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Abstract

Reinforcement Learning (RL) is an emerging technique to solve for optimal policies
of sequential decision-making problems, particularly when the parameters of the dynamic
environment are unknown. Classical RL is framed under a discrete-time setting, often
modeled on a Markov Decision Process. While recent RL literature has extended their
problems to continuous-time, the lack of mathematical foundation limits their success to
the empirical level. On the other hand, while classic stochastic control provides theoret-
ically optimal solutions to continuous-time sequential decision-making problems, it relies
on the model assumptions and the knowledge of true model parameters of the dynamic
environment. Therefore, recent stochastic control literature has shown a growing interest
in applying RL techniques to classical control problems and formulating traditional RL
methodologies into rigorous stochastic control frameworks. By randomizing the control to
a probability distribution, RL facilitates an informed exploration within the control space,
allowing the decision-maker to seek for the optimal strategy without the full knowledge
of the model of the dynamic environment. We refer to this RL-facilitated control ran-
domization as an exploratory extension to the stochastic control problems, leading to an
exploratory control framework.

In light of the wide applications of continuous-time RL and stochastic control, this thesis
studies four classical stochastic control problems under the exploratory control framework,
which is motivated by three mainstream finance problems — the mean-variance portfolio
optimization problem (Chapters 2 and 3), the optimal investment-consumption problem
(Chapter 4), and the optimal stopping problem with an application in exercising American-
type options (Chapter 5).

Chapter 2 studies the mean-variance portfolio optimization problem in a regime-switching
market. By adopting the Lagrangian dual of the mean-variance objective, we transform the
mean-variance problem to a time-consistent control problem and solve for a precommitted
Gaussian investment policy that is globally optimal at the initial time. Whereas, Chapter
3 revisits the mean-variance portfolio optimization problem in a market with jumps and
directly optimizes the original mean-variance objective, where time inconsistency arises.
As a result, we solve for an equilibrium Gaussian investment policy that is locally optimal
in a game-theoretical equilibrium sense. Chapter 4 addresses Merton’s optimal investment-
consumption problem with non-exponential discounting, which is a time-inconsistent dual-
control problem. We solve for an equilibrium investment-consumption policy, as a joint
distribution over the investment and consumption space, and further show that it can
be expressed as the product of a Gaussian investment policy and a Gamma consumption
policy. Finally, Chapter 5 tackles the optimal stopping problem and accounts for a gen-
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eral (not necessarily exponential) discounting function. With the binary character of the
control space, stop and continue, we solve for an equilibrium Bernoulli stopping policy,
which represents the probability of stopping. We also examine the effect of exponential
and non-exponential discounting on the optimal stopping policies and the stopping regions.

For each problem, we solve for the optimal policy and the corresponding value functions,
analytically or semi-analytically. We provide verification theorems and policy improvement
(or policy iteration) theorems, as well as supplementary lemmas and propositions, which
serve as the theoretical foundation of the subsequent analysis. Beyond these, we also
design an RL algorithm for each problem. We derive effective loss functions that apply the
martingale properties of the theoretical solutions. With proper RL model configurations,
our algorithms have empirically shown their capability of learning the optimal policies in
our numerical studies with simulated and real market data.
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Chapter 1

Introduction

Reinforcement Learning (RL) is a branch of machine learning that focuses on optimizing
sequential decision-making under uncertainty, where a decision-maker interacts with an
environment to maximize cumulative rewards. As in Figure 1.1, at each time ¢, an agent,
i.e., the decision-maker, finds herself at state S; in the dynamic environment. By selecting
an action a; based on the policy 7, the agent receives the reward R; and transitions to the
next state S;y1. The agent’s objective is to maximize the cumulative reward, which is often
discounted over time. As introduced by (Sutton & Barto, 2018), a RL agent maintains
an exploration-exploitation trade-off, balancing between taking the known most-rewarding
action (exploitation) and trying some unknown but potentially more rewarding actions
(exploration).

Reward:

State:

- mm mm mm = =y
) [ —

—— — —— —— o = = —— —— o = = — — _—— = = —

Action:

Figure 1.1: RL Workflow



While traditional RL operates in discrete-time settings, continuous-time RL has gained
attention for applications involving high-frequency decision-making and stochastic pro-
cesses. Continuous-time RL leverages mathematical tools such as dynamic program-
ming, Hamilton-Jacobi-Bellman (HJB) equations, and functional approximations to ad-
dress problems where decisions occur in a continuous-time framework (Doya, ). In
turn, the stochastic control literature has shown growing interest in applying continuous-
time RL techniques to the classical control problems (H. Wang et al., ; Lesmana &
Pun, ), as well as formulating existing RL methodologies into more rigorous stochas-
tic control frameworks (Jia & Zhou, , , ). The key idea of applying RL
techniques to stochastic control problems is to introduce stochasticity into the control, ran-
domizing it from a deterministic function (that maps time and state to the control space)
to a probability distribution over the control space conditioned on time and state. This
idea was first pointed out by Gullapalli ( ), who studied the stochastic RL in discrete
time, and then advanced by H. Wang et al. ( ), who formulated the exploratory control
framework in continuous time. We hereafter refer to this control randomization as an ex-
ploratory extension to the classical control problem, and refer to the control problem after
extension as an exploratory control problem.

The reason behind such exploratory extension is two-folded. First and foremost, it is
often unrealistic to have full access to the model that drives the dynamic environment. For
example, an investor will not be able to observe the true mean and volatility of a stock’s
return in reality, if the stock price dynamic is driven by a geometric Brownian Motion. Yet,
most stochastic control solutions are optimal provided that the parameters are known. So, a
RL policy is a randomized exploratory control, often defined as a probability distribution
centered around the classical control solution, with some variance that determines the
level of exploration within the control space. In other words, RL enables us to effectively
explore within the control space, and find the optimal policy through iterative interactions
with the dynamic environment, without the knowledge of the true model parameters of
the dynamic environment. Second, classical approaches to stochastic control problems
involve characterization of the value function from the HJB equation, a Partial Differential
Equation (PDE) that can be solved by numerical methods (Press et al., ). Yet, when
the model of the dynamic environment is complex and the state is high-dimensional, the
PDE easily becomes intractable and hence cannot be handled by classical numerical solvers.
RL maintains the compatibility to deep learning techniques, known as deep RL, which
parameterizes the value function and the policy with neural networks and trains them
iteratively via the Actor-Critic Algorithm (Sutton & Barto, ); See more examples of
deep RL from (Arulkumaran et al., ). More recent works (Jia & Zhou, , ,

) further fulfilled the theoretical foundation of RL, proposing effective loss functions



that are derived from the martingale properties of the stochastic control solutions.

On top of that, the literature also considers entropy regularization, incorporating the
entropy of an exploratory control (as a probability distribution) to the objective function,
which is motivated by two additional advantages of the entropy regularizer. First, maxi-
mizing an objective with entropy regularization (or equivalently minimizing an objective
with a negative entropy term) enforces the exploratory control to avoid collapsing too fast
to a single deterministic control. Thus, it encourages policy exploration within the control
space and balances the exploitation-exploration trade-off. Second, the entropy term effec-
tively regularizes the induced policies to the Boltzmann family of distributions, yielding a
Gaussian policy in the Linear-Quadratic setting and a Gamma policy in the logarithmic
Hamiltonian setting for instance. The resulting policies often possess well-known statistical
properties and are easier to learn with a RL model. So, we adopt entropy regularization
throughout this thesis.

Additionally, finance is a prominent application domain for RL, where the dynamic
and stochastic nature of markets aligns well with RL’s problem formulation. An investor
can be regarded as the aforementioned agent and the market corresponds to the state
of the dynamic environment. The investor’s investment strategy is a policy defined as a
probability distribution, from which an investment action is executed (i.e., sampled from
this distribution). Then, the goal of this game is to find the investment strategy that
optimizes an investment objective, often defined as the discounted cumulative reward. RL
techniques have been applied to various finance problems, such as portfolio optimization

(H. Wang & Zhou, ; R. Jiang et al., : Dai et al., ; B. Wu & Li, ; Chen
et al., ) and pricing and hedging of American-type options (Becker et al., ; Dai
et al., ).

In the subsequent Chapters, we apply RL techniques to three well-studied finance prob-
lems, the mean-variance portfolio optimization problem (Chapters 2 and 3), the optimal
investment-consumption problem (Chapter 4) and the optimal stopping problem with an
application of exercising American options (Chapter 5). In each Chapter, we review the
literature and their classical control solutions, based on which we derive the exploratory
version of these problems. We solve for the optimal policy, either analytically or semi-
analytically depending on the solvability of the exploratory extended HJB equations. Be-
sides, we also develop RL algorithms for each problem, propose effective loss functions
based on the martingale properties of the theoretical solutions, and empirically examine
our algorithms with numerical studies. It is worth mentioning that the RL models in
Chapters 2, 3 and 4 extensively leverage the analytical solutions and are parameterized
by the model parameters of the dynamic environment, which are the coefficients of diffu-



sion models. Hence, a crucial evaluation criterion for these RL models is whether the RL
models’ parameters converge to the corresponding “grounding true” values of the dynamic
environment’s model parameters, and of course, they successfully did. That indicates
our RL models’ capability to unravel the underlying model dynamics of the environment,
via sequential interactions with the environment and without any parameter estimation
involved.

More specifically, Chapter 2 studies the mean-variance portfolio optimization problem
in a regime-switching market. Following (Zhou & Yin, ) who solved this problem under
the classical control setting, we extend it to the exploratory control framework, termed as
the Exploratory Mean Variance with Regime Switching (EMVRS) problem. With entropy
regularization, the investment policy transforms from the classical solution (as a deter-
ministic function) to a Gaussian distribution centered around the classical solution. The
optimal investment policy is able to make proper adjustments contingent to the market
regimes, such as investing more prudently in a regime with higher market volatility. We
also solve the corresponding value function semi-analytically, which depends on the solu-
tions to a system of four Ordinary Differential Equations (ODEs). Meanwhile, this Chapter
can also been viewed as an extension of (H. Wang & Zhou, ), who first studied the
Exploratory Mean-Variance (EMV) problem, to a more complicated market with finite
Markovian regimes. Furthermore, this Chapter considers and focuses on the Lagrangian
dual of the mean-variance problem, as similarly addressed in (Zhou & Yin, ) and
(H. Wang & Zhou, ), which bypasses the time-inconsistency arising from the original
mean-variance objective function. As a result, our optimal investment policy is a precom-
mitted strategy. In a numerical study, we compare the investment performance of our
EMVRS investor with an EMV investor that does not account for the market regimes, and
the EMVRS investor achieves superior performance on real market data. Finally, the main
results of this Chapter have been published at the International Journal of Theoretical and
Applied Finance; see (Chen et al., ).

Chapter 3 revisits the mean-variance portfolio optimization problem, considering a
market with jumps. Past works such as (Oksendal & Sulem, ) have studied the mean-
variance problem with jump-diffusion controlled dynamics in the classical, non-exploratory
control formulation, while Bender and Thuan ( ) extended it to the exploratory con-
trol framework. Gao et al. ( ) further introduced the exploratory formulation of a
general stochastic control problem with jump-diffusion controlled dynamics. In contrast
to (Oksendal & Sulem, : Bender & Thuan, ) and Chapter 2 that consider the
Lagrangian dual of the mean-variance problem, this Chapter directly addresses the time-
inconsistency arising from the variance term in the the original mean-variance objective
function. Following an equilibrium approach as well-noted by (Bjork et al., ), we solve



for an equilibrium investment policy, which is optimal in a game-theoretical equilibrium
sense and is different from a precommitted strategy as in (Oksendal & Sulem, ; Bender
& Thuan, ; Gao et al., ). Under the exploratory framework with entropy regular-
ization, an equilibrium investment policy is a Gaussian distribution, that is aware of the
market jumps — making more conservative investment decisions when the market jump has
high intensity and magnitude. It is noteworthy that this Chapter is a complementary work
to (Dai et al., ), who also studied an equilibrium mean-variance portfolio optimization
strategy and introduced an additional exogenous state variable to model the unobservable
economic conditions. In a numerical study, the proposed equilibrium investment policy
shows strong performance on real market data and is robust against the shift of market
trends. Finally, the major results of this Chapter have been accepted by a commemorative
publication of Dr. Rudi Zagst; see (Chen et al., ).

Chapter 4 addresses Merton’s optimal investment-consumption problem with non-
exponential discounting. We remark that this is a dual-control problem, which is es-
sentially different from the past works in the exploratory control framework (including
Chapter 2 and 3) that solve for a single control such as investment. Notably, even an
investment across various assets is still considered as a single control with multiple dimen-
sions. Furthermore, the presence of non-exponential discounting adds an additional layer
of complexity as it introduces time-inconsistency, which models people’s time-varying pref-
erences. Adopting the log utility objective function from (Bjork et al., ) and following
their equilibrium approach, we extend the problem to the exploratory control framework
and solve for an equilibrium investment-consumption policy. With entropy regularization,
our equilibrium investment-consumption policy, as a joint distribution over the investment
and consumption space, can be written as a product of a Gaussian investment policy and a
Gamma consumption policy. It is noteworthy that the investment, defined as the portfolio
weight in a risky asset, can take positive and negative values respectively corresponding to
leverage-buying and short-selling, whereas consumption has to be nonnegative. Meanwhile,
the domain of a Gaussian distribution is R and the domain of a Gamma distribution is
R, which respectively align with the domains of investment and consumption in practice.
Hence, our equilibrium investment-consumption policy is practically meaningful. Further-
more, this Chapter also investigates the change in behaviors of investors using exponential
and non-exponential discounting. Following the assumptions on non-exponential discount-
ing functions from (Ebert et al., ), we find out that a non-exponential discounting
investor will behave more conservatively in both consumption and investment under the
exploratory framework, whereas she will only show her prudence in consumption under the
classical, non-exploratory framework. Finally, the main result of this Chapter has been
submitted to STAM Journal of Financial Mathematics and is currently under review.



Chapter 5 tackles an optimal stopping problem with non-exponential discounting in
finite horizon, with an application in exercising an American put option. This Chapter
extends (Dai et al., ), who studied an exploratory stopping problem under a time-
consistent setting, with the incorporation of a general, not necessarily exponential, dis-
counting function. With the possibly non-exponential discounting, we consider a time-
inconsistent setting and solve for an equilibrium stopping policy following (Bjork et al.,

). While the time-inconsistent optimal stopping problem involves characterization of
value functions from systems of free boundary PDEs, we adopt the penalty approxima-
tion method, as also applied in (Dai et al., ), and transform the free boundary PDEs
into penalized PDEs that can be viewed as the extended HJB equations of a standard
time-inconsistent control problem. Then, we extend the problem to the exploratory con-
trol framework and, with entropy regularization, solve for a Bernoulli equilibrium stopping
policy, which represents the probability of stopping. Furthermore, we compare the effect
of exponential and non-exponential discounting on the solutions and find out two inter-
esting results: i) in the exploratory framework, non-exponential discounting yields lower
probability of stopping; and ii) in the classical, non-exploratory setting, non-exponential
discounting yields smaller stopping regions, both under the assumption that the means of
the rates of the non-exponential and exponential discounting functions are equal. Both
findings, along with the numerical examples, depict a more patient non-exponential dis-
counting agent, willing to wait for a potentially better future payoff. In addition to the
RL algorithm, we also develop a finite difference algorithm to solve for the value function
from the extended HJB equations, which relies on the true model parameters of the dy-
namic environment. In a numerical study based on an American put option, we apply
the numerical algorithm to solve for the free boundary, which is the early exercise price
at each time before maturity, and set it as the benchmark for our RL algorithm. Our RL
model successfully calibrates this free boundary via repeatedly implementing the Bernoulli
equilibrium stopping policy over batches of simulated stock price trajectories and learning
from its historical practices. Finally, the main result of this Chapter has been submitted
to Quantitative Finance of Taylor & Francis Group and is currently under review.

Standing on the shoulders of the giants, we acknowledge that this work will not be
completed without the dedicated effort of past researchers in this field. With some humble
thoughts on the RL application in finance, we conclude this thesis in Chapter 6 with some
high-level review and prospect on future works.



Chapter 2

Exploratory Mean-Variance Portfolio
Optimization with Regime-Switching
Market Dynamics

2.1 Introduction

Mean-Variance (MV) portfolio optimization has been widely studied since being introduced
in (Markowitz, ). In the continuous-time setting, an investor with the classical MV
objective aims to simultaneously maximize their expected portfolio value and minimize
the portfolio volatility at the end of the investment horizon. This has been studied as a
stochastic linear-quadratic problem by Zhou and Li ( ), followed by Chiu and Li ( )
who solved for the MV efficient frontier, and Xie et al. ( ) who derived the optimal

investment policy under an incomplete market setting; see (Zhang et al., ; Kalayci
et al., ) for a broader overview of the the past work in the MV literature.

Amongst many variants of the MV problem, this chapter focuses on the regime-switching
setting. Past works such as (Maheu & McCurdy, ; Ang & Bekaert, , ) have
demonstrated that incorporating a regime-switching model better fits real market data
and that ignoring market regimes in investment has a cost. Yin and Zhou ( ) con-

sidered a discrete-time MV problem with regimes modeled on an aggregated process and
asymptotically derived the optimal portfolio selection strategy from the optimal solution
of its continuous-time counterpart. H. Wu and Li ( ) and H. Wu et al. ( ) solved
regime-switching MV portfolio allocation problems with an uncertain investment horizon,



where the time to exit the market is modeled by a conditional distribution given the market
regime.

Recent research in stochastic control (H. Wang & Zhou, ; R. Jiang et al., ; Jia
& Zhou, , ; Dai et al., ; Denkert et al., : B. Wu & Li, ) has shown
the advantage of adopting Reinforcement Learning (RL) techniques into classical stochastic
control problems. The basic strategy is to employ the Stochastic RL Algorithm introduced
in (Gullapalli, ), that replaces the optimal solution to the classical stochastic con-
trol problem with a probability distribution. By introducing stochasticity to the optimal
control solution, we enable exploration within the control space, while maintaining ex-
ploitation towards optimality. This allows the induced optimal policy distribution to be
more robust against the randomness of the dynamic environment. H. Wang et al. ( )
introduced the “exploratory extension” of the portfolio value dynamic and solved for the
corresponding exploratory optimal solution to the linear-quadratic problem, where they
proved the asymptotic equivalence between the classical solution and the exploratory solu-
tion. Later, H. Wang and Zhou ( ) introduced the Exploratory Mean-Variance (EMV)
problem and solved for the optimal investment strategy, which is a probability distribution
over the control space rather than a deterministic function of the control.

In this chapter, we study the RL-facilitated EMV problem by (H. Wang & Zhou, )
in the context of a regime-switching process, named as the Ezploratory Mean Variance
with Regime Switching (EMVRS) problem. The continuous-time MV portfolio optimiza-
tion problem with regime-switching but without RL has previously been studied by (Zhou
& Yin, ), which we hereafter refer to as the Mean Variance with Regime Switching
(MVRS) problem. On top of that, we design a value-based RL algorithm that reparame-
terizes the analytical solution to the EMVRS problem as the value function. In contrast
to defining the value function as a randomly initialized neural network or polynomial ap-
proximator such as in (Z. Jiang et al., ; Wen et al., ; B. Wu & Li, ), we
configure a RL model whose parameters all have practical meanings. Finally, we applied
the martingale property of the deduced optimal EMVRS value function, specifically the
Orthogonality Condition studied by (Jia & Zhou, ), to the updating scheme of the
parameters in the RL algorithm.

We make contributions to the literature by generalizing the EMV problem (H. Wang &
Zhou, ) to the regime-switching market setting and extending the analytical solution
of the MVRS problem (Zhou & Yin, ) with the RL policy exploration. In contrast
to the Temporal Difference (TD) learning in (H. Wang & Zhou, ), our Orthogonality
Condition (OC) learning algorithm (Algorithm 1) achieves convergence to the true param-
eters in our simulation study; see Figure 2.1 and 2.2 for comparison. On the real market
data, the EMVRS model trained with OC learning reaches the highest Sharpe Ratio com-



pared to the other models that trained with TD learning or that only considers a single
regime; see Table 2.4 for back-testing investment performance of EMVRS and EMV on
the real market data.

Furthermore, B. Wu and Li ( ) also studied the RL-facilitated MV portfolio selection
problem with a regime switching setting. B. Wu and Li ( ) formulated the problem as
a Partially Observable Markov Decision Process with two unobservable market regimes,
estimating the regimes using the the Wonham filter (Eq. (10) of B. Wu and Li ( ))-
There are three major differences between our work and (B. Wu & Li, ). Firstly, B. Wu
and Li ( ) assumed that the volatility is regime-independent on a two-regime market,
while we allow for regime-dependent volatility and a multiple-regime market. Secondly,
the RL algorithm in (B. Wu & Li, ) requires the market parameters' to be either
given or estimated from the data, and selects the Martingale Loss, first introduced in (Jia
& Zhou, ), to update the RL model parameters. We notice from (Jia & Zhou, )
that the Martingale Loss requires the knowledge of the true market parameters (which
is unavailable in the real market), whereas the Orthogonality Condition Loss does not.
According to the Mean-Blur problem? arguments in (Luenberger, ), it is possible that
replacing the market parameters with their estimates can cause the RL model to update
towards an erroneous target. Therefore, by adopting the Orthogonality Condition Loss,
our RL algorithm does not require the knowledge of the market parameters, instead, it
learns the market parameters through training. Thirdly, by parameterizing the RL model
with the market parameters, we show in our simulation study that the parameters of our
proposed RL model can converge to their corresponding true values, with randomly chosen
starting point; see Figure 2.3.

The remainder of the chapter is structured as follows. In Section 2.2, we present
background material and the problem setup. Then, we introduce the EMVRS problem,
provide an analytical solution, and establish a Policy Improvement Theorem in Section 2.3.
In Section 2.4, we present a reparameterization of the EMVRS problem, followed by RL
algorithms to update the market parameters. We present numerical results on simulated
and real market data in Section 2.5. Section 2.6 concludes and provides directions for
future research.

!The parameters of the market dynamics and regime dynamics correspond to &, fi;, \; for i = 1,2 in
Algorithm 1 of (B. Wu & Li, ).

2The Mean-Blur problem in quantitative finance refers to the extreme difficulty in estimating an asset’s
true expected return (mean) using historical data, as it is nearly impossible to calculate it within a workable
level of accuracy.



2.2 Classical Mean-Variance with Regime-Switching
Problem

In this section, we review the MVRS problem by (Zhou & Yin, ), which is a Lagrangian
dual formulation of Markowitz’s Mean-Variance (MV) Problem with a regime-switching
market. Zhou and Yin ( ) solved this problem analytically without applying RL tech-
niques. The Lagrangian dual formulation of the MV problem was also studied in (H. Wang
& Zhou, ) with RL application, although they did not consider regime-switching. We
start from the MVRS problem formulation.

Consider an investor who manages a portfolio with an investment horizon 7" > 0. Let
(Q, F,P) be a complete probability space supporting a one-dimensional Brownian Motion
{Wi}iepp,m and a continuous-time stationary Markov chain {oy }4cp,77, which takes values in
the finite state space {1, - , [}, where [ represents the total number of the market regimes.
The Brownian motion and the Markov chain are mutually independent. The Markov chain
has the transition matrix P(t) = (pw(t))f:ll, where p;;(t) = P(ay = jlag = i), and a
generator () = (qw)lelll defined as ¢;; = limy_,4 t~1(pi;(t) — d;;) with &;; the Kronecker
delta. It is so-defined such that the transition matrix is the matrix exponential of the
generator, ie., P(t) = e'“. Let {F;}icpr be the filtration generated by {W;}iejo 7 and
{at}tE[O,T]-

We assume the market consists of one risky asset, the stock {S;}+cjo,r7, and one risk-free
asset, the bond {B;}icpo,r). The dynamics of the stock and the bond are driven by two
stochastic processes

dSt = St {M(t7 Olt)dt + O'(t, O[t)th} s Wlth SO > 0 (21)
dBt = T’(t, Oét>Btdt, with BO > O, (22)

where p(t,i) € R and o(t,i) € R, are respectively the mean and volatility of the stock
return and r(t,7) € R, is the risk-free interest rate, at time ¢ € [0,7] in market regime
i€ {l,---,1}. We assume that u(t,i) # u(t,j) and o(t,i) # o(t, j), for any ¢t € [0,7] and
i # 7.

It is obvious that {S;}icjo,r] is adapted to {F;}icpo,r, the filtration generated by a and
W, ie, F7 C F, where {F}icjor is filtration generated by S. Conversely, we have
Fi C F7, meaning that the sample paths of a and W can be inferred from the historical
prices of the stock. In fact, (2.1) shows that the market regime a can be deduced from the
quadratic variation of the stock price as

d[S]t = StQO'(t, Oét)Zdt.
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Once the sample paths of o are known, one can further infer the drift process {1(t, o) }1eo,r]
and the Brownian motion {W,},cp17.

At each time ¢t € [0,7], denote X; as the investor’s portfolio value. The investor
reallocates their portfolio by investing the amount w; (the control) in the stock and X; —u,
in the bond. Under the self-financing assumption, the portfolio value process can be derived
as

dX{ = [r(t, o) Xy + [p(t, an) — (¢, au)|wg] dt + o (t, o )uedW;

2.3
= [r(t, ) X} + p(t, ) o (t, g )ug] dt + o (t, ) up dW5, (2:3)

given the initial portfolio value Xg = xy > 0 and the initial regime ag = iy € {1, - ,1}.
Here, p(t,ou) = o' (t, ) (u(t, o) — r(t, ou)) is the Sharpe ratio, and {X}"}iejor) with a
superscript u represents the portfolio value process that follows the policy u := {us }1ejo.17-
We next define the admissible control and state the classical Markowitz MV Problem.

Definition 2.2.1 (Admissible Control) We say that a control u; is admissible, denoted
as u; € A, if it satisfies the following conditions:

(i) u 2 [0,T) = R € L%(0,T), i.e., u. is a R-valued, {F;}icom-adpated function such
that E [fOT |ut|2dt} < +00;

(ii) the SDE (2.3) has a unique solution X" corresponding to ..

We denote a policy u := {us }rejor) € A if up € A, Vt € [0,T].

Problem 2.2.1 (Classical Markowitz MV Problem)

miil Var(X*(T)) subject to E(X*(T)) = z, (2.4)
ue

where z > 0 is a prespecified target for the expected terminal wealth, i.e., the expected wealth
to be achieved at the end of the investment horizon.

Noticing that the classical MV problem (Problem 2.2.1) is a constrained optimization
problem, we consider its Lagrangian dual. Moreover, under the regime-switching market
setting, we specify that the expectation in the original MV problem is actually conditioned
on the initial states, including the investor’s initial portfolio value o > 0 and the initial
market regime iy € {1,--- ,l}.

11



Following the standard Dynamic Programming Principle (DPP) arguments, Zhou and
Yin ( ) proposed and solved the MVRS problem (Problem 2.2.2), which is the La-
grangian dual of Problem 2.2.1. This modification reforms a time-inconsistent stochastic
control problem into a time-consistent one, which makes it possible to obtain a precom-
mitted solution.

Problem 2.2.2 (The MVRS Problem)

miE{J(u, 20,0 ) == E[(X% + X — 2)2| X2 = 20, ap = i) — AZ}, (2.5)
ue

where A > 0 s the Lagrangian multiplier, z > 0 is a prespecified target for the expected
terminal wealth and J(u, xq,i0; \) is the objective function.

Define the value function as the infimum of the objective function over all admissible
controlsu € A. For 0 <t <s<T,X;,=x,a =1, and u € A, the value function is given
by

V(t,z,i) = ig‘E[(X}; + A= 2)?X; =2, =] — N2 (2.6)
= ian‘lIE[V(s, X a0)| Xy =z, 0p = 0. (2.7)
ue

Following DPP arguments, the value function can be deduced to satisfy the Hamilton-
Jacobi-Bellman (HJB) Equation

2
ve(t, z,1) + Z qijv(t,x, j) + v (t, x,i)r(t, i)z
j=1 (2.8)

1
+ min {vz(t, x,i)p(t,i)o(t,d)u(t, z,i) + §vm(t, x,i)o?(t,i)u’(t, z, @)} = 0.

Solving this HJB for the optimal control w*(-) (i.e., investment policy) gives

p(t, i) vg(t, x,1)

“(t, i) = — .
w(t,z, ) o (t, 1) van (t, 2,1

(2.9)

Substituting this optimal control u*(-) back into (2.8), Zhou and Yin ( ) solved for the
corresponding optimal value function from the HJB equation and derive the explicit form
of u*(+), which we summarize in the following theorem.

12



Theorem 2.2.1 Problem 2.2.2 has an optimal control
p(t. i)
o(t,i)
and the corresponding value function is given by

mf J(u.; 0,70, A)

u*(t,x, i) = —

(x + (A — 2)H(t,7)) (2.10)

I A 2P — 00— o
= V(0,xg, ip)

P(0,ig)fo + (= 2 H(0, i) (21D
+ (A= 2)°E i an(s)jp(s,j)(H(s,j) — H(s,a(s)))*ds| ag = ig | — A2,

where P(t,1) and H(t,i) are the solutions to the following two Ordinary Differential Equa-
tions (ODEs)

{P<t,z> = (p2(t,8) = 2r(t, ) P(t,) = ), 4y P(t, ) (21
P(T,i)=1, fori=1,2,--- 1 '
(T,i) =1, fori=1,2,--- 1. '

While Zhou and Yin ( ) considered the market regime dynamics that affect in-
vestors’ trading activity, the optimal control w*(¢,z,) (2.10) is an R-valued, deterministic
function given the time ¢, portfolio value  and regime i. This indicates a precommitted
policy, which is fixed and does not explore within the control space once it is considered
to be optimized. However, recent work has demonstrated that a RL-facilitated exploration
within the control space can achieve better performance, although under a non-Regime-
Switching setting (H. Wang & Zhou, ). This motivates us to consider a RL-extension
to Problem 2.2.2.

2.3 Exploratory Mean-Variance with Regime-Switching
Problem

In this section, we make an RL extension to the aforementioned MVRS problem (Problem
2.2.2) in (Zhou & Yin, ), following the exploratory policy formulation from (H. Wang
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& Zhou, ). We hereafter refer our problem to the FEzploratory Mean-Variance with
Regime-Switching (EMVRS) problem. This is a generalized problem of the past works
(Zhou & Yin, ; H. Wang & Zhou, ), which accounts for the dynamics of the
market regimes and allows for informed exploration within the control space.

