bud,
shown in Fig. 2.2. These two states were referred to as the shallow- and balloon-bulges in
a recent publication [108].
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(a)

(b)

Figure 2.1: (a)Schematic representation of the system. (b) Discretization scheme of the
membrane. The two-dimensional membrane surface are represented by [green] circles,
and the [blue-] shaded region represents the adhesion interaction range. Reprinted with
permission from Ref. [106]; copyright by The Royal Society of Chemistry.
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(a) (b) 

Figure 2.2: Simulation snapshots of a free polymer confined by the membrane-wall complex:
(a) Pancake state observed in a system with N = 400, βγa2 = 0.02, and βσa2 = 1.0, and
(b) bud state observed in a system with N = 400, βγa2 = 2.0, and βσa2 = 1.0. The scales
of the plots are labelled in units of a. The system with a grafted polymer has an almost
identical structure.

The scaling argument of a self-avoiding polymer confined in rigid objects, such as a
hollow sphere or a tube, was advanced by de Gennes [33]. The key argument made in such
a derivation is that the polymer free energy is dominated by the reduction of entropy due
to confinement. In the current system, the entropy reduction can be compensated by the
elastic energy of a deformed membrane. We develop a scaling theory following this consid-
eration. Our Monte Carlo data agrees with the results from our scaling theory, however,
disagrees with those predicted from the scaling theory by Thalmann et al. [108]; using the
scaling argument, these authors studied exactly the same model but have estimated the
polymer entropy in a different way from ours; detailed discussion can be found in Sect. 2.3
and Sect. 2.5.

A very interesting comparison of the current system is the droplet-induced budding
transition of an originally flat membrane that is wetted by one of two demixing fluids
[73, 66]. The adhesion energy between the membrane and the hard surface considered in
the present study plays a similar role as the interfacial energy between the two demixing
fluids[66].

The discussion is organized as follows. The basic model is introduced in Sect. 2.2,
and we propose a scaling theory for the current system, predicting different scaling results
in contrast with those by Thalmann et al.[108] in Sect. 2.3. The numerical scheme of
the membrane and the polymer is discussed in Sect. 2.4. In Sect. 2.5, we discuss the
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phase transition induced by the adhesion energy. Also, we compare the simulation data
with scaling predictions, examining the validity of the assumptions used in making the
predictions.

2.2 Model

The current model consists of a single self-avoiding polymer covered by a deformable fluid
membrane which adheres to a hard surface [see Fig. 2.1(a)]. The free energy of the system
has three major contributions: the polymer’s free energy, Fpoly, the membrane’s free energy,
Fmem, and the adhesion energy, Ead.

First, the free energy of the polymer, Fpoly, is composed of the excluded-volume in-
teraction between monomers, which swells the overall conformation of the polymer chain,
and the conformational entropy, which is reduced when the polymer is confined between
the membrane and the substrate. Both factors depend on the monomer number N of the
polymer and produce an osmotic pressure of the polymer against the confinement.

Next, for a two-dimensional fluid membrane, the Helfrich energy [55] can be written as,

Emem = 2κ

∫
M2 dA+ σ∆A, (2.1)

where M is the local mean principal curvature of the surface element dA, and ∆A =∫
dA−

∫ ′
dA is the excess area between the stretched surface

∫
dA and the originally flat,

adsorbing surface
∫ ′

dA. The bending modulus κ controls the curvature deformation on
the membrane, and the surface tension σ describes the cost of stretching the membrane’s
surface. For simplicity, we did not include the spontaneous curvature and Gaussian bending
energy contribution in this expression [100, 78].

Finally, the excess adhesion energy is given by

Ead = γ

∫ ′′
dA, (2.2)

where
∫ ′′

dA is the non-adhered area on the substrate. The parameter γ describes the cost
of detaching unit area of the membrane from the substrate. This term effectively accounts
for the adhesion produced by the surface ligand-receptor binding which has been reported
in experiments. The size of γ in the experiment[57] is of the order of magnitude of 102kBT
per 100 nm2, where kB is the Boltzmann constant and T the room temperature. Possible
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Figure 2.3: The confinement length D is much larger than the polymer segment length a.

interactions between the polymer and the interior wall of the confining membrane, and
between the polymer and the hard wall surface, are all ignored except for the excluded
volume interaction. The introduction of adhesion energy per unit area was previously
considered in modeling systems consisting of a membrane interacting with adsorbing rigid
particles or with a hard-wall environments [102, 36, 115, 79, 80, 31, 24, 77, 25, 21].

The overall free energy for the system,

F = Fpoly + Fmem + 〈Ead〉, (2.3)

contains four parameters: N , βκ, βσa2, and βγa2, where β = 1/kBT . In this and the
following chapters, 〈· · · 〉 denotes the average taken in a canonical ensemble, which amounts
to considerations of all possible configurations of the confined polymer and the confining
membrane. We use the Monte Carlo simulation method to study the system by moving
both polymer and membrane.

2.3 Scaling analysis

Before discussing the numerical results obtained from Monte Carlo simulation, we would
like to present scaling arguments of the current model to provide some physical insights
of the system. In a previous study, Thalmann et al. explored a similar model using
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scaling arguments[108]. In this section, following a similar approach, we develop several
different scaling relations based on different assumptions about the behavior of the trapped
polymer, and the scaling relations are compared with the Monte Carlo data to verify those
assumptions in Sect. 2.5.

In our current model of the polymer, there are two important factors determining the
free energy of it: One is the excluded-volume interaction between monomers, and the other
one is the confinement entropy induced by the compression of the polymer chain. Here we
briefly review how to estimate the free energy of the polymer chain using scaling concepts.
More detailed discussions can be found in Ref. [33].

For the excluded-volume interaction, we consider a polymer chain with N segments
confined to a volume V . The concentration of the segment, ρ, is

ρ ∼ N

V
. (2.4)

If each monomer occupies a volume u, the free energy due to the excluded-interaction
contributed by just one monomer is proportional to uρ. Thus, for N monomers, the total
free energy contributed by the excluded volume, Fex, is

βFex ∼ uN2/V. (2.5)

For the confinement entropy, we consider a polymer chain trapped inside a slit separated
by a distance D, where D is much larger than the polymer segment length a, as illustrated
in Fig. 2.3. Here the estimated entropy ∆S is a dimensionless number, so we expect its
value to be proportional to the ratio of the relevant length quantities, Rex and D, in the
form of

∆S ∼
(R0

D

)α
, (2.6)

where R0 ∼ Nν is the mean end-to-end distance of a polymer chain. Intuitively, the
leading term of ∆S should be linear in the polymer segment number N . Thus, we infer
that α = 1/ν, and the free energy induced by the compression of the polymer chain can
be written as

βFcom ∼ N
( a
D

)1/ν
, (2.7)

where ν = 1/2 for a polymer without the excluded-volume interaction; in contrast, ν = 3/5
for the one with the excluded-volume interaction[33].

Now we are ready to analyze the model using scaling concepts. Two configuration
settings will be discussed: a balloon-like bud state and a pancake state in the strong
surface tension limit.
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2.3.1 Scaling of bud state

We assume that the bud state has a spherical shape, so the bending energy becomes almost
a constant,

2κ

∫
M2 dA ∼ κ. (2.8)

Dropping a numerical coefficient, we can write the membrane surface area of the bud as

∆A ∼ h2, (2.9)

where h is the globular size.

Next, we consider two different assumptions of writing down the free energy for the
confined polymer. Making the excluded-volume interaction as the main contribution, we
can write the polymer’s free energy as

βFpoly ∼
uN2

h3
(2.10)

where we used the estimation for the excluded volume interaction of a self-avoiding poly-
mer. For the total free energy of the system, we then have

βF ∼ βκ+ βσh2 + u
N2

h3
. (2.11)

Minimizing the free energy with respect to h gives the following scaling relation,

h ∼ σ−1/5N2/5. (2.12)

Hence
〈∆A〉 ∼ σ−2/5N4/5, (2.13)

which is discussed in Sect. 2.5.2.

Another possible way of examining the polymer free energy would be to take the entropy
dominating assumption, which was the approach taken by Thalmann et al.[108]. The
polymer’s free energy then becomes

βFpoly ∼ N
(a
h

)5/3
. (2.14)

Minimizing the total free energy,

βF ∼ βκ+ βσh2 +N
(a
h

)5/3
, (2.15)
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with respect to h yields

h ∼ N3/11σ−3/11. (2.16)

Hence,
〈∆A〉 ∼ σ−6/11N6/11. (2.17)

The justification of dropping (2.14) in (2.11) can be self-consistently checked. Using
(2.12) in (2.10) we have Fpoly ∼ σ3/5N4/5, whereas using (2.12) in (2.14) we have Fpoly ∼
σ1/3N1/3; the former is much larger than the latter in the large N limit; therefore, the
contribution in (2.14) can be dropped. Likewise, if we were to take the result from the
entropy dominating assumption (2.16) in (2.11) we would have Fpoly ∼ σ9/11N13/11, whereas
using (2.16) in (2.14) we have Fpoly ∼ σ5/11N6/11; the former is still much larger than the
latter in the large N limit; therefore, dropping (2.10) in the analysis of (2.15) is incomplete.
From this comparison, we can already conclude that the scaling behavior, (2.13), is more
physical. Indeed, in Sect. 2.5, we will show that the Monte Carlo data agrees with Eq.
(2.13), not Eq. (2.17).

2.3.2 Scaling of pancake state in the strong surface tension limit

The pancake conformation is described by two measurements: w that measures the size
of the circular projection on the xy plane and h the height in the z direction. On the
basis that detached portion is approximated as a part of the sphere, we can estimate the
curvature 1/R ∼ h/w2 and the excess surface area ∆A ∼ h2. This gives

Emem ∼ κ
h2

w2
+ σh2. (2.18)

In the pancake state w/a� 1; in most parameter region considered in this study, κ� σw2,
hence the first term in the above equation can be dropped.

The free energy of the confined polymer, which experiences a large compression in the
z direction, can be written as [33]

βFpoly ∼ u
N2

w2h
+N

(a
h

)2
. (2.19)

This gives rise to the total free energy for the system,

βF ∼ βσh2 + βγw2 + u
N2

w2h
+N

(a
h

)2
. (2.20)
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In the weak adhesion region, minimizing the total free energy with respect to w and h, we
obtain the following scaling relations,

w ∼ σ1/16γ−1/4N7/16, (2.21)

and
w

h
∼ σ5/16γ−1/4N3/16. (2.22)

Both agree with our numerical data, as discussed in Sect. 2.5.3.

Another approach was taken by Thalmann et al.[108] for the scaling analysis, which
assumed the entropy dominates the polymer free energy and incorporated a logarithmic
correction factor into the surface tension term. The result of this analysis gives

w ∼ σ5/22γ−1/2N3/11, (2.23)

and an N -independent
w

h
∼ σ1/2γ−1/2, (2.24)

which is different from our scaling analysis discussed in the above. In Sect. 2.5.3, we
showed that the Monte Carlo data disagrees with Eq. (2.23) and (2.24).

2.3.3 Scaling of phase transition boundary

It is possible to estimate the transition boundary by plugging the the scaling results we
found in the above into the corresponding free energy equations and equating them. For
the bud state, plugging Eq. (2.12) into Eq. (2.11), we have

βFbud ∼ σ3/5N4/5. (2.25)

For the pancake state, plugging Eqs. (2.21) and (2.22) into Eq. (2.20), we get

βFbud ∼ σ1/8N7/8γ1/2. (2.26)

Equating the two free energy expressions in the above, we obtain a scaling relation of the
transition boundary:

γ∗ ∼ σ19/20N−3/20, (2.27)

where γ∗ is the value of γ at the transition point. This relation shows that increasing σ
also increases γ∗ while increasing N decreases γ∗. We shall see this result qualitatively
agrees with the numerical results in Sect. 2.5.
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Figure 2.4: The monomer position is updated through rotating around the axis formed by
the adjacent monomers.

2.4 Monte Carlo scheme

A self-avoiding polymer is modelled as a freely rotating chain of N−1 bonds, each of length
a. The bonds connect N monomers linearly, where every monomer has a hard-sphere
radius D. The polymer chain is subjected to the excluded volume condition between the
monomers as well as between the monomers and the nodes of the membrane. To update
the configuration of the polymer chain, a randomly selected monomer is rotated about the
vector connecting the two adjacent monomers along the chain (Fig. 2.4). A polymer chain
can either be grafted or move freely in space; both cases are examined.

In principle, a full scale membrane simulation that directly uses two-dimensional mesh
is possible; such a simulation, however, is computationally expensive. To efficiently im-
plement the Monte Carlo simulation, the deformable membrane is considered to have a
rotational symmetry about the z-axis in a cylindrical coordinate system. As an approx-
imation in this work, the dependence of the shape fluctuation on the azimuthal angle is
suppressed [22, 23]. The approximation can be justified by the fact that for large βκ, the
membrane statistics is basically dominated by the bending energy, not thermal fluctuations.
Indeed, in recent theoretical studies of systems of membrane-macromolecule interaction,
the bending energy itself, not the membrane’s free energy, is directly used for structural
analysis [102, 36, 115, 79, 80, 31, 24, 77, 25, 21]. We take this point of view in this work,
by assuming Fmem ' 〈Emem〉. The simplification reduces the computational complexity of
the model and allows for the simulation of large systems. In a general sense, the membrane
portion of the Monte Carlo scheme in this study, as well as in the previous works[22, 23],
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is used to direct the system to find an optimal shape for the membrane-energy minimum.

The membrane shape is described completely by [r(s), z(s)], where r is the radial vari-
able and s an arc variable measured from the symmetry axis. The parameterized version
of the energy associated with the membrane, Eq. (2.1), can be written as [101, 36],

Emem = πκ

∫ ∞
0

r(ψ̇ +
sinψ

r
)2 ds

+ 2πσ

∫ ∞
0

r(1− cosψ) ds,

(2.28)

where ψ(s) is the angle between the tangent direction of the shape curve and the substrate
surface; the dot on a symbol implies a derivative with respect to s.

The length scale in the system is rendered dimensionless by consideration of a scaling
factor 1/a. In the simulation, the arc variable s/a is uniformly discretized into m nodes,
each hosting a hard bead with a diameter δ shown in Fig. 2.1(b). The above integrations are
then replaced by summations. To update the configuration of the membrane, a randomly
selected ψk is modified by a small random value. The coordinates [r(si)/a, z(si)/a], with
k + 1 ≤ i ≤ m, are changed accordingly. Then, the configuration is translated along the
z-axis such that the end node is in close contact with the substrate. In other words, the
end node is vertically fixed at the level of the substrate and can only move in the horizontal
direction; this condition is crucial to updating the membrane shape efficiently.

A node of the discretized arc variable is considered to be in an adhesion position near
the substrate if the center of the node is within the interaction range d, as illustrated in
Fig. 2.1(b). We measure the diameter w of the disk area that is free from membrane
adhesion. The adhesion energy can be calculated as

Ead = γπw2/4, (2.29)

which assumes the azimuthal symmetry.

The parameters D = 0.9a, δ = 0.2a, and d = 0.3a were selected. Every Monte
Carlo step consists of N attempts of moving a randomly selected monomer and m/10
attempts of changing a randomly selected angle ψk associated with the membrane nodes;
The acceptance of the attempt was then evaluated based on the Metropolis algorithm
for the statistical weight exp[−β(Emem + Ead)]. In the present study, βκ is fixed at 16,
which corresponds to the order of magnitude in the actual biological systems. Under this
condition, the model is completely controlled by three parameters: N , βσa2, and βγa2.
More than 6×106 Monte Carlo steps were used for computing a data point corresponding to
a given set of the parameters; also, an equal number of the steps was used for equilibration.
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2.5 Numerical results and discussion

In this section, we present a phase diagram of the discontinuous budding transition. The
physical properties of each state are then examined in comparison with scaling theories.

To measure the conformation of the system, two ratios of the gyration of polymer, ξxy
and ξz, are measured in the simulation,

ξxy ≡ 〈S2
xy〉/〈S2

xy,0〉, (2.30)

and
ξz ≡ 〈S2

z 〉/〈S2
z,0〉, (2.31)

where 〈S2
xy〉 and 〈S2

z 〉 are the mean square radii of gyration measured in the xy-plane and
along the z-axis respectively, and 〈S2

xy,0〉 and 〈S2
z,0〉 the counterparts of a free polymer.

For the membrane conformation, the mean width-height ratio w/h, the mean non-adhered
disk area πw2/4a2, the mean excess area ∆A/a2, and the mean reduced bending energy,

Eb/κ = 2

∫
M2 dA (2.32)

were measured.

2.5.1 Phase transition

In the examined region of the parameter space, we observed two distinct states: pancake
and bud, as illustrated in Fig. 2.2. Out of the three reduced parameters, N , βσa2, and
βγa2, we first examine the phase behavior by fixing βσa2. The transition between these
two phases can be viewed by varying the adhesion energy or the polymer length.

Figs. 2.5, 2.6, and 2.7 show several features of the phase transition. First of all, as N
increases, the value of βγa2 at the transition point, γ∗, drops [Fig. 2.5]; a larger N normally
implies a higher osmotic pressure. When the system is in the pancake state, the dimensions
of the overall polymer conformation are compressed in all directions, along the xy plane
and the z direction, which is demonstrated by small ratios, ξxy and ξz, in Fig. 2.6(a) and
(b). As βγa2 increases, the membrane prefers more contact with the wall hence reduces
the noncontact disk size πw2/4a2 [Fig. 2.7(a)], through the membrane-wall attraction,
Eq. (2.29); this further minimizes the entropy of the polymer chain and increases the
osmotic pressure. Therefore, both polymer’s osmotic pressure and adhesion energy prefer
the budding transition.
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Figure 2.5: Phase boundaries between the pancake state (lower left region) and the bud
state (higher right region) for various values of βσa2. The symbols are the transition
points determined by the Monte Carlo simulation, and lines are the estimated boundary.
An abrupt transition from the pancake state to the bud state occurs, as the phase bound-
ary is crossed. Filled and Open symbols correspond to grafted and free polymers under
confinement. Reprinted with permission from Ref. [106]; copyright by The Royal Society
of Chemistry.
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Figure 2.6: Data obtained from our Monte Carlo simulations for various physical quantities
examined by fixing βσa2 = 1.0. All open symbols correspond to the situation that a free
polymer is confined, whereas filled symbols the situation a grafted polymer is confined.
Ratios of the polymer’s gyration dimensions in xy-plane and along the z-axis, defined in
Eqs. (2.30) and (2.31), are displayed in (a) and (b). The reduced bending energy, 〈Eb〉/κ,
and the excess area of the membrane after being stretched to cover the polymer, 〈∆A〉/a2,
are displayed in (c) and (d), respectively. Reprinted with permission from Ref. [106];
copyright by The Royal Society of Chemistry.
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Figure 2.7: Data obtained from our Monte Carlo simulations by fixing βσa2 = 1.0. All
open symbols correspond to the situation that a free polymer is confined, whereas filled
symbols the situation a grafted polymer is confined. The nonadhering surface-wall area,
〈πw2/4a2〉, is displayed in (a). The aspect ratio of a conformation, 〈w/h〉, is displayed
in (b). Reprinted with permission from Ref. [106]; copyright by The Royal Society of
Chemistry.
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Passing through the transition point, an abrupt transition from the pancake state to
the bud state occurs. Although it takes more bending and surface tension energy for the
membrane to form the bud shaped conformation, the nonadhered disk size is reduced as
preferred by the adhesion energy; as a result the compressed polymer regains a globular
symmetry as indicated by comparable sizes in ξxy and ξz. The free energy of the compressed
polymer is affected by two significant factors: the monomer-monomer excluded volume
interaction and the confinement entropy. It is intriguing to ask which dominates in each
state. We will explore this question in the next two sections.