We adopt the stock and bond dynamics, (2.1) and (2.2), and the Markov-modulated
regime-switching setting. Further, in order to allow for exploration within the control
space, we define the exploratory control as a probability distribution, called the policy
distribution, in the definition below. For any subset of real numbers, ¥V C R, we denote
P(V) as the set of probability density functions defined over V.

is a distribution-valued, {F; }icjo,11-adapted random variable, where each m;(-) : U — P(U)
1s a probability density function over the feasible set of control values U C R conditioned
on the regime i € {1,--- 1}, satisfying [, m;(u)du =1 and m;(u) > 0,Yt € [0,T],u € U.
To avoid ambiguity, we call m; the policy distribution at time t € [0,T].

Remark 2.3.1 The feasibility of control values depends on market requlations and insti-
tutional constraints. For example, if short selling is forbidden, then u > 0 which implies
U= R+.

Then, the portfolio value process is extended from (2.3) to

dXy = {r(t,at)Xt” +/

A

+ (\//_A UZ(tvat)UQ ) Wt,at(u)du> AW

We include a brief derivation of this equation in Appendix A.1.1.

p(t,ap)o(t, o) - u- g, (u)du] dt

(2.14)

Remark 2.3.2 We note also from the recent literature that the exploratory extension is not
a trivial control randomization, as the continuum sampling of actions suffers from measur-
ability issues; see arguments in (Jia & Zhou, ). Instead, we consider an augmentation
of the filtration that supports independent copies of a standard Uniform random variable,

3H. Wang and Zhou ( ) defined this in a similar way and called it the exploratory control.
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namely V; % ~ UNIF([0,1]), fori=1,2,--- In a general set up with control u := {u; }1cjo.1]

and state X := {X;}iepo,r), the controlled state process
dXZL = b(t, Xl;u7 ut)dt + §(t, Xtu, Ut)th

is first discretized to a time grid S :== {0 =ty < t; < --- < ty = T}, where the control
randomization takes place only at the grid points. For instance, an action randomized at
t; is held fized over the subsequent time grid for t € (t;,t;11]. Note that in this chapter
the drift coefficient b(t, x,u) = r(t, ap)x + (u(t, o) — r(t, op))u and the diffusion coefficient
§(t,x,u) = o(t,ar)u, according to (2.3). The discretized controlled state process, termed as
the grid sampled state process in (Gao et al., ), is given by

dX[° = b(t, X[, G™(ts, X, Viga))dt + s (t, X%, G™ (i, X7°, Vigr))dW,

where G4 : [0,1] = R is the quantile function of a given distribution d. Then, as shown
by (Bender € Thuan, ), the limit dynamics of the grid sampled state process, as the
mesh size of the time grid diminishes to zero and as sampling infinitely many randomized
actions at each grid point, has the same law as the exploratory state process

dXt”:/b(t,XZr,u)Wt,Xgr(u)dudt—l—\// S2(t, X7, u)me x7 (u)du dWr,
A A

where A is the action space. In this thesis, we acknowledge and adopt these exploratory
extension steps, despite we do not readdress it in each of the following chapters to avoid
redundancy.

Definition 2.3.2 (Admissible Policy Distribution) For any timet € [0,T] and regime
ie{l,---,l}, we say that m; is an admissible policy distribution, denoted as m; € A", if
the following conditions are satisfied:

(i) Fort € [0,T) and i € {1,--- 1}, m;(-) is a policy distribution at t as described in
Definition 2.5.1.

(ii) For any feasible set of control valuest C R, the stochastic process {fu T4 ( du}
is {Fi }repp,r-adapted.

t,3)€0,T)x {1, ,l}

(i1i) For all (t,i) € [0,T) x {1, -

{/ /uws% Ydu ds

15
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This implies that the exploratory wealth dynamic SDE (2.14) has a unique solution
X7 corresponding to m;(+), according to the arguments in (Zhou & Yin, ; Dai
et al., ).

(iv) For all (t,x,i) € [0,T) x R x {1,--- 1} and constant 0 < £ < oo,

Xt”:x,ozt:i] < 00.

(2.16)

T
E|(XF+A—2)*+ 5/ / Ts.a. (W) log s o, (u)du ds
¢ Ja

If mp; € A7 V(t,1) € [0, T] x {1,--- ,l}, we denote w € A".

We propose the EMVRS problem as an entropy-regularized version of the MVRS prob-
lem (2.2.2), which restrains the policy distribution within a certain family of distributions.

Problem 2.3.1 (The EMVRS Problem)

T
min E [ (X7 4+ X —2)? + {/ / Tty () 10g T o, (w)du dt| XT = w0, 0 = i | — A%, (2.17)
0 A

TEAT

where £ > 0 is the exploration weight, xo > 0 and ig € {1,---,l} are respectively the
portfolio value and market regime at t = 0.

For any (t,z) € [0,T] xR, i € {1,---,l} and admissible policy distribution 7w € A~,
we define the wvalue function (corresponding to ) V™ and the optimal value function V*
as

T
Vit z,i) :=E | (X7 +A—2)*+ f/ / Tk, () 10g Th o, (w)du dk’ X =x,00 = z} —\?
t A
(2.18)
V*(t,x,1) ;== inf V7(¢,x,1). (2.19)

TEAT

Following standard DPP arguments and assuming the value function is smooth, we
derive the HJB equation
l
Ut(t7 x, Z) + 'Uz(t7 x, Z)T‘(t, Z){L‘ + Z qijv(tv l’,])
=1 (2.20)
1 p?(t, 0)vi(t, @i 2
2 Ug(t, i) 2 02(t, 1) (t, x,17)
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The derivation of (2.20) is given in Appendix A.1.2.

Then, we solve this HJB equation (2.20) for the optimal value function V*, which is
given in the theorem below. The proof is postponed to Appendix A.1.3.

Theorem 2.3.1 (Solution to the EMVRS Problem) Problem 2.5.1 has an optimal
policy distribution 7 = {r} }cpm, where each w} is given by a Gaussian distribution

) = 8 (A5 O D) ey ) 220

with (t,x) € [0,T] x R and i € {1,---,1}. The corresponding optimal value function is
given by
V*(t,x,i) = P(t, i)z + (A= 2)H(t,)]* + (A — 2)2C(t,i) + D(t,3) — N2, (2.22)

where P(t,i), H(t,i) are solutions of the two ODEs in (2.12) and (2.13), and

> / Dim(s — amyP(s, ) (H(s, j) — H(s,m))’ds,  (2.23)
l

Dt i) = — 1/tsz-m(s _ t)glog (02(5,72;;(3%)) ds. (2.24)

m=

MN

3
Il

Moreover, at initialization with t = 0, the optimal Lagrange multiplier is

% Z — P(O, Zo)H(O, ’io)xo
- . 2.2
A= B0, i) H{0, i) + C(0,70) =1 (2:25)

Remark 2.3.3 The functions C(t,i) and D(t,i) are solutions to the following two ODEs

C’(t,i) = - Zl =1 %j [P(t, j)(H(tJ) - H(t,z’))z +C( 7)1, (2.26)
C(T,i) =0, forie{l,--- 1}, '
{D@,Z-) — {log (ﬁ) — > 4 DAt 5), (2.27)

D(t,i) =0, forie{l,--- I}

Remark 2.3.4 When there is only one regime, the market parameters p(t,oy),o(t, oy)
and r(t,aq) in (2.1) and (2.2) collapse to u(t),o(t),r(t) respectively. H. Wang and Zhou
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(2020) further set them to constants (u(t) = p,o(t) = o,r(t) = r) that do not vary with
time, which simplifies Problem 2.5.1 to the EMV problem

T
min E | (XT+X—2)%+ §/ / m(u) log m(u)du dt’ X5 = xo] — A\ (2.28)
TEP(A) 0 A

where & > 0 is the exploration weight. The EMVRS solution in Theorem 2.3.1 reduces to
the following corollary. The proof is given in Appendiz A.1.4.

Corollary 2.3.1 (Solution to the EMV Problem) The EMV problem has an optimal
policy distribution 7* = {7} (-) }repo,r), where each 7} : A P(A) is given by the Gaussian
distribution

wi(u) = N <u

—g(x + (A= 2)e T, 2%‘26(‘)2_27“)(T_t)) (2.29)

2e(P? =) (T—) _g0
er*T—1

with \* = z — . The corresponding value function is given by

vtz ) = (z+ (A — z)e_T(T_t))2 e (PP=2)(T=0)

L) 4_27“)(T2—t2)—§ [( 2—27“)T—10g;—§] (T —1t) — M2,

(2.30)

Finally, Theorem 2.3.1 provides the optimal policy distribution that solves the EMVRS
problem. However, in practice we usually start with an initial guess of the policy 7° and
iteratively update it, until it converges (or is sufficiently close) to the optimal solution
7*. In the RL literature, this is known as policy iteration (Sutton & Barto, ). In the
following Policy Improvement Theorem (PIT), we propose an iteration scheme for policy
updates, which is guaranteed to improve or at least not downgrade the current policy. The
proof is given in Appendix A.1.5.

Theorem 2.3.2 (Policy Improvement Theorem) Let w € A™ be any admissible pol-
icy distribution and V™ (-,-,1) be the corresponding value function as defined in (2.18),
satisfying VI (t,x,i) > 0 for any regime i € {1,--- |1}, time and wealth (t,z) € [0,T] x R.
Consider constructing a new policy distribution 7* = {7} }i)efo,r1x {1, 1}, where each w},

15 given by
* p(t, Z‘)V;cﬂ(t’ z, Z) g
| N ) 2.31
T i(u) ( o(t,))Vr(t,x,i) o(t, i)V (t,x,i) (231

If this new policy is admissible, i.e., ®* € AT, then V™ (t,x,i) < V™(t, 1), for all (t,x) €
0, 7] x R,i € {1, ,1}.

18



According to the PIT, we can always upgrade, or at least not downgrade, the investment
policy given the value function. So, the optimality of the policy relies on the optimality of
the corresponding value function, which we discuss in more detail in Section 2.4.

2.4 RL Algorithm

To optimize the value function, we develop an RL algorithm with the policy updating
scheme following the PIT (Theorem 2.3.2). We realize that the PIT constructs an improved
policy distribution based on the market parameters, stock return volatility o(¢,7) and
Sharpe Ratio p(¢,7) at time ¢ and regime 4, which are inaccessible in practice. Meanwhile,
the optimal value function defined in Theorem 2.3.1 also depends on the market parameters,
although indirectly through the P, H,C, D functions. Thus, the optimization of the value
function is a matter of learning the market parameters. In other words, if we did know the
“true” market parameters, we could turn off policy exploration (i.e., setting £ = 0) and
adopt the optimal investment strategy of the classical MV problem in (2.9).

For ease of presentation, we hereafter suppose that there are only two regimes, i.e.,
I =2 and {a:}epor) € {1,2}. We further assume that the market parameters and the
interest rates are constant in the same regime, regardless of the time. That is, for any
t1,t2 € 10,T),i € {1,2}

o(t,i) = o(ta,i) =1 053 p(t,1) = p(ta, i) =1 pi;  r(t1,1) = 7(ta, ) =14
So, the value function can be seen as a function of 6 := (01, 09, p1, p2),
VOt w,i) = POt i) o+ (N — 2)HO(t,9)]* + (A — 2)C%(t,4) + DP(t,4) — A2, (2.32)

where P, H? C% DY are the solution to the system of ODEs in (2.12), (2.13), (2.26) and
(2.27). We use the superscript 0 to denote the direct dependence of P, H,C, D on 6 and
the indirect dependence of V* on #. Denote {X/ beepo,r) as the portfolio value process
that follows the investment policy 7. Then, the PIT-inferred policy distribution w9 :=
{ﬂ'teﬂ;}(t’i)e[(],’f]x{l’...’l} is reparameterized as

nti(u) == N (u ’— piVe () : )

(t,x,3) o2VI.(t, 1)

(2.33)

Pl (- )] W) ,

19



given X! =z € R and oy =i € {1,2}.

In the rest of this section, we will introduce two updating schemes for the market pa-
rameters — the Temporal Difference (TD) Learning (Section 2.4.1) and the Orthogonality
Condition Learning (Section 2.4.2). The TD learning was originally introduced by (Sutton,

), and later H. Wang and Zhou ( ) applied it for the RL training of their EMV
problem. More recently, Jia and Zhou ( ) argued against the appropriateness of TD
learning in stochastic control problems and proposed to leverage the martingale property
of the value function in the RL training process. We wrap them up with a training al-
gorithm and give the corresponding updating scheme for the market parameters under a
simulated market setting in Section 2.4.3. We show both theoretically and empirically (in
the next section) that the TD Learning is not suitable for the EMVRS problem. Finally,
we conclude this section with some remarks on how our algorithm can be amended to train
EMVRS on real market data in Section 2.4.4.

2.4.1 Temporal Difference (TD) Learning

We know by Bellman’s Principle of Optimality that the value function has the recursive
form, for 0 <t <s<T,ze€R,ie {1,2}

V*(t,x, i) =E | V*(s, X7, ay) —i—§/ / W,’;’ak(u) logﬂ,’;ak(u)du dk’ X[ =z,a = z}
t Ja

(2.34)

n me§ . :
=E V (s, X7, a) 5/ log (02 20 &k))dk‘Xt :x,at:z}, (2.35)

where the second equality is a direct substitution of the entropy of the Gaussian distribution
Tha,- Lhis further gives an expectation of the temporal difference in the value function
from ¢ to s:

E V(Squvas)_V(t7xal)_ g 1 g( 71—65

s—t s—t), 2 © o2 P(t,az)

)dk‘X{r:x,at:il = 0.

Taking s | t, we can intuitively treat the left-hand-side as the expectation of an instanta-
neous improvement of the value function from time ¢, following the investment policy 77 ;.
Such an expectation being zero at all ¢ € [0, T] is considered ideal because this implies no
further improvement is attainable. While this expectation is intractable in the continuous
time setting, Temporal Difference (TD) Learning allows us to approximate this expectation
by its discretized counterpart.
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Consider a discretization of the investment horizon 0 =ty < ---t, < ---tg = T, with
mesh size equal to At 1=t — tx and K := %. We define the TD loss function as the
mean-squared sum of the temporal differences measured at {t}r—o... x

2
il 1<V9 tk-‘rl? fk+1’atk+1> Ve(tkvth’atk) B §10g ( Wef )) At
2 a ) '
tg

At
k=0

The above expectation is taken over the filtered probability space of the market and the
policy exploration, which can be approximated by simulating trajectories of portfolio values
{X? }i-, and the Markovian regimes {ay, }+—,. We use Stochastic Gradient Descent (SGD)
to minimize the TD loss, which we describe in more detail in Section 2.4.3.

Here, we remind the readers that the recursive form (2.34) only holds for the optimal
value function V*, which is supposed to be attained when the market parameters 6 converge
to the “grounding true” values ;... On the other hand, if we define a process

t
M} = V*(t,:c,i)—i—/ 5/ Thap (W) log T o, (w)dudk (2.37)
0 A

given X7 =2 € R and ay =7 € {1,2}, then M* := {M; }co,17 is a martingale according
0 (2.34), with the following dynamics

dM; = dV*(t,z,i) + (5/ Th.ap, (W) 108 ﬂzyak(u)du) dt
A

2
:{I/;*(t,x,i)%—‘/(t:vzm:)sjthw (t,2,1)

7=1

1V i)” §1Og< 2 )}dt
' o2Vyw*(t, x, 1)

. ¢ piVe(t i)\
‘(4 , z AW,
+{V;(7W)"Z\/angg(t,x,i)+ oV (t,,4) e

Based on the TD loss (2.36), we have:

=

1

_t <V*(tk+1,X;;+1,atk+l) - V* (tk,th,Oétk)
0

i
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2
g [t ¢
-2 /tk log <0§S;(S’as)> ds + O(At2)>

1
~—(M*
A MO
LT ¢ 2, (Ve XF )\
- V*(t. XT 2 2 ag\"x \" dt.
A, WE0XE a0t (ﬁtmu,xz:ao +(Gveeap

This means that training with the TD loss is equivalent to minimizing the quadratic vari-
ation of M*, which is not zero and should not be minimized either. This implies that
minimizing the TD loss is inadequate for the EMVRS problem. This agrees with the ar-
guments in (Jia & Zhou, ), although H. Wang and Zhou ( ) used a similar TD
loss for the EMV problem. This motivates us to proceed with another method to learn the
market parameters.

2.4.2 Orthogonality Condition (OC) Learning

For some market parameters 6 and their “grounding truth” 04 = (Tirue,1, Otrue,2, Prrue,1, Prrue2)
we define

t
M = Ve(t,Xf,at)~|—/ 5/”2,%(“) long,ak(u)dudk
0 A

t
— VOt x? _§/1 T\
V ( ) t?at) 2 0 og O'?kae(k, Oék)

We remind the readers that the portfolio value is derived from the market dynamics, which
should use 0y.e. So, the portfolio value process is rewritten from (2.14) to

(2.38)

de = [ratXte +/ ptrue,atgtrue,at “U- Trte,oct (u)du]dt + \// O-tZrue,atUQﬂ-te,at(u)du th (239)
A A

= {TatXtH + ptrue,atatrue,at <_ pat [Xta + <)\ - Z)Ha(ta at)]) }dt

ot

(2.40)

. ¢
ot X@ _ He 2 P e — .
+ {Utrue,at \/_0.2 [ t + ()\ Z) (ta at)] + QUgtP€<t, &t) }th

Qg
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Applying It6’s Formula and after some calculations, we get the drift term of dM?

2
: p P
{Pe(ta at) + Pe(ta at>0t2rue,at Ogt - 2P9 (t, at)ptrue,oat Utrue,at o
ot Qat

+ 2P9(t7 Oét)Tat + ZQatjP9<t7j)} X [Xt + ()‘ - Z)He(t> Ozt)}2

j=1

+{H0(t>at) - ratHe(taat) + m antjpe(taj)[He(tvj) - H9<t7at)]}

Jj=1

x 2(A — 2)PP(t, ) [ Xy + (A — 2)HO (¢, )]

+{C‘9(t, @) + Y G [PP(EDIH (L §) = HO (£ o0))* + CO(1, )] } X (A — z)?

7j=1
l
' A A
Det o Det ) — _1 2 PO+ ) '
+{ (¢, ) +]Z_;q D) = 5 loa <Uitpa(t7o‘t>>}

This equals zero if and only if § = 0,4, given that P?, H? € DY are the solutions to the
ODEs in (2.12), (2.13), (2.26) and (2.27). That is, M/ is a martingale if and only if 0
coincides with 0.

Moreover, we know that any square-integrable martingale M := {M,;},cor] has an
orthogonality condition

E l /0 ' gtht} 0, (2.41)

where the test function ¢ := {(; }iepo,r is any {F; }-adapted process that is square-integrable
with respect to M. According to (Jia & Zhou, ), this is a necessary and sufficient
condition to characterize the martingality of M, regardless of the choice of the test function.
Hence, we define the Orthogonality Condition (OC) loss by taking ( as the partial derivative
of the value function with respect to the market parameters and discretizing the continuous
time.

Definition 2.4.1 (Orthogonality Condition (OC) loss) Letf = (61, 0,,05,04) = (01,02, p1, p2)
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and for j=1,--- ,4,

K—1

ove( tk,th,atk ( )]

thr1

k=0
K-1

ovO(t ,X ,

—E (b, Xoy 0 (v(’ e, Xp o) = VOt XP L on)  (242)

k=0

§ mel
T gloe <o—2 P"(tk,atk)) At)

Again, the above expectation is taken over the filtered probability space of the market and
the policy exploration, which can be approximated by simulating trajectories of portfolio
values { X7}/, and the Markovian regimes {oy, }/_ ;.

2.4.3 Updating Scheme and Training Algorithm

We note that the randomness in our problem comes from three sources — the market
dynamics, the Markovian regimes and the policy exploration. Therefore, it is impractical
to exactly compute the TD loss (2.36) or the OC loss (2.42), as they are defined to be
expectations. Instead, we adopt batch-training over a predetermined number of epochs
Nepochs, Which is set to be large enough for market parameters to converge.

For each epochn =1, -+, Nepoens, we fix a realized path of Brownian motion {Wt(kn)}fzo,

where each AWt(kn) = Wt(::l — Wt(k") follows a Gaussian distribution with zero mean and
variance At. We hereafter use the superscript (n) to denote a realized path of a process
that we fix in epoch n. This helps us eliminate the randomness of the market dynamics.

Then, we simulate a path of market regimes {a,ﬁj) M, following the categorical distribution

below, given a randomly selected initial regime ozgf) € {1,2} and a predefined Markov Chain
generator ().

1, with probability P(a{”), = 1]a{”) = p o,

(n) _ bt t
ay = 2.43
bt 2, with probability P(aggl = 2|a§:)) =P, m, (2.43)
atk
Here (p;)= 11 7 =: P is the transition matrix of the Markov Chain, which is the matrix

exponential of the Markov Chain generator @, i.e., P = e%. This eliminates the random-
ness of the Markovian regimes in epoch n. Finally, we use the “grounding true” market
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parameters ;.. and the current market parameters 8 to compute a path of the portfolio
values {Xt(: )}szo, given a predetermined initial portfolio value Xt(;1 )= 20> 0
XM = x4 AX for k=1, K —1 (2.44)

tet1

where AXt(:) is a discretized version of (2.40)

AxM
Py
X i (o [ 0 2 (o)) L
o™
2

P
+q0 X (A= 2)HO (tg, ol i + < AWM
true,al™ 2 tk ky Sty n te -
ol O 202, PY (tk, agk))
Oétk

This helps us eliminate the stochasticity of policy exploration within an epoch. We hereby
emphasize the hybrid usage of ;4. and 8™ when simulating paths of portfolio value. The
Otrue, 1-€.5 (Ptrue, Otrue ), 0 the equation above was directly derived from the stock dynamics
n (2.1). This is supposed to be the “grounding true” parameters because the stock price
is driven by the “true” market model, despite that we cannot observe the parameters of
it. This is the only place where we used 6, in the algorithm.

Up to this point, we have collected two paths, the portfolio values {Xt(: )}szo and market
regimes {agz)}fzo, with which we can solve for { P%(")(t,,, agz))}, {HOM) (¢, agz))}, {O%M) (¢, a§:))}
and {D%™) (., al™)} from the system of four ODEs in (2.12), (2.13), (2.26) and (2.27). We

can thereby compute the value function {V;i’(")}fzo via (2.32) and the optimal Lagrange
multiplier (™) via a modified version of (2.25)
2= PW(to, iy ) H™ (to, iy )z

A —
PO (to, ™ YH® (£, ol™)2 4+ C0 (tg, alM) — 1

+ z. (2.45)

We note that it is impractical to compute the TD loss and the OC loss in (2.36)
and (2.42), due to the multiple sources of randomness. So, we instead compute the re-

alized TD loss and realized OC' loss, respectively denoted by TD(6; {Xt(: 1, {ocgj)}) and
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CO™: {X}, {alM}), for j=1,--- 4,

DO {X"}, {ai”})

o 1 K-l V97(n) (tk+17Xt(;:L+)l7a1E:+l) Ve n) (t th 7atk >
2 At (2.46)
2
_ glog< med = ) At
k

0C O {X{"}, {a})
K1 gy (t X®, ol )

k

0 (tk% x™ L0 ) s (tk, X<>a§:))

) let1? et ty
—~ 00,
— §log me Atl.
2 02 PO0) (% a§:)>

ik

(2.47)

To update the market parameters, we apply the SGD on the TD loss and the Stochastic
Optimization method on the OC loss. For j = 1,---,4, the updating scheme of 0; with
the TD loss is
OTDO™; {X,"} {ai})

9§n+1) — GJ(”) — NTD,; 90- , (248)
J
and the updating scheme of ; with the OC loss is
07 = 0 + 10,0005 {57} {al)), (2:49)

where 17rp j,noc; > 0 are the learning rates for 6; when using the TD loss and the OC loss
respectively. In practice, the partial derivative is nontrivial and does not have an explicit
form in the EMVRS problem. So, we approximate it via the central difference method

oD (X"} {al})) _ TDE (X"} {oi”y) — D@ (X} o) })
89j 2€j ’

where €; > 0 is a small step size and 9](-1) equals 0™ except the j-th entry is replaced by
(9]' + 6]'.
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Finally, we summarize our method in Algorithm 1.

Algorithm 1: The Training Algorithm for EMVRS with Simulated Data

Initialize the hyperparameters: number of epochs Nepoens, the investment horizon
T, the mesh size of the continuous time discretization At, the Markov Chain
generator (), the exploration parameter &, the initial portfolio value z(, the target
terminal portfolio value z, the learning rates n = (n1, 12,13, 74), the “grounding
true” market parameters 0yue = (Orrue.1, Otrue.2s Otrue.3, Otrue.s)
= (Otrue,1s Otrue2s Pirue,3, Pirued)-

Initialize the market parameters (to be learned through RL training)

6 = (6%0), 950), 9:(,)0), 94(10)) = (O‘io), Jéo),pgo),péo)) and the interest rates (r1,79).
forn =0, -+, Nepochs — 1 do

Fix a realized path of Brownian motion {Wt(: VK, with

AW =W — W ~ N(0, A).

Simulate a path of portfolio values {Xt(: VK and regimes {agg)}ﬁio via (2.44)
and (2.43).

Solve the ODEs in (2.12), (2.13), (2.26) and (2.27) for {P%™)(t;, a{")},
{HO0) (1, ")} ACH (b, o)} and (D) (g, a)”)}.

Compute {Vti’(”)}kK:O via (2.32) and A" via (2.45).

Update 93(»") via the updating scheme (2.48) if using TD learning or via (2.49) if
using OC learning, for j =1,--- 4.

end

2.4.4 Training on Real Market Data

If we can observe real market data, the source of randomness of our problem reduces to
policy exploration, since the observed stock prices {S;, }£ , and the interest rates {ry, },
over a predetermined observation window are fixed. The market regimes {ay, <, al-
though not directly observable, can be estimated via fitting a Hidden Markov Model and

implementing the Viterbi Algorithm (Viterbi,

). The Viterbi Algorithm outputs the

maximum a posteriori estimate of the hidden state sequence, which can be taken as a

surrogate for the market regimes.

The training algorithm with real data is the same as Algorithm 1, except we no longer
need to sample paths of Brownian motion, nor do we have knowledge of the “ground
true” market parameters. Instead, we generate a path of portfolio values {Xt(: )}kK:o by
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first sampling investment action uﬁj) from the current policy wf:f;tk () and then iteratively
computing the next portfolio value via

n n S n n
XM = uik)—gjl + (Xt(k) — ugk))(l + 1, Al)
k

for k=0,---, K — 1 and given Xé") = 29 > 0. The TD loss and OC loss are defined in
the same way as in (2.36) and (2.42), except the expectations are taken over the filtered
probability space of policy exploration only and are conditioned on the observed real market
data.

2.5 Numerical Results

In this section, we demonstrate the performance of our proposed method with both sim-
ulated data and real market data. Two key lessons emerge from the results. First, OC
learning leads to the parameters’ convergence to their corresponding “grounding truth” in
the simulation study, where the “grounding truths” are given upon initialization. However,
TD learning does not guarantee such convergence. Second, EMVRS outperforms EMV on
the real market data under different investment constraint settings, achieving higher mean
terminal portfolio value and relatively lower volatility.

2.5.1 Simulation Study: Comparing TD and OC Learning

Following Algorithm 1, we first contrast the parameter convergence of TD learning and
OC learning with a toy simulation in which only the mean of stock returns are different
in the two market regimes and all other market parameters are set equal. We consider a
one-year investment horizon (7" = 1) with 10 equal-step-size time points throughout the
year for portfolio rebalancing (At = 1/10). The investor starts with zo = $1 and sets a
target of z = $1.4 to be achieved by the end of the year. During the investment period, the
investor explores the investment strategies with the exploration weight equal to £ = 0.5. To

mimic the stock market, we consider it has two regimes, “good” (i = 1) and “bad” (i = 2),

which are alternating over time on a Markov Chain with generator ) = _11 _11 . The
“grounding true” mean and volatility of the market are (fsye1, Otruer) = (0.2,0.2) in the

“good” state and (firue2, Otrue2) = (—0.1,0.2) in the “bad” state. For simplicity, suppose
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the interest rates are (ry,re) = (0,0), hence the “grounding true” Sharpe ratios are

MH1 —T1 02—0_

rue,l — = =1
Prruet = 0.2
Mo — T2 —-0.1-0
rue,2 — = = —0.5.
Prrue2 =) 0.2

To parameterize the value functions, we initialize the market parameters at

00 = (01", 6”,057.61") = (01", 0" 17, pf) = (01,0.1,0.8, -0.3)
Finally, to ensure numerical stability during the training process, we set constraints for the
range of the volatility oy, 09 € [0.1,1] and the range of the Sharpe ratios p1, ps € [—2,2].

We summarize the configuration of this pilot simulation in Table 2.1. We set the
learning rates to steadily decrease from their initial values to 1 x 1072 over the training
epochs.

Hyperparameters ‘ Value at Initialization
T 1
At 0.1
-1 1
0 (' 4)
& 0.5
Zo 1
z 1.4
n for TD loss (1 x10% 1 x 10%,2 x 10%,2 x 10%)
n for OC loss (1 x 10%,1 x 10%,1 x 10%,1 x 10?)
(ri,m2) (0,0)
etrue (Utrue,l = 027 Otrue,2 = 02; Ptrue,l = 10, Ptrue2 = _05)
6©) (0.1,0.1,0.8,—0.3)

Table 2.1: Configuration of the pilot simulation.

The paths of the market parameters over training epochs using the TD loss are given in
Figure 2.1, which indicates that the market parameters did not converge to the “grounding
true” values. While the Sharpe ratio parameters (p1, p2) converged to a wrong level, the
volatility parameters (o1, 07) diverged, reaching the upper boundaries of the range we set

elearned_etrue

previously. We also present the learning error of each parameter, defined by X

true
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100%, where 0;.4rneq is the parameter we learned and 6,,.,. is the corresponding true value.
The poor convergence performance of TD learning is as expected. Because minimizing the
TD loss is equivalent to minimizing the quadratic variation of M? (2.38), which should not
be minimized.