Another feature in Fig. 2.5 is that as the membrane becomes more rigid, i.e. through
increasing βσa2, it takes higher pressure to jump to the bud state. Furthermore, in the
limit of βσa2 → ∞, the membrane becomes a rigid plate. In this limit, there is no bud
state, and the grafting condition becomes irrelevant. In the opposite limit of βσa2 → 0,
the budding transition can take place much more easily.

Finally, a difference between systems containing a confined free polymer or a grafted
polymer can be viewed in Fig. 2.5 by comparing unfilled and filled symbols. The most
visible difference is the shifted phase boundary, γ∗ as a function of N ; other general qual-
itative behavior remains the same. Away from the immediate transition region, open and
filled symbols merge in Fig. 2.6; the polymer’s dimensions and membrane’s energies all
stay the same for both cases: grafted or free, in the pancake and bud states. In the strong
adhesion limit, the membrane around the bottom of the bud closes. In the grafted-polymer
case, the size of the unadhered disk is restricted to at least one diameter of the grafted
monomer, while in the free-polymer case, the bottleneck can close. This causes the diver-
gent branching of w-related properties in the two cases, in the strong adhesion limit, as
seen in Fig. 2.7.

2.5.2 Properties of the bud state

One distinctive feature of the bud states is that at the strong adhesion limit, the wrapping
membrane forms a nearly perfect spherical shape. Because the non-adhered disk has a
vanishing size in the bud states [see Fig. 2.7(a)], ξxy, ξz, and 〈∆A〉/a2 are all independent
of βγa2, but dependent on N and βσa2, which is directly related to the size of the bud; this
feature is shown in Figs. 2.6(a), (b), and (d) at large values of βγa2. The reduced bending
energy 〈Eb〉/κ ∼ 8π is a particular example. Because of the length-scale invariance of
the bending energy, 〈Eb〉/κ maintains almost exactly the same in this limit [Fig. 2.6(c)],
independent of N , βσa2, βγa2; the value is approximately that of a perfect sphere.

Now, the scaling dependence of 〈∆A〉 on N and σ deserves a more careful examination.
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Figure 2.8: (a) Excess area of the bud states, 〈∆A〉/a2, in comparison with the unper-
turbed, flat membrane, as a function of N and βσa2 at βγa2 = 8.0. Plot (b) rearranges
the horizontal axis according to the result from a previous scaling theory, Eq. (2.17). Plot
(c) rearranges the horizontal axis according to the result, Eq. (2.13), from a new scaling
theory presented in Sect. 2.3.1. Dotted lines demonstrate the anticipated scaling behavior
in both cases. Reprinted with permission from Ref. [106]; copyright by The Royal Society
of Chemistry.
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The raw data is shown in Fig. 2.8(a) where the dimension of the bud state shrinks as
surface tension rises. Based on the scaling analysis, two different scaling relations can be
derived. In an entropy-dominating scenario, according to Thalmann et al.[108], we have

〈∆A〉 ∼ σ−6/11N6/11. (2.17)

This is demonstrated in Fig. 2.8(b) by the dotted line. As we can see, the Monte Carlo
simulation data disagrees with the prediction. In an excluded-volume dominating scenario,
we have arrived at a new scaling relation in Sect. 2.3.1,

〈∆A〉 ∼ σ−2/5N4/5. (2.13)

The dotted line in Fig. 2.8(c) demonstrates this scaling behavior. Our Monte Carlo simu-
lation results, in particular those with larger N , collapse to the dotted line asymptotically.
This result validates the excluded-volume dominating physical picture presented in Sect.
2.3.1.

Our numerical data also demonstrates the expected ξz ∼ ξxy ∼ 〈∆A〉/N6/5 for the glob-
ular conformation, although ξxy and ξz are independently measured from our simulations.
A detailed comparison is omitted here.

2.5.3 Properties of the pancake state

The pancake conformation can be characterized by the aspect ratio 〈w/h〉 and the area
of the nonadhered area, 〈πw2/4a2〉. Both depend on the three parameters in the model,
N , βσa2, and βγa2. The raw data taken from the measurements conducted in our Monte
Carlo simulations can be viewed in Figs. 2.9(a) and 2.10(a).

We compare the simulation data with two scaling theories. On the basis of the entropy-
dominating scenario, Thalmann et al. previously arrived at [108],

w2 ∼ σ5/11γ−1N6/11. (2.23)

and
w/h ∼ σ1/2γ−1/2, (2.24)

The dotted lines in Figs. 2.9(b) and 2.10(b) demonstrate this scaling behavior. The slope
and scattering of the simulation data disagree with this prediction.

We have re-developed a new scaling theory in Sect. 2.3.2 for the pancake state, where we
treated the polymer excluded volume and entropy as being equally important. According
to Appendix 2.3.2, we now have

w2 ∼ σ1/8γ−1/2N7/8, (2.21)
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w/h ∼ σ5/16γ−1/4N3/16, (2.22)

which are different from the predictions given by Thalmann et al.[108]. These scaling
relations are demonstrated in Figs. 2.9(c) and 2.10(c) by dotted lines. Our simulation
results, especially those with large N and βσa2, collapse to the dotted line asymptotically.
This agreement verifies the physical picture presented in Sect. 2.3.2. The large N (hence
large w) and βσa2 requirement was the assumption made in driving these scaling relations.

2.6 Summary

In summary, we developed a Monte Carlo procedure that follows the Helfrich energy for
the description of a soft membrane surface and incorporates an additional adhering energy
between the membrane and a hard-wall surface. We show that as a self-avoiding polymer is
confined between the membrane and the hard wall, the system undergoes a discontinuous
structural transition between two states, pancake and bud. The scaling behavior of the
Monte Carlo measurements in the bud and pancake states is analyzed carefully in light
of the analytic expressions obtained previously and in the Appendices. Our new scaling
theory fully agrees with the Monte Carlo simulation data, showing the importance of
incorporating the excluded volume interaction in a scaling theory for this type of systems.
The results presented in this work may provide insights to the budding mechanism and
stimulate experimentalists to further study the mechanical properties of polymer-confining
soft membranes.
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Figure 2.9: (a) Aspect ratio, 〈w/h〉, measured from the Monte Carlo simulation for the
pancake state, as a function of βγa2 for various N and βσa2. The horizonal axis is re-scaled
in (b), in reference to a previous scaling-theory result, Eqs. (2.24), according to Thalmann
et al.[108]. The horizontal axis is re-scaled in (c), following the new scaling behavior, Eqs.
(2.22), predicted in Sect. 2.3.2. Reprinted with permission from Ref. [106]; copyright by
The Royal Society of Chemistry.
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Figure 2.10: (a)Nonadhered wall area, 〈πw2/4a2〉, measured from the Monte Carlo simu-
lation for the pancake state, as a function of βγa2 for various N and βσa2. The horizonal
axis is re-scaled in (b), in reference to a previous scaling-theory result, Eq. (2.23), ac-
cording to Thalmann et al.[108]. The horizontal axis is re-scaled in (c), following the new
scaling behavior, Eq. (2.21), predicted in 2.3.2. Reprinted with permission from Ref. [106];
copyright by The Royal Society of Chemistry.
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Chapter 3

Pressing soft membrane to a
self-avoiding polymer against a flat
wall

3.1 Introduction

Polymers and membranes are ubiquitous in biological systems. It is known that the inter-
action between the two produces surprisingly rich and complex phenomena. For example,
a membrane-anchoring polymer can modify the membrane curvature through the entropic
force [12, 3]. More drastically, polymers with hydrophobic segments which anchor to the
lipid bilayer to generate a spontaneous curvature can induce tubulation or even pearling
if the polymer concentration is enough high [111, 110]. A polymer adsorbed onto a soft
membrane provides another example of intertwining membrane curvature and polymer; the
polymer could deform the membrane shape [87, 72, 62] at the right physical conditions. The
important ingredients that need to be considered here are: polymer’s entropy, membrane’s
bending and surface-tension energies, and the essential interactions in the system.

With the presence of the exclude-volume effects between the polymer and membrane,
some confinement systems demonstrate interesting conformation properties. A polymer
chain trapped inside a membrane tube can adopt a globular structure at a high surface
tension [109, 16, 22]; a vesicle adhering onto a substrate, which confines a polymer between
the membrane and substrate surfaces, induces a budding transition when the adhesion is
strong enough [57, 108, 106]. Beyond the conformation modification, a recent in vitro ex-
periment exploits the excluded-volume effects to scrape and staple DNA chains by vesicles
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to study the chain topological structure [81].

In this chapter, we develop a simple model to explore yet another interesting structural
change in a polymer-membrane complex. We consider pressing a polymer chain confined
between a soft membrane and a hard surface through a pressure on the membrane surface.
This can be realized in an experiment by pressing a vesicle on a grafted or confined polymer,
as shown in Fig. 3.1. Under such a simple arrangement, we predict that a discontinuous
phase transition is possible, from a confined state to a strongly confined state [Fig. 3.2].
The simple geometry of the current model demonstrates an example of how the polymer’s
entropy can be brought into play in modification of the membrane’s surface structure.

Two other systems share some similarity in the overall theme with the current model.
An interesting comparison of the current system is the droplet budding transition induced
by the interfacial energy between a membrane-confined liquid droplet and a underneath,
phase separated liquid [73, 66]; the interfacial energy, which plays a similar role like the line
tension, is the driving force for yielding a membrane-wrapped droplet structure in a budding
conformation. In another system, a polymer is sandwiched between a membrane and a hard
wall which binds each other through a membrane-wall attraction; the attraction is the main
factor to drive budding in this system [57, 108, 106]. In the current model, no attraction is
considered, and the membrane-wall contact is realized by pressing the membrane against
the wall through an external pressure. All these systems exhibit structural transitions
associated with the deformable membrane surface.

We theoretically study our model by using two techniques: Monte Carlo simulation and
scaling theory. The range of the reduced pressure considered in this study approximately
corresponds to an external force in the range of 0.01nN to 1nN in real biological systems.
As far as we are aware of, the predicted structural change described below has not been
experimentally observed yet.

The discussion is organized as follows. The model is introduced in Sect. 3.2. The
simulation method and results are presented in Sects. 3.3 and 3.4. In Sect. 3.5, based on
the numerical results, we develop a scaling theory for the current system and compare the
simulation data with the scaling predictions.

3.2 Model

As discussed in Ch. 2, the current model comprises a deformable fluid membrane pressed
against a hard, flat substrate and a self-avoiding polymer sandwiched between the mem-
brane and substrate. To keep the system simple and illustrate the important physical
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polymer

vesicle force

examined system

substrate

Figure 3.1: Schematic illustration of the examined system — the part inside the enclosing
rectangle, which can be regarded as a part of a much larger system. A force produces
the pressure needed to confine the polymer. Reprinted with permission from Ref. [107];
copyright by The American Physical Society.

properties, we only consider the excluded-volume effects between the mutually excluding
monomers, between monomers and the confining walls, and between membrane and the
substrate. We ignore other possible interactions in the system. The membrane is consid-
ered to be part of a much larger vesicle, which is compressed against the hard substrate
under pressure p, from a force exerted on the vesicle in a direction normal to the substrate
surface. A schematic illustration is shown in Fig. 3.1.

Defining V as the volume of the confining space between the membrane and the sub-
strate, we can write the free energy of the system

F = Fmem + Fpoly + pV, (3.1)

where Fmem is the free energy difference of the membrane in reference to a state without
the polymer and Fpoly is the confinement entropy of the polymer. Although the pV term
above has a similar appearance as the osmotic-pressure term in a vesicle energy model
[101], the physical meaning is completely different.

Most experimentally realized membranes have a large bending modulus κ; hence, the
determination of the membrane shape is dominated by the bending energy, and the thermal
fluctuations are less important[100, 78]. In this study, we model the membrane’s free energy

36



confined (C) 

confined (C) 

strongly
confined (SC) 

Discontinuous
transition

Figure 3.2: Simulation snapshots of the model system with N = 800 and βσa2 = 0.4.
From a low pressure (βpa3 = 0.04), the confined (C) conformation changes continuously to
a more profound, localized state at the transition pressure, βp∗a3 = 0.42. The conformation
then jumps to a strongly confined (SC) state where the polymer is almost flattened out.
The length scales are labeled in units of a. The size of monomers have been reduced for
visualization clarity.
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by the Helfrich energy [55]

Fmem ' Emem = 2κ

∫
M2 dA+ σ∆A, (3.2)

where M is the local mean curvature of the surface element dA. We assume that the
membrane is part of a much larger, closed vesicle, in which the Gaussian curvature term
is a constant not explicitly considered here. Furthermore, the requirement of the overall
surface-area constraint on the original vesicle manifests into the second term in the above
expression, where σ can be considered as the surface tension. Here we follow the treatment
commonly used in a flat-membrane problem, taking σ as a system parameter[15, 32, 35,
36, 47], which is independent of p. The physical nature of σ, in relationship with the
thermal fluctuations of the membrane constituents, is an issue that has recently been
examined [45, 38]. The excess area ∆A =

∫
dA −

∫ ′
dA is the difference between the

stretched membrane surface
∫

dA and the projection of the area on the flat wall
∫ ′

dA. For
simplicity, we only examine the case where the system has a zero spontaneous curvature
[100, 78]. For later reference, we consider the properties of the bending energy,

Eb = 2κ

∫
M2 dA, (3.3)

and the surface-tension energy,
Eσ = σ∆A, (3.4)

separately.

Within the model, an appropriate assessment of the self-avoiding polymer’s entropy
under strong confinement, i.e. Fpoly, is essential for determination of the stability of the
polymer conformation. Here, we use two independent methods: a Monte Carlo simula-
tion that automatically models the entropy (Sect. 3.3) and a scaling argument where a
compression entropy can be written (Sect. 3.5).

3.3 Monte Carlo scheme

The polymer’s free energy as a function of the monomer number N contains the confor-
mational entropy and the excluded-volume interaction between the monomers. The Monte
Carlo simulation is an effective tool to handle these properties efficiently.

We use a freely-rotating-chain model which contains N − 1 bonds of bond length a.
Each monomer has a hard-sphere diameter D = 0.9a. To update the configuration of the
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Figure 3.3: Discretization scheme of the curve describing the membrane shape. Reprinted
with permission from Ref. [107]; copyright by The American Physical Society.

polymer chain, we randomly selected a monomer and rotated it about the axis formed by
its adjacent monomers; the rotational angle was taken from a random selection bounded
by the magnitude |∆θ|. In order to keep the update robust, ∆θ was adjusted to yield
approximately 50% overall acceptance rate of Monte Carlo updates. The entire polymer,
constrained between the membrane and the substrate surface, moves in three-dimensional
space.

The structures discussed here are inherently axisymmetric; to simulate the system
efficiently, the soft, deformable membrane was considered to have an axisymmetry about
the z-axis in a cylindrical coordinate system. Suppression of the angular shape fluctuations
is justified by the fact that at a large κ = 16kBT , the free energy of the membrane is
dominated by the bending energy and the thermal fluctuations about a minimized shape
should be weak in general. In this work, we use the Monte Carlo procedure as an effective
tool to attack the minimization of the system free energy, avoiding mathematical difficulties
seen in solving the minimization problem of related axisymmetric membrane systems [102,
35, 36, 115, 79, 80, 31]. The procedure is not aimed at faithfully simulating the thermal
fluctuations, which would require the consideration of the shape fluctuations along the
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angular direction.

This axisymmetric approximation allowed us to simulate a large system which is crucial
to the current model. Under this simplification, the membrane configuration can be de-
scribed by a curve in a crosssection view [Fig. 3.3]. We discretized the curve into m nodes,
spaced out with a distance of δ = a/5 from the neighboring nodes. Rotating around the
z axis, two adjacent nodes define a thin truncated cone in three dimensions. Connection
of these cones form a deformable two-dimensional surface. Deformable three-dimensional
membrane shapes could then be generated by changing the position of these nodes. The
entire picture can be visualized as if the axisymmetric surface is divided by a series of
concentric rings.

The surface is free to move, subject to the membrane energy penalty, which can be
calculated from the discretized version of Emem in Eq. (3.2). In our simulation, we employed
a local “bond” fluctuation move to change the shape of the curve. Shown in Fig. 3.3, ψk
is the angle formed by the horizontal line and the connection line between the kth and
(k+1)th nodes. Once randomly selected, this angle is adjusted by a small random number.
Such a local move has a nonlocal effect: the coordinates of nodes having a label i > k are all
affected. In addition, to avoid the penetration of the last node into the hard-wall interior
(or detachment from the wall, depending on the sign of the random number), a global
translation move was considered along the z direction, to ensure that the last node of the
membrane is in contact with the wall surface.

The confinement of the polymer by the soft membrane was effectively modeled by as-
suming that each membrane node has a hard-core diameter δ = a/5. The excluded-volume
interaction between these membrane nodes and polymer monomers prevents mutual cross-
ing of the two. Beyond the excluded-volume requirement, the acceptance of a move was
evaluated based on the statistical weight exp[−β(Emem +pV )], according to the Metropolis
algorithm. The reduced bending modulus, βκ, was fixed at 16, corresponding to the order
of magnitude in actual biological systems [100, 78]. In this formalism, β = 1/kBT , where
kB is the Boltzmann constant and T the room temperature. Examining the entire model in
reduced units, we can show that the system is controlled completely by three independent
parameters: N , βσa2, and βpa3.

As a final technical note, we define a Monte Carlo step such that it consists of N
attempts of moving a randomly selected monomer and m/10 attempts of changing the
positions of randomly selected membrane nodes. A typical data point corresponding to
a given set of N , βσa2, and βpa3 was averaged over the accumulated data from 3 × 106

Monte Carlo steps. An equal number of steps were used for the initial equilibration.

In our Monte Carlo simulation, we considered the reduced-pressure range, βpa3, from
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Figure 3.4: Phase boundaries between the strongly confined state (up right region) and
the confined state (low left region) for various values of βσa2. Symbols are the transition
points determined by the Monte Carlo simulation, and lines are the estimated boundary.
A first-order transition occurs when the system crosses the boundary line. Reprinted with
permission from Ref. [107]; copyright by The American Physical Society.