Figure 2.2 shows the market parameters’ updating paths for OC learning. All market
parameters converged to their corresponding “grounding true” levels. While we acknowl-
edge that the initial values for the Sharpe ratio parameters (,050), Py = (0.8, —0.3) are
set close to their “grounding truths” (prrue1, Prrue2) = (1, —0.5), we reinitialize them as
(pgo),pgo)) = (0.2,0.2). Training with OC loss again produces converging paths of the
market parameters towards the “grounding true” level, as shown in Figure 2.3. Our re-
sults empirically justify our solutions to the EMVRS problem in Theorem 2.3.1, while
simultaneously revealing the superiority of OC learning over TD learning in this problem

setting.

101 T T T 100 == ———=
l 1T W T —

0.8 =TT Pltrue

=3
o

Parameters
Parameters

4
IS

=0.25 1

a1 —0.50

0.2 -- ——
—0.75

—==" O01,true = 02, true

T T T T T v T T T T T T T v T T
o 500 1000 1500 2000 2500 3000 3500 o 500 1000 1500 2000 2500 3000 3500
Epochs Epochs

Figure 2.1: Parameter convergence of Temporal Difference (TD) learning. Market param-
eters are initialized at ® = (0.1,0.1,0.8,—0.3). Learning errors of each parameter are

(400%, 400%, 112.11%, 77.92%).
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Figure 2.2: Parameter convergence of Orthogonality Condition (OC) learning. Market
parameters are initialized at 6 = (0.1,0.1,0.8, —0.3). Learning errors of each parameter
are (1.75%,0.5%, 0.79%, 0.56%).
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0.0 1
0.14 1 -
sigmal -0.2 1
0.12 sigmal true
—— sigma2 —0.4 1
0.10 ——- sigma2true | 00| =mmmmmmmmmm———mm——e
T T T T T T T T T T T T T T
) 500 1000 1500 2000 2500 3000 o 500 1000 1500 2000 2500 3000

Epochs Epochs

Figure 2.3: Parameter convergence using Orthogonality Condition (OC) loss. Market
parameters are initialized at 6 = (0.1,0.1,0.2,0.2). Learning errors of each parameter
are (0.95%, 1.25%,0.14%, 0.18%).

Finally, we examine the robustness of OC learning in a more comprehensive simulation
design, where the market regimes are more different from each other. Table 2.2 summarizes
the configuration of this simulation study. We highlight the differences from the previous
simulation: we considered the “grounding true” mean and volatility of the “good” state
market to be (ftrye,1, Otrue1) = (0.2,0.2), as the US equity mean return and volatility were
recorded at (18%), 18.4%) in 1996-2000 according to (Bae et al., ). For the “bad” state,
we suppose (ferye 2, Otrue2) = (—0.2,0.3), as the US equity mean return and volatility were
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recorded at (—17.4%,30.1%) in 2006-2008 according to (Bae et al., ). Moreover, we
assume the interest rate is lower in the “good” state and higher in the “bad” state, hence
setting (ry,r2) = (0.01,0.05). So, the “grounding true” Sharpe ratios are

pw—ry 0.2-0.01
rue,l — = = 095,
Prruel = o 0.2
M2 — T2 —0.2—-0.05 .
rue,2 — = = —0.83.
Prrue2 =) 0.3

We set the market parameters at initialization as

00 = (67,6 6 6y = 6\ 5V p© Hy = (0.1,0.1,0.5,-0.5)

Hyperparameters ‘ Value at Initialization
T 1
At 0.1
-1 1

0 ()

19 0.5

i 1

z 14

n for OC loss (1 x 10%, 1 x 10%,1 x 10%,1 x 10%)
(r1,72) (0.01,0.05)

etrue (Jtrue,l = 027 Otrue,2 = 037 Ptrue,l = 095; Ptrue,2 = _0833)
6 (0.1, 0.1, 0.5, -0.5)

Table 2.2: Configuration of the more comprehensive simulation.

The convergence of the market parameters is illustrated in Figure 2.4, which shows
that all market parameters converged to a reasonably close range of their corresponding
“erounding truths.” We emphasize that even though the market parameters of each regime
are diverse in more dimensions, including the stock return volatility and interest rate, the
time to convergence wasn’t significantly increased compared to that of the toy simulation.

32



rhol

rhol true
— rho2
=== rho2 true

0.00 1

Parameters
Parameters

e ©

| |
S o
n
e o

sigmal
0.125 4 sigmal true
—— sigma2
0.100 === sigma2 true

—0.75 A

—1.00

T T T T T T T T T T
o 1000 2000 3000 4000 o 1000 2000 3000 4000
Epochs Epochs

Figure 2.4: Parameter convergence of Orthogonality Condition (OC) learning. Market
parameters are initialized at 6 = (0.1,0.1,0.5, —0.5). Learning errors of each parameter
are (0.25%, 5.07%,4.45%, 0.34%).

2.5.2 Performance on Real Market Data: Comparing EMVRS
and EMV

Having witnessed the parameters’ convergence in simulation studies, we evaluate the invest-
ment performance of EMVRS on real market data, by comparing the mean and volatility
of the terminal portfolio values. For simplicity, we consider an investor managing a market
portfolio and financing under the risk-free interest rate. Hence, we collect from Yahoo
Finance daily data of the S&P500 (ticker: “"GSPC”) market index as the market portfo-
lio, and benchmark the 3-month US Treasury Bill (3mTbill) rate (ticker: “"IRX”) as the
risk-free interest rate. We consider monthly portfolio rebalancing and set a 10-year rolling
window starting from January 1st, 2006, with a one-month step size. So, the first window
covers from January 1st, 2006 to December 31st, 2015, the second window covers from
February 1st, 2006 to January 31st, 2016, and so on. We keep rolling for two years, hence
the last window covers from December 1st, 2007 to November 30th, 2017, resulting in 24
10-year windows. Since the rolling windows cover the subprime mortgage crisis and the
recovery since then, we broadly categorize the market into two regimes — a bullish regime
and a bearish regime. On each rolling window, we apply the Viterbi algorithm (Viterbi,

) to identify the market regimes, then train the model using the parameters from the
last time frame as the initial points. Figure 2.5 shows the regime-labeled time series of the
first rolling window, where state 0 stands for bullish and 1 stands for bearish.
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Training dataset (S&P500, 2006/01/01 - 2015/12/31) Training dataset (3mTbill, 2006/01/01 - 2015/12/31)
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Figure 2.5: Regime-identified financial time series for training (left: S&P500, right: 3mT-
bill). State 0 stands for bullish and state 1 stands for bearish.

Due to monthly rebalancing, we mark 120 time points on each 10-year window. We
suppose the investor starts with an initial wealth o = $1 and targets the terminal portfolio
value at z = $1.4 by the end of ten years, which equates to a target annual return of
approximately 3.422%. In order to maintain numerical stability throughout training, we
standardize the S&P500 index and set an action constraint at 3, i.e., after sampling an
action from the investment policy, we restrict the action value within [—3z, 3z,] = [-3, 3].*
We summarize the training configuration and provide the initial parameters for the first
rolling window in Table 2.3.

4This in practice means the investor’s leverage ratio is at most 3. The investor can borrow no more
than 3 times of their initial wealth xg to invest in the stock index, or short sell no greater than 3z worth
of stock index.
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Hyperparameters ‘ Value at Initialization

T 10
At L
£ 0.5
Zo 1
2 14
action constraint 3
n for TD loss | (1 x 10%,1 x 103,1 x 10%,1 x 10%)
n for OC loss (1 x10%,1 x 1031 x 103,1 x 10%)
6©) (0.2, 0.2, 1.0, 1.0)

Table 2.3: Configuration of the real data study.

For comparison, we simultaneously train the EMVRS and EMV via both OC learn-
ing and TD learning and backtest the investment performance on the 24 10-year rolling
windows.

We examine the trained models on various investment settings, including action con-
straints equal to 1, 1.5, 2, 3, and whether short selling is allowed. For example, an action
constraint equal to 1 with short selling means the action can take values in [—zg, o] =
[—1, 1], whereas action constraint equals to 1 without short selling means the action can
take values in [0, z0] = [0,1]. We remind the readers that the actions are defined as the
money values invested in the market portfolio (i.e., S&P500), hence an action taking a
negative value is a short position. Under each investment setting, we independently trade
5 times over each of the 24 10-year rolling windows, resulting in 100 portfolio value trajec-
tories. We then compute the mean and standard deviation of the last entry of these 100
trajectories as the estimates of the mean and volatility of the terminal portfolio values,
respectively, which allows us to compute the annualized portfolio returns and volatilities.
Since the risk-free interest rate is not constant in our problem, we computed the average
terminal portfolio value if the investor holds the risk-free asset over the 24 10-year rolling
windows, which is around $1.0747. This yields the annualized risk-free rate at around
0.723%. Thereby, we can compute the Sharpe Ratios and we summarize the investment
performances on the 24 10-year rolling windows in Table 2.4.

Under OC learning, EMVRS outperforms EMV in all of the investment settings we
considered. Although we set a low investment target of portfolio return at 3.442%, the
mean returns of the EMVRS all significantly exceed the predetermined target. Yet, the
mean returns of EMV are fairly close to the target. EMV even fails to reach the target
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mean return under one investment setting, when action constraint is 1 and short selling
is not allowed. While both the mean and volatility of the portfolio returns are generally
higher for EMVRS than those for EMV, the Sharpe Ratios of EMVRS are significantly
higher than those of the EMV.

Under TD learning, EMVRS achieves lower mean portfolio returns but significantly
inflated volatilities, which yields the lowest Sharpe Ratios under all investment settings.
The performance of EMV is comparable to itself if trained with OC learning, with mean
portfolio returns closed to the target. The Sharpe Ratios of EMVRS are not as good as
those under OC learning. The poor performance aligns with our previous criticism of TD
learning in our problem context.

Moreover, we also notice that under the same short selling setting, both the mean and
volatility of the portfolio returns increase as the action constraint is gradually relaxed,
resulting in gradually decreasing Sharpe Ratios. Except for EMVRS with OC learning,
the performance on all other model settings demonstrates higher Sharpe Ratios when short
selling is forbidden. These empirical observations remind us to be cautious when using high
leverage and short positions in our investments.

2.6 Conclusion

Inspired by the past works on the regime-switching MV problem and the recent RL ad-
vances in stochastic control, we extend the classical MV portfolio optimization problem
and formulate the EMVRS problem. We recognize that the stochastic control approach
to the MV problems is optimal given that the market parameters are fully known. How-
ever, in practice the market parameters cannot be directly observed, which drives us to
explore within the control space. Here, the RL framework offers an informed guidance of
exploration within the control space, which is a Gaussian exploration with entropy regular-
ization. Therefore, a combination of the RL framework and the stochastic control solution
results in a collaborative exploration and exploitation of the optimal control policy. In this
work, we derive an analytical solution to the EMVRS problem, which fills the gap between
the regime-switching application in the stochastic control literature and the RL framework
for the non-regime-switching MV problem.

Furthermore, we fully leverage the optimal stochastic control solution to the EMVRS
problem, by adopting the functional form of the induced optimal value function and repa-
rameterizing the value function with the market parameters. This differs from the approach
in (H. Wang & Zhou, ), which reparameterizes the value function with a new set of
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parameters. Incorporating the induced optimal value function provides an informed and
theory-backed starting point for the RL training algorithm. Using the market parameters
as the parameterization of the RL algorithm reduces the dimension of the parameter space
and produces more meaningful outputs when the model parameters have converged.

By adopting OC learning, our RL algorithm enables EMVRS to successfully recover
the hidden market parameters in our simulation studies. The improved investment per-
formance of EMVRS on the real market data also supports our proposed methods in the
practical domain.
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Chapter 3

Exploratory Mean-Variance with
Jumps: An Equilibrium Approach

3.1 Introduction

The Mean-Variance (MV) portfolio optimization problem, first introduced by (Markowitz,
), has been the subject of extensive research. In the continuous-time setting, an MV
investor aims to optimize her financial outcome by pursuing the highest possible portfolio
return with the lowest risk, measured by portfolio volatility, at the end of the investment
horizon. Jorion ( ) investigated the practical challenges of implementing the MV in-
vestment policy in real-world markets. Zhou and Li ( ) studied the Lagrangian dual of
the MV problem as a stochastic linear-quadratic optimal control problem. Later on, Chiu
and Li ( ) solved for the MV efficient frontier, and Xie et al. ( ) derived the optimal
investment policy in an incomplete market setting; see (Zhang et al., ; Kalayci et al.,
) for a broader overview of the past studies of the MV problem.

In this chapter, we take the stochastic control approach and extend the classical MV
problem in two directions. In the first direction, we employ a Reinforcement Learning (RL)
facilitated exploratory formulation of the MV problem. In the recent stochastic control
literature, there is an emerging trend of applying RL techniques to classical stochastic
control problems (H. Wang & Zhou, : H. Wang et al., ; R. Jiang et al., ; Jia
& Zhou, , , ; Dai et al., ; B. Wu & Li, ; Chen et al., ). The
fundamental technique is to replace the optimal solution to the classical stochastic control
problem with a probability distribution (centered around the original optimal solution),
in light of the Stochastic RL Algorithm by (Gullapalli, ). Such a distribution-valued
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control is often called an exploratory control or a policy in the RL context. In this way,
the exploratory control is capable of informed exploration within the control space, while
maintaining greedy exploitation towards optimality. We point out here that the major
motivation for such an exploratory formulation is the lack of knowledge of the controlled
dynamics. Taking portfolio optimization as an example, the controlled dynamics is the
portfolio value process that depends on the market dynamics. However, the precise law of
the market evolution is unknown, and even a simple diffusion model requires knowledge of
the drift and diffusion terms.

H. Wang et al. ( ) first introduced this “exploratory extension” to their controlled
dynamics and solved for the optimal exploratory control of a linear-quadratic problem.
They also proved the asymptotic equivalence between the classical solution and the ex-
ploratory solution. Later, Jia and Zhou ( , , ) leveraged the martingale
properties of the optimal solutions to the exploratory-extended stochastic control problems
and developed effective learning algorithms for RL policy evaluation and policy updates.
H. Wang and Zhou ( ) studied the Ezploratory Mean-Variance (EMV) problem, which
solves for a distribution-valued investment policy centered on the classical MV solution.
Since the EMV problem uses the Lagrangian dual of the classical MV problem, it is a
time-consistent control problem and the proposed investment policy in (H. Wang & Zhou,

) is globally optimal at the beginning of the investment horizon.

In contrast, Dai et al. ( ) investigated the EMV problem as a time-inconsistent
control (TIC) problem, as the time-inconsistency arises from the variance of terminal port-
folio values, a quadratic function of the expected terminal portfolio value. Taking the TIC
approach in (Bjork et al., ), Dai et al. ( ) solved the Extended Hamiltonian-Jacobi-
Bellman (EHJB) equations for an equilibrium policy, which is a probability distribution
centered around the classical TIC solution provided in (Bjork et al., ). While Dai et
al. ( ) incorporated an exogenous and hidden state to model the unobservable market
regimes or economic conditions, B. Wu and Li ( ) and Chen et al. ( ) modeled
the market regimes more directly with a time-homogeneous Markov chain and solved the
EMYV problem with regime-switching. Moreover, Chen et al. ( ) also pointed out the
significance of model parameter convergence as an evaluation criterion for RL models.

Our second extension to the classical MV problem is the incorporation of a jump com-
ponent in the controlled dynamics, which is used to account for sudden shocks in the
market. Jump-diffusion models have been widely applied to optimal stopping (Pham,

; Mordecki, ; Bayraktar & Egami, ), option evaluation (Amin, ; An-
dersen & Andreasen, ; Carr & Mayo, ; Clift & Forsyth, ; Toivanen, ;
Xu et al., ), and hedging problems (Park et al., : He et al., ; Mina et al.,

). The MV problem with jump-diffusion controlled dynamics is studied by (Oksendal
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& Sulem, ) in the classical stochastic control formulation, and by (Bender & Thuan,

) in the exploratory control formulation. More recently, Gao et al. ( ) introduced
the exploratory formulation of stochastic control problems with jump-diffusion controlled
dynamics. However, all of them considered the Lagrangian dual of the MV problem, hence
following the time-consistent control approach.

Differing from (Oksendal & Sulem, ; Bender & Thuan, : Gao et al., ),
this chapter tackles the EMV problem with a jump-diffusion by considering it as a TIC
problem and solving for an equilibrium solution, an approach adopted by (Bjork et al.,

; Dai et al., ). We establish the exploratory formulation of the MV problem
with jump-diffusion market dynamics, which we call the FExploratory Mean-Variance with
Jumps (EMV.J) problem. We derive the EHJB equations and solve for an equilibrium
investment policy in explicit form. Our solution aligns with (Bjork et al., ) if we
remove the exploration and the jumps in the dynamics. Following (Jia & Zhou, ),
we then utilize the martingale properties of our analytical solutions and develop an Actor-
Critic RL algorithm. Through iterative interactions with the market, our RL model is
able to gradually understand the market behavior and learn the equilibrium investment
policy, without the knowledge of the underlying market dynamics. Our numerical results
demonstrate the effectiveness of our RL algorithm on simulated data, as well as the practical
applicability of our RL model on real market data.

We make two main contributions to the literature. First, we fill a gap in the literature
by solving the EMV problem with jump-diffusion dynamics via the TIC approach. We
note that Gao et al. ( ) solved the Lagrangian dual of the MV problem, so did many
other existing works; see (H. Wang & Zhou, : Bender & Thuan, ; B. Wu & Li,

; Chen et al., ). Their investment strategies are optimal at the beginning of
an investment horizon subject to a prespecified investment target, disregarding the time-
inconsistent preferences and actions an investor can have. Our equilibrium investment
policy is a game-theoretical result, supposing an investor competes with her future incar-
nations throughout the investment horizon. Therefore, our equilibrium investment policy
is the best action an investor can take, at any given time during the investment horizon.
Second, we fully leverage our analytical solutions in the design of a RL model, by param-
eterizing the RL model with market parameters that have practical meanings. Our choice
of parameterization not only enables us to check whether the parameters have converged
to the true values in our simulation study, but also significantly simplifies the RL model
without sacrificing its effectiveness.

The remainder of this chapter is structured as follows. We review the necessary back-

! As described in Section 3.4, our RL model has only 3 parameters.
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ground and preliminaries in Section 3.2. In Section 3.3, we introduce the EMVJ problem
and present the verification theorem and analytical solutions. We propose a RL algorithm
in Section 3.4 and present our numerical results in Section 3.5. Finally, we conclude in
Section 3.6.

3.2 Problem Formulation and Preliminaries

We adopt the notation from (@Qksendal & Sulem, ). Consider a finite decision horizon
T and a filtered probability space (€2, F, {F;}icpo,r, P). Let L := {L;i}icom be a Lévy
process and AL, := L, — L,_ be the jump of L at time s. Denote by By the collection of
Borel sets of R whose closure does not contain 0. Then, for B € B, define the Poisson
random measure of L as

N(t,B)= Y 15(AL,), (3.1)

5:0<s<t
and the Lévy measure of L as
v(B) =E[N(1, B)]. (3.2)

Intuitively, N(¢, B) represents the number of jumps of sizes in a Borel set B up to time ¢,
whereas v(B) measures the expected number of jumps of sizes in B per unit time. For any
B € By, {N(t,B) : t € [0,T]} is a Poisson process with intensity v(B).

Define the compensated Poisson random measure as

N(dt,dz) = N(dt,dz) — v(dz)dt. (3.3)

We know from (Oksendal & Sulem, ) that for any B € By, {N(t,B) : t > 0} is a
martingale. The Lévy measure is v(dz) = (yF;(dz), where (; > 0 is the arrival rate of
Poisson jumps per unit time and F;(z) is the probability distribution of jump size z. Here,
we require that the Lévy measure should satisfy

/Rmin(l,zQ)V(dz) < oo and /RGQ'ZV(dZ) < 0. (3.4)

For simplicity, we consider investing in a market with one risky asset (stock) and one
risk-free asset. The risk-free rate is a constant r > 0. The stock price is driven by

ds -
S—t = pdt + odW, + /(ez — 1)N(dt,dz), (3.5)
t— R
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where ;1 € R,0 > 0 are constant market parameters and {W,},co.7] is a one-dimensional
Brownian Motion on the filtered probability space. Under the second condition of (3.4),
we have that E[S;] and E[S?] are finite for any ¢ € [0,T], according to (Cont & Tankov,

).
An investor controls the money (in dollar value) that she invests in the stock, reallocat-

ing the portfolio in response to the behavior of the market. The discounted self-financing
portfolio value X := {X;},c(0.7] follows the process

dX} = w(p — r)dt + wodW,; + / u(e® = 1)N(dt, dz), (3.6)
R

where u 1= {uy := u(t, X}*) }ieo,r) denotes the control, i.e., money invested in the stock.

Remark 3.2.1 Note that in reality the market parameters, (u, o), and the jump parame-
ters, including (; and the parameters of Fj(z) (the jump size distribution), are unknown.
So, investing under a control u, as a deterministic function of time t and wealth x that
depends on the market parameters and the jump parameters, is impractical. While one
possible solution is to estimate the unknown parameters from the market data, for example
using Maximum Likelihood Estimation, this method often suffers from estimation error as
the observed market data is just one realization of the market dynamics; see (Luenberger,

) for the mean-blur problem as a typical example. Alternatively, we can adopt the idea
of Stochastic Reinforcement Learning (Gullapalli, ) that employs a random investor
exploring for the optimal investment policy, within the control space. In this way, we avoid
estimation error as there is no parameter estimation involved. Instead, the parameters are
learned while the investor interacts with the dynamic market. In the recent stochastic con-
trol literature, such an investor randomization is achieved by extending the classical control
u to a probability distribution valued policy, 7, often centered at u; see (H. Wang € Zhou,

; H Wang et al., ; Jia € Zhou, ; R. Jiang et al., : Jia € Zhou, ;
Gao et al., ; Chen et al., ) for examples of such extensions.

Furthermore, we recognize the difficulty of investing under a control u in practice, as
the market parameters, (u, o), and the jump parameters, including ¢; and the parameters
of F;(z) (the jump size distribution), are unknown. Henceforth, we consider an ezploratory
control, m := {m xx(u) := w(u;t, XJ)}eo,r), that enables exploration within the control
space. Here, 7 : (t,z) € [0,T] x R — m, € P(R) is a stochastic feedback policy, which
maps a time and portfolio value pair (¢, z) to a probability density function on the control
space R. For each t € [0,T1], let u] := u(t, X]) be the investment control sampled from
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7y, xr(u). Then, a sampled portfolio value process is given by

dX7 = up(p—r)dt + ufodWy + / uf(e* — 1)N(dt, dz). (3.7)
R
To account for the stochasticity of the randomly sampled control, we consider an en-
largement of the filtered probability space. Following (Jia & Zhou, , ), we
suppose that the probability space is rich enough to support mutually independent copies
of a random variable, {U;,t € [0,7]}, each uniformly distributed on [0,1]. Denote by
(9, F,{Gi }1ejo1, P) the new filtered probability space. Here, G; = F V o(U;,0 < t < s) is
the o-algebra generated by F, and the uniform random variables up to time s, and P is
a product extension from P, which is now defined on the extended o-algebra Gr. Follow-
ing the arguments in (Gao et al., ), we also introduce an extended Poisson random
measure, N'(dt,dz,dv), on the product space [0,7] x R x [0, 1], where v is a realization
of a Uniform random vector V' ~ UNIF([0,1]). The intensity measure of N’ is given by
dt v(dz)dv and its compensator is N'(dt,dz,dv) := N'(dt,dz,dv) — dtv(dz)dv. Further-
more, given a distribution d, denote G? : [0,1] — R by the quantile function of d. Then,
for some (¢, x), a sampled action u from the policy distribution ;, can be realized by first
sampling v ~ UNIF([0, 1]) and then applying the quantile function, i.e., u = G™=(v).

Therefore, as we randomly sample trajectories of a control u™ from a policy 7 and take
the average of the portfolio values across trajectories, the sampled portfolio value process
in (3.7) follows the same distribution as

dX] —/u(u—r)ﬂtxg(u)dudt%— /u2027rt,xtw(u)dudVVt+/ G™=(v)(e*—=1)N'(dt,dz, dv),
R R Rx[0,1]
(3.8)

which we refer to as the exploratory portfolio value process.

Definition 3.2.1 (Admissible Policy) We say that m := {7 ()}t zcior)xr, 5 an ad-
massible policy if the following conditions are satisfied:

(1) For any (t,x) € [0,T] x R, m,(u) € P(R);
(2) Jguimg(uw)du < Cy(14 a?), for any (t,x) € [0,T] x R;

(3) |fR u('/Tt,:v (u) - Wt,y(“))duf + ‘\/fR u27rt,a: (u)du - \/fR UZWt,y(u)du 2 _'_f[oﬂ ’Gm’x (U) -

G™v (v)|?dv < Colx —y|* , for any t € [0,T],z,y € R;
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(4) Jo Ta(u)|logm o (u)|du < Cs(1 + |z]?), for any (t,x) € [0,T] x R.

Here, Cy,Cy,C3 are constants that are independent of t and x. The set of all admissible
policies is denoted by A.

We conclude this section with the following lemma, which connects the definition of an
admissible policy to the solution of the SDE (3.8). The proof is given in Appendix A.2.1

Lemma 3.2.0.1 Following an admissible policy m € A, the exploratory portfolio value
process (3.8) guarantees a unique cddldg adapted solution X™ such that

E

sup (Xt”)Ql < 00.
te[0,7

3.3 Exploratory Mean-Variance with Jumps Problem

The MV portfolio optimization problem aims to find an investment policy that achieves
the highest return and the lowest portfolio volatility. Since the investment control w is
randomly sampled from the exploratory control m, we consider entropy regularization to
encourage exploration within the control space. Denote by H(w) := — fR u) log 7(u)du
the entropy of a distribution-valued exploratory policy . The obJectlve functlon is given
by

T
J(t,z;m) =K, [X;E + )\/ H(ﬂs)ds] - %Varm(X{,f)
¢

(3.9)

T
=E;, [X}r — z(X;E)2 + )\/ H(Ws)ds] + % (IEIWC[X,_’ZZ])2 ,
¢

2
where A > 0 is the exploration weight and v > 0 is the risk aversion factor. Additionally,
E;.(-), Var,,(-) respectively denote the expectation and variance conditioned on X =
z, ie, E () = E(|X] = z) and Var,,(-) = Var(-|X] = ). This means that the
expectation is taken under the condition that the portfolio value process X/ starts from x
at time ¢, following a given policy 7. Hence, the Exploratory Mean-Variance with Jumps
(EMVJ) portfolio optimization problem is
sup J(t, x; ). (3.10)
TeA
We point out here that following an admissible policy m € A as mentioned in Definition
3.2.1 also ensures J(t,z;7) < oo.
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Remark 3.3.1 We note that the entropy reqularization term in the objective function
(3.9) plays a critical role in two major aspects. First, mazimizing the classical MV ob-
jective By o[ XT] — 3V ar,(XF) with an additional entropy term enforces the exploratory
policy ™ to avoid collapsing too quickly to a single deterministic control. This balances
exploitation (picking known highly rewarding controls) with exploration (keeping the policy
spread out), enabling possible discovery of outperforming controls that used to be unknown
to the investor. More practically, the inclusion of an exploration weight A also allows us
to control the extent to which an investor explores in the control space. Second, the en-
tropy term acts as a convex reqularizer and yields optimal policies that are Boltzmann-like
(H. Wang et al., ). It not only smooths the optimization landscape but also produces
stochastic policy distributions (often Gaussian in Linear-Quadratic settings such as under
our problem setup) that are easier to learn and evaluate.

The inclusion of the variance term? in the objective function (3.9) introduces time-
inconsistency, because it implies a nonlinear dependence on the conditional distribution of
future wealth, violating Bellman’s principle of optimality (Bjork et al., ). When the
investor re-optimizes at a later time with updated wealth and conditional expectation, her
objective changes because the square of a conditional expectation introduces nonsepara-
bility over time. This leads to preference reversal, meaning that an investor who initially
commits to an optimal strategy would deviate from it later in time once the optimization
is recomputed. To address this, we can replace the classical notion of optimality with a
game-theoretic equilibrium control, also known as a time-inconsistent equilibrium control,
obtained by local (rather than global) optimality with respect to unilateral deviations in
infinitesimal time. It is called an “equilibrium” because the investment strategy is char-
acterized as a subgame perfect Nash equilibrium of an intra-personal game between the
investor’s present and future selves. In this sense, under the equilibrium control, each fu-
ture self has no incentive to deviate, though it is generally not globally optimal. We next
introduce a formal definition of an equilibrium investment policy.

Definition 3.3.1 Let 7* € A be an admissible investment policy. For any (t,z) € [0,T] x
R, consider a perturbed policy n° := {75 ()} s y)et,1)xr, defined as

(), = v(u), (s,y) € [t,t+¢) xR,
’ i (u), (s,y)€[t+eT] xR,

2Recall that Vary ,(X) = E¢ »(X?) — (B¢ .(X))%
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where € > 0, and v(-) € P(R) is an arbitrary density function satisfying

/uQU(u)du < oo and /U(u)|logv(u)ldu < 00,
R R

which implies ¢ € A. Suppose that for any (t,z) € [0,T] x Ry and any such perturbed
strategy w°, we have

<0.

Jt . £ _Jt . *
lim sup (t, 2 7°) (¢, 2 7")
el0 €

Then, © is an equilibrium investment policy for problem (3.10), and J(t,z;7*) is the
corresponding value function.

Define the infinitesimal generator for (t, z) € C*2([0,T] x R) with sup,{v..(t,z)} <
oo and ™ € A as

ot - |

{u(,u — 1), + 102u2@bm T (u)du
R

2

+ /R - [h(t, x + G (v)(e* — 1)) — ¥(t, z) — G+ (v)(e* — 1)by]v(dz)dv
| (3.11)

- / [u(u — 7)), + %0%2@&”
R

+ [R[w(t,x +u(e® = 1)) —(t,z) — u(e” — 1)%%]1/((12)] T2 (w)du, (3.12)

where the last equality is given by the construction of u = G™=(v) and thereby the fact
that

/ f(t,x,G”t”“(v),z)V(dz)dv://f(t,x,u,z)l/(dz)ﬁtﬁz(u)du,
Rx[0,1] R JR

for some function f.

The next two theorems establish the theoretical core of this chapter, which are critical
foundations to design the RL algorithms in the subsequent section.

Theorem 3.3.1 (Verification Theorem) Suppose that there exist two functions V (t, )
and g(t,x) € CY2([0,T] x R) such that the following conditions are satisfied.
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(i) For any (t,x) € [0,T] x R,

sup {(at LTV A+ NH (1) + g™ L7 g™ — %U(gwf} ~ 0. (3.13)
TeA

1) Let w}_ (u) be the maximizer that achieves the supremum in (5.13), and suppose it
t,x
satisfies, for any (t,x) € [0,T] x R,

(O + L7)g™ = 0. (3.14)

(111) For any x € R and 7 € A,
V(T,z)=g(T,z;m) = x. (3.15)

Then 7 = {7 4(-) }t.o)co,1xr 95 an equilibrium policy for problem (5.10). Moreover,
we have the corresponding value function

V(t,x) = J(t, z;7"), (3.16)
and the auxiliary value function

g (t,z)=g(t,x;7") = Et,x(Xg*). (3.17)

Theorem 3.3.2 (Equilibrium Policy and Value Functions) An equilibrium investment
policy for problem (3.10) is given by

* u—=r A
o (u) ~ N (7(02 ) 0 +52)> (t,z) €[0,T] xR (3.18)
where 6% = [ (e* — 1)*v(dz).

The corresponding value function is V(t,x) = x + C(t) and the corresponding auziliary
value function is g(t,z;7) = x + h*(t), where

Ct)=(T-1) [% + %log (7@22#?52))} ) (3.19)
B (t) = (T — 1) {%} . (3.20)

The proofs of Theorems 3.3.1 and 3.3.2 are given in Appendices A.2.2 and A.2.3 re-
spectively.
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3.4 RL Algorithm

In this section, we design an RL algorithm to iteratively learn the equilibrium investment
policy without the knowledge of the market and jump dynamics. We leverage the mar-
tingale property, in particular the Orthogonality Condition, from the analytical results in
Theorems 3.3.1 and 3.3.2 to define a loss function, which we use to optimize our RL model.

Recall that the stock price dynamics is

ds -

S_t = Wtruedt + OpryedWy + /(ez — 1)N(dt,dz), (3.21)

t— R
where (pgrye € R, 04 > 0) are the true mean and volatility of stock returns. We consider
Merton’s jump-diffusion model, which was studied by (Gao et al., ); see also (Merton,

: Bates, : Das, ). The jump density is

1 - rue 2
v(dz) = (Jtrye ———=€Xp (—W) dz, (3.22)
A/ 27T0—(2],t7‘ue 2O—J,true

where (j¢rye > 0 is the true arrival rate of jumps per unit time, and (¢ ue € R, 0740 > 0)
are the true mean and standard deviation of jump sizes. Most importantly, they are
unknown parameters.

Moreover, we note from (3.18) that the equilibrium investment policy depends on p, o,
and another parameter §, with

e = [ (€ = 1P(d2)

(3.23)

1
= CJ,true |:eXp<2y’J7t7“U€ + 20_3,true) -2 eXp(MJ,tTUG + 503,true) +17.

We aggregate the jump parameters ((;, s, 07) into 0, and define the parameterization
0 := (p,0,6). The parameterized policy is 7% := {n} () }t.2)e(0,7xr, With

- A
0 ~ N uw—=r
e () (7(02 +0%)" y(0? + 62)

Under 7, the portfolio value process in (3.8) becomes

oo e =) =) ) \/(( AN ey )th

(0% 4 6?) v(o2+6%)  A2(0? + 62)2

n (ﬁ) /R(ez — 1)N(dt, d2).
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) () €[0,T) x R. (3.24)

(3.25)



Inspired by the HJB (3.13), we define, for a parameterized policy 7’ € A, a stochastic
process M? := {M? := M(t, Xf;ﬂe)}(t,xf)e[o,T]xR such that V(¢,z) € [0,7] x R,

t
MY = V(X - 366 XDP ) [ s (3.26)
0

where VO(t,z) = x+ C%(t) and ¢°(¢, ) = x+ hP(t) are the value function and the auxiliary
value function corresponding to the parameterized policy 7%, respectively. Here, C? and
h? are respectively given by (3.19) and (3.20), with 7 replaced by 7.

Theorem 3.4.1 The process M? is an ({F}iepr),P) martingale when 0 = 0y =
(,utruea Otrues 5true) .
The proof of this theorem is postponed to Appendix A.2.4.

Additionally, we know that any square-integrable martingale M := {M;}cjo,r) has an

orthogonality condition
T
5| [ qan] o,
0

where the test function § := {&}icpm is an arbitrary {F;}icjor-adapted process that
is square-integrable with respect to M. This, together with the martingale property of
M?, allows us to define an Orthogonality Condition (OC) Loss function. Following (Jia &
Zhou, ), we choose the test function as the partial derivative of the parameterized
value function V¢ with respect to its parameters 6°.

Definition 3.4.1 (Orthogonality Condition (OC) Loss) Take 8 = (u,0,9) = (01, 605,05).
For (t,z) € [0,T] xR and j = 1,2,3, the OC loss is given by

i T 8‘/9 70 0
Loc(8;) = Eva FTRURRE (3.27)
LJo J
with
ove ove [ (u—1) A 27\
— =—=(T—- —— Y+ =1 —_— 2
06, (tz) o (T-9) | v(0? 4 §2) MR <’y(02 + 62)” ’ (3:28)
ov? ov? (u—r1)%o Ao
- = = (T — 2
g, L) =55 =T =Y [»y(a2 1622 (024 52)] ’ (3:29)
ov? ov? (u—1)% A0
— (2 =—=—(T—-1 .
005 (t,) o) ( ) {7(02 +462)2 (o2 + 52)] (3:30)
3In addition to staying aligned with (Jia & Zhou, ), this test function is also inspired by the 6

updating rule if we instead use a gradient descent method to optimize the value function V9.
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Remark 3.4.1 The orthogonality condition loss, first introduced by (Jia € Zhou, ),
is built on the fact that under the true value function, the temporal difference residual
(obtained from Ité’s formula and the HJB equation) must be a martingale with zero drift,
hence orthogonal to every square-integrable test function. Intuitively, if V% correctly ap-
proximates the true value function, i.e., 0 = Oy, then no predictable component should
remain in the temporal difference residual, resulting in zero conditional expectation. Note
that under our RL setting, the parameterized policy ©° and the corresponding value func-
tion V? share the same parameters, thus the policy optimization and the value function
approximation are achieved simultaneously when 0 = 0y.... Leveraging the equivalence of
parameter convergence and the martingale property from Theorem 3.4.1, the orthogonal-
ity condition loss enforces effective updates of policy and value functions, by iteratively
updating 0 and reducing the loss to zero.

Considering a discretization 0 =ty < --- < ty =T with mesh size At, the discretized
loss function becomes

Loc (0 v X ve X VO(tn, X*
OC( j) - Z a_ej(tn7 tn ) (thrl’ tn+1) - (tn7 tn )
n=0
(3.31)
_ e ™ N2 9 \2 é 2me
5 [g (Lot X7 )" — 6" (ta, XT)) } + 5 log <—7(02+52>> At}.

We summarize the whole training procedure in Algorithm 2.
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Algorithm 2: Training with Orthogonality Condition Loss
Initialize the number of epochs Nepocns, the investment horizon 7', the mesh size of
the continuous time discretization At, the exploration parameter A > 0, the
initial portfolio value xy > 0, the learning rates n = (11,72, 73), the “grounding
true” market parameters the = (Otruc.1, Otrue.2s Otrue,3) = (Htrues Otrues Otrue ), and
the model parameters 00 = (61?6 90 = (u®,5© 50,
Compute N =
for k=0, Nepoch 1do
Fix a reahzed path of the Brownian motion {W N, with
AW =W —w" ~ N0, At).
Sample number of jumps Ny ~ Poisson((j4ueAt) and sample the jumps
(4", Zfép N (e 03 )
Simulate {X N, via (3. 25) with (u, o, 0) replaced by (u®,o®) §*)),
(W, 3N, replaced by {W N_,, and the integral replaced by Z (% A 1).

Compute {245t X{)} . {25 (0 XIONEy and {25 (0 X)Ly
via (3.28), (3.29) and (3.30), with (1, 0, d) replaced by (u®, o®) §*)).
for =1,2,3do
Compute L(0") := Loo (8 {X M} o) via (3.31).
Update 0 « 61" + 1, x L(6\")
end

end

3.5 Numerical Results

In this section, we train and evaluate our model on simulated data and real market data. On
simulated data (Subsection 3.5.1), we train our model and show that the model parameters
converge to the corresponding true values. Moreover, the investment performance (in
terms of mean terminal portfolio value) on the simulated data is close to the theoretical
expectation. We also examine our model on real market data (Subsection 3.5.2), which
illustrates the potential profitability of our equilibrium policy.
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3.5.1 Analysis On Simulated Market Data

From Yahoo Finance, we collect the S&P500 market index (total return) as a “represen-
tative” stock at a daily frequency, ranging from January 1st of 2000 to December 31st of
2023. We fit Merton’s jump-diffusion model, parameterized by both the market parameters
(1, 0) and the jump parameters (uy,07,(s). Denote by 0 := (u, 0, py,05,(s). Consider a

time discretization 0 = tg < - -+ < ty = T with mesh size At. When At is small, we sup-
S,
Stifl
and identically distributed with density function

pose the log-returns R; := log < ), fori=1,---, %, are approximately independently

F(r;0) = pn(Cry A1) - &(r5 v (0, At), 72, (0, Ab)),

where p,, (¢, At) = E%JNWM is the Poisson probability of m jumps, ¢(-;v,7?%) is the
Gaussian density with mean v and variance 72, and

1 1
(6,80 = (1= 50 = N — 1)) Atk
72(0, At) = o? At + po’.

While the direct computation of an infinite sum f(r, 6) is impractical, we approximate it
with a truncated sum up to m=2. Because multiple jumps per interval are very rare and
Pm(Cy, At) for m > 2 are negligible. We calculate the likelihood function as L(6; R) =
H;r:/ &' f(R;;0) and apply the Nelder-Mead method (Nelder & Mead, ) to obtain the
maximum likelihood estimates (MLE) of . We choose the MLEs of 6 as the “grounding
true” parameter values (Uirue, Otrue, Clitrues I trues O true) for simulation. In this way, our
simulated data reflects the real market.

We consider a one-year investment horizon (T = 1) with daily rebalancing (At = 35),
reflecting an assumption of 252 trading days per year. The investor starts with an initial
wealth of xy = 1, and invests in the stock following the equilibrium policy (3.18) with
initial parametrization (ug, 0o, d9) = (0.1,0.1,0.05). For simplicity, we suppose there is no
cost of borrowing, i.e., the risk-free rate r = 0. The exploration weight A\ and the risk
aversion parameter 7 are set as 1 for training. We summarize all the parameters in Table

3.1.
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Parameters ‘ Values

To 1
(T, At) (1, 535)
A 1
g 1
r 0.01
(Mtrues Orae) | (0.0878, 0.1321)
Cotrue 27.6813
(Hstrues Ogrue) | (<0.0040, 0.0274)
Sirue (by (3.23)) 0.1449
do 0.05
(k0. 00) (0.1, 0.1)

Table 3.1: Parameters for training and evaluation on simulated data.

We train the model following Algorithm 2 and all the model parameters converge to
their “grounding true” values in 550 epochs as shown in Figure 3.1. This indicates that
our model has been optimized to the equilibrium policy. We make a note here that the
three parameters do not converge at the same rate — in the case showed in Figure 3.1, u
converges fastest while o converges slowest.* In the training process, we impose a linear
learning rate scheduler to control the learning rates for each parameter.

0.100 0.130

0.098 0.125
0.096 0.120
0.094 0.115
0.092 0.110

0.090 | 0.105 4

0.0B8 oo e | 0900 1

T T T T T T T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500

Figure 3.1: Convergence of yu (left), o (middle) and § (right).

4The speed of parameter convergence depends on how close the initial points are to the corresponding
true values.
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Next, we check if our trained model is able to achieve the theoretically expected invest-
ment performance. From Theorem 3.3.2, we know that if an investor follows a policy 7*,
the expected terminal portfolio value is

Eo.00 (X7 ) = g(t,257%) = wo + 17 (t)

=20+ (T — 1) {7((52;:2:2)}

We suppose the investor follows the mean of the equilibrium policy (3.18), that is, at each
time ¢, she invests u; = W dollars in the stock, and saves the remaining X; —u; in cash
at the risk-free interest rate r. If u; > X;, this means the investor is investing with leverage,
and the cost of borrowing is equal to the risk-free interest rate r. If u; < 0, this means
the investor is short-selling the stock, and saving the premium at the risk-free interest
rate r. We highlight that investing at our policy mean is an extension to the equilibrium
policy considered in (Bjork et al., ), as they coincide with each other when there are
no jumps in the market dynamics. While we train the model with risk aversion parameter
v =1, we examine the investment performance for investors with different risk appetites,
v € 10.1,0.5,1,2,5]. Higher « values represent more risk averse investors, hence holding
a smaller long or short position in the stock. For each investor, we simulate 100 stock
price trajectories and make investments repeatedly. As a result, we get 100 portfolio value
trajectories. The realized mean and realized volatility of the terminal portfolio value are
calculated as the average and the standard deviation of the last entry over the 100 portfolio
value trajectories. We also compute and contrast the empirical objective function, Jempirical
using (3.9) with A = 0,° and the theoretical value of the objective function V given the
equilibrium policy, using the value function in Theorem 3.3.2.

We summarize the investment performance in Table 3.1. For the realized mean, realized
volatility and Jempiricai, We also compute the Monte Carlo standard errors following the
metrics in (Morris et al., ), which are reported in the parentheses in Table 3.1. The
realized mean terminal portfolio values are pretty close to the corresponding theoretical
means. The realized volatility diminishes as the investor becomes more risk averse (i.e., as
~ increases), which is practically meaningful as more aggressive investment results in higher
volatility. The empirical objective function values are reasonably close to the theoretical
values, and the gap narrows as the investor becomes more risk averse.

5Because we are following the mean of the equilibrium policy, there is no policy exploration.
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v ‘ realized mean ‘ theoretical mean ‘ realized volatility ‘ Jempirical ‘ theoretical V'

0.1 | 2.9980 (0.3032) 3.0213 3.0316 (0.2154) | 2.5384 (0.3055) 2.0106
0.5 | 1.3996 (0.0606) 1.4043 0.6063 (0.0431) | 1.3077 (0.0611) 1.2021
1 | 1.1998 (0.0303) 1.2021 0.3032 (0.0215) | 1.1538 (0.0305) 1.1011
2 | 1.0999 (0.0152) 1.1011 0.1516 (0.0108) | 1.0770 (0.0153) 1.0505
5 | 1.0400 (0.0061) 1.0404 0.0606 (0.0043) | 1.0308 (0.0061) 1.0202

Table 3.2: Investment performance on simulated market data. The Monte Carlo standard
errors of the realized means, realized volatilities and Jeppiricar are reported in parentheses.

3.5.2 Analysis on Real Market Data

To evaluate our model on real market data, we choose the S&P500 market index mentioned
in the last subsection as the risky asset. We also collect the US 3-month Treasury Bill
(3mTBill) from Yahoo Finance as the risk-free interest rate. The frequency of the 3mTBill
data is daily and the range is from January 1st, 2000 to December 31st, 2023, which
matches the S&P500 data.

For model training, we divide the investment horizon of 24 years, from 2000 to 2023,
into 14 eleven-year rolling windows, 2000-2010, 2001-2011, ---, 2013-2023. Each rolling
window spans from the first day of the starting year to the last day of the ending year,
e.g., window 2000-2010 covers the period from January 1st, 2000 to December 31st, 2010.
The first 10 years of each window is the training period and the final year is the evaluation
period. We suppose an investor is risk averse with v = 5. In the training phase, we set
A = 5 to encourage exploration within the control space. Over each rolling window, we fit
a jump-diffusion model on the training period and use the MLEs as the initial parameters
of the RL model. We evaluate the model performance on the evaluation period of each
rolling window.

The investment performances on the training periods and the evaluation periods are
given in Tables 3.3 and 3.4, respectively, including the terminal portfolio value means,
volatilities and Sharpe Ratios (SRs). Over each training or evaluation period, we simulta-
neously create 100 self-financing portfolios each with initial value of o = 1. We rebalance
the portfolios on a daily basis according to the stock and risk-free interest rate dynamics,
following the equilibrium policy (3.18). To reduce the portfolio volatility, we set A = 0.01 if
we invest over the training periods and set A = 0.1 if we invest over the evaluation periods.
The mean and the volatility columns are calculated as the average and standard deviation
of the 100 portfolios’ values on the last day of the investment period. The Monte Carlo
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standard errors are reported in the parentheses, following the metrics provided in (Morris
et al., ). The risk-free column values are the terminal values if we hold the risk-free
asset throughout the investment period.

window ‘ mean ‘ volatility ‘ risk-free
2000-2010 | 1.3980 (0.0198) | 0.1978 (0.0141) | 1.3071
2001-2011 | 1.3859 (0.0202) | 0.2022 (0.0144) | 1.2348
2002-2012 | 1.3845 (0.0185) | 0.1848 (0.0131) | 1.1944
2003-2013 | 1.8165 (0.0201) | 0.2007 (0.0143) | 1.1766
2004-2014 | 1.8445 (0.0187) | 0.1869 (0.0133) | 1.1654
2005-2015 | 1.9569 (0.0140) | 0.1397 (0.0099) | 1.1499
2006-2016 | 1.5993 (0.0150) | 0.1500 (0.0107) | 1.1148
2007-2017 | 1.5213 (0.0154) | 0.1535 (0.0109) | 1.0667
2008-2018 | 1.6454 (0.0146) | 0.1463 (0.0104) | 1.0311
2009-2019 | 3.6082 (0.0207) | 0.2066 (0.0147) | 1.0370
2010-2020 | 4.9670 (0.0195) | 0.1945 (0.0138) | 1.0570
2011-2021 | 5.5411 (0.0272) | 0.2720 (0.0193) | 1.0592
2012-2022 | 7.4664 (0.0231) | 0.2311 (0.0164) | 1.0591
2013-2023 | 5.2763 (0.0225) | 0.2246 (0.0160) | 1.0795

Table 3.3: Investment performance on training periods. The model was trained with
(A\,7) = (5,5) and the table is calculated with (A,~) = (0.01,5). The Monte Carlo standard
errors of the portfolio value means and volatilities are reported in parentheses.

Clearly, Table 3.3 shows that all the portfolios invested over the training periods achieve
higher mean returns than the risk-free return, with reasonably low volatility. The mean
terminal portfolio values are very high during the post subprime crisis in 2008 — the
portfolio value triples in 2009-2019 and even grows sevenfold in 2012-2022, in spite of the
breakout of COVID since 2020. Even in the training periods that are close to or cover the
subprime crisis, the training performance is still reliable, as the mean terminal portfolio
value grows at least by around 50% in 2004-2014, 2005-2015, 2006-2016, 2007-2017 and
2008-2018. This implies that our models are well-trained and the market parameters of
the training periods are properly learned through the training process.

Table 3.4 conveys the generalizability and practical applicability of our model. In 12
out of the 14 evaluation periods, the mean terminal portfolio values are higher than the
risk-free portfolio, with reasonably low volatility. The only two exceptions are in 2018 and
2022, during which the market trend flips, as shown in Figure 3.2. That is, the market
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trend of the training period (2008-2017 and 2012-2021) is opposite to that of the evaluation
period (2018 and 2022, respectively). So, the model is misled by the training period. For
example, in the window 2012-2022, the model is trained over a bullish period of 2012-2021
and it will assume the market to continue growing in 2022, which is not the case due to
the breakout of COVID. As a result, the model decides to hold a long position in the stock
during a bearish evaluation period in 2022. However, in the windows 2009-2019 and 2013-
2023, our model takes the years of 2018 and 2022 as part of the training periods and adjusts
the investment strategies, leading to an improved performance in the evaluation periods in
2019 and 2023. This implies that our model is robust against different market conditions,
as long as the market does not significantly violate the model assumptions. Moreover, our
model preserves the potential of reversing the adverse performance, by gradually digesting
the market dynamics and adjusting the investment strategies accordingly.

For purposes of comparison, we also present the investment performance using the
MLEs of a fitted Merton jump-diffusion model as the parameters of the equilibrium in-
vestment policy. We use the subscript M LE to denote the investment performances using
MLEs in Table 3.4. Except for 2018 and 2022, our model achieves higher Sharpe Ratios
in all other evaluation periods, compared to the investment strategy using MLEs. Since
our model takes the MLEs as the initial parameters in the training phase, the improved
investment performance demonstrates the effectiveness of our algorithm. In the years 2018
and 2022, the investments using MLEs also obtain negative Sharpe Ratios, which provides
a poor starting point for us to train the model. This partially explains why our model
performance in 2018 and 2022 is poor.

Finally, we also consider a more conservative investor with A = 1. After retraining and
retesting the model, we improve the investment performance in 2018, as shown in Table
3.5. This reiterates our model’s robustness against violation of model assumptions in the
real-world market.

year ‘ mean ‘ volatility ‘ SR

2018 | 1.0598 (0.0151) | 0.1507 (0.0107) | 0.2679

Table 3.5: Investment performance in 2018. The model was retrained with (\,v) = (1,5)
and the table is calculated with (A,7) = (0.01,5). SR denotes the Sharpe Ratio. The
Monte Carlo standard errors of the portfolio value mean and volatility are reported in
parentheses.
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Figure 3.2: S&P500 market index. The period between the dotted vertical lines is the year
2018 and the period between the dashed vertical lines is the year 2022. The market was
significantly shocked due to the crash of the cryptocurrency bubble in 2018, as well as the
post-COVID historical global interest rate hike and the escalation in the Russo-Ukrainian
war in 2022.

3.6 Conclusion

In this chapter, we apply the time-inconsistent control (TIC) approach to a RL-facilitated
exploratory MV problem with jump-diffusion market dynamics. Unlike many past works
which choose to solve the Lagrangian dual of the MV problem (H. Wang & Zhou, ; Gao
et al., ; B. Wu & Li, ; Chen et al., ), we tackle the time-inconsistency of the
MYV problem following the methods introduced in (Bjork et al., ). We acknowledge that
the uniqueness of an equilibrium solution to a TIC problem remains as an open research
topic, as discussed in (Dai et al., ). Therefore, we disregard the uniqueness argument
of our solution, and decide to present one solution by establishing and solving the EHJB
equations. We present a verification theorem (Theorem 3.3.1) that ensures our solution is
an equilibrium solution, according to Definition 3.3.1.

Furthermore, we choose the RL model parameterization that is practically meaningful,
based on our analytical solutions in Theorem 3.3.2. We then leverage the martingale
property, specifically the orthogonality condition, to define the Orthogonality Condition
(OC) loss function, which is more effective in our problem context compared to another
widely-applied Temporal-Difference (TD) loss in RL, as discussed in (Jia & Zhou, :
Chen et al., ). With our choice of parameterization and loss function, we are able to
check whether parameters can converge to the corresponding true values. Thankfully, all
parameters converge correctly in our simulation study, indicating that our RL algorithm
is effective to learn the equilibrium policy for jump-diffusion market dynamics.
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On real market data, we examine our model over a course of 24 years since 2000. Our
model performs well on all the training periods and is profitable in 13 out of 14 evaluation
periods, with reasonably low volatility. We acknowledge that our model can be misled if the
market significantly violates the model assumptions. Yet, under a careful and conservative
investment setting, our model can still make a profit. Moreover, our model preserves the
capability of reversing the loss in successive investment periods, by continuously interacting
and learning from the market.
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Chapter 4

Exploratory
Investment-Consumption Problem
with Non-Exponential Discounting

4.1 Introduction

The investment-consumption problem in the stochastic control literature begins with Mer-
ton’s seminal contributions (Merton, , ), which establish the foundational frame-
work to optimize consumption and portfolio allocation for an investor facing uncertain
investment returns and income cashflow. Later, with several choices of utility functions,
Karatzas et al. ( : , ) and Cox and Huang ( ) solved for the explicit
solution via the Dynamic Programming Principle (DPP) approach and the martingale
convex duality approach, with finite and infinite time horizons. In Merton’s model, in-
vestors allocate wealth between a risk-free bond and a risky asset to maximize expected
utility of consumption and terminal wealth. This paradigm assumes full observability of
market parameters, such as the expected return (drift) and volatility of risky assets, and
it has since inspired a rich literature in finance, economics, and statistics. In practice,
however, financial market parameters are rarely known with certainty. For instance, the
drift of risky assets is typically unobservable and must be inferred from observed price
data. Yet, a simple Maximum Likelihood Estimation suffers from the mean-blur problem
as documented by (Luenberger, ). More broadly, parameters of the market dynamics
such as the volatility, correlation, and jump intensities are also subject to estimation error
and cannot be directly observed. This motivates the study of portfolio optimization under
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parameter uncertainty.

A well-established approach in this direction is Bayesian learning, which treats unob-
servable parameters as random variables with prior distributions that are dynamically up-
dated through Bayes’ rule as new market data becomes available (Brennan, ; Karatzas
& Zhao, ; Cvitani¢ et al., ; Pham, ). This framework transforms the orig-
inal partial-information control problem into a full-information one augmented by belief
states, thereby yielding dynamically adaptive strategies that hedge against not only mar-
ket risk but also parameter uncertainty. An alternative and complementary strand of
research addresses parameter uncertainty using ambiguity models, which replaces a single
prior with a family of plausible priors. Classical frameworks include the maxmin expected
utility (Gilboa & Schmeidler, ), the a-mazmin model (Marinacci, ; Ghirardato
et al., ; Maccheroni et al., ), and the smooth ambiguity model (Klibanoff et al.,

). Unlike Bayesian learning, which reduces uncertainty through statistical updating,
ambiguity models emphasize robustness to misspecification by penalizing deviations across
priors.

Recent advances in Reinforcement Learning (RL) further tackle the parameter un-
certainty. RL provides data-driven and exploratory methods to learn optimal policies
in complex or partially observed environments without estimation of model parameters.
Particularly, recent stochastic control literature has shown interest in RL techniques (Jia
& Zhou, , , ) and achieved improvement compared to classical stochas-
tic control solutions. The key motivation for applying RL to these problems lies in the
dilemma that model parameters (such as the mean and volatility of the returns of risky
assets) are unobservable in reality. Classical control solutions to these problems give the
optimal investment strategy, provided that the parameters are known. When parameters
are unknown, RL allows for a policy exploration within an admissible control space, often
implemented by sampling actions from a probability distribution centered around the clas-
sical control solution. Over iterations of trial and error, the RL model gradually learns the
optimal strategy. In financial applications, H. Wang and Zhou ( ) solved the mean-
variance portfolio optimization with a precommitted policy, and B. Wu and Li ( ) and
Chen et al. ( ) extended the problem to a regime-switching market. R. Jiang et al.
( ) solved a portfolio optimization problem with the Kelly criterion. Moreover, Dai
et al. ( ) revisited the mean-variance portfolio optimization problem and solve for the
equilibrium solution with the Time Inconsistent Control (TIC) approach. This perspective
complements the Bayesian and ambiguity approaches, offering a flexible methodology for
sequential decision-making problems in finance.

Beyond uncertainty quantification, investor preferences introduce an additional layer of
complexity. Intertemporal preferences can be decomposed into state preferences, reflecting
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attitudes toward one’s wealth status and consumption level, and time preferences, captur-
ing individual’s preference for consumption today against tomorrow, often referred to as
the time value of money (Myers, ). The state preference has been extensively stud-
ied in the optimal investment-consumption literature by applying various types of utility
functions. Kraft et al. ( ) employed a recursive utility to capture the investor’s in-
tertemporal trade-offs and incorporated market incompleteness where risks cannot be fully
hedged with traded assets. Constantinides ( ) introduced habit formation' to tackle
the consumption smoothing puzzle inherent in Merton’s problem. This leads to a strand
of research that incorporates habit formation into utility maximization; see (Detemple &
Zapatero, : Detemple & Karatzas, ; Munk, ; Yu, ; van Bilsen et al.,

;Y. Wang et al., ). Moreover, Dai et al. ( ) studied the state preferences in
the mean-variance portfolio optimization context.

The time preference, in contrast, plays a central role in shaping long-term behavior
through the choice of discounting functions. While exponential discounting accounts for a
risk-neutral preference, non-exponential discounting accounts for time-varying preferences
and inevitably generates time-inconsistency. The optimal investment-consumption litera-
ture has shown a steady interest in the non-exponential discounting control problem; see

(Strotz, : Epstein & Hynes, : Laibson, : Barro, ) for some of the seminal
works and also (Krusell & Smith, ; Zhao et al., : Ebert et al., ;Y. Wang
et al., ) for more recent contributions. Bjork et al. ( ), along with their past works
(Bjork & Murgoci, , , ; Bjork et al., ), introduced the fundamental

framework of TIC problems and cover the non-exponential discounting control as a special
case. TIC problems account for time-varying preferences by considering that an investor
at a given time point competes with their incarnations at future time points, leading to a
game-theoretical equilibrium solution. See also (Ekeland & Pirvu, ; Yong, ; Hu
et al., : Yong, : Hu et al., ).

In this chapter, we focus on the time preference by studying the optimal investment-
consumption problem under non-exponential discounting and handle parameter uncer-
tainty with RL-facilitated policy exploration. Adopting the log utility as covered by (Bjork
et al., ), we formulate an exploratory version of the investment-consumption problem,
named as the Ezploratory Investment-Consumption (EIC), using entropy regularization.
Noticing that time-inconsistency arises from non-exponential discounting, we explicitly
solve for an equilibrium? policy for investment and consumption, which can be expressed

IHabit formation implies that past living standards affect the utility at any given consumption level.