0.01 to 3.0. To estimate the real pressure values in the laboratory, for example, take a
typical value a = 50nm, we can estimate that p is in the range of 10−4 atm to 10−2 atm.
If we further assume that the pressure is produced by exerting a force on the vesicle, as
illustrated in Fig. 3.1, and that the contact area between the vesicle and the substrate
is approximately 1µm2, the pressure range corresponds to a force range from 0.01nN to
1nN , which is realizable in a laboratory.
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3.4 Numerical results and discussion

Now we present the results from the Monte Carlo study. At a large N , a discontinuous
transition is observed in our simulation when we fix N and adjust βpa3. At low βpa3,
the system is in a confined (C) state where the polymer dimensions in the vertical and
horizontal directions are comparable and the monomer density is low. At high βpa3, a
strongly confined (SC) state is observed, where the polymer is completely compressed on
the substrate surface, and the monomer density is relatively high. The lines in Fig. 3.4
show the C-SC phase boundaries for various values of βσa2; one of the outstanding features
is that either a larger βσa2 or a larger N prefers a lower transition pressure.

The measurements for various components of the membrane energy at βσa2 = 0.1 and
βσa2 = 6.4 are plotted in Fig. 3.5(a). The bending energy Eb and the surface tension
energy Eσ decrease after the C-SC transition. Before the C-SC transition, in the C state,
the confinement volume, 〈V 〉/a3, decreases steadily as the pressure increases, as shown in
Fig. 3.5(b). Across the transition point, however, both 〈V 〉/a3 and p〈V 〉 [diamonds in Fig.
3.5(a)] jump to a higher value in the SC state, after which 〈V 〉/a3 regains the declining
course when βpa3 further increases. This jump is somewhat counter-intuitive. One of the
main effects of an increasing pressure is driving the confinement volume to a smaller size;
as such the mean curvature wrapping around a smaller volume increases. The bending
energy, as well as the surface-tension energy associated with a excess surface area, prefers
the SC state, where the shape curve is more smooth and the excess surface area is at
its minimum. In other words, the C-SC transition is pressure driven, but the important
benefactor is the membrane’s energy, not the work term, pV .

The open and filled symbols in Fig. 3.5 are for two different values of βσa2. The energy
gap at the C-SC transition shrinks as βσa2 increases. A large βσa2 leads to a more rigid
membrane; thus, the membrane deformation becomes less significant across the transition,
which yields a subtle shape difference between the C and SC states. Within the current
Monte Carlo data, we cannot resolve whether these two states would merge and the C-SC
transition would disappear at a much larger βσa2 than the range observed here.

To understand the conformation of the confined polymer, two ratios of the polymer
dimensions, ξz and ξxy, were measured in the simulation,

ξz ≡ 〈S2
z 〉/〈S2

z,0〉, (3.5)

and
ξxy ≡ 〈S2

xy〉/〈S2
xy,0〉, (3.6)
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Figure 3.5: Monte Carlo simulation data with N = 1600 as a function of βpa3 for βσa2 =
0.1 (open symbols) and βσa2 = 6.4 (filled symbols): (a) the energy components in the
system. Increasing the surface tension, βσa2, minimizes the energy gap between the states.
(b) The system volume, 〈V 〉/a3, increases after the jump from the confined state to the
strongly confined state. The estimated error bars are smaller than the size of the symbols
plotted in (a) and (b). Reprinted with permission from Ref. [107]; copyright by The
American Physical Society.

43



Figure 3.6: Ratios of the polymer’s gyration dimensions along (a) the z-axis and (b) in xy-
plane, defined in Eqs. (3.5) and (3.6). All filled symbols correspond to N = 1600 and open
symbols correspond to N = 800. (c) The system volume as a function of N at βσa2 = 0.4
for various βpa3. As the pressure rises, V becomes proportional to N . In (a), (b), and (c),
the estimated error bars are smaller than the size of the symbols plotted. Reprinted with
permission from Ref. [107]; copyright by The American Physical Society.
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Figure 3.7: (a) The aspect ratio, 〈w/h〉, and (b) the open surface area not in contact with
the membrane, π〈w2〉/4a2, measured from the Monte Carlo simulation, as functions of
βpa3 for N = 1600 (filled symbols), N = 800 (open symbols) and various βσa2 specified
in (b). To compare the simulation data with the scaling prediction in the confined state,
the horizontal axes in (c) and (d) are rescaled according to Eqs. (3.12) and (3.13); factors
of β and a are set to 1 in these plots for simplicity. The estimated error bars are smaller
than the size of the symbols plotted in all figures. Reprinted with permission from Ref.
[107]; copyright by The American Physical Society.
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where 〈S2
xy〉 and 〈S2

z 〉 are the mean square radii of gyration measured in the xy-plane
and along the z-axis respectively, and 〈S2

xy,0〉 and 〈S2
z,0〉 the counterparts of a free polymer.

These are shown in Figs. 3.6(a) and (b). Crossing the C-SC transition, the overall polymer
conformation undergoes a transition from a half globular shape to a compressed, almost
two-dimensional shape against the wall at a high pressure. We can also demonstrate this
conformational transition by examining the aspect ratio, w/h, displayed in Fig. 3.7(a),
where h is the height of the membrane at the symmetry axis and w the diameter of
the detached portion of the membrane from the flat wall. Further increase of βpa3 in
the SC state suppresses the z-direction polymer fluctuations, but would not yield further
expansion of the confinement cavity along the surface direction; the latter is shown by a
constant behavior of πw2/4a2 after the C-SC transition, displayed in Fig. 3.7(b).

3.5 Scaling discussion

Some of the observed properties in the above section can be made explicit in a scaling
argument. In the confined (C) state the monomer density is relatively low; we can write
down the entropy of the confined polymer and explain the observed physical properties
quantitatively. In the strongly confined (SC) state the monomer density is relatively high
hence the scaling argument of the polymer entropy fails; however, the qualitative behavior
of the phase diagram can still be discussed.

In the C state, changes in the reduced pressure βpa3 or surface tension βσa2 influence
both polymer dimensions ξz and ξxy. This indicates that the confinement entropy of the
polymer in both lateral and vertical directions need to be taken into account in a scaling
theory. According to Ref. [33] and Sect. 2.3, the compression entropy in these directions

can be separately written as N
(
a/h
) 1

ν and N
(
a/w

) 1
ν . For the current purpose we assume

that a sum can be taken,

βFpoly ∼ N
[(a
h

) 1
ν +

( a
w

) 1
ν
]
, (3.7)

where numerical coefficients have been dropped.

The analysis of the membrane energy can be made by approximating the shape of the
confining membrane portion. Using a spherical cap of a base area 4πw2 and height h, we
arrive at the scaling form for the two terms in Eq. (3.2),

βEmem ∼ βκ
h2

w2
+ βσh2. (3.8)
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Finally, taking into account the fact that volume V can be calculated from w2h, we can
write the free energy for the system in a C state,

βFC ∼ βκ
h2

w2
+ βσh2 +N

[(a
h

) 1
ν +

( a
w

) 1
ν
]

+ βpw2h, (3.9)

which is a function of variables h and w.

In most parameter region for the C state, w/a � 1 and κ � σw2; therefore, we can
safely discard the first term. Then, minimizing the total free energy with respect to w and
h gives,

βpwh−N a
1
ν

w
1+ν
ν

= 0; (3.10)

βσh+ βpw2 −N a
1
ν

h
1+ν
ν

= 0. (3.11)

Comparing the magnitude of the σ- and p-related terms in the second equation in reference
to the range of parameters considered in the Monte Carlo simulation, we can show that
the σ-related term dominates over the p-related term in the weak pressure region. This is
also supported by the simulation data shown in Fig. 3.5(a) where the C branch of β〈Eσ〉
remains almost constant. Neglecting the p-related term in Eq. (3.11) but keeping it in Eq.
(3.10), we can solve for w and h,

w ∼ p
−ν

1+2ν σ
ν2

(1+2ν)2N
ν(ν+1)

(1+2ν)2 , (3.12)

and
w

h
∼ p

−ν
1+2ν σ

ν(1+3ν)

(1+2ν)2N
−ν2

(1+2ν)2 . (3.13)

The solid lines in log-log plots in Figs. 3.7(c) and (d) demonstrate these power laws, after
the substitution of the Flory exponent ν = 3/5. Our simulation results in Figs. 3.7(a) and
(b), represented by symbols, collapse on the scaling prediction laws in Figs. 3.7(c) and (d).

In the SC state, the polymer is flattened out to form mono- or double monomer layers,
regardless of the value of βσa2 and N . In some of the high βpa3 systems simulated
here, we can estimate that the monomer density inside the confinement volume becomes
comparable to (but still much less than) the close packing density. In the latter case,
〈V 〉/a3 should be proportional to the monomer numbers N , as indicated by the solid line
in Fig. 3.6(c). Because of the relatively high monomer density, the polymer entropy can no
longer be estimated by the scaling form, Eq. (3.7). We are unable to deduce any further
quantitative scaling relations for the SC state.
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In the SC state, according to Fig. 3.5(a), the free energy is dominated by the pV term,

FSC ∼ pV. (3.14)

Furthermore, for a qualitative purpose we assume

V ∼ Nα, (3.15)

where α = 1 is characteristic of the close-packing limit that the monomer density cannot
exceed. Combining these we obtain,

FSC ∼ pNα. (3.16)

On the other hand, plugging Eqs. (3.12) and (3.13) into Eq. (3.9) and keeping the leading
term we have the free energy for the C state in a scaling form,

FC ∼ p
1

1+2ν σ
−ν

(1+2ν)2N
1− ν+1

(1+2ν)2 . (3.17)

To unravel the general behavior of the transition pressure p∗, we equate Eq. (3.16) with
Eq. (3.17). The transition pressure can then be estimated,

p∗ ∼ σ
−1

2(1+2ν)N
1+2ν
2ν

(
1− ν+1

(1+2ν)2
−α
)
. (3.18)

The exponent of N is negative because α(p) ∼ 1. Hence we see that increasing either σ or
N lower the transition pressure p∗, which is a qualitative behavior in agreement with the
phase diagram presented in Fig. 3.4.