?In time-inconsistent control, we use the term equilibrium instead of optimal, to reflect the game-
theoretical nature of the solution. This is also partially because the uniqueness of an equilibrium solution
is an open question (Dai et al., ).
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as two independent probability distributions centered around their corresponding classical
solutions. Specifically, we find out that the investment policy follows a Gaussian distribu-
tion and the consumption policy follows a Gamma distribution. Our result is practically
meaningful because investment can take positive and negative values depending on the
investor’s long and short positions in the asset, while consumption cannot be negative and
the support of the Gamma distribution is R,. Beyond that, we analyze the change of
an investor’s investment-consumption policies when facing uncertainty in the discounting
rates, modeled by the non-exponential discounting. We show that the mean and variance
of the Gamma consumption policy both decrease, and the variance of the Gaussian invest-
ment policy decreases. That is, comparing to exponential discounting, an investor using
non-exponential discounting tends to take more conservative moves, shrinking and main-
taining a low level of consumption as well as avoiding shuffling their portfolio significantly.
Furthermore, we design a RL training algorithm to learn the equilibrium policy, parameter-
ized by the market parameters. To ensure accurate convergence of the model parameters,
we take the Policy Evaluation approach (Jia & Zhou, ) and the g-learning approach
(Jia & Zhou, ), respectively deriving two loss functions — the Orthogonality Condition
(OC) Loss and the g-learning loss. As a result, our simulation study demonstrates that
the model parameters converge to their corresponding true values without any parameter
estimation, indicating that the RL model has learned the equilibrium investment and con-
sumption policies. Finally, we highlight three original contributions of this chapter to the
literature.

(i) To the best of our knowledge, this is the first work that applies RL techniques to solve
a non-exponential discounting dual-control problem, following the TIC equilibrium
approach. Complementary to (Dai et al., ) that tackle time-inconsistency from
the state preferences, we model time-inconsistency from the time preferences via non-
exponential discounting functions and explicitly solve for an equilibrium policy for
investment and consumption.

(ii) We theoretically study the change in behaviors of investors using exponential and
non-exponential discounting functions. According to (Ebert et al., ), we remark
that investors using non-exponential discounting face uncertain discounting rates, and
we show that under our exploratory formulation investors will behave more prudently
in both consumption and investment. Our theoretical results cover the classical non-
exploratory setting, where an investor with non-exponential discounting will only
reduce consumption.

(iii) We develop an implementable and tractable RL algorithm in two learning approaches,
enabling iterative parameter updates while the RL model interacts with the market
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dynamics. By parameterizing the RL model with the market parameters, our choice
of RL model parameters have practical meanings and therefore the model convergence
directly reflects the level at which the model perceives market dynamics. Moreover,
we provide a Policy Iteration Theorem, which theoretically guarantees that the RL
model will converge to the equilibrium policy.

The remainder of this chapter is structured as follows. Section 4.2 reviews the Investment-
Consumption problem with log utility and non-exponential discounting (Bjork et al., ).
Then, we extend it to its exploratory version in Section 4.3 and solve for the analytical
solution in Section 4.4, where we also provide a verification theorem and a policy iteration
theorem. In Section 4.5, we derive the Orthogonality Condition loss and the g-learning loss
and propose a RL training algorithm. We examine our algorithm in Section 4.6 via a sim-
ulation study, with a gamma discounting function and selected parameters. We conclude
with Section 4.7.

4.2 Classical Optimal Investment-Consumption Prob-
lem

In this section, we review the optimal investment-consumption problem with non-exponential
discounting and without reinforcement learning, which serves as a benchmark. Since non-
exponential discounting gives rise to the issue of time inconsistency, we adopt the time-
consistent approach of (Bjork et al., ) to solve for equilibrium strategies. Via a formal
verification argument, we present the analytical form of the corresponding equilibrium
investment-consumption strategies.

Consider an investor who manages a portfolio and makes withdrawals for consumption
until a finite time T" > 0. For ease of presentation, the market is simplified to consist of
one risky asset, the stock {.S}cjo,r1, and one risk-free asset, the bond {R;}+cjo,r7. Denote
by {Wi}ico,r) a one-dimensional Brownian Motion defined on a filtered probability space
(Q,F, F = {F}icpo,n, P) that satisfies the usual conditions. The stock and the bond prices
are respectively driven by

dSt = ILLStdt + O'Stth,
th = Ttht,

where 4 € R, 0 > 0, » > 0 are all known constants.
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At each time t € [0, 7], the investor spends some money from their portfolio for con-
sumption and rebalances the remaining portfolio in the stock and the bond. Due to
the time inconsistency, we shall restrict the strategies to feedback controls. We denote
by wu(t,z) : [0,7] x Ry — R the fraction of portfolio value invested in the stock and
c(t,z) : [0, T] x Ry — R, the fraction of portfolio value consumed per unit of time. Then
the controlled portfolio value process {X;"“}icjo,r] follows the dynamics

dX;" = (r+ (p—r)ult, X;"°) — c(t, X;"9)) X;"dt + o Xyu(t, X;")dW;. (4.1)

We say an investment-consumption strategy (u, c) := {(u(t, x), c(t, %))} ¢t,2)e[0,mxr is admis-
sible if both the investment strategy and the consumption strategy are uniformly bounded,
ie.,

lu(t, z)| + c(t,x) < C, for all (t,z) € [0,T] x R.

The set of all admissible investment-consumption strategies is denoted by 4y. Under any
admissible investment-consumption strategy, the coefficients of the stochastic differential
equation (SDE) (4.1) satisfy the linear growth and Lipschitz continuity conditions, thus
the SDE admits a unique cadlag solution that is square-integrable, i.e.,

E

sup (X")?| < oo.
te[0,7)

We denote the discounting function by g; : [0,7] + [0,1], which is a non-increasing
and differentiable function satisfying 5y = 1. The objective of the optimal investment-
consumption problem is to maximize the total discounted expected value of aggregated
consumption and the terminal portfolio value under the log utility, that is,

max J“(t, ), 4.2
(nax (t, ) (4.2)

where .
JU(t ) ==Ky, {/ Bs—tlog (c(s, X)X ) ds + Pr—y log(XZ}’C)
t

is the objective function, and E; ,[-] denotes the conditional expectation E[-|X; = x].

In light of the non-exponential discounting, the optimal investment-consumption prob-
lem (4.2) has the issue of time inconsistency (Strotz, ). We adopt the time-inconsistent
approach of (Bjork et al., ) to define the equilibrium strategies. The intuition is that
the time-t investor can only control her strategy within a small time period. Therefore,
she aims to solve an optimal strategy that can be executed during this period, under the
assumption that her future selves have already determined their own optimal strategies.
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Definition 4.2.1 Let (u*,c*) € Ay be an admissible investment-consumption strategy. For
any (t,x) € [0,T] € Ry, consider a perturbed strategy, (u®,c®) := (u®(s,y), (5, Y)) (s.y)clt, 7] xR »
defined as

(@, ¢), set,t+e),

(u (s, ), (s,9)) =9, .

(u*(s,y).c*(s,y)) s€ft+eT],
where € > 0 and (4,¢) € R x Ry. Suppose that, for any (t,z) € [0,T] x Ry and any such
perturbed strategy (u®, c®), we have

JUE () — JU (i
lim sup (t,2) (t,z

el0 €

><O.

Then, (u*,c*) is an equilibrium investment-consumption strategy to problem (4.2), and
JU(t, ) is the corresponding value function.

Through a formal verification argument, it can be shown that the value function of

problem (4.2), i.e
V(t,z)=J""(t,x), (t,x)€[0,T] xRy,

and the auxiliary value function of problem (4.2), i.e

T
flt,x,s) =By, [ / Bi_slog(c* X )dl 4 Br_slog X5 |, (t,x,5) € [0,T] x Ry x [0,1],

solve the following system of extended Hamilton-Jacobi-Bellman (EHJB) equations

SUD (4, c)eR xR s {log(cx) + LYV (t,x) — %(t,x,t)} (t,x,s) €[0,T] x Ry x [0,¢],
Bi_slog(c*x) + LU f(t,z,s) =0, (t z,s) € |0, T] x Ry x [0,1],
V(T,I) = logz, f(T,:L’,S) = Br—slogz, ( Z, ) c Ry [O7T]7

(4.3)
where (u*, ¢*) denotes the maximizer of the first equation, and the differential operator
L"¢ is defined as

0 1 5,02
xa—i(t,x) + —o*utz axf(t x), (4.4)
for any function ¢(¢,z) € CY%([0,T] x Ry) that is first-order continuously differentiable in
t € [0, 7] and second-order continuously differentiable in # € R,. We omit the proof of the
verification theorem as it is a special case of Theorem 4.4.1 with exploration rate A = 0.

LYp(t,x) = %—f(t, z)+ (r+ (p—r)ju—c)

By solving the system of EHJB equations (4.3), one obtains the equilibrium investment-
consumption policy summarized in the following theorem. Note that Theorem 4.2.1 is a
known result and can be found as Proposition 17.3 in (Bjork et al., ).
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Theorem 4.2.1 An equilibrium investment-consumption policy to problem (4.2) is given
by
ILL —

o2

and c(t,r) = —— (4.5)

1
A(t)’

u*(t,x) =
where
T
A(t) = s + / By L. (4.6)
t
The corresponding value function is given by

V(t,z)=J" (t,2) = A(t)log(z) + Bo(t),

where By(t) = [ bo(s)ds and
bols) = (r + %) A(s) — 1+ log (Azs)) + B, /ST (r + (“2;;)2 - A}l)) di
1

2
g / l (/~L - r)z g / 1
+[ Blfs /; <T + 952 - A(w)) dw dl + [ Blft log Wdl

It is seen from Theorem 4.2.1 that under the log utility, the non-exponential discounting
affects only the consumption, not the investment strategy. This result holds even for some
stochastic discounting models; see (Harris & Laibson, ; Zou et al., ). However,
we will see in the next section that the discounting factor will play a role in both the
investment and the consumption policies in the exploratory formulation with RL.

At the end of this section, we study the impact of non-exponential discounting on
consumption by comparing it with exponential discounting. To this end, we consider the
class of weighted discounting functions proposed in (Ebert et al., ), defined as,

b= [ eraro)

where F'is a cumulative distribution function supported on [0, 00). As elaborated in (Ebert
et al., ), weighted discounting functions can model both intra-personal disagreement,
when an investor is uncertain about which discount rate to use, and inter-personal dis-
agreement, when a group of individuals have heterogeneous discount rates. It encom-
passes many widely-used non-exponential discounting models as special cases, including

pseudo-exponential discounting (Karp, ; Ekeland & Pirvu, ), Gamma discount-
ing (Loewenstein & Prelec, ; Weitzman, ), and uniform-uncertainty discounting
(Sozou, ).
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The following proposition compares the consumption strategies under an exponential
discounting function and a weighted discounting function. The proof is provided in Section
A.3.1 of the Appendix.

Proposition 4.2.1 Consider an exponential discount function B := e P* with p > 0,

and a non-exponential discounting function

p o = / e "dF (r),
0

for some cumulative distribution function F' supported on [0, 00), satisfying fooo rdF(r) = p.
We denote by ¢ (t) and "™ (t) the corresponding equilibrium consumption strategies
under B and ;" P, respectively. Then, for any t € [0,T],

C*,@.Tp(t) > c*,non—ezp(t)‘

non-exp

From the intra-personal perspective, the non-exponential discounting function 3,
can be interpreted as the case where an investor is uncertain about which discount rate to

apply. The condition .
/ rdF(r)=p
0

ensures that the expected value of this “uncertain” discount rate coincides with the con-
stant discount rate p in the exponential discounting, making the comparison fair from the
perspective of expected value. The key message of Proposition 4.2.1 is that an investor
facing uncertainty about the discount rate tends to reduce consumption.

4.3 Exploratory Investment-Consumption Problem

To the end of developing an RL algorithm for exploring situations in which the distribution
of stock returns is uncertain to the investor, we now consider an exploratory formulation
of the optimal investment—consumption problem with non-exponential discounting.

As in Section 4.2, let {W;}¢cpo,r; be a one-dimensional Brownian Motion defined on
a filtered probability space (0, F,F = {F;}icpm,P) that satisfies the usual conditions.
Denote by P(R x R, ) the set of joint probability density functions over the space R x R,..
Let m: (t,z) € [0,T] x Ry — m, € P(R x Ry) be a given stochastic feedback policy.
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Correspondingly, the marginal density for the investment policy and the marginal density
for the consumption policy are denoted by

Wt(]x(u) :/]R T2 (u, c)de € P(R) and me(c) = /Rm,x(u,c)du € P(R,),
+

respectively. Applying the policy 7 to (4.1), we have that the corresponding controlled
portfolio value process is given by

AXT = [r + (= )y — &) Xp“dt + o XufdW,, (4.7)

where the proportion of portfolio value in the stock u] and the proportional consumption
rate c] are sampled from the joint density m xr(u,c), i.e., the investment-consumption
policy.

Since the investment and consumption actions are randomly sampled from the investment-
consumption policy, we shall enlarge the filtered probability space. Following (Jia & Zhou,

, ), we assume that the probability space is rich enough to support independent
copies of a random vector that is uniformly distributed on [0,1]?. The new filtered prob-
ability space is denoted by (€2, F,{Gi}iejo7), P), where G, is the sigma-algebra generated
by JF; and the copies of the uniform random vector up to time ¢, and P is the product
extension from P. By the same law of large numbers argument as in (H. Wang & Zhou,

; H. Wang et al., ), if we randomly sample trajectories of uf and c and take
the average over the trajectories, the self-financing portfolio value process (4.7) follows the
same distribution as

dX] = (7’ + /(u —r)ur! (u)du — / cwf(c)dc) X/ dt + Xt”\// o2uml (u)dudW.
R Ry R

(4.8)
For ease of notation, we write the marginal investment density as 7' (u) := 7}y (u) and

the marginal consumption density as 7 (c) := WgXtﬂ(c).

With entropy regularization and a positive exploration weight A > 0, the reward func-
tion of the exploratory investment-consumption problem under a given policy 7 is defined
as

J(t, x

)
B T
— Efr [ Bo_t (1og (cf XT) — /\10g(7TS7X§(112—, cg))) ds + Br—_ilog X7

t
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= E;, [/tT Bs—t (/R /]R+ (log (¢XT) — Mog(ms(u, ¢))) ms(u, c)dcdu) ds + Br_tlog XT | .
(4.9)

Recall that the entropy of a probability density function x(z) is given by

H(m) = — /R w(x) log(n(x))dz.

The entropy term in the reward function (4.9) serves to encourage exploration within
the control space. Therefore, the exploratory investment-consumption problem with non-
exponential discounting is formulated as

sup J™(t, x). (4.10)
TeA

We next define the set of admissible policies.

Definition 4.3.1 (Admissible Policy) We say that m := {7 ,(-)}tzcio. xR, 95 an ad-
massible policy if the following conditions are satisfied.

(1) For any (t,x) € [0,T] x Ry, m.(u,c) € P(R x Ry);
(2) For the marginal investment policy, [, w*nl (u)du < Cy for any (t,x) € [0, T] xRy,

(3) For the marginal consumption policy, fR+ erey(¢) de < Cy for any (t,x) € [0,T] x
R-‘r;

(4) i fy, T, )| log oo (. )| dedu < Co(1 4 [2[2) for any (t,2) € [0,T) x Ry

Here, C,Cy, C3 are uniform constants that are independent of t and x. The set of all
admissible policies is denoted by A.

Under an admissible policy 7, it is seen that the SDE for the controlled portfolio
value process (4.8) satisfies the linear growth and Lipschitz continuity conditions, and thus
admits a unique cadlag solution that is square-integrable, i.e.,

E

sup (Xt”)2] < 00.
te[0,7

Moreover, the conditions of admissible policies also imply that the reward function

J™(t,x) < o0,
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for any m € A and (t,z) € [0,T] x R,.

Inherited from the classical case without exploration, the issue of time inconsistency
arises here due to non-exponential discounting. It is worth noting that time-inconsistent
exploratory stochastic control problems have only recently begun to attract attention.
Dai et al. ( ) studied an exploratory optimal investment problem under the mean-
variance criterion, in which the time inconsistency stems from the variance term in the
reward function. In contrast, our source of time inconsistency arises from the investor’s
time preferences. Despite the different origins of time inconsistency, we adopt a similar
approach to that of (Dai et al., ) in defining equilibrium policies for Problem (4.10).

Definition 4.3.2 (Equilibrium Policy) Let7* € A be an admissible investment-consumption
policy. For any (t,z) € [0,T] x Ry, consider a perturbed policy 7= := {75 ,(*) }(sa)elt.T) xR
defined as

7 (u,¢) = v(u,c), (s,y) € [t,t +¢) x Ry,
s,y\ ™ W;,y(ua C)a (S,y) € [t—FE,T] X R_;,_,

where € > 0, and v(-) € P(R x Ry) is an arbitrary density function satisfying

// (u* + c)v(u, c)dedu < oo and // v(u, )| logv(u, c)| dedu < oo,
R JRy R JRy

which implies m € A. Suppose that for any (t,z) € [0,T] x Ry and any such perturbed
strategy w°, we have

lim sup J™(t,x) = J7 (t,x)
el0 €

<0.

Then, T is an equilibrium investment-consumption policy to Problem (4.10), and J™ (t,x)
15 the corresponding value function.

4.4 Theoretical Results

In this section, we present several theoretical results for the exploratory investment-consumption
problem (4.10), including a verification theorem, an explicit characterization of the equilib-
rium investment—consumption policy, and a policy iteration theorem demonstrating that

the equilibrium policy can be obtained through policy iteration starting from any time-
and state-homogeneous admissible policy.

73



For any ¢(t,z) € CH?([0,T] x R;) and 7 € A, we define the differential operator

Lro(t,x) = —+<r+//R+ 1= Y — &) ma(u, c)dcdu)mg—

2
—// o*u*m . (u, c) dcdua—f. (4.11)
Ry al’

It can be seen that

go(t,x):// Lp(t, x) T4 (u, ) de du,
R JR,

where the differential operator £ is defined in (4.4).

Next we present a formal verification theorem showing that the solution to a system
of exploratory EHJB equations coincides with the value function of Problem (4.10). The
proof is provided in Appendix A.3.2.

We say f(t,z,s) € CH?1([0,T] x Ry x [0,¢]) if the function is first-order continuously
differentiable in ¢, second-order continuously differentiable in x, and first-order continuously
differentiable in s.

Theorem 4.4.1 (Verification Theorem) Suppose that there exist V (t,z) € CH2([0,T]x
Ry) and f(t,x,s) € CH?1([0,T] x Ry x [0,t]) satisfying the following conditions.

(1) For any (t,z) € [0,T] x R,

%“>{ / / (log(cx) — Mog(r(u, €))) 7(u, ¢) dedu + L7V (1, ) - %@,x,t)}:o_
(4.12)

(2) Let * := {7} ,(u, ) }tw)eor)xr, denote the mazimizer attaining the supremum in
(4.12) and suppose it satisfies, for any (t,x,s) € [0,T] x R x [0,1],

@5—5/ / (log(cz) — Mog(w} ,(u, ¢))) ) 4 (u, ¢) de du + L™ f(t,x, s) =0. (4.13)
R JR,

(8) For any x € R,

V(T,z)=logx and f(T,z,s)= Pr_slogx. (4.14)

74



Then 7* s an equilibrium policy distribution to problem 4.10. Moreover, we have
V(t,z)=J" (t,2) (4.15)

and

T
ft,x,s) =Eiy [BTS log X7 +/ Bi—s // (log(cX[") — Aog(m} (u, ) 7 (u, c) dedudl | .
t R JR4
(4.16)

To solve for the equilibrium investment-consumption policy, we need the following
lemma. Its proof is provided in Appendix A.3.3.

Lemma 4.4.0.1 The unique mazimizer for the problem

2,2

max /[R /R + (log(c) — Mog(r(u, ¢)) + ((u e T ) A(t)) (u, ¢) de du,

FEP(RXR+)
(4.17)

where A(t) is any deterministic positive function of t € [0, T, is given by
7 (u,c) = 7Y (u) - 7%(c),

where

—r A “C A+1 A(t)
= ’(ﬂT(lf)) and 7% (c) ~ Gamma (T, T) 3 (4.18)

The following theorem presents the equilibrium investment-consumption policy as well
as the corresponding value function. Its proof is relegated to Appendix A.3.4.

7Y (u) ~ Normal (,u

Theorem 4.4.2 (Equilibrium Policy and Value Function) An equilibrium investment-

consumption policy for Problem (4.10) is given by w} (u,c) = W:zU(u) . W:f(c), where, for

any (t,z) € [0,T] x Ry,

— A A+1 At
W:g(u) ~ Normal (“027“, ‘72T(t>) and W:f(c) ~ Gamma (%, %) ,

3The probability density function of Gamma(c, B) is given by f(z) = %xa_le_ﬁz.
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are respectively the marginal investment and consumption policies, and
T
A(t) = BT—t +/ 5T—l dl. (419)
t

The corresponding value function is given by
V(t,z) = A(t)log(z) + B(t),

where B(t) = ftT b(s)ds with

bs) = (r n %) A(s) — (A + 1) log (A(; ) + Mog ( ) 2 log (022%?3))
] (g (B S
(

T A 27T\ Al 3\ +2 1
/ =1 —_— 1)1 log | T'(1 .
o[ (e (G ) - o s (50) 557 00 g( )
(4.20)
Moreover, the auxiliary value function is given by

fta.s) = (5“ / e st) log(x) + Br_, /tT <r+<’“‘2‘0_§>2—32f42)2)d1
L (e B

/ Bi—s ( (032?10 — (A +1)log (A){l)) + 3A2+ 2 + Alog(F(%))) dl.
(4.21)

We see from Theorem 4.4.2 that the equilibrium policy 7* is a product of the marginal
investment policy w;‘f and the marginal consumption policy ﬁf, indicating independence
between investment and consumption. Mathematically, this follows from the separability
of the two control variables v and ¢ in the EHJB (4.12); see also equation (A.38) in the
Appendix. Note that both controls are proportional to the wealth process. Therefore,
the independence refers only to the ratios (of investment and consumption) relative to the
realized wealth at each point in time. Moreover, it is well known that the HJB approach,
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together with standard verification arguments, does not establish uniqueness of the opti-
mal or equilibrium strategies. Therefore, this result does not exclude the possibility of a
dependent policy that is nevertheless equivalently optimal.

The following corollary shows that, if exploration is not encouraged, that is, when the
exploration weight A — 0, the equilibrium policies in Theorem 4.4.2 reduce to the equilib-
rium strategies of the classical problem (4.2) without exploration. Its proof is relegated to
Appendix A.3.5.

Corollary 4.4.1 As the exploration weight A — 0, the equilibrium policies of the ex-
ploratory investment-consumption problem in Theorem /.4.2 converge to the equilibrium
strategy of the classical non-exploratory problem in Theorem 4.2.1. In addition, the corre-
sponding value functions also converge.

Corollary 4.4.2 Suppose we instead use exponential discounting, the equilibrium policy
for investment and consumption will take the same form as in Theorem 4.4.2, with
1

Alt) = =(1 — e Ty 4 T, (4.22)
Y

The following proposition provides a comparison similar to Proposition 4.2.1, namely,
the equilibrium investment-consumption policies under an exponential discounting function
and under a weighted discounting function with the same mean. This setting can be viewed
as the case of an investor facing a certain discount factor versus an uncertain discount factor
of the same mean. Its proof follows immediately from Theorem 4.4.2 and Proposition 4.2.1.

Proposition 4.4.1 Consider an exponential discounting function B := e~ P* with p > 0,
and a non-exponential discounting function

tnon—emp — / @_Tt dF(T’),
0

for some cumulative distribution function F supported on [0,00), satisfying fooordF(r) =
p. The corresponding investment-consumption policies are given by

*,U,ex w—=r A
Wt’g P(u) ~ Normal ( = ’02A6$P(t))

1 Ae{Ep
WZf’ezp(c) ~ Gamma (—)\1_ , —)\(t)) ,
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and,

_ A
7T>.F,U,non—e:vp(u) ~ Normal (,u : )

tx o2 ) O—2Anon—e:ﬂp(t)
)\ + 1 Anon—emp(t>
A A ’

,/T*,C,non—exp<c) ~ Gamma (

t,x

such that, for any t € [0,T],

Aezp( e:tpt +/ Bezp dl < /677,0’!7, EIp+/ /BTIOTL EexTp dl — A'I’LOTL exp(t>

A noticeable distinction between the exploratory formulation with RL (Theorem 4.4.2)
and the classical formulation without RL (Theorem 4.2.1) is that the discounting function
now affects not only the consumption policy but also the investment policy. Moreover,
Proposition 4.4.1 implies that when an investor faces uncertainty about the discount rate,
she tends to adopt a more conservative investment-consumption policy in the sense that
the Gaussian-distributed investment policy has the same mean but a lower variance, and
the Gamma-distributed consumption policy has both a lower mean and lower variance.*

In the end of this section, we provide a policy iteration theorem. Standard policy
iteration in RL consists of two steps: For i =0,1,2,...,

1. Policy evaluation: Start with a policy 7(¥ and calculate its corresponding value
function V.

2. Policy improvement: Update the policy 70+ according to a prescribed iteration rule
and show that V0+D > 1/

However, as noted by (Dai et al., ), such monotone improvement, i.e., V) >
V@ may not hold for problems with time inconsistency. For our exploratory investment-
consumption problem with non-exponential discounting, in light of the EHJB equation
(4.12), we propose the following policy iteration procedure consisting of two steps: For
i=0,1,2,...,

4The mean and variance of a Gamma(a, 8) distribution are given by 2 3 and ;2, respectively.
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1. Policy evaluation: Start with a policy 79 and calculate its corresponding value
functions

VO(z) = It )
/ @—t// (log (CX:M) - Alog(wé”(u,c))) 79D (u, ¢) de du ds
t R JR,

+Br_log XF" >]

= Et,x

and

f(i)(t7$73) = Et,x

T , . .
/ Bi—s / / <log(ch”(l)) — Mog(n" (u, c))) 7 (u, ¢) de dudl
t R JR,

+5Tfs lOg X;r’(i)] :
2. Policy iteration: Update the policy to 7+ according to the EHJB equation (4.12),

70— argmax {//R (log(cx) — Mog(7(u, ) 7 (u, ¢) de du + LTV (t, x)

TeP(RXR)

afw
r ——(t,x t)}

szmﬂ{/4+m M%m%m)m@@m+mvax%

TEP(RXR)

(4.23)

The following theorem shows that, starting from an arbitrary time- and state-homogeneous
admissible policy 79, the above policy iteration procedure (4.23) can converge to the equi-
librium policy in Theorem 4.4.2 in one step. This finding is consistent with Theorem 4.2
of (Dai et al., ) in the absence of market state variable. The proof is provided in
Appendix A.3.6.

Theorem 4.4.3 (Policy Iteration Theorem) Consider an arbitrary time- and state-
homogeneous admissible policy 7r£0x) =70 ¢ P(R x Ry) for any (t,x) € [0,T] x Ry.. Let
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VOt z) = J7(t,x) be the corresponding value function and

f(O)(tax)S> - ]Et,:v

T
/ /31—5/ / <10g(cXZr(0)) - /\log(ﬁl(o)(u, c))) WZ(O)(U, ¢)dedudl
¢ R JR,

+fr_s log X%(O)]
be the corresponding auxiliary value function. We iterate the policy by

7 = argmax (log(c) — Mog(m(u, ¢))) 7 (u, ¢) dedu + LTV O(t, z) & .
) LR JRy

WEP(RXR+

Then we have
V) =r ,

*

where ™ 1s the equilibrium investment-consumption policy in Theorem 4.4.2.

4.5 RL Algorithm

In this section, we design RL algorithms to iteratively learn the equilibrium policies for
investment and consumption without requiring statistical estimation or prior knowledge of
the true market parameters. Specifically, we design two RL algorithms: one based on the
policy evaluation approach, which proposes a loss function following from the martingale
property of the analytical solution in Theorem 4.4.2, and the other one based on the g-
learning approach (Jia & Zhou, ). While the loss functions from both approaches
involve the orthogonality conditions of different martingales, we refer to the loss function
derived from our analytical solution as the Orthogonality Condition (OC) loss, and we refer
to the loss function derived from (Jia & Zhou, ) as the g-learning loss.

For clarity, we repeat the stock and bond dynamics

dSt = ﬂtruestdt + UtrueStth
th == T’tht,

where the true growth rate and volatility of the stock, prue and oy, are unknown, and
the risk-free interest rate r is known.
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We parameterize the investment and consumption policies with the market parameters
0 := (p1,0). It follows from (4.18) that the parameterized mf ,(u,c) = ng(u) Wff( ) with

Wff( ) ~ Normal ('UO_QT, 02%@)) and sz(c) ~ Gamma (%, @) (4.24)

where A(t) = Br_¢ + ftT Pr_sds is identical to the expression in (4.19). Note that A(t)
does not depend on the market parameter €, and it is explicitly determined when the

discounting function is specified. Under the parameterized policy 7, the corresponding
wealth process { X[ g}te[o,ﬂ follows the dynamics

dXng - [T + (,utrue - T)Uzre - Cge} X:Gdt + XtTreo-tTueuzredI/Vt

_ (r+ /R (ptirae — 7)1 — 7Y () — /R K ()dc) X dt

+Xt7rg\// Utrueu2 ( )dUth
R

rue - A 1 —7)? A
- (H(“t e=r) At )ngedwng"am\/ -r? AW

o? A(t) ot a2 A(t)
(4.25)
The corresponding value function can be parameterized as
VO(t,z) = A(t) log(z) + B°(t), (4.26)

where B(t j; v/ (s)ds with b%(s) given by (4.20), i.e

V(s) = <7" + (= T)Q) A(s) = (A+1)log <@> + Alog <P(1 + %))

202

() e [ (0 V- )
+/T6 / ( (Mz;;)Q _2?‘4;;3) dw dl
[

T (;:1/(\[)> — (A +1)log (A)(\l)) L 3)\2+ 2 + Alog (F(l + %))) dl.

/8 —S
(4.27)

+
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Moreover, by (4.21), we denote the auxiliary value function following the parameterized
policy 7 by

Fta.s) = (ﬁ“ /Tﬁl st> log (@) + Br_s /tT (r+<“2;;">2—3242)2)dz
[ o)

/ Bi—s (— (;Zl)) —(A+1)log (Ail)) + 3)‘; 2 + Alog(F(%))) dl.
(4.28)

4.5.1 Policy Evaluation Approach

In light of the EHJB (4.12), we introduce the process, for ¢ € [0, 7],

t
M = Ve(t,Xt’TQ)—/ (—/ log(cX™ )7%C (¢)de
0 Ry

0
+/\// Wg(u,c)logwg(u,c)dcdu+%(S,X;re,s) ds. (4.29)
R JR, 88

The proof of the following theorem is postponed to Appendix A.3.7.