3.6 Summary

In this study, the model of a self-avoiding polymer pressed by a soft membrane on one
side and confined by a hard surface on the other side was studied. Using the Monte Carlo
simulation, we demonstrated that, at large monomer numbers, this simple system displays
a discontinuous transition from the confined state to the strongly confined state. The
properties of each state were discussed. We showed that in the confined state increasing
the pressure helps to reduce the non-contact area between the membrane and the substrate;
going through the confined to strongly confined transition by increasing pressure, the non-
contact area, however, jumps to a large value. A scaling argument was also developed and
agrees with the Monte Carlo data in the confined state.
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We hope that the study of this simple system can improve the current understanding
of the role played by pressure in a polymer-membrane complex and stimulates experi-
mentalists to develop tools to probe the mechanical properties of this system. A possible
experimental realization of the current model is using the micropipette technique to hold
and push a cell against a substrate sparsely grafted with polymers, which can be done
rather straightforwardly [86, 27, 26].

The current chapter and the previous chapter concern about the conformational prop-
erties of a single polymer, in two different scenarios of confinement by a soft membrane
against a hard wall. The physical setup of the system bears similarity to a polymer confined
near a hard wall by a low molecular film [54]. In the latter system, Halperin et al. have
predicted that multiple confined polymers can undergo a phase separation on the quasi
two-dimensional surface. The complication of confining multiple polymers in the current
model, i.e. the possibility of phase separation on the surface, requires further exploration.
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Chapter 4

Model of vesicle tubulation and
pearling induced by nanoparticles

4.1 Introduction

In recent years, self-assembly of nanoparticles adsorbed on lipid bilayer membranes has
been studied extensively due to its interestingly rich phenomenon [97]. Nanoparticles
having different shapes and adhesion strength to membranes are possible to create different
structures of protrusions. For example, one single spherical particle with strong adhesion
energy is wrapped completely by a membrane and forms a bud [71, 84, 36, 53, 68, 118,
21, 112]. Furthermore, with multiple spherical nanopartiles and proper adehsion strength,
it is also possible to form a tubular structure that the diameter of the tube is exactly the
diameter of nanoparticles [96, 6]. On the other hand, multiple spherical caps are able to
produce a tubular structure that the diameter of the tube is larger than the size of the
cap [92]. Apparently, the shapes of the protrusions depend on the balance between the
nanoparticle adhesion strength and the deformation capability. However, each of these
results represents a particular combination of these factors; relatively little is known about
how these factors generates various structures of the protrusions in general.

In this chapter, we propose a grand canonical model and present its solution to address
the above question. By decoupling the nanoparticle adhesion strength from its deformation
capability, which is physically quantified by the spontaneous curvature, structure diagrams
were computed and various structures were found. We begin by discussing the proposed
model and the numerical scheme. Then the results obtained by minimizing the free energy
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numerically are discussed, which we focus on the pearling structures that are in accordance
with a recent experiment [119].

4.2 Theory

To study the main physical mechanism of tubulation and pearling induced by nanoparticles,
we consider an vesicle in contact with a nanoparticle solution inside and outside of it. For
simplicity we assume there is no interaction between nanoparticles themselves and they
can be adsorbed onto the membrane surface. Then, the total free energy Ftot is the sum of
the bending energy, Fmem, and the free energy Fad contributed by nanoparticle adsorption:

Ftot = Fmem + Fad. (4.1)

One of the major effects of the adsorption of nanoparticles is that it causes an asym-
metric configuration between the two leaflets of the membrane. The adsorbed site on the
membrane tends to deform locally and generate a spontaneous curvature [119]. To proceed
further, we introduce φ(x) as the difference of the area fraction of the inner and outer sur-
faces that are affected by nanoparticle adsorption, where x is the coordinate of a surface
element. Phenomenologically, we assume that the local spontaneous curvature is linearly
coupled to φ(x) by a curvature constant c0; a similar assumption has been proposed to
study the effect of the polymer anchoring on membranes [18]. We can then write down the
modified Canham-Helfrich energy [20, 55] as

Fmem =
κ

2

∫ [
2M − c0φ(x )

]2
dA, (4.2)

where M is the mean curvature of the surface area element dA, and κ is the bending
modulus.

The nanoparticle solution provides a reservoir for nanoparticles that are adsorbed on
the membrane surface. On the basis of the grand canonical ensemble, we can simply assume
that

Fad = µ0n, (4.3)

where the negative µ0 is the free energy loss of a nanoparticle in the adsorbed state,
which is coupled with the adhesion strength, and n is the total number difference of the
adsorbed nanoparticles between the inner and outer surfaces. Using the definition of φ(x),
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we can readily write n =
∫
φ(x) dA/Ap, where Ap is the effective contact surface area of a

nanoparticle with the membrane. Hence, the adsorption energy can be written as

Fad = µ

∫
φ(x) dA (4.4)

where µ ≡ µ0/Ap is a renormalized adsorption parameter.

In summary, with a vesicle under the constraint of constant area A and volume V , this
simple model is controlled by four parameters: the bending modulus κ, the spontaneous
curvature c0, the chemical potential µ, and the reduced volume v. The reduced volume v
is defined as

v =
V

(4π/3)R3
s

, (4.5)

where
Rs = (A/4π)1/2. (4.6)

The total free energy Ftot in Eq. 4.1 can be transformed into a dimensionless function:

Ftot/κ =
1

2

∫ [
2MRs − c̃0φ(x )

]2
dÃ+ µ̃

∫
φ dÃ, (4.7)

where c̃0 is the reduced spontaneous curvature c̃0 = c0Rs and µ̃ is the reduced chemical
potential µ̃ = µR2

s/κ. The area element is reduced to dÃ = dA/R2
s.

4.3 Numerical scheme

The difficulties of studying the described model arise from the fact that the shape of the
membrane surface and the area fraction φ(x ) change simultaneously. In previous studies
where similar models were dealt with [52, 18, 19, 60], the membrane shape was derived
according to the assumption that the area fraction φ(x ) has a predetermined function form.
In this section, we introduce a minimization framework that allows both the membrane
shape and the area fraction φ(x ) to vary without any assumption about their values.

We consider a vesicle with a deformable surface that has an axisymmetry about the z
axis. The shape of the vesicle can be described completely by a curve with coordinates r(s)
and z(s), where r is the radial variable and s is the arclength along the contour. In our
numerical procedure, the curve is discretized into N nodes, each separated by a distance d.
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)

 

 

Figure 4.1: Discretization scheme of the shape curve representing the vesicle in an axisym-
metric setting. The curve is discretized into N nodes by a distance d. Variables rk and ψk
(k = 1, 2, ..., N) were treated as independent variables in our minimization scheme.

We further introduce an angle variable ψ, which is defined as the angle between the nodes
and the horizontal line. The coordinates r and z depend on ψ through

ri+1 = ri + d cosψi, (4.8)

zi+1 = zi + d sinψi, (4.9)

where i is the index number of nodes. This discretization scheme is illustrated in Fig. 4.1.

With axisymmetry the adsorption of nanoparticles onto the membrane surface is de-
scribed by the area fraction φ(s) as a function of the arclength s. We also discretize φ(s)
into φi for every node i with the constraint 0 ≤ φk ≤ 1. Since later we will minimize the
total free energy Ftot to find the optimal distribution of the area fraction φ, no constraint
is placed on the total amount of area occupied by adsorbed nanoparticles.

To minimize the total free energy Ftot, within the axisymmetry scheme, we introduce
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a dimensionless target function with a discretized form of Eq. (4.7):

F̃ =
1

2

∑
i

[ψi+1 − ψi
d̃

+
sinψi
r̃i
− c̃0φi

]2
∆Ãi

+ µ̃
∑
i

φi∆Ãi

+ ΛA

(
1− 1

4π

∑
i

∆Ãi
)2

+ ΛV

(
1− 3

4v

∑
i

( r̃i+1 + r̃i
2

)2
d̃ sinψi

)2
+ Λd

∑
i

(r̃i+1 − r̃i − d̃ cosψi)
2,

(4.10)

where ∆Ãi = πd̃(r̃i+1 + r̃i) with d̃ = d/Rs and r̃i = ri/Rs. The ΛA and ΛV terms constrain
the area and volume according to the reduced volume v, and the Λd term is added because
r̃i, ψi, φi and d̃ are treated as independent variables in our minimization scheme. The
model under consideration is controlled completely by the dimensionless parameters c̃0, µ̃
and v.

We minimized the above target function with N = 301 using L-BFGS-B algorithm
[17] iteratively. Each time the penalty factors ΛA, ΛV , Λd were increased by 1 percent
starting from 500 to 107. The error tolerance of the minimization was selected such that
the contribution of the penalty terms was less than 0.1 percent to the final minimized
target function value.

4.4 Results and discussion

In our simulation, we explored the µ̃ < 0 region, which the imbalance of nanoparticles
between the inner and outer surfaces is favored. This mechanism was proposed to explain
the experimental results [119]; If the inner and outer surfaces were balanced initially, there
would be no protrusion, and the system becomes a simple vesicle without spontaneous
curvature studied in Ref. [101].

Instead of plotting all the configurations obtained by minimization, and to understand
the overall structure of the model, we defined a shape parameter γ to measure how well
the beads are formed in the protrusion part:

γ =
r̃avg − (1/c̃0)

π/(2c̃0)− (1/c̃0)
, (4.11)
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Figure 4.2: The shape of pearling structures (solid line) and the area fraction φ (dashed
line). (a) c̃0 = 5.0, µ̃ = −3.56 and v = 0.35. (b) c̃0 = 7.6, µ̃ = −0.51 and v = 0.70; The
configuration comprises two states: one is the pearling part (φ = 1.0), and the mother
vesicle is an almost perfect sphere that can be regarded as an reservoir to adjust the area
and volume of the vesicle. Note that the axes of r and z are not in the same scale.

where r̃avg = R−1s
∫
p
r(x) dA/

∫
p

dA, and
∫
p

dA is the the area of the protrusion part. If

the protrusion forms a tube with a radius equal to 1/c̃0, then ravg = 1/c̃0. On the other
hand, if it forms a string of beads with a radius equal to 2/c̃0, then ravg = π/(2c̃0). Thus
the numerical parameter γ indicates the shape of the protrusion: γ ' 1 means the shape
resembles beads and γ ' 0 means the shape resembles a tube.

4.4.1 Properties of stable states

We begin our discussion of the numerical results by examining how the vesicle shape
intertwines with the distribution of the area fraction adsorbed by nanoparticles. In Fig. 4.2,
the vesicle shapes and the distribution of spontaneous curvature are determined through
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interacting with each other. In contrast, previous studies obtained a similar morphology by
assuming a uniform distribution of spontaneous curvature [52, 18]. The results we found
here explain why this is the case; the area fraction φ equals to 1.0 throughout the pearling
part. Note that the radius of the pearling structure is close to 2/c̃0. This implies we
may use the observed bead size in the experiment to estimate the spontaneous curvature
generated by the nanoparticles.

Fig. 4.2(a) demonstrates a consistent simulation result with the experiment that Yu
and Granick reported no evident accumulation of nanoparticles at regions with a specific
curvature when the whole vesicle transforms into a string of beads [119]. Moreover, in Fig.
4.2(b), near the neck connecting the protrusion and the mother vesicle, the area fraction
φ has a strong decreasing gradient, and φ drops to 0 at the neck, which implies the mean
curvature of the membrane is zero at the neck. The mother vesicle in Fig. 4.2(b) forms an
almost perfect sphere, and the area fraction φ is distributed uniformly. The value of φ of
the mother vesicle agrees well with the estimation obtained from which a spherical vesicle
with the known radius is fed into Eq. 4.7 to perform minimization with respect to φ. We
shall see in the following discussion that the mother vesicle serves as an reservoir for the
protrusion part to adjust the area and volume of the vesicle.

4.4.2 Properties in (c̃0, v) plane

Since the reduced spontaneous curvature c̃0 controls the shapes of protrusion, which has
a specific area and a specific volume, and the whole vesicle is constrained by the reduced
volume v, the shapes of the vesicle should depend strongly on the the relative size of c̃0 and
v. In Fig. 4.3, using the shape parameter γ, we plotted the phase diagram in the (c̃0, v)
plane. The band structures appeared in the figure implies the above argument is indeed
true. The shapes of the vesicles in each band from blue, white to red (or yellow) possess
a particular number of beads. Starting from the top left corner of the figure is one bead,
and moving through each band increases the number of beads by one. Examples can be
seen from the shapes plotted in Fig. 4.3. In addition, when v . 3.0, the vesicle adopts the
shape of a long narrow capped cylinder. Likewise, when c̃0 & 10, the protrusion tends to
form a tubular structure. We will discuss these two features in the following discussion.

For varying the reduced volume v, it can be regarded as fixing the area and changing
the volume of the vesicle. This process resembles what have been observed in the exper-
iment. In Fig. 4.4(a), the free energy Ftot decreases as v decreases. Decreasing v allows
more membrane to adopt a shape according to the reduced spontaneous curvature c̃0, so∫
φ(x) dA increases, which means that the imbalance between the two surfaces increases
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Figure 4.3: Phase diagram of the reduced volume v versus the reduced spontaneous cur-
vature c̃0 for the reduced chemical potential µ̃ = −5.1. The diagram is plotted using the
shape parameter γ in Eq. 4.11, where the red color (γ ' 1) represents the membrane forms
one or several perfect beads and the blue color (γ ' 0) represents a perfect tubular pro-
trusion structure. Each band from blue, white to red (or yellow) has a particular number
of beads in the protrusion structure.
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Figure 4.4: (a) The total free energy Ftot as a function of the reduced volume v with
the reduced chemical potential µ̃ = −3.56 and various reduced spontaneous curvature c̃0
values. The discontinuity of the first order derivative of Ftot occurs each time the membrane
forms a new bead. Only the complete pearling states are plotted in the inset. (b) The
shape parameter γ as a function of v. The symbols represent the same set of parameters
as indicated in (a). The shape parameter γ jumps each time a new bead forms.
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Figure 4.5: The membrane shape as a function of v for µ̃ = −3.56 and c̃0 = 5.0.
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to lower the free energy Ftot. The minimum of Ftot is achieved when the whole vesicle be-
comes a string of beads, which is the stable (equilibrium) state in this case. This behavior
agrees with the experiment because, with proper nanoparticle concentration, the initially
spherical vesicle always transformed into a string of beads in the experiment. Note that
the transformation shown in Figs. 4.4 and 4.5 is not the transition path observed in the
experiment because what we have here are the equilibrium states while experimentally the
transformation is a dynamic process. A possible transition path is discussed in Sect. 4.4.4.

The total free energy Ftot in Fig. 4.4(a) and the shape parameter γ in Fig. 4.4(b)
together implies that there is a discontinuous transition each time the protrusion grows one
more bead. When crossing the transition point, the first derivative of Ftot is discontinuous,
and γ drops drastically. Fig. 4.5 shows how the shapes change near the transition point.
Interestingly, as shown in Figs. 4.4(a) inset and 4.5, soon after the whole vesicle becomes
a string of beads (φ = 1 throughout the vesicle), Ftot shows a similar behavior discussed in
Ref. [101], which a vesicle with an uniform reduced spontaneous curvature c̃0 = 3.0 goes
from two beads to three beads and finally becomes a prolate (unstable). In our cases, the
vesicle with an uniform c̃0 = 5.0 goes from seven beads to eight beads and finally becomes
a long narrow capped cylinder (unstable).

As the reduced spontaneous curvature c̃0 increases, the beads appeared in the protrusion
becomes smaller, and the difference in shape when lowering v becomes smaller. Thus, Ftot

becomes smoother at higher c̃0. The gaps appeared in the shape parameter γ when lowering
the reduced volume v also becomes smaller, as shown in Fig. 4.4(b). To understand how c̃0
affect the vesicle shape, varying c̃0 while fixing the reduced chemical potential µ̃ and v was
examined in Fig. 4.6. Interestingly, by varying c̃0 in Fig. 4.6(a), γ demonstrates a similar
structure shown in Fig. 4.4(b) in a reverse manner, which implies that increasing c̃0 or
decreasing v has a similar effect on the shape of vesicles. In Fig. 4.6(b), we examined the
reduced volume vp of the protrusion. When c̃0 . 13, vp shows a discontinuous trend similar
to a vesicle without the volume constraint [52]. The reduced volume of the mother vesicle
is adjusted to accommodate vp. However, when c̃0 & 13, vp starts to change continuously.
Since forming beads introduces discontinuity in vp, this suggests the protrusion adopts
a tubular structure, as shown by the shape in the top right of Fig. 4.3. Under the
strong spontaneous curvature c̃0, the protrusion tends to stay in a tubular structure. The
physical meaning of the strong spontaneous curvature is that a nanoparticle can deform
the membrane shape significantly, which is exactly the cases studied in Refs. [95] and [6].
Both studies observed that membrane-mediated interaction tends to aggregate adsorbed
nanoparticles linearly and produce tubular membrane structures.
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Figure 4.6: (a) The shape parameter γ as a function of the reduced spontaneous curvature
c̃0 for the reduced chemical potential µ̃ = −5.1 and reduced volume v = 0.82. The shape
parameter γ exhibits a similar trend shown in Fig. 4.4(b) in a reverse manner. (b) The
reduced volume vp for the protrusion part decreases as c̃0 increases. For c̃0 . 13, the trend
is similar to the one of a vesicle without the volume constraint [52].
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4.4.3 Properties in (µ̃, v) plane

In a real physical system, the reduced spontaneous curvature c̃0 is coupled with the adhesion
strength between the vesicle surface and nanoparticles, which is also coupled with the
reduced chemical potential µ̃. Here we deliberately decouple c̃0 and µ̃ to explore the
morphology transformation induced by nanoparticles with different chemical potential. A
phase diagram in (µ̃, v) plane is displayed in Fig. 4.7. The apparent stripe patterns suggests
that the equilibrium shapes of the vesicle is solely determined by c̃0 and v with a large
enough size of µ̃. In weak µ̃ region, when v goes smaller, the protrusion forms a tubular
shape, which is similar to larger c̃0 cases. Meanwhile, increasing the size of µ̃ drives the
membrane into a pearling shape. This is because a larger size of µ̃ prompts the system
to take more membrane area from the mother vesicle, which stays in a spherical shape, to
form the shape according to c̃0 in the protrusion. Forming spherical beads in the protrusion
can accommodate the highest volume and enables more membrane area from the mother
vesicle to adopt the shape according to c̃0.