Theorem 4.5.1 The process { M} }1cio.1 s an ({Fi }eeo,r), P) martingale when § = (u,0) =
(Mtrue; Otrue) .

Moreover, we know that any square-integrable martingale M := {M;};cjo1 has an

orthogonality condition
T
E {/ Ctht:| =0,
0

where the test function ¢ := {G }icjo,r) is an arbitrary {F;}icprj-adapted process that is
square-integrable with respect to M. This, together with the martingale property of M?,
allow us to define an Orthogonality Condition Loss function. Inspired by (Jia & Zhou,

), we choose the test function as the partial derivative of the parameterized value
function V? with respect to its parameters 6.
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Definition 4.5.1 (Orthogonality Condition (OC) Loss) Choose

_oVOP(t,x)  [OVP(t,x) OVO(t,x)
M -= 90 = )

20, 06y

where (01,02) := (p,0). For (t,xz) € [0,T] x R and j = 1,2, the OC loss is given by

/T ave(‘s)X;TG)de] ]
t

Loc(8;) =Ei 50,
J

The discretization is given by

=

oV (t,, XI)
Loc(0;) = T%(Mtiﬂ - M), (4.30)
J

S
I
o

where, by (4.26) and (4.27),

o(t, x O, x —r (T T
avaétl, ) _ ovVO(t, x) _ K /t (A(s)—i—ﬁ}s(T—s)—i—/s ﬁl’s(l—s)dl) ds (4.31)

o o?
ovel(t,z)  oVO(t,x)
005 B do
T _ 2 T A
= / (_ (w 037“) (A(s) + B (T —s)+ / By, (1 — s)dl) - ;BT_S> ds.
t s
(4.32)
4.5.2 qg-Learning Approach
The ¢-learning algorithm, introduced by (Jia & Zhou, ), is a continuous-time exten-
sion to the classical Q-Learning method (Sutton & Barto, ). While the Q-function

quantifies the value of taking an action at a state following a policy, the g-function is the
rate of improvement in the value function for taking an action at a state following a policy.

Consider an admissible policy 7 € A and a perturbed policy that takes constant actions
(u,¢) € R x Ry over [t,t + At) and coincides with 7 on [t + At, T] for some small time
interval At. Then, the Q-function, Qa¢(t, z, (u, ¢); 7), is the expected reward derived from
the perturbed policy, i.e.,

Quelt,z, (u,c); ) = J™ (¢, z),
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where the policy 77 is given by

ﬂ.At(_) _ (u7 C)’ [ € [t’t + At)a
Ly (), Let+ At T,

Note that 72 can be viewed as a perturbed policy as in Definition 4.3.2, and over the short
time interval [¢,t + At), the policy takes a deterministic investment-consumption control
(u,c) e R x Ry.

Following the same derivation as for (A.36), we obtain

™

Qac(t,z, (u,c);m) = J™(t,x) + At <log(cx) — aaf (t,x,t) + LT (¢, :c)) + o(At), (4.33)

s
where
T
fr(t,x,s) =E;, {ﬂTS log X7 +/ Bi—s // (log(cX[") — Mog(m(u, ¢))) m(u, ) dedu dl} :
t R JR,
(4.34)
Note that the relation (4.33) parallels Proposition 3 in (Jia & Zhou, ). We recall from
(4.4) that
we 11 _aJ” oJ" 1, 5 4027
LT (t,x) = W(t,x) +(r+((p—r)u—-c) xa—x(t,a:) + ottt (t, ).
Then, the g-function is denoted by
. L Qadlt T, (u,c)ym) — JT(t @)
Q(twra (U,C),TF) T Alili;lo At
afﬂ' w,c I
= log(ex) — E(t,:c,t) + LT (t, ). (4.35)

By a similar argument as for Theorem 4.4.1, (4.12), and (4.35), we have that

/R/R (q(t,z, (u,c);m) — Mog(my »(u, €))7 4(u, ¢) de du = 0,

which parallels Theorem 6 in (Jia & Zhou, ).

Let 7% be a policy defined in (4.24) parameterized by 6 = (i, o). Let V% and f? be the
corresponding value function and the auxiliary value function given in (4.26) and (4.28),
respectively. Define a process {N{ }iejo1) as

t
N} = Ve(t,Xt”g)—l—/// (log(cX;rQ)—q(s,X;re,(u,c);We)> 7% (u, ¢) dedu ds
0o JrRJRy
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Lofe -0
- g(S,Xs ,8)ds. (4.36)

The proof of the following theorem is given in the Appendix A.3.8.

Theorem 4.5.2 The process {N{ }ico.1) is an ({F: hepo.r), P) martingale when 6 = (p, o) :=

(,utruea Jtrue) .

Following the aforementioned parameterization, this theorem allows us to define a loss
function by applying the orthogonality condition of the martingale V.

VO (tx) VOl (tx) oV (tx)

Definition 4.5.2 (g-Learning Loss) Choose 1, = =57 = (S5, 55, ), where
(01,02) = (p,0). For (t,x) € [0,T] xR and j = 1,2, the g-learning loss is given by
T 0 l XG
La(0;) =E / MdN{’ : (4.37)

With the same time discretization as in the last subsection, the g-learning loss can be
approximated by

N-1
ovo(t,, X?)
La(0;) = T%(anﬂ — N/ ), (4.38)
n=0 J
. . . . oV (tn, X7 ) . .
for j = 1,2 and the partial derivatives 20, are given in (4.31) and (4.32).

We summarize the whole training procedure in Algorithm 3.
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Algorithm 3: Training with Orthogonality Condition Loss and g-Learning Loss
Initialize number of epochs Nepoens, the investment horizon 7', the mesh size of the
time step At, the exploration parameter A > 0, the initial portfolio value xy > 0,
the learning rates n = (11, 72), the “grounding true” market parameters
Otrue = (Qt’/‘ue,la ‘gtrue,Z) = (Mtruea Utrue>7 model parameters
00 = (0,05") = (u®, o).
Given the non-exponential discounting function 5(t).
Compute N = %.
for k=0, -+, Nepoern — 1 do
Fix a realized path of the Brownian motion {Wt(f) N, with
AWS =W —w ~ N(0, At).

tn+1
Simulate {Xt(f)}nN:O via (4.25), with (u, o) replaced by (u®,o®) and {W, }\_,
replaced by {Wt(f) N
*)

(k) ,

Compute {8%(; (tn,Xff)) N, and {d‘g; (tn,Xff))}fy:O via (4.31) and (4.32),
with (u, o) replaced by (u*), o).

for j =1,2do

If training with orthogonal condition loss, compute

L(0S7) := Loe(05"; {X 1) via Eq (4.30).

If training with g-learning loss, compute L(QJ(-k)) = qu(9§k); {X,ff) N ) via
Eq (4.38).
Update 9§k+1) — Gj(k) +1n; X L(6§k))
end

end

4.6 Numerical Results

In this section, we present the results of an investment-consumption problem based on
simulation. Under two discounting settings, non-exponential discounting and exponential
discounting, we train RL models independently using the two aforementioned loss func-
tions, OC loss and g-learning loss, totaling of four setups. We demonstrate the model
convergence of each setup and compare them under each discounting setting and loss func-
tion setting.

For simplicity of demonstration, we employ a gamma discounting function as the non-
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exponential discounting function, i.e.,

B = (1+at) %, (4.39)

where &, 5‘ > 0 are constant parameters. Gamma discounting was first introduced by
(Weitzman, ) as a way to address the challenge of uncertain future discount rates. For
comparison purposes, we also consider the classical exponential discounting, i.e.,

Bt = 67pt7

where p > 0 is a constant parameter.

We consider an investor who decides the consumption budget and rebalances the port-
folio on a monthly basis, over a one-year time horizon. Therefore, T'= 1 and At = %
We generate synthetic stock prices from a market simulator, assuming the grounding true
growth rate of the stock, pirue, is 0.2 and the stock return volatility, oyme, is 0.4, both
annualized. The risk-free interest rate is fixed at 1% and is considered as given, as in
practice people can use short-term government bond yield rate (such as the 3-month US
treasure bill rate) as an approximation of the risk-free rate. We initialize the RL model
with randomly picked (p(?),®) = (0.1,0.5), and hide (jtsye, Tirue) from the model. For
the hyperparameters of the discounting functions, we adopt & = 0.0225, 3 = 0.04 selected
by (Weitzman, ) in our simulation study, which was constructed from the survey re-
sults based on the opinions of 2,160 economists. We also select p = 0.0175, which is the
effective constant discounting rate of our selected gamma discounting function (Weitzman,

). The simulation study is done on a MacBook with Intel Core i7 2.6 GHz 6-core CPU
and 16GB RAM, by CPU computation only.

Figure 4.1 shows the model training results under non-exponential discounting. Clearly,
all parameters (1 and o) converge to the corresponding true levels when training with OC
loss and q-learning loss. This indicates that the RL model successfully calibrates the
underlying dynamics of this synthetic market, through iteratively interacting (investing
and consuming) within the market. The RL model converges in fewer epochs (around 700)
when training with g-learning loss, compared to when training with OC loss (around 780
epochs). Yet, training with g-learning loss takes slightly longer time (around 220 seconds)
than training with OC loss (around 210 seconds).
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0.18 - 0.48 g-learning loss (runtime: ~220s)
0.16 0.46 1
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Figure 4.1: Parameter convergence using non-exponential discounting, u (left) and o
(right).

Figure 4.2 illustrates the model training result under exponential discounting, where we
find similar observations as in Figure 4.1. All parameters converge to their corresponding
true values. Training with g-learning again takes fewer epochs (around 560) but slightly
longer runtime to convergence (around 150 seconds), compared to that of training with
OC loss (around 670 epochs in around 140 seconds). These consistent observations also
demonstrate the robustness of our model against various types of risk aversions, as reflected
by the discounting functions. Furthermore, the model converges faster under exponential
discounting than under non-exponential discounting. This is expected because with ex-
ponential discounting, the time inconsistency no longer exists and the %(t, x,t) term will
disappear from the HJB equation (4.12) in Theorem 4.4.1, being replaced with pV' (¢, x).
As a result, the definitions of the M and N processes in Sections 4.5.1 and 4.5.2 will be
reduced to simpler forms, making the computation easier at each epoch.

S 0.50 4 -
0.20 * OC loss {runtime: ~140s)
0.18 - 0.48 g-learning loss (runtime: ~150s)
0.16 0.46
0.14 A 0.44 1
OC loss (runtime: ~140s)
0.12 1 g-learning loss (runtime: ~150s) 0.42 7
e Hirue

0104 - DLAQ {  erererereresarrn ettt a e TR T

T T T T T T T T T T T T T T T T

o] 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700

Epochs Epochs

Figure 4.2: Parameter convergence using exponential discounting, p (left) and o (right).
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4.7 Conclusion

In this chapter, we apply the equilibrium approach to solve an exploratory formulation
of the optimal investment-consumption problem, with log utility and non-exponential dis-
counting. We show that the investment and consumption are separable, hence our equilib-
rium investment and consumption policies are two independent probability distributions.
Specifically, we solve for a Gaussian investment policy and a Gamma consumption policy.
The domains of the equilibrium policies match the feasible ranges of values that investment
and consumption can take. Investment, as defined by the proportion of the portfolio value
invested in the risky asset, can be positive or negative, depending on the long and short
position in the asset. Consumption, on the other hand, cannot be negative and the support
of a Gamma distribution is R.

Additionally, we note that our choice of discounting function influences our equilibrium
investment and consumption policies, as the discounting function appears in the denom-
inators of the mean and variance of the Gamma consumption policy and the variance of
the Gaussian investment policy. We show that the non-exponential discounting function
is everywhere greater than the exponential discounting function, when the means of the
discount rates are equal. Therefore, with non-exponential discounting, the mean and vari-
ance of the Gamma consumption policy, as well as the variance of the Gaussian investment
policy will all decrease, despite the mean of the Gaussian investment policy remaining
unaffected. We remark that this is because a non-exponential discounting investor faces
future ambiguity in the discount rates, hence behaving more conservatively than an ex-
ponential discounting investor with deterministic discount rates. Moreover, our results
under the exploratory setting generalize the classical non-exploratory setting. Under the
classical setting, the discounting function only appears in the optimal consumption policy.
Hence an investor with non-exponential discounting will only reduce consumption, leaving
the investment unchanged. Under our exploratory setting, however, an investor with non-
exponential discounting will not only reduce the mean of the consumption policy but also
reduce the variance of both the consumption and investment policies. As a result, they will
cut consumption and restrain the exploration of both consumption and investment. Finally,
we construct two martingales using our analytical solutions and leverage their properties
to derive two loss functions — an orthogonality condition loss and a g-learning loss. Our
RL training and parameter updating procedures do not involve estimation of parameters,
hence avoiding the risk of estimation errors; see (Luenberger, ) for the mean-blur prob-
lem, a major argument against maximum likelihood estimation for mean returns of assets
in finance. Our RL model learns the true parameter values directly from epochs of invest-
ment and consumption histories and iterative interactions with the market dynamics. Our
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simulation study empirically justifies our RL algorithm and our choices of loss functions.
In four independent training processes, using exponential and non-exponential discounting
and the two loss functions, we observe clear and accurate parameter convergence from the
RL models. Both loss functions converge in similar time for a given discounting function,
whereas exponential discounting converges faster than non-exponential discounting for a
given loss function.
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Chapter 5

Equilibrium Exploratory Stopping
Problem with Non-Exponential
Discounting

5.1 Introduction

Optimal stopping problems aim to select the most rewarding time to terminate a game
or exit from a dynamically evolving process, immediately realizing the termination payoff,
when the cost of waiting surpasses the expected value of a potentially better future payoff.
These problems appear throughout a broad range of disciplines, such as the secretary

problem! studied in (Lindley, ; Chow et al., ; Ferguson, : Hsiau & Yang,
; Bruss, ) and the optimal exercise of American put options? studied in (McKean
Jr., : Merton, : Peskir & Shiryaev, ; Hull & Basu, ).

Conceptually, optimal stopping can be viewed as a specialized control problem where
the agent has only two available actions: stop or continue. Built on the martingale ap-
proaches and dynamic programming (DP), the optimal stopping problem can be reduced
to a wariational inequality, or a free boundary problem. This involves characterization of

LA recruiter chooses the best candidate by interviewing a randomly permuted group of candidates,
giving the accept/reject decision one-by-one without the possibility to re-accept an already rejected can-
didate.

2An option holder decides when to exercise the right to buy or sell an asset at a prespecified price, on
or before the maturity of the option.
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the value function via a partial differential equation (PDE), while simultaneously deter-
mining the stopping and continuation regions (Friedman, ; Peskir & Shiryaev, ).
When the model (i.e., the underlying dynamics of the stochastic processes) is fully known
and supposing regularity conditions are satisfied, we can solve the free-boundary PDE nu-
merically (if it is not analytically tractable) via finite difference methods; see for example
(Forsyth & Vetzal, ; Achdou & Pironneau, ; Kloeden & Platen, ). However,
such approaches suffer from a critical limitation — the assumption of full knowledge of the
model, which is unrealistic when we are modeling a real-world dynamic process such as
the price movement of a stock.

To handle this limitation, recent stochastic control literature has applied Reinforce-
ment Learning (RL) methods in conjunction with dynamic programming. RL enables
an exploration-exploitation trade-off, that balances between picking the known most-
rewarding action and searching for a potentially better action. An optimal policy is thereby
learned by a RL agent via iterative interactions (take an action and receive feedback) with
the underlying dynamics, without having to know the full information of the underlying
dynamics’ model, such as the coefficients of a diffusion process. While traditional RL (Sut-
ton & Barto, ) is built on discrete-time Markov Decision Processes, H. Wang et al.
( ) studied continuous-time RL via a stochastic control formulation, often known as the
exploratory control problem. H. Wang et al. ( ) extended the control from a determin-
istic function of time and state to a probability distribution, enabling policy exploration
by randomly sampling actions from the distribution-valued policy. A series of subsequent
works further fill the gaps between RL and stochastic control theory, providing theoretical
foundation to some well-established RL methods — policy evaluation methods (Jia & Zhou,

), policy gradient methods (Jia & Zhou, ) and the Q-learning method (Jia &
Zhou, ). Notably, the idea of exploratory control has shown its success in applications
to classical finance problems, such as (but not limited to) the mean-variance portfolio op-
timization problem (H. Wang & Zhou, : Dai et al., : Chen et al., ) and the
optimal exercise of American options problem (Dai et al., ; Dong, ).

Dai et al. ( ) studied the optimal stopping problem under the exploratory control
framework, solving for a Bernoulli distribution-valued stopping policy that represents the
probability of stopping and continuing. We note that Dai et al. ( ) transformed the
stopping problem into a time-consistent control problem; their optimal stopping policy
is a precommitted strategy that is globally optimal at the initial time. Other recent
and relevant work on exploratory optimal stopping includes (Dianetti et al., ; Dong,

). Dong ( ) directly randomized the stopping times with a Cox process and used
an unnormalized negentropy as the regularizer. Dianetti et al. ( ) studied an infinite
horizon stopping problem and formulated it as a singular control problem. In contrast, Dai
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et al. ( ) considered a finite planning horizon and reshaped the stopping problem into a
regular stochastic control problem via penalty approximation, effectively transforming the
free-boundary PDE into a penalized PDE that can be considered as the HJB of a standard
control problem. Also considering a finite horizon, this chapter adopts the idea of penalty
approximation, as once we are in the standard control setup, all the already established
exploratory control theories and RL techniques (Jia & Zhou, ; H. Wang et al., )
are immediately applicable.

While this paper stands in the same line with (Dai et al., ), it extends (Dai et al.,
) by accounting for a general (not necessarily exponential) discounting function, which
introduces time-inconsistency to the problem. Time-inconsistency arises when agents’ pref-
erences vary over time, which can be modeled by a suitably chosen non-exponential dis-
counting function. As a result, a stopping policy that is optimal right now can be subopti-
mal when we re-evaluate it at a later time. This chapter addresses the time-inconsistency
via an equilibrium approach (Bjork et al., ), deriving the Extended Hamilton-Jacobi-
Bellman (EHJB) equations as a system of PDEs and solving for a pair of functions consist-
ing of the value function and an auxiliary value function. The resulting policy is a game-
theoretical equilibrium of an agent competing against her future selves, such that any
deviation from this policy will make the agent worse-off. Time-inconsistent exploratory
control problems have been studied in the recent mathematical finance literature. Dai
et al. ( ) and Chen et al. ( ) revisited the mean-variance portfolio optimization
problem and accounted for the time-inconsistency arising from the variance term (a non-
linear function of an expectation) in the objective function. Chen et al. ( ) studied
Merton’s investment-consumption problem and modeled time-varying preferences with a
non-exponential discounting function.

We highlight three main contributions of this chapter. First, we study a time-inconsistent
exploratory stopping problem with the incorporation of a general, potentially non-exponential,
discounting function. With entropy regularization, we derive the EHJB equations and solve
for an equilibrium Bernoulli stopping policy in a semi-analytical form. Second, we compare
exponential and non-exponential discounting, under the classical (non-exploratory) optimal
stopping and the exploratory stopping frameworks. We establish two interesting results:
with non-exponential discounting, (i) the stopping region is smaller under the classical
framework and (ii) the Bernoulli stopping policy (as the probability of stopping) is lower
under the exploratory framework, compared to the corresponding exponential discounting
counterpart that has the same mean discount rate as the non-exponential discounting.
This reflects the more patient behavior of a non-exponential discounting agent that prefers
to wait for a potentially better future payoff, as opposed to an otherwise equivalent expo-
nential discounting agent that suffers from a higher cost of waiting. Third, we leverage the
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martingale properties from our theoretical results and develop a RL algorithm. Our algo-
rithm trains a neural network against a martingale loss (derived following the arguments
in (Jia & Zhou, )), iteratively learning the value function and the stopping policy
without the knowledge of the underlying model dynamics. Meanwhile, we also numerically
solve the value function and the auxiliary value function via the finite difference method
on a 3-dimensional time-state-time grid, which relies on full access to the underlying model
dynamics. Using the numerically-solved value functions as the benchmark, our RL algo-
rithm successfully constructs the correct free boundary in a simulation study, effectively
learning an equilibrium exploratory stopping policy.

The remainder of this chapter is structured as follows. We review the major results of
(Dai et al., ) on the exploratory optimal stopping problem in Section 5.2, and provide
an example of the time-inconsistency issue in the classical optimal stopping problem. Then,
in Section 5.3, we extend the exploratory optimal stopping problem to non-exponential
discounting and derive an equilibrium stopping policy. We also compare the difference
in the results (i.e., stopping regions and stopping policies) under exponential and non-
exponential discounting. In Section 5.4, we introduce our two algorithms, a RL algorithm
and a numerical algorithm. Based on an American put option example, we implement our
algorithms on simulated data and present the results in Section 5.5. Finally, we conclude
in Section 5.6.

5.2 Optimal Stopping with Precommitted Strategy

In this section, we review the classical optimal stopping problem and its exploratory exten-
sion studied by (Dai et al., ), which serves as the theoretical foundation of this chapter.
Dai et al. ( ) reformulated the optimal stopping problem as a classical stochastic control
problem via a penalty approximation, which enables them to further extend the problem
with an exploratory control under an RL framework. The main result of (Dai et al., ),
whose notation we adopt in this chapter, focuses on the time-consistent optimal stopping
problem in a finite planning horizon, which yields a precommitted optimal stopping policy.
We note, however, that the classical optimal stopping problem can potentially be time-
inconsistent, in which case a precommitted strategy no longer exists. We use an example
to demonstrate this.

94



5.2.1 Classical Optimal Stopping

Consider a filtered probability space defined on a finite horizon [0, T, (Q2, F, {F¢},P)scio17,
which supports a Brownian motion {W}};cjo.77. Over the planning horizon [0, 77, an agent
decides when to stop, and collects the terminal payoff at that stopping time. The optimal
stopping problem is

sup E[g(7, X;)], (5.1)

7€T0, 1]

where g : [0,7] x R — R is the terminal payoff and 7 € Tjo ] is the set of all stopping
times in [0, T]?. We refer to Problem (5.1) as the classical optimal stopping problem.

The state process X := {X;}4c(0,7] is driven by
dXt = b(t, Xt)dt + O'(t, Xt)th, (52)

where the drift, b: [0,7] x R — R, and the diffusion o : [0,T] x R +— R are deterministic
functions of time and state. Note that the state process is adapted to the filtration but is

not controlled. We use the following assumption to ensure a unique solution of the SDE
(5.2) exists.

Assumption 5.2.1 b and o are continuous in time t and Lipschitz continuous in the state
x, with linear growth in x, i.e., there exist constants Cy,Cqy > 0 such that for all t € [0,T]
and r,y € R,

(@) [b(t,2) = b(t,y)[ + |o(t, x) — ot y)| < Cifz -y
(@) [t 2)| + |o(t, )| < Co(1 + |]).

The infinitesimal generator £ acts on a function ¢ € C?([0,T] x R) by
1
L =y + b(t, 2)he + 507 (, 2) (5:3)
The variational inequality of the classical optimal stopping problem, i.e., Problem (5.1), is

sup{LV,g -V} =0,(t,z) € [0,T) x R, (5.4)

with terminal condition V (T, x) = ¢g(T, z).

3We implicitly assume that an agent is forced to stop the game by time T and receive the stopping
payoff g(T, Xr), if they have not stopped over [0,T).
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Dai et al. ( ) considered a penalty approximation of (5.4)
LV +K(g—V)" =0, (5.5)

with terminal condition V(7T',z) = ¢(T,z) and K > 0. According to Lemma 2 of (Dai
et al., ), the solution of the penalty-approximated (5.5) converges to the solution of
the original (5.4), as K — oco. Moreover, (5.5) is equivalent to the following PDE

sup {LV — KuV + Kg(t,z)u} = 0. (5.6)

ue{0,1}
Here, we introduce a binary classical control, u := {u;}scpo,7], representing continuing the
game when u; = 0 and exiting the game when u; = 1.

By the Verification Theorem (Theorem 2.2 in (Dai et al., )), the PDE (5.6) is the
HJB equation of the stochastic control problem

V(t,z) = sup J“(t,x), (5.7)
ue{0,1}
where .
JUt,x) =Ky, [/ Ke K “ldlg(s,Xs)usds + e_KftT“’dlg(T, X7)|, (5.8)
¢

is the objective function and E,,[] := E[-|X; = z]. Furthermore, by Lemma 2.3 of (Dai
et al., ), the solution to the PDE (5.6) is the solution to the stochastic control problem
(5.7), which transforms the optimal stopping problem into a control problem.

Note that problem (5.7) is not a standard control problem, as it controls the exponential
discounting factor in (5.6) rather than the state process X. So, Dai et al. ( ) also defined
a controlled state process, R" := { R} }+cjo,r], driven by

dR" = —K R"u,ds (5.9)

with Ry = 79, where the superscript u represents that R" is controlled by w. It is clear
that R* = Rte~KJiud for s > t. Consider a new stochastic control problem

Vit,z,r)= sup J (t,z,r), (5.10)
ue{0,1}
where .
ju(ta x, T) = Et,x,r |:/ KRgg(S7 Xs)usds + R%Q(T, XT) ; (51]‘)
¢
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and B, ,,[] := E[|X; = 2, R* = r]. Clearly, J*(t,x) = J (t,x,1) and V(t,z) = V(t,z,1).
Thus, Problem (5.7) is equivalent to Problem (5.10) when R* starts from 1. The corre-
sponding HJB equation is, for (t,z,r) € [0,T) x R x (0, c0),

sup {EV — Krua—v + Kry(t, x)u} =0, (5.12)
u€{0,1} or

with terminal and boundary conditions V(T x,r) = r¢(T,z) and V (¢, z,0) = 0.

5.2.2 Exploratory Extension to Classical Optimal Stopping

Dai et al. ( ) considered an exploratory extension to problem (5.10). Let m x, : [0, 7] x
R +— [0, 1] be a mapping from a time-state-pair, (¢, X;), to a Bernoulli distribution over the
control space {0, 1}. For ease of notation, we hereafter write m; as shorthand for m; x, unless
otherwise clarified. The exploratory control, 7 := {m;}sc[0.77, is a Bernoulli distribution-
valued stochastic process adapted to the filtration, defined on the finite control space {0, 1},
where 7y := P(u; = 1) is the probability of exiting the game and 1 — m; = P(u; = 0) is the
probability of continuing the game. The controlled state process extends from (5.9) to

dRT = —KR7m,ds (5.13)

hence RT = Rfe X Jimd for s > t. The state process X (5.2) is unchanged as it is
uncontrolled. The objective function, with an inclusion of entropy regularization, extends
from (5.11) to

T
T (t,2,7) = Eiy [ | Bz [Kols Xm = Mmdog . + (1= ) log(1 — m))|ds + Rfg(T: 1)
t

(5.14)
for (t,z,r) € [0,T] x R x R, where A > 0 is the exploration weight. Then, the entropy
regularized exploratory extension to Problem (5.10) is

V(t,z,r)= sup J (t,z,7). (5.15)

w€(0,1]
For (t,z,r) € [0,T) x R x R, the HIB becomes
LV (t,z,r)+7r- sup {—K7V.(t,z,r) + Kg(t,z)m — Mmlogm + (1 — 7)log(l — 7))} = 0,

m€([0,1]

(5.16)
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where V, = %V. Note that since X; is not controlled, the infinitesimal generator £ is the
same as the non-exploratory case, defined in (5.3). Solving the supremum part of (5.16)
with the first order condition yields

1

T T e (IK(V, —g)) 517

Dai et al. ( ) showed that (5.17) is equivalent to

. 1
e e (RV =) (518

Here, V' is the solution to the entropy regularized exploratory extension to Problem (5.7).
That is,

Vi=V(t,x) = sup J"(t,x), (5.19)
7€[0,1]
where
T S
J(t,z) = By / e K [y mdl (Kg(s,X;T)WS — Mmglog g + (1 — ) log(1 — 7T$))>d8
¢

— Tﬂ' s
e Kl mdlg(p X7

(5.20)
comes from substituting RT into (5.14) and the corresponding HJB equation is given by

LV (t,z)+ sup {—K7nV(t,z)+ Kg(t,z)m — Nmlogm + (1 — m)log(l — 7))} =0, (5.21)

7€0,1]

for (t,x) € [0,T] x R. The following relationships hold between the results of Problem
(5.15) and Problem (5.19)

1—r
J(t,x) = ;J (t,x,7)

1— —
Vit.x) = Vitar) = Vit 1)
V. (t,x,r)=V(t ),

for (t,z,7) € [0,T] x R x R;.
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5.2.3 Time Inconsistent Issue in Classical Optimal Stopping

A time-consistent problem requires the solved strategy to be optimal at any point of time
in the planning horizon, i.e., the optimal control at time ¢; € [0,7] is also optimal at any
other time ty € [0,T], regardless of t; > ty or t; < ty (Bjork et al., ). Therefore,
a precommitted strategy that is globally optimal over the entire planning horizon can
be solved at the initial time ¢ = 0. While Dai et al. ( ) solved for a globally optimal
precommitted strategy, the classical optimal stopping problem (Problem (5.1)) can be time-
inconsistent so that a precommitted strategy that is optimal at time ¢t; € [0,7] is not
necessarily optimal at a different time ¢, € [0, 7] with ¢; # t5. We use the following
example to illustrate this issue.

Consider a special case of Problem (5.1) with g(¢,z) = [:g(x), for some discounting
function f; : [0, 7] — [0, 1] satisfying By = 1 and the terminal payoff function g : R — R.
Suppose the terminal payoff function is a standard put option payoff

g(x) = (K —2)",

where K = $40 is the strike price. Further suppose that the state process (5.2) is a stock
price dynamic driven by a Geometric Brownian Motion

dXt = [,[,Xtdt + O'XthVt,

where (u,0) = (0.06,0.4) are the mean and volatility of the stock returns and the stock
price is initialized at Xy = $40. Consider an exponential discounting function, 8;"? = e~
with p = 0.04, and a gamma (non-exponential) discounting function, 8" = (1 + at)a
with (o, 8) = (0.0225,0.04).* We follow Section 5.2.1 and numerically solve the HIB (5.6)
with g(¢, x) replaced by £:g(x) via the finite difference method, at two selected initial time
points, to = 0 and tg = 0.2. Then, we calibrate the precommitted free boundaries for
exercise of the put options, at the two initial times and with the two discounting functions.
As shown in Figure 5.1, the free boundaries illustrate the precommitted stopping policies,
as an investor will exercise (stop holding) the put option whenever the stock price drops
below the free boundaries.

Note that this problem is time-consistent with exponential discounting and is time-
inconsistent with non-exponential discounting (Bjork et al., ). The free boundaries
collapse on the left of Figure 5.1, indicating that the precommitted stopping strategy is

4Gamma discounting is a typical non-exponential discounting function, described in (Weitzman, ),
from which the parameters (a, §) are selected. We will continue using these parameter settings in Section
5.5, with detailed explanations provided.
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globally optimal and unchanged at different times in the time-consistent setting with expo-
nential discounting. In contrast, the free boundaries on the right of Figure 5.1 are distinct
from each other, implying that the optimal precommitted stopping strategies vary at dif-
ferent times in the time-inconsistent setting with non-exponential discounting. This is a
typical case of time-inconsistent stopping problem, where the globally optimal precommit-
ted strategy does not exist. Henceforth, we redirect ourselves to an equilibrium approach
(Bjork et al., ), which solves for a optimal strategy that is locally optimal at each time
point over the planning horizon.

exp-discounting (p =0.04); t 0=0 gamma-discounting (a = 0.0225, f=0.04); t_0=0
40 1 —— exp-discounting (0 =0.04); t_0=0.2 40 1 —— gamma-discounting (a = 0.0225, =0.04); t 0=0.2

Time t Time t

Figure 5.1: Free boundaries from different initial times ty = 0 vs t; = 0.2 for exponential
(left) and non-exponential (right) discounting.

From here on, we derive theoretical results based on the original stochastic control
problem formulation (without the controlled process R), as this approach is more direct.
Nevertheless, we develop an RL algorithm under the new stochastic control problem for-
mulation (with the controlled process R), as it is easier for implementation.

5.3 Equilibrium Exploratory Optimal Stopping with
Non-Exponential Discounting

In this section, we focus on a special case of Problem (5.1) that we described in Section
5.2.3. We introduce a discounting function for the aforementioned exploratory optimal
stopping problem in Section 5.2.2 and study some formal results. While Dai et al. ( )
focused on the time-consistent case, we extend it with a general discounting function, not
necessarily exponential, and derive the optimal stopping strategy. Accounting for a possibly
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non-exponential discounting function transitions this problem to a time-inconsistent prob-
lem, yielding a stopping strategy that is optimal in a game-theoretical equilibrium sense.
Beyond that, we also compare the difference in the optimal stopping strategies, including
the stopping regions and stopping policies, implied by exponential and non-exponential
discounting.

5.3.1 Equilibrium Policy and Verification Theorem

Suppose f; : [0,T] — [0, 1] is a non-exponential differentiable discounting function satis-
fying Bp = 1. We consider a special case of Problem (5.1), referred to as the discounted
optimal stopping problem,

sup E [Br9(X;)], (5.22)

’7’671[0’71]

where g : R — R is the terminal payoff function that only depends on the state. Recall
from Section 5.2.3 that this problem is time-inconsistent due to the inclusion of a non-
exponential discounting function. Hence, a globally optimal precommitted strategy is
unavailable and we have to solve for a strategy that is locally optimal at each time point.
We can interpret this as an agent’s preferences changing over time, so that a policy that
the agent is committed to right now can be changed at a later time, when the policy is
re-evaluated. Henceforth, an agent competes with her future selves and compromises to a
game-theoretical equilibrium, such that any deviation from it at any time will make the
agent worse-off. The resulting policy is therefore referred to as an equilibrium policy, which
we formally define as follows.

Definition 5.3.1 (Equilibrium Policy) Let 7* € [0,1] be a stopping policy. For any
t € [0,T], consider a perturbed policy m" := {75 }scpe,), defined as

- v, SE[t,t—i—éT),
TS =
Tl S € [15+6,T],

R

where € > 0, and v € [0,1] is a constant stopping probability. Suppose that for any
(t,z) € [0,T] x R and any such perturbed strategy ==, we have

JT0 (¢ —J7(t
i sup Joe(6:2) = Ji(t,2)
€l0 €

<0.

Then 7 is an equilibrium stopping policy to Problem (5.24) and J™ (t,z) is the corre-
sponding value function.
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Denote by J7. the entropy-regularized objective function with non-exponential dis-
counting, which is extended from (5.20) to

T
Jo(t,x) =E; / e K IY ”ldlﬁs_t <Kg(X5)7TS — Mmslogmg + (1 — ms) log(1 — 7T5))>d8
¢

+ e KA mdlﬁT—tg(XT)] .
(5.23)

The exploratory control problem becomes

Viae(t,x) = sup J).(t, ). (5.24)

w€(0,1]

With the subscript “ne”, V,,. represents the value function with non-exponential discount-
ing. We note that Problem (5.24) is time-inconsistent, due to the presence of a non-

exponential discounting function. Define an auxiliary objective function for a given policy
mand (¢t,z,s) € [0,T] x R x [0, 1],

T
[tz s) = By / K S mdlg . (Kg(Xv)ﬁv — A\, logm, + (1 — m,) log(1 — m)))dv

t

4 G_KftT ’”dlﬁT_sg(X%)]-
(5.25)

Comparing (5.23) to (5.25), the objective function J7, is discounted to a given time ¢,
whereas the auxiliary objective function f™(¢,z,s) is discounted to an even earlier time
s < t. Clearly, f™(t,x,t) = JI(t,z), for all (¢,x) € [0,T] x R. Furthermore, denote by
f(t,x,s) = f™ (t,z,s) the auziliary value function, where 7* is the maximizer of Problem
(5.24).

Following the equilibrium approach of time-inconsistent control problems in (Bjork et

al., ), we consider the EHJB equations for Problem (5.24):
of
LV + sup {—K7V + Kgr — XNmlogm+ (1 —7)log(1 — 7))} — %(t,x, t)=0 (5.26)
m€(0,1]

Lf(t,x,s)— K" f(t,z,s)+ fi_s[Kg(x)n* — XNx*logn* 4+ (1 — %) log(1 — 7*))] =0
(5.27)
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with terminal conditions V (T, x) = g(z) and f(T,z,s) = [i_sg(z). Here, % is the first
order partial derivative of f with respect to its third argument. The derivations of (5.26)
and (5.27) are given in Appendix A.4.1.

Remark 5.3.1 If we instead consider a classical (non-exploratory) policy, u := {us}eo,m

as introduced in Section 5.2, then the optimal stopping problem with discounting becomes
Problem (5.7) with J* replaced by

T
Jo(tx) =K, [/ Ke K )i wdl Bs—t 9(Xs)usds + e K J wdt BTtg(XT)] , (5.28)
t
for (t,z) € [0,T] x R. Define the auziliary objective function as

T
vtz s) =E;, {/ Ke K Ji wdl Bo—s (X)) uydv + e_KftT wl Br_s g(XT)} , (5.29)
¢

for (t,z,s) € [0,T] x R x [0,t]. The EHJB system with penalty approzimation becomes

LV + K(g—V)* - g—i(t,x,t) =0 (5.30)
Ef(tv Z, S) + K (615—89(1:) - f(ta €, S)) I[V(t,aj):g(x) = 07 (531>

with terminal condition V (T, x) = g(z) and f(T,xz,s) = Br_sg(x).

Clearly, solving the supremum part of (5.26) yields

1
e = , 5.32
T exp(LK (Vo = 9)) (5:82)

which takes exactly the same form as the precommitted stopping policy (5.18). We re-
mark here that the precommitted stopping policy 7* (5.18) is attained by solving a time-
consistent stochastic control problem, hence it is globally optimal over the planning horizon.
In contrast, the non-exponential discounted stopping policy 7%, (5.32) is a solution® to a
time-inconsistent stochastic control problem, which is locally optimal in a game-theoretical
equilibrium sense.

We summarize our theoretical results in the following theorem. The proof is presented
in Appendix A.4.2.

5The uniqueness of the solution to a time-inconsistent control problem is an open question (Dai et al.,

).
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Theorem 5.3.1 (Verification Theorem) Suppose that there exist V (t,z) € CH*([0, T]x
R) and f(t,x,s) € CH?1([0,T] x R x [0,t]) satisfying (5.26) and (5.27), with terminal
conditions V(T,x) = g(x) and f(T,z,s) = Pi_sg(x). Then, «,, given by (5.32), is an
equilibrium solution to Problem (5.24). Moreover, V(t,z) = J& (t,x) with J*, given by
(5.28) and f(t,x,s) = f™ (t,z,8) with f™(t,z,s) given by (5.25).

As also remarked by ((Dai et al., )), Problem 5.24 is not a conventional stochastic
control problem, due to the presence of the control in the discounting factors. Luckily, the
same result follows if we adopt the notation of the controlled process R from (5.13), which
we repeat below for readers’ convenience

dR] = —KR;mds.
Consider a new stochastic control problem

Tne(t, @, 1), (5.33)
where the new entropy-regularized objective function

T
7;(25, z,r) =Eipp / RZBs—y <Kg(X$)7rs — Mmglog g + (1 — ) log(1 — 7r$))>ds
t

+ R?@T—tg(XT)] :
(5.34)
for (t,z,r) € [0,T] x R x R, is transitioned from (5.23). Similarly, the auxiliary objective

function transitions from (5.25) to

T
T(t, z,s,17)=E;, / Ry By (Kg(XU)m, — M, logm, + (1 — ) log(1 — m)))dv
t

+ R;/BT—SQ(X’;U] )

(5.35)

for (t,z,s,7) € [0,T] x R x [0,t] x R;.. Denote by f(t,x,s,7) := TT (t,z,s,r) the auziliary
value function, for (t,z,s,r) € [0,T7] x R x [0,t] x R,. The EHJB equations are updated
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from (5.26) and (5.27) to

LV + 7 sup {—K7aV, + Kgr — Arlogm + (1 — ) log(1 — 7))} — g—]sf(t,x,t,r) =0

w€(0,1]
(5.36)
LH(ta,sr) = { Kn T, (Lo, 5,7) + Bisl K g()m" = A logn* + (1 ") log(1 = 7)) } =0,
(5.37)
where V, := %(t, z,r) and f,(t,z,s,1) = Z—Z(t,x, s,7). One can check that
1
7= (5.38)

" 1+ exp(§K<%Vne - g))

solves the supremum part of (5.36), which matches the form of the optimal precommitted
stopping policy in the time-consistent case (5.17). Consequently, the following relationships
hold between the results of Problem (5.24) and Problem (5.33)

1—r
J?'Tlre(t’ IE) = ;Jne(t7 z, ’I")

Vie(t,x) = =Vope(t,z,r) = Viype(t, z, 1)

r

fr(t,z,s) = %Tﬂ(t,x,s,r)

f(t,z,s) = %T(t,x,s,r) = f(t,z,s,1)
0

Evne@’ X, T) - Vne(t7 ZE),

for (t,z,s,7) € [0,T] x R x [0,t] x R,. Clearly, we have the following lemma.

Lemma 5.3.1.1 Suppose that there exist Vye(t, z,r) € CY2([0, T|xRXR.) and f(t,z,s,7) €
CH>1([0, T|xRx[0,t]xR ) satisfying (5.36) and (5.37), with terminal conditions V pe(T, 2, 1) =
rg(xz) and f(T,xz,s,r) = Pi_srg(x). Then, T:,, given by (5.38), is an equilibrium solu-
tion to Problem (5.33). Moreover, V ,o(t,z,7) = 72:(75@,7‘) with T, given by (5.34) and
ft,z,s,r)= 7ﬂ*(t,x, s, 1) with Tr(t,:r;,s,r) given by (5.35).

The proof is similar to that of Theorem 5.3.1, hence omitted.

105



5.3.2 Comparison Between Exponential and Non-Exponential Dis-
counting

We devote the rest of this section to a comparison of stopping policies under exponential and
non-exponential discounting, with classical policies and exploratory policies. We suppose a
non-exponential discounting function is a weighted discounting function, which, according
to Definition 1 in (Ebert et al., ), can be expressed as an expectation of exponential
discounting with random discount rates following a probability distribution F, i.e.,

nonexp _ / AR (). (5.39)
0
So, (B;™"P) = — [ re " dF (r) <0, Le., 5" is decreasing and differentiable. Denote
by
P = ! (5.40)

the exponential discounting function with p > 0, a positive constant discount rate. For a
fair comparison between 3;”"“? and §;*", we further require the mean discount rates for
exponential and non-exponential discounting are equal, i.e.,

/000 rdF(r) = p. (5.41)

Recall the discounted optimal stopping problem (5.22), with §; replaced with §;* and
P for the exponential and non-exponential discounting cases respectively. With a
classical stopping policy, the HJB equations are
exponential discounting: sup{LVe.p — pVeup, 9 — Veup} =0 (5.42)
non-exponential discounting: sup{LV,. — %(t, z,t),9 — Vie} =0, (5.43)

with terminal conditions V.,(T,z) = g(x) and V,.(T,z) = g(x). Here, for (t,z,s) €
[0,7] x R x [0,t], Veyp and V,,. are respectively the value functions under exponential and
non-exponential discounting. f(¢,x,s) is the auxiliary value function that is only different
from V,.(t,z) by the time to which it is discounted. While V. (¢, z) is discounted to t,
f(t,x,s) is discounted to s < ¢, with f(t,2,t) = V,e(t, ). The 2 operator is only applied
to the discounting function in f. It is well-known that the stopping regions are

exponential discounting: D.,, = {(t,z) € [0,T] x R : Veupo(t,z) = g(x)}  (5.44)
non-exponential discounting: D, = {(t,z) € [0,T] x R : V.o (t,z) = g(x)}. (5.45)
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Proposition 5.3.1 With classical stopping policies, the stopping region is smaller under
non-exponential discounting than exponential discounting, i.e., Dye C Deyp, under condi-
tion (5.41).

The proof is provided in Appendix A.4.3. With classical policies, an agent immediately
stops when the value of continuing the game (V.,, or V,.) equals the value of stopping
g. As we show in the proof of Proposition 5.3.1, non-exponential discounting dominates
exponential discounting, i.e., 3" > 5, Vvt € [0, T], when (5.41) holds. This effectively
means a non-exponential discounting agent is penalized less for waiting, thus being more
patient and having higher value of continuing the game than an exponential discounting
agent. As a result, a non-exponential discounting agent is more expectant for a better state
x at each given time ¢ € [0,7] and more willing to wait for a better time at each given
state x € R, yielding a smaller stopping region than an otherwise equivalent exponential
discounting agent.

On the other hand, with exploratory stopping policies and a constant K > 0 for penalty
approximation, (5.32) implies that the optimal stopping policy for exponential discounting

and an equilibrium stopping policy for non-exponential discounting® are respectively given
by

1
exponential discounting: 7, = , (5.46)
i 1+eXP(§K(VewP _g))

1
non-exponential discounting: 7, = .
1+ exp(%K(Vne -9))

(5.47)

One can easily check that 7}, is the optimal solution to Problem (5.22) if we set 8, = 5;""

In that case, the HJB equation becomes

LV + sup {—KnV + Kgrn — A(mlogm + (1 —m)log(1 — 7))} — pV = 0. (5.48)

m€(0,1]

Proposition 5.3.2 The equilibrium stopping policy under non-exponential discounting is
lower than the optimal stopping policy under exponential discounting, i.e., 7., < 7.,
under condition (5.41).

6We herein distinguish the terms of the solved stopping policy for exponential discounting, Topps and
non-exponential discounting, 7}, as they are “optimal” in different senses. Under exponential discounting,
Teyp 18 the solution to a time-consistent control problem, hence it is globally optimal. In contrast, m, is
an equilibrium solution to a time-inconsistent control problem due to the presence of the non-exponential
discounting, which is only locally optimal.
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A proof is presented in Appendix A.4.4. We remark that with exploratory stopping policies,
an agent does not necessarily stop when the value of continuation, V. or V', equals (or
is even lower than) the value of stopping g. Rather, an agent decides whether to stop with
a probability equal to 77, or 7., which is 50% when V.., or V,. equals g. That is, the
probability of stopping is 50% on the stopping region of the corresponding classical stopping
policy under exponential or non-exponential discounting, D.,, or D,.. Proposition 5.3.2
effectively states that the probability of stopping under non-exponential discounting is
lower than that under exponential discounting, given that the mean discount rates of the
exponential and non-exponential discounting functions are equal and all other problem
variables are the same. The implication is similar to that of the aforementioned classical
policies — a non-exponential discounting agent has a lower chance of stopping the game at
each time ¢ € [0,7] and state x € R, being more patient (and greedy) for a better payoff

in the future, compared to an otherwise equal exponential discounting agent.

5.4 RL and Finite Difference Algorithms

In this section, we design two algorithms, a RL algorithm and a finite difference algorithm,
to learn the value function of the exploratory optimal stopping problem with discounting.
We recognize that the value function does not have a closed form solution as the optimal
stopping problem has a finite horizon. So, in the RL algorithm, we configure a neural
network to approximate the value function, and leverage the martingale property of a
specially defined process to design a tailored loss function for training. Our RL algorithm
does not rely on the true parameters of the state process (5.2). On the other hand, the
finite difference algorithm iteratively updates the value function on a fine grid of time and
state values and relies on the knowledge of the true parameters of the state process (5.2).
Nevertheless, the finite difference algorithm serves as a useful benchmark to evaluate the
RL algorithm.

We start by introducing the RL algorithm. Note from (5.32) that the policy is immedi-
ately determined if the value function is known. We approximate the value function with a

neural network, V?, parameterized by 6. Then, the parameterized stopping policy is given
by
9 1

T ep(K(VI—g)

For (t,z) € [0,7] x R and a stopping policy 7, define a process M™ = {M] :=
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M(t, Xt)}tG[O,T}a Wlth

¢
M = 7Ze(t,Xt, RY) + / Ry [Kg(Xv)m — Xy logm, + (1 —7,) log(1 — ’/Tv)):| dv
0, (5.49)
=Rl -J(t, X}) +/ RT [Kg(Xv)WU — XMmylogm, + (1 — m,) log(1 — Wv))] dv.
0

Here, J,. is given by (5.34) and f" is given by (5.35). The following theorem is the
foundation of our RL algorithm. A proof is provided in Appendix A.4.5.

Theorem 5.4.1 M™ is a martingale if T = 7', given by (5.52).

We note that if M™ is a martingale, then at any time ¢ € [0,7], M is equivalent to
the expectation of the terminal value M7 conditioned on all the information up to time ¢,
namely,

M = E[MF|F]. (5.50)
Meanwhile, M, as a conditional expectation, minimizes the L? distance between M7 and
any J;-measurable random variable, that is,

M = argmin [E|My — &7, (5.51)

£ is Fi-measurable

for all ¢ € [0, 7). Define M? := {M{},cjo1) as the f-parameterized M™ process with
t
MY =R VA1, X)) + / R Kg(X,)m! = Ml log ) + (1 = ) log(1 - ) |do, (5.52)
0

where R? := R’ and V? is the f-parameterized value function V,,. with non-exponential
discounting. We herein define a martingale loss function, following (Jia & Zhou, ).

Definition 5.4.1 (Martingale Loss Function) Denote by ML(0) the martingale loss
with parameter 6,

1 T
ML() = 5E [/0 ‘M{ﬁ MY

r

T
+/ R} [Kg(Xv)wg — Ay logm) + (1 — ) log(1 — wg))} dv

t

th} (5.53)

1
=-E

9 R%Q(‘){T) - Rfvnae<t7Xt)

dt] , (5.54)

where the uncontrolled state process X is driven by (5.2).
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We apply the gradient descent method to minimize M L(6) and update 6 following
0« 0— d ML(0)
nde )

for some positive learning rate 7. Consider a time discretization, 0 =ty < --- <t, < --- <
ty, = T with a constant mesh size At such that N; = %. We apply Euler’s approximation
on both the uncontrolled state process X (5.2) and the controlled state process R™ (5.13),
thus forn =0,--- | N, — 1,

th+1 — th + b(tna th>At + O—(t'fh th)Ath (555)
R, « R, (1— Km,)At, (5.56)

where AW,, = W, ., — Wi, 5 N(0, At).

We summarize the RL algorithm in Algorithm 4.
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Algorithm 4: Training with Martingale Loss
Initialize the number of epochs Nepoens, the planning horizon 7', the mesh size of
the time step At, the exploration parameter A > 0, the learning rate 7, the initial
uncontrolled state xg, the initial controlled state ry = 1, the value function
approximator V¢ and its parameter 6()
Given the payoff function g and discounting function /.
Compute Nt = Alt
for k=0, -+, Nepoens — 1 do

Fix a reahzed path of the Brownian motion {Wt
AWH Wtw W ~ N(0, At).

Simulate {X NN via (5.55), with {AW;, 3N, replaced by {AWt(f) N
forn=0,---,N;—1do
) 1

ok
Compute the policy 7y~ = - p(lK(Ve(k> e (th))> :
)

Compute the controlled state R(’( " via (5.56), with m, replaced by 7r9( :
end
Collect {wfi’“’}ffgo and {Rfflk) N
Compute M L(6*)) according to Definition 5.4.1, with time discretization and
6 replaced by 6*)
Compute the gradient d%]\/[ L(O(k)) via back propagation and update

with

n07

g+ gb) _ nd%ML(G(k)).

end

While the aforementioned RL algorithm is designed for the non-exponential discounting
optimal stopping problem, we remark that it is also applicable to the exponential discount-
ing case. Define a process M™ := { M := M(t, X;) }1efo.17, Which is similar to (5.49) except
that J7, is replaced by

JW( ) = Et,x

erp

T
/ e~ KIS mdl g=p(s=t) <Kg(X5)7rS — AMmslogmg + (1 — 7s) log(1 — 7r5))>d$
t

+6_KftT mdl e_p(T_t)g(XT)] , (5.57)
for some exponential discounting rate p > 0. Then, we can infer the following corollary
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from Theorem 5.4.1.
Corollary 5.4.1 M~ is a martingale if © = T, given by (5.47).

The proof is provided in Appendix A.4.6. Following the same procedure that we described
above, we can train and learn the optimal exponential discounting stopping policy via
Algorithm 4, by setting S as an exponential discounting function.

We next develop a numerical algorithm that iteratively approximates the solution of the
EHJB equations with non-exponential discounting and classical stopping policy, namely
(5.30) and (5.31). For demonstration purposes, we suppose the uncontrolled state process
is the price of a risky asset (e.g., a stock) and we simplify it by setting b(¢, x) = p - x and
o(t,x) = o -x. Thus (5.2) becomes

dXt = [LXtdt + O'Xtth, (558)

where (u,0) € R x R, are respectively the growth rate and volatility of the stock. Note
that we implicitly assume that X is non-negative, as the price cannot be negative. Replace
V(t,X;) =o(t,Y:) and f(t, Xy, 8) = h(t,Y;, s), where X; = e¥* for all t € [0,T],s € [0,1].
So, by It6’s lemma,

1 1
dY; = d(log X;) = —dX;

1
_— — f— _— — 2 .
X, 2)(361[‘(]1t (= 507)dt + odi,

Partition the 3-dimensional space of time-state-time triplets, (¢, x,s) € [0,7] x Ry x [0, ],
by a 3-dimensional grid {t;}}¥*, x {yj}jy:”l x {sp}ne, with mesh sizes (At, Ay, At), where
Ni, N,, Ny > 0 are the partition sizes for each dimension.” For ease of notation, write
vi; =v(t;,y;) and h; jx = h(t;, y;, Sg), with the relationship v; ; = h; j,; foralli =1,--- | N,

and j =1,---,N,. The boundary conditions are given by
un e = g(e¥M) (5.59)
hnik = Bltn, — sk)g(e”) (5.60)
hiog = Bt —sk)g(e”) (5.61)

"Note that the state dimension R is unbounded. We consider a trimmed state space [0, X 4] for some
large value X, > 0 such that it is very unlikely that X will breach X4, in a finite horizon [0,7]. The
partition {y; ;VZ’“‘I is performed on the trimmed state space. Also, for each ¢ € [0,7], the domain of s is
[0,¢]. But in practice, we partition ¢ and s on the same domain [0, 7] and consider an equal mesh size At
for t and s (so Ny = N,) for technical convenience. Then, we fix h(t;,y;, si) to zero whenever s > t;, for
ali=1,--- ,Ny,j=1,--- ,Nyand k=1,---,N,.
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hinge = B(ti—si)g(e?™v), (5.62)

fori=0,---,N;,j=0,--- ,Nyand k =0,--- , N;. On the grid, the infinitesimal genera-
tors Lf and LV are respectively approximated by

Lhijx = %;h”k 4 %0_2) hi,j—i—l,l;;yhi,j—l,k n %Ug hi s — (221;);; + hij-1k
- hiH’j’kA; st + (2(2:)2 + N;A%yUg) hi i1k
1
_&hi,j,k + < 2(2;2 B MQ_AZUQ> b (5.63)
Loy = UHLZ; = * (2(22)2 T N;A%y02) Vi j+1
_&vm + (2(2;2 B MQ_A%/02) Vi1, (5.64)

Consequently, for ¢ =0,--- ,Ny,j =0,--- ,N, and k =0,--- , Ny, the PDE of f (5.31) is
approximated by

Bivtin — his o2 g 1g2
Lk ik (2( + 2 ) higin

At Ay)? 2Ay
52 2 ) Lo?
Tyt (2(Ay)2 2y ) ok
+K(B(ti — s1)g(e”) — hij ) I(B(t: — sk)g(e¥) > hijx) =0, (5.65)

where I(+) is the indicator operator that equals zero if the condition is met. After rear-
ranging and merging common terms, this simplifies to

alhijovp + W hign + hi g = d, (5.66)
where

2 19

h_ 0 H—30
4= 2(Ay)? 2Ay (5.67)

h o’ 1 Yi

by = RN KI(B(ti — sk)g(€¥) > hijx) (5.68)

2 _ 152
N it (5.69)
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hit1; | |
dh = —# — KB(t;, 1) g(e L(B(t; — si)g(e¥%) > hi ). (5.70)

Likewise, for ¢ = 0,--- ,N;,j = 0,--- ,N, and k = 0,--- , N,, the PDE of V' (5.30) is
approximated by

hz T hz ji—
+E (g(e”) = v Ig(e?) > vy5) — =H = =0, (5.71)
which simplifies to
CL;’UiJfl + b;’UiJ + C})Ui7j+1 = d}l, (572)
where
. o2 [ %Uz
po 1 KI(g(e¥) > v; ;) (5.74)
Jj (Ay)Q At g i,j .
o2 - %(72
v — 5.75
“TaAye T 24y (5.75)
i+1,5 . . Piji — higi-
Qo= Vit Kg(e")(g(e¥) > hi ;) + gt gl (5.76)

J At At

Note that a? = ay and c? = ¢, and they are constant. Also, b? and b7 are equal except
for the indicator I. Using the tridiagonal matrix algorithm (Press et al., ), we solve
for v; j and h; ;; on the 3-dimensional grid, i.e., the discretized approximation of V" and f.
The numerical algorithm involves repeatedly updating v; ; and h;, j; (for all 4,7, k) in an
alternating way, which is summarized below in Algorithm 5.
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Algorithm 5: Solving for V' and f via finite difference method
Initialize mesh sizes (At, Ay, As), partition sizes (IVy, Ny, N;), number of iterations

Nier, early stopping threshold e > 0, initial values of vf(;)k and hl((;)k with
boundary conditions satisfying (5.59) to (5.62).
for (=0, ---, Ny, —1do
fori=N,—1,---,0do
for k=0,---,i—1do
Compute (5.66) for each j =1,---, N,, with h; ;; replaced by hl(l])k in
the coefficients.
Solve for hgl;rkl ) via the tridiagonal matrix algorithm.

Compute (5.72) for each j =1,--- , N,, with v; ; replaced by vz(l]) and h; j

pUAD

+ix 10 the coefficients.

replaced by the just-solved
1+1)

7j

via the tridiagonal matrix algorithm.

(I+1) )
Vij T Vi

Solve for vg

Check convergence and stop early if max; ; < €.

5.5 Numerical Results

In this section, we consider an optimal exercise problem of an American put option with
discounting, on a finite horizon (7" = 1). We apply our RL algorithm to learn the op-
timal exploratory exercise strategies, under exponential and non-exponential discounting
settings. We use the finite difference algorithm to approximate the “grounding true” value
functions, which helps us to understand the quality of RL training. Beyond that, we
compare the exercise strategies under exponential and non-exponential discounting set-
tings, which empirically verifies our findings from Proposition 5.3.1 and Proposition 5.3.2,
that non-exponential discounting investors are more patient and thus tend to exercise the
options at later times for a potentially better price.

We define an American put option problem as an optimal stopping problem with dis-
counting, namely (5.22), which we repeat here

max [E [ﬁT(Sstrike - X-r)+} ) (577>

TGIT[OVT]
where Sgike is the strike price. X; is the stock price at time ¢ driven by

dXt = ,UXtdt -+ O'Xtth, with XO = T, (578)
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where (u,0) € R x Ry are respectively the growth rate and volatility of the stock. The
terminal payoff is replaced by the payoff of a put option, i.e., g(x) := (Sspike — 2)T. For
this simulation study, we set (i, 0, Ssirike, o) = (0.06, 0.4, 40,40). Note that the true values
of (u,0) are not accessible to the RL model, whereas the finite difference algorithm relies
on the knowledge of the true values of (u,0). Finally, we set the mesh size At = % for
the planning horizon [0, 1], hence an investor has Alt = 50 time steps to decide whether to
exercise the put option.

We use gamma discounting as an example of non-exponential discounting. Adopting
the definition of gamma discounting in (Ebert et al., ),

_8
[e3
Y

Jemme . — (1+ at) (5.79)

with o, 8 > 0 and for ¢ € [0,7]. We note that /""" can also be expressed as an
expectation of exponential discounting with random discount rates following a Gamma
distribution F', namely,

gomma _ / AP (p). (5.80)
0
Denote by pp,or the mean and standard deviation of this Gamma distribution F. Ac-
cording to (Weitzman, ), the relations between (o, #) and (up,or) are
o2
a =+t =0.0225 (5.81)
KE
B = pr=0.04, (5.82)

where pp = 0.04 and op = 0.03 are selected based on a survey over 2000 economists.