To understand the effect of the reduced chemical potential µ̃ in more details, we studied
how the shape goes from a tube to pearls in Figs. 4.8 and 4.9. First, in Fig. 4.8(a), we
found that the total free energy Ftot is dominated by the chemical potential energy Fad;
however, take a closer look at the membrane energy Fmem in Fig. 4.8(b), the discontinuity of
the first derivative of Fmem implies that a discontinuous transition happens at µ̃ = −0.34.
Indeed, the shape parameter γ in Fig. 4.8(c) shows an abrupt jump which indicates a
sudden change of the shape. The shapes are plotted in Fig. 4.9 that the protrusion goes
from a tubular structure to a string of beads.

4.4.4 Comparing with experimental results

One important message here is that the morphology of protrusion depends on a subtle bal-
ance between the spontaneous curvature, the chemical potential, and the reduced volume.
We would like to point out that the pearling process has two stages in the experiment:
first, the protrusion happens and grows into tubes; second, the tubular protrusion trans-
forms into a string of beads [119]. The first stage implies that the relaxation dynamic of
the nanoparticle adhesion should be much slower than the one of the membrane reshap-
ing. Otherwise, the pearling structure would be observed in the early stage based on our
numerical results that the equilibrium shapes are pearling structures during the volume
decreasing process. Next, we further argue that the growth in tubes in the experiment
can be understood from Fig. 4.7 since weak µ̃ implies less nanoparticles are adsorbed onto
the membrane. Thus, the first stage (tubulation) corresponds to a process of decreasing
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Figure 4.7: Phase diagram of the reduced volume v versus the reduced chemical potential
µ̃ for the reduced spontaneous curvature c̃0 = 7.6. The color scheme is the same as the one
in Fig. 4.3. The shapes of protrusion are affected by both v and µ̃. Increasing µ̃ transforms
the membrane into a string of beads, while the number of beads solely depends on v and
c̃0.
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Figure 4.8: (a) The total free energy Ftot/κ and its components, Fad and Fmem, for the
reduced spontaneous curvature c̃0 = 7.6 and reduced volume v = 0.51. Ftot is dominated by
Fad; however, the membrane component Fmem (b) indicates that the first order derivative
of Fmem is discontinuous at the reduced chemical potential µ̃ = −0.34, and (c) the shape
parameter γ exhibits a jump.
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Figure 4.9: The membrane shape as a function of µ̃ for c̃0 = 7.6 and v = 0.51. The
membrane forms a string of beads when µ̃ < −0.34.
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v with a weak µ̃. The reduced volume v decreases until the vesicle becomes a tubular
structure. The second stage (pearling) corresponds to a process of increasing the size of
µ̃ as v decreases and the concentration of nanoparticles inside the vesicle increases. When
the nanoparticle adhesion reaches equilibrium, which implies a large size of µ̃, the vesicle
turns into a string of beads, which has the lowest free energy as discussed in Fig. 4.4. The
whole process is illustrated in Fig. 4.10.

4.5 Summary

In conclusion, multiple nanoparticles adsorbed onto membranes are able to induce various
structures: buds, tubes, and pearls. Our results imply that the pearling structure results
from a balance between the chemical potential, the deformation capability of nanoparticles,
and the reduced volume of the vesicle. Details of the pearling structure is discussed. By
exploring different combinations of these factors, we found the number of beads in the
protrusion is mainly determined by the deformation capability of nanoparticles and the
reduced volume of the vesicle. An abrupt structural transformation from a tube to pearls
is found by varying the chemical potential of nanoparticles. The results are in accordance
with a recent experiment and help clarify some findings in the previous studies.

66



𝑣 = 0.75 
𝜇 = −0.051 

𝑣 = 1.0 
𝜇 = −0.025 

𝑣 = 0.25 
𝜇 = −0.255 

|𝜇 | 𝑣 

𝑣 = 1.0 
𝜇 > 0 

exterior particles 

removed 

𝑣 = 0.32 
𝜇 = −0.102 

𝑣 = 0.27 
𝜇 = −0.204 

Figure 4.10: An illustration of a possible transition path. First, the volume of the vesicle
decreases, and the tubular protrusion keeps growing. Next, the tube starts pearling as
the size of the reduced chemical potential µ̃ increases. Finally, the originally spherical
vesicle turns into a long pearling shape. All the shapes are obtained from free energy
minimizations for c̃0 = 7.6.
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Chapter 5

Conclusion and outlook

In this thesis, we studied the structures produced by interactions between macromolecules
and phospholipid bilayer membranes. A large portion of previous works has focused on
nanoparticles adhesion problem, which nanoparticles adheres to the membranes surface
and produce different kinds of structures by deformations. Or some macromolecules, such
as proteins and amphiphilic molecules, can be embedded into the layers of the membranes,
creating asymmetry between the layers and hence curving the membranes. Many interest-
ing phenomena emerge when a large number of nano-objects interact with membranes, as
reviewed in Ch. 1. One important type of systems is a group of spherical nanoparticles ad-
hering to a membrane surface. Nanoparticles move freely on the surface and generate large
deformations through membrane-mediated interactions. Another type of systems is purely
exploiting the excluded-volume interaction between macromolecules and membranes. By
changing the mechanical properties of the membrane, macromolecules respond in dramatic
structural transformations.

In Chs. 2 and 3, we showed that even though there are no active interactions between
the polymer and the membrane, abrupt structural transformations still exist by changing
the adhesion strength or pressure difference between the membrane and the environment.
These conditions can be realized experimentally by engineering ligand-receptor bonds be-
tween the vesicle and the surface or using the micropipette to manipulate the vesicle. The
adhesion case produces a balloon-like structure, yet the pressure case generates a flattened
structure. The physical properties of each polymer structure are studied by computer sim-
ulations and scaling arguments, which point out that under different confining conditions
the excluded-volume interaction between monomers and the confinement entropy weighs
quite differently. This suggests that it is possible to experimentally study the properties
of macromolecules by purely exploiting the excluded-volume interaction between polymers
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and membranes. That is, the membrane itself serves as a tool provided by nature to probe
the behaviors of macromolecules.

Indeed, a recent experiment conducted by Nam et al. utilized the excluded-volume
interaction between DNAs and a bioadhesive vesicle [81]. The vesicle scrapes and staples
the DNAs into frozen confinement shapes. The topology of the DNAs is then studied by
optical means. Our results point out that, by controlling the adhesion and the pressure, it is
possible to manipulate the polymer topology into three different forms via simple membrane
interactions. In our current studies, we assumed axis symmetry for the membrane, which
excludes the possibility of stretching the polymer. Thus, it is interesting to construct a
truly three dimensional membrane in computer simulations to study the topology of a
trapped polymer with different flexibilities. More structures and behaviors of polymers,
such as self-entanglements, can be studied in the proposed model.

In Ch. 4, for nanoparticle adhering to a vesicle actively, we took a different approach
based on the grand canonical ensemble [105]. Previous studies [92, 6, 95] show that the
nanoparticles can generate tubular structures and buddings by membrane-mediated inter-
action. However, the pearling structures observed in the experiment [119] did not appear
in those simulations. By taking the system to a higher coarse-graining level, we model the
adsorbed nanoparticles as a density function in the context of the spontaneous curvature
model. Our model successfully reproduces the pearling structure observed in the experi-
ment. It further reveals that the shape of the vesicle depends not only on the spontaneous
curvature and the adhesion strength but also the reduced volume of the vesicle. The vol-
ume of the vesicle varies slowly during the transformation, and the formation of beads
along the tubular structure starting from the tip may result from the effort of maximizing
the adsorption area locally.

Based on the size of nanoparticles and the bending rigidity of a membrane, the nanopar-
ticles self-assembled into different structures on the membrane surface [120, 95]. However,
for large deformations, how the nanoparticles aggregate and generate different shapes of
deformations is not yet fully understood [97]. To some extent, our results presented in
Ch. 4 shed some light on such a problem. We identified that the chemical potential of
bringing nanoparticles onto the membrane surface drives the tubular protrusion into a
string of beads, which suggests a similar effect appears if the adhesion strength increases.
Nevertheless, there is no detail about the arrangement of nanoparticles on the surface in
our approach. To study such a problem, a three dimensional deformable vesicle is needed.
The size of the nanoparticles should be at least one or two orders of magnitude smaller
than the size of the vesicle, and the number of particles should be large. It is interesting
to study not only the effect of the size of nanoparticles but also the effect of the number
of nanoparticles. The fluctuations of nanoparticles adsorption and movement is expected

69



to come into play in the system once the number of them exceeds a certain value.

Finally, most of the theoretical studies mentioned here either ignored or partially con-
sidered the membrane fluctuations. Taking the membrane fluctuations into account may
not change the current theoretical results drastically because the bending rigidities of most
biological membranes are large enough to regard fluctuations as a small perturbation, but
it may change how nanoparticles self-assemble to different structures on the membrane
surface. Therefore, it is interesting to explore the effect of membrane fluctuations on
nanoparticle adhesion problems.

All the results presented in the thesis are quite exciting as they pointed out a potential
way to manipulate materials at nanoscale, either using membranes to trap and reshape
macromolecules or using nano-objects to generate different kinds of membrane shapes.
The ability to do so could have potential application in fabricating bio-materials and the
so-called soft machines. We hope that the results presented here can stimulate further
studies.
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[96] A. šarić and A. Cacciuto. Phys. Rev. Lett., 109:188101, 2012.

75
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