For a fair comparison to gamma discounting, we consider exponential discounting 5, =

e Pt with the discount rate equals to the mean of the Gamma distribution, ie., p =
pr = 0.04. According to Proposition 2 and Theorem 2 of (Ebert et al., ), we have
gemme > 5P for all t € [0, T]. Beyond that, according to Proposition 5.3.1, we expect the
stopping region for the chosen gamma discounting to be smaller than the stopping region
for the chosen exponential discounting. Figure 5.2 confirms this empirically. On the left,
the gamma discounting function dominates the exponential discounting function on (0, 1],
as they both start from 1 at ¢ = 0. On the right, the decision boundary for exponential
discounting is numerically solved via the finite difference method addressed in (Dai et
al., ), whereas the decision boundary of gamma discounting is calculated based on the
approximated value functions via our finite difference algorithm (Algorithm 5). Clearly, the
decision boundary of the gamma discounting lies below that of the exponential discounting,
implying a smaller stopping region under gamma (non-exponential) discounting.
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Figure 5.2: Discounting functions (left) and their decision boundaries (right).

Next, we configure a neural network (NN) to learn the value function. Following (Dai
et al., ), we configure a separate NN to learn the value function at each discretized
time point [ = 1,---,50. Denote by Vj, the NN-approximated value function at time ¢,
for i =1,---,50. Each Vj, takes the stock price X;, and time ¢; as input and returns an
approximation of V (¢, X;,). Note that {Vj, }1, are not connected. We summarize the NN
configuration in Table 5.1.

Layer type ‘ Dimension ‘ Is shared?

MLP (1, 16) No
MLP (16, 32) No
MLP (32, 64) No
MLP (64, 64) No
MLP (64, 32) No
MLP (32, 16) No
MLP (16, 1) No

Table 5.1: RL model configuration. Total number of trainable parameters: 481,171.

Figure 5.3 illustrates the decision boundaries learned via the RL algorithm (Algorithm
4) and the finite difference algorithm (Algorithm 5), as described in Section 5.4. Since the
numerical algorithm employs the true values of the market parameters (u, o), we use the
induced decision boundary (called the free boundary) as the benchmark, shown as the blue
curves in Figure 5.3. To find the decision boundary of the RL algorithm, we simulate 100
stock price trajectories {Xt(ln) ?::1171:'7’51000 and compute the stopping policies 7r§ln) at each time

(n)

step [ on each stock price trajectory n. We mark a point thn as “exercise” if 7r§ln ) > 50%
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and mark “do not exercise” otherwise. The scatters in Figure 5.3 demonstrate the 100
simulated stock price trajectories, with “exercise” in green and “do not exercise” in red.
The edge of the red and the green scatters is approximately the decision boundary learned
by the RL algorithm, called the empirical free boundary. Clearly, the free boundaries
closely match the empirical free boundaries under both exponential discounting and non-
exponential discounting settings.

1004 - not exercise .. 1004 - not exercise
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Figure 5.3: The decision boundaries learned via the RL algorithm are characterized by the
edges between the “exercise” (green) and “do not exercise” (red) points, under exponential
discounting (left) and non-exponential discounting (right) settings. The free boundaries
(blue curves) are numerically solved via the finite difference method and are considered as
the benchmark.

We also compare the algorithms and the effect of discounting functions in terms of
option payoffs. For each discounting function, we determine early exercise on a given stock
price trajectory based on each algorithm and calculate the discounted option payoftf. We
term the payoff that is realized based on the RL algorithm as an empirical payoff, and the
payoff that is realized based on the finite difference algorithm as a theoretical payoff. Since
the theoretical payoff is considered as the benchmark of the empirical payoff for a given

. . - irical —theoretical
stock price trajectory, we calculate the relative error as |ZRpiical_theoretica ‘ x 100%.
) theoretical

Table 5.2 reports the mean empirical payoff and mean theoretical payoff calculated from
100 independent batches of stock prices, each batch containing 100 independently simu-
lated stock price trajectories, for a total of 10,000 stock price trajectories. The payoffs
are reported in present values at time ¢ = 0, discounted by the corresponding exponential
and gamma discounting functions. Note that the relative errors under both exponential
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and non-exponential discounting settings are small (near 0.15%). This indicates that the
RL algorithm learns the optimal exercise policy fairly well, despite having no access to the
underlying stock price dynamics. Furthermore, the mean payoffs of non-exponential dis-
counting, both empirical and theoretical, are greater than those of exponential discounting.

discounting type exponential discounting | non-exponential discounting
(p =0.04) (v =0.0225, 5 = 0.04)
mean empirical payoff 5.3578 5.4829
mean theoretical payoff 5.3660 5.4911
relative error 0.1539% 0.1495%
average exercise time 0.8029 0.9195

Table 5.2: Discounted option payoffs.

Beyond that, for each stock price trajectory, we also calculate the exit time following
the optimal exercise policies under exponential and non-exponential discounting. Table
5.2 shows that a non-exponential discounting investor tends to exercise the option at a
later time on average, compared to an exponential discounting investor. We draw the
empirical densities and CDFs of the exit times for both exponential and non-exponential
discounting in Figure 5.4. Under both discounting functions, the majority exit time is at
the maturity of the option (t =T = 1). In spite of that, the empirical density of exit times
for exponential discounting investors puts more mass on earlier times (¢ < 7' = 1) than
that of non-exponential discounting investors. Likewise, the empirical CDF of the exit
times under non-exponential discounting is also to the right of the empirical CDF under
exponential discounting.
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Figure 5.4: Empirical densities (left) and CDFs (right) of exit times for exponential and
non-exponential discounting.
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Finally, we compute the average exit time of the 100 stock price trajectories for each of
the 100 batches, resulting in 100 average exit times under each discounting function. The
empirical densities of the average exit times are illustrated in Figure 5.5, which reiterates
the fact that non-exponential discounting leads to a later stopping time on average. Our
simulation results agree with our findings in Proposition 5.3.1 and Proposition 5.3.2.
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Figure 5.5: Empirical densities of average exit times for exponential and non-exponential
discounting.

5.6 Conclusion

This chapter generalizes (Dai et al., ) by accounting for a general, potentially non-
exponential, discounting function multiplying the payoff function of the optimal stopping
problem. We apply the penalty approximation technique as described in (Dai et al., )
to the free-boundary PDEs of the original discounted optimal stopping problem (Problem
(5.22)), transforming them to a system of penalized PDEs, that can represent the HJB of a
standard stochastic control problem. Then, following the exploratory extension argument
from (H. Wang et al., ), we further extend the discounted optimal stopping problem to
the discounted exploratory stopping problem (Problem (5.24)), as well as the corresponding
EHJB equations, (5.26) and (5.27). We solve for a semi-analytical Bernoulli stopping policy
(5.32) that depends on the value function. While our stopping policy takes the same form
as the optimal stopping policy derived in (Dai et al., ), we remind the readers that the
two stopping policies are different by design and by the type of optimality. Dai et al. ( )
solved a time-consistent control problem, yielding a precommitted stopping policy that is
globally optimal at the initial time, whereas this chapter studies a time-inconsistent control
problem due to the presence of the non-exponential discounting. Hence, our stopping policy
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is locally optimal in a game-theoretical equilibrium sense, so that any deviation from this
policy will make the agent worse off.

Furthermore, we examine the effect of discounting on the optimal stopping problem. We
suppose the non-exponential discounting function S"°"**P can be expressed as a weighted
sum of exponential discounting functions with random discounting rates following some
weighting distribution. To establish a fair comparison, we further set the discounting fac-
tor of the exponential discounting function P as the mean of the weighting distribution.
Then, we solve the stopping problems under the classical (non-exploratory) and the ex-
ploratory formulations, with exponential and non-exponential discounting. Consequently,
we observe two interesting results. First, under the classical formulation, the stopping
region with non-exponential discounting is smaller than that with exponential discount-
ing. Second, under the exploratory formulation, the optimal stopping policy (defined as
the probability of stopping) with non-exponential discounting is lower than that with ex-
ponential discounting. Intuitively, our result depicts an agent with higher patience (and
potentially more ambition) modeled by non-exponential discounting, willing to wait for a
deferred but possibly better payoff. In contrast, an agent with exponential discounting has
a higher cost of waiting, hence being less patient and tending to secure an earlier payoff.

Based on the theoretical results, we develop an RL algorithm to learn the value function.
In the RL algorithm, we parameterize the value function with a neural network, as the
value function of a finite horizon stopping problem is very challenging to solve analytically.
Besides, this also yields the Bernoulli stopping policy according to its semi-analytical form
(5.32). We follow the policy evaluation method from (Jia & Zhou, ) and define a
stochastic process based on the EHJB equations, that is proven to be a martingale when
the stopping policy is an equilibrium policy, or equivalently, when the neural network
correctly approximates the value function. Thereby, we derive a martingale loss function
that leverages the martingale property from the so-defined process, which effectively trains
the neural network to learn the value function.

On the other hand, we also develop a finite difference algorithm. Due to the time-
inconsistency, we need to solve for both the value function and the auxiliary value function.
Note from their probabilistic interpretations that the auxiliary value function is effectively
the value function discounted to an earlier time point. So, while the value function is a
function of the time-state pair, the auxiliary value function is a function of the time-state-
time triplet. On a 3-dimensional grid, we use the finite difference method and iteratively
update the value function and the auxiliary value function in turn.

As summarized in Algorithms 4 and 5, the RL algorithm does not require the full
knowledge of the underlying model dynamics, namely the coefficients of the state process
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(5.2), which are required by the finite difference algorithm. Therefore, we are careful with
our language when describing the roles of the two algorithms — the RL algorithm “learns”
the value function via interactions with the underlying dynamics, while the finite difference
algorithm “solves” for the value function given the underlying dynamics.

Finally, we verify our findings through a simulation study. We show empirically that
the free boundary under gamma discounting, a common non-exponential discounting, lies
below the free boundary under a comparable exponential discounting. Hence, the stopping
region (the area below the free boundary curve) of gamma discounting is smaller than
that of exponential discounting. Moreover, in an American put option example, a gamma
discounting investor on average exercises the option at a later time than an otherwise
equivalent exponential discounting investor, which indicates the lower chance of exercising
the option and higher level of patience of a gamma discounting investor. Beyond that, our
simulation study also demonstrates the effectiveness of the RL algorithm. A trained RL
investor is able to follow the free boundary derived from the finite difference algorithm,
by repeatedly deciding when to exercise an American put option over batches of simulated
stock price trajectories. The mean realized payoff of the trained RL investor is close
to the mean theoretical payoff calculated through the finite difference algorithm, with
low relative error around 0.15%. Such performance is consistent under exponential and
gamma discounting. Considering the finite difference algorithm as the benchmark, the
RL algorithm effectively and accurately learns the value function, as well as the stopping
policy, without access to the underlying model dynamics.
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Chapter 6

Conclusion and Future Works

This thesis applies continuous time RL techniques to solve four stochastic control problems
in the exploratory control framework, which can be broadly categorized into three well-
studied finance problems — the mean-variance portfolio optimization problem (Chapters 2
and 3), the optimal investment-consumption problem (Chapter 4) and the optimal stopping
problem with application in exercising American-type options (Chapter 5). The main
contributions of this thesis to the literature can be seen from three aspects.

First and foremost, we follow the recent trend from the stochastic control literature
that applies RL techniques to advance classical solutions of standard control problems, and
fill the gaps between the control literature and the RL literature at four critical points,
i.e., mean-variance with Markovian regime-switching dynamics, mean-variance with jump-
diffusion controlled dynamics, optimal investment-consumption and optimal stopping. In
each problem, we extend the classical control setup to an exploratory control framework
(following (H. Wang et al., )), randomizing the control from a deterministic function
of time and state to a probability distribution over the action space conditioned on a
time-state pair. We solve, either analytically or semi-analytically, for the optimal policy
and the corresponding value function, from the derived HJB equations. We also provide
verification theorems and policy improvement (or policy iteration) theorems, as well as the
subsequent lemmas and propositions, that complement the theoretical foundations of the
exploratory extensions to each classical control problem we study.

Second, we develop RL algorithms to learn the optimal policies and the corresponding
value functions, without requiring a full knowledge on the model dynamics of the environ-
ment. Our RL algorithms are value-based, meaning they learn the optimal policy through
estimating the value function, in contrast to policy-based algorithms, which directly op-
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timize the policy by back-propagating gradient through it; see (Hambly et al., ) for
categorization of value-based and policy-based RL algorithms and more examples. Value-
based RL algorithms fit exploratory control framework better, as the optimal policies are
deduced from the value function based on the HJB equations, regardless of whether the
optimal policies can be solved in explicit forms. We also propose effective loss functions fol-
lowing arguments in (Jia & Zhou, , ), which extensively leverage the martingale
properties from the theoretical solutions'. As discussed in (Jia & Zhou, ) and also
empirically shown in Chapter 2, our loss functions are more suitable for the exploratory
control problems that we study, compared to temporal-difference learning, a widely applied
method in the RL literature (Sutton & Barto, ). Moreover, under proper configura-
tions in Chapters 2, 3 and 4, our RL models not only learn the optimal policies and the
value functions accurately, but also calibrates the true diffusion model parameters of the
dynamic environment, without any parameter estimation involved.

Third, we overcome problem-specific difficulties with transferable techniques from the
literature, which can be recalled when dealing with similar situations. In Chapter 2, we
aim to solve for a precommitted strategy, hence considering the Lagrangian dual of the
original mean-variance problem, as also studied in (H. Wang & Zhou, ). As a result,
this problem is solved via the standard Dynamic Programming Principle (DPP) under a
time-consistent setting. In Chapter 3, we directly deal with the non-linearity® of the ex-
pectation in the mean-variance objective function and the time-inconsistency associated
to it, where the standard DPP fails. We adopt an equilibrium approach from (Bjork et
al., ) and solve for an investment policy that is locally optimal in a game-theoretical
equilibrium sense. In Chapter 4, we tackle the dual-control problem by considering an
equivalent auxiliary optimization problem, from which the solved equilibrium policy can
be transformed from a joint distribution over the investment and consumption space to a
product of two marginal distributions of investment and consumption. Such a separation
of the joint-policy not only simplifies the RL algorithm design but also demonstrates the
practical intuition of the relationship between investment and consumption — an investor’s
consumption is a more inelastic demand that should be independent of her investment de-
cisions, despite more intrinsically they are both constrained by the investor’s total wealth.
In Chapter 5, we address the free-boundary PDEs of the optimal stopping problem via a
penalty approximation method similar to (Dai et al., ; Peng et al., ), which re-

'When the market is extremely general and complex such that a true martingale is not easily derivable,
we have to instead consider more direct methods such as neural network approximation of the value
function or policy gradient algorithms (Sutton et al., ), although this is beyond the scope of this
thesis.

2The non-linearity arises from the variance term in the mean-variance objective, as variance can be
expressed as a quadratic function of expectation.
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formulates them into a system of penalized PDEs, that can be considered as the extended
HJB equations of a standard time-inconsistent control problem. Such reformulation en-
ables us to apply the exploratory extension and the already established RL methods for
exploratory control problems.

As a high level summary, we remark that the major works of this thesis can be viewed
and discussed in four additional perspectives — time consistency, preference type, control
space and RL model parameterization — besides categorizing them into three finance
applications.

From the time consistency perspective, Chapter 2 studies a time-consistent control
problem, whereas Chapters 3, 4 and 5 study time-inconsistent control problems. As a
result, Chapter 2 solves for a unique precommitted strategy that is globally optimal at the
initial time. However, with the presence of time-inconsistency, an agent’s preference may
vary over time. Consequently, a policy that is optimal right now can become suboptimal
when evaluated at a later time. Thus, we seek for a policy that an agent is incentivized
to stick with throughout the planning horizon, as any small deviation from this policy
will make the agent worse-off. Such a policy is known as an equilibrium policy, as well-
documented by (Bjork et al., ), imagining an agent competes with her future selves
and winds up with a game-theoretical equilibrium. Yet, as discussed by (Dai et al., ),
the uniqueness of an equilibrium solution to a time-inconsistent control problem remains
as an open question. Hence, the policies derived in Chapters 3, 4 and 5 are locally optimal
in a game-theoretical equilibrium sense, but are not necessarily the only solution to their
problems.

From the perspective of preferences, we note from economics work in utility theory
such as (Myers, ) that intertemporal preferences can be decomposed into state pref-
erences, reflecting an agent’s attitudes toward her temporal state such as wealth level,
and time preferences, capturing an agent’s satisfactions toward a reward to be received at
different times (such as one dollar today versus tomorrow). Correspondingly, Bjork et al.
( ) described two possible sources of time-inconsistency from the objective function
of a stochastic control problem, a non-linear term of expectation and a non-exponential
discounting, which can be interpreted as modeling the state and time preferences, respec-
tively. Among the time-inconsistent control Chapters (3, 4 and 5), Chapter 3 addresses
the state preferences as it tackles the non-linearity in expectation (the variance term) in
the mean-variance objective function, whereas Chapters 4 and 5 focus on time preferences
due to the incorporation of a non-exponential discounting function.

From the control space perspective, Chapters 2 and 3 study a single control (investment)
defined on R, Chapter 4 addresses a dual-control (investment and consumption) defined
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on Rx R, , and Chapter 5 works on a single control defined on a finite set {stop, continue}.
Under the exploratory control framework, the optimal policy follows the Boltzmann family
of distributions, as a result of incorporating entropy regularization. As the Hamiltonian is
quadratic in the investment control, the optimal investment policies in Chapters 2, 3 and 4
are Gaussian distributions. As the Hamiltonian is logarithmic in the consumption control,
the optimal consumption policy in Chapter 4 becomes a Gamma distribution. As the
control space is restricted to exactly two options, the optimal stopping policy in Chapter
5 yields a Bernoulli distribution.

From the RL model parameterization perspective, all of the policies in Chapters 2, 3, 4
and 5 share the same set of parameters with their corresponding value functions, which is
different from a general Actor-Critic algorithm as described in (Sutton & Barto, ; Jia
& Zhou, ) that parametrizes the policy and the value function independently. This
shared-parameters configuration is a direct implication of our theoretical results under
the exploratory control framework, where the policies depend on the corresponding value
functions according to the HJB equations. This design significantly reduces the number of
trainable parameters and simplifies the RL model training process, from training the poli-
cies and value functions separately (and often alternately) to training the value functions
alone and updating the policies. Furthermore, the RL models in Chapters 2, 3 and 4 are
parameterized by the model parameters of the environment, such as the mean and volatil-
ity parameters of the stock price dynamics in Chapter 2. Because the value functions can
be analytically or semi-analytically solved, hence so are the policies. As a result, the RL
models in Chapters 2, 3 and 4 not only learn the optimal policies and the corresponding
value functions, but also accurately calibrate the “grounding true” values of the dynamic
environment’s model parameters, without any estimation involved. Nevertheless, the RL
model in Chapter 5 is parameterized by a neural network, as the value function of the
optimal stopping problem considered in this thesis cannot be solved analytically in finite
horizon. Broadly, the RL modeling pipeline and training algorithms in this thesis are im-
plementable with and without analytical solutions. In Chapters 2, 3 and 4, suppose the
market dynamics are generalized to more complicated stochastic processes or higher di-
mensions (in a multi-asset setup) where closed form solutions of the value functions are no
longer solvable. One can consider to parameterize the value functions with neural networks
instead of with the market model’s parameters. While neural network-based RL models’
parameters lose practical meanings, the RL algorithms are still functional and are able to
achieve meaningful performance on practical training tasks as illustrated in Chapter 5.

Finally, with some humble thoughts, we devote the remainder of this thesis to three
prospects of future extensions to our works.
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Separation of market stochasticity and policy exploration. In Chapter 2, we
mention three major sources of randomness in the EMVRS formulation — the market
dynamics, the exploration of the investment strategy and the market regimes. While
the market regime is modeled on a Markov Chain, the market dynamics (2.1) and the
portfolio value process (2.3) are driven by the same Brownian motion. Note that we have
a similar formulation in Chapters 3, 4 and 5 as well. This could potentially be generalized
to different Brownian motions with some covariance, separating the market stochasticity
from exploration randomness; see (Dai et al., ) for the stochasticity separation with
different Brownian motions.

Bayesian approach to learn the model parameters. We acknowledge the possibility
of learning the model parameters of the dynamic environment via a Bayesian approach,
in addition to RL. Because our RL model parameters in Chapters 2, 3 and 4 all have
practical meanings and the number of parameters is small. One potential way is to apply
a filtering method (Fulop, ) to iteratively learn the posterior distribution of each
model parameter. The stochasticity of the exploratory control thereby has two sources,
one from the distribution-valued policy and the other from the posterior distribution of
the model parameters. Besides, one can also employ Bayesian RL techniques to learn the
posterior distributions of the model parameters, instead of learning a single estimate as
in the classical RL approaches; see (Vlassis et al., ; Ghavamzadeh et al., ) for
examples of Bayesian RL methods.

Learning the reward function. In Chapters 4 and 5, we assume that the discounting
function is given and we implement the RL algorithm on a simulation study using gamma
discounting with given parameters; see for example Section 4.6. One possible extension is
to set parameters of the discounting function free, and learn the true discounting param-
eters with the market parameters. This frames into a new type of control problem with
uncertain objective function, which can potentially be tackled via Inverse Reinforcement
Learning (IRL) (Ng & Russell, ). IRL is a framework within machine learning aimed
at inferring the underlying reward function that governs an agent’s observed behavior.
For instance, one can apply IRL methods to derive the implicit reward structure behind
successful investors based on their historical investment activities, in order to replicate or
improve trading algorithms. Unlike traditional RL, which optimizes a policy given a pre-
defined reward structure, IRL seeks to uncover the hidden motivations behind the actions
of an agent, enabling insights into decision-making processes or allowing replication of ob-
served behavior in similar environments. When the discounting parameters are masked,
the reward function of an investment problem is partially hidden. Yet, application of IRL
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in financial problems are very limited in the literature, in spite of its potential in prac-

tice. See (Ng & Russell, ) for the original introduction of IRL and (Adams et al., ;
Deshpande et al., ) for more comprehensive review of recent advances and applications
of IRL.

We conclude here with a remark that the above three directions are not exclusive of
each other. For instance, one can always adopt the idea of separating the stochasticity of
the dynamic environment and the policy exploration with different Brownian motions, in a
future exploration of learning the posterior distributions of model parameters via Bayesian
RL. As the author of this thesis, I thank the readers for reading to this final page and
sincerely wish that it has clearly addressed the research questions and may serve as a
modest inspiration for future scholars.
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Appendix A

APPENDICES

A.1 Proofs and Derivations of Chapter 2

A.1.1 Derivation of (2.14)

We herein derive (2.14) from (2.3), inspired by the exploratory formulation arguments in
(H. Wang et al., ). Recall the original portfolio value dynamics without the exploratory
extension (2.3)

dX} = [r(t,oa) X} + p(t, op)o(t, ap)ug) dt + o (t, o) u dWs.

With the exploratory extension, we know that each u; at time ¢ is sampled from the policy
distribution 7 ,,(-) given the regime «y. Consider simulating a path of portfolio values
{Xi}eepo,m and a path of investment controls {u;}icp ). Then for any time ¢t € [0,7] and
a small time interval At,

AXt = Xt+At — Xt =~ [T‘(t, Oét)Xt —+ p(t, Oét)0'<t, ozt)ut] At —+ O'(t, Oét)ut(WtJrAt — Wt>
If we repetitively simulate N paths (denoting the j-th path with a superscript j) and
compute

N

N
1 . 1 ' | 1
N ;AXi ~ N > [t a) X7 + p(t, on)o(t, ap)uf] At + T

j=1 7j=1

Mz

ot, a)ul (Wi ar = W7)

“t | {/ [7(t, o) XT + p(t, ) o (t, ) u] T a,( duAt}
u
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+E [/ o(t, a)um q, (u)du} E [W/ A — W/]
u

=E {r(t,at)Xt” + / p(t, a)o(t, ap)umy o, (u)du} At
u
1 1« 2
i Z (AXE)2 N Z (o(t, a)u]) At 3 E {/u o2 (t, ozt)u27rt7at(u)du] At,
j=1

where the almost sure convergence, %, follows from the Law of Large Numbers. Moreover,
since the sample paths of portfolio values are randomly and independently simulated from
its distribution X7, the Law of Large Numbers again implies

2 |

N
Z X} = E[AXT],

1 2 a.s. 2
N (AX) — E [(AXt> ]

||Mz

This motivates us to formulate the exploratory version of the portfolio value process

dXT = [r(t, o) X[ +/ p(t,ap)o(t,ay) - u - 7Tt7at(u)du] dt
A

+ (\//_A UZ(tvat)UQ ) Wt,at(u)du> dW.

A.1.2 Derivation of (2.20)

By Bellman’s Principle of Optimality, we can derive the recursive form of the optimal value
function, for 0 <t < s<T,z € R,ie{l,--- l}:

V*(t,x,i) = 1€nf E|V™(s, XTI, as) +§/ /ﬂkﬂk(u) 10g7rk7ak(u)aludk:’Xgr =z,04 = z] :
TEAT t JA
(A.1)
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Following DPP arguments, we know by assuming V' is smooth and applying 1t6’s formula
to (A.1) that the optimal value function V* satisfies the HJB equation

l

ve(t, 2, 1) + v (t, z, d)r(t, i) + Z qjv(t,x, j)
j=1

1
+ min {/ [—vm(t,x,i)UQ(t,i)UQ+v$(t,x,i)p(t,i)a(t,i)u (A.2)
7'('1;,1'(')6./47r A 2

+ &log 7r(u|z)] ﬂt,i(u)du} =0.

Solving the minimization part in (A.2) yields the optimal policy distribution 7*, which is
a Gaussian distribution with the mean coinciding with the optimal control of the MVRS
problem (2.9).

— £ [30aa(t, 2, 0) 02 (t, D)u? + vy (t, 2, 1) p(t, i)o (¢, 7)u]

A
*
N
—
N
S~—
Il
/N

; )
— 4 [30aa(t, 2, 1) 02 (t, D)u? + va(t, D) p(t, D)o (1, i)u]) du (A.3)
(t,

_plt s (L, @, 4) § ) _

o (t, 1) Vg (t, x,1) 02(t, 1) Vg (t, 1)

Substituting 7* into (A.2) reduces the HJB equation to (2.20).

A.1.3 Proof of Theorem 2.3.1

We first state and prove the following lemma, which will be used in the proof of Theorem
2.3.1.

Lemma A.1.3.1 Let f(t,i):[0,7] x {1,---,I} » R and G(t,i) : [0,T] x {1,--- ,[} » R
be two deterministic functions such that, for any regime i € {1,--- 1},

(i) f(-,4) is continuous in time t € [0,T);

(ii) G(-,i) € C([0,T7)), i.e., G(t,1) is continuously differentiable with respect tot € [0,T].
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We further suppose f(t,i) and G(t,i) also satisfy the following ODE with a terminal con-

dition:
{G(t, i) = = (ti) = X 0Cl(t.J)
G(T,i)=0
where q;; 1s the (i, j)-entry of the Markov Chain generator matriz for the regz'me Then, for
t € [0, T) and regime oy =i € {1,--- ,1}, it can be solved by G(t,i) = E [j; (s,q)ds|ay = z} ;
where the Markovian regime {o, € {1, 1} }sepr is defined in Section 2.2.

For t € [0,7] and oy = i € {1,---,1}, let G(t,i) = E [ftTf(s,as)ds‘at :z}. We
verify that it satisfies the ODE system in Lemma A.1.3.1. First, the boundary condition
is trivially satisfied. To verify the first equation of the ODE, we notice that G' can be
expressed as a limit:

e s . 1 .
G(t,i) = AI%I_I}D Az [G(t+ At, apent) — G(t,1)],
where At is a small time interval. Moreover, by the tower property of conditional expec-
tation, the right hand side becomes
G(t+ At apear) — G(1,1)

= G(t + At, at-i—At) — ]E [G(t + At, at+At)| ay = Z] + ]E [G(t + At, at+At)| Oy = Z] — G(t, Z)

T
=G(t+ At,aun) — E [ f(s,as)ds| oy = z}
t+At
T
+E[ f(SOés)dSOét—Z}— {/fsozsdsat—z}
t+AL

t+At
at—l}—i—El /+ f(s,a5)ds

Again by the tower property of conditional expectation,
Oy = l:|

QN = J]

Oét:i:|.

=G(t+ At,apn) — E [ f(s,a4)ds
+At

at+At:|

ozt :z'] ~E [E[ ' F(s, a,)ds

t+At

E [ f(s,aq)ds

t+At

= szj (At)E { f(s,a5)ds
t+At
- Zpij(At)G(tﬂL At, 7),
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where p;;(At) = P(ayyar = jlow = i). Therefore,

G(t + At, at-l—At) - G(t> Z)

()Zt:i:|,

as 22':1 pij(At) = 1. Finally, divide both sides by At and take the limit of At — 0+. The
left hand side becomes G. On the right hand side, when i # j,

- pi(At)
A]thl*r}%‘i’ At —

l t+AL
—~ Y (A0 [G+ At ) - G+ Ataea)] ~E| [ fls,a)ds

and when i = j, lima; 04 G(t + At, j) — C(t + At, 2y n¢) = 0. This yields:

Gt i) = (1) = > aylGi(t.) = G(t,)
= /) = > asGlt.d),

where the last equation is given by 22:1 qi; = 0.

Now, we are ready to prove Theorem 2.3.1.

The optimal policy distribution (2.21) can be easily derived from the optimal value
function (2.22), following (A.3). Moreover, we notice that the optimal value function can
be rewritten as a quadratic function of (A — z):

V*(t,x,4) = [P(t,i)H(t,i)* + C(t,i) — 1](A — 2)?
+2[P(t,i)H(0,i)x — z](\ — 2) + P(t,i)x® + D(t,i) — 2.
This yields the optimal Lagrange multiplier at initialization ¢ = 0, which is the minimizer
of V*(0, xg, ip), for some initial wealth xy > 0 and initial regime iy € {1,--- ,(}.

The remainder of the proof is to verify that (2.22) solves the reduced HJB equation
(2.20). We note that the partial derivatives of V* are

Vit 2,i) = Pt i)[x + (A= 2)H ()] + 2(\ = 2)P(t,d) [z + (A — 2)H(t,1)] - H(t,i)

+ (A= 2)%C(t,1) + D(t,1),
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Substituting these into the left hand side of (2.20) yields

Pt i)z 4+ (A= 2)H(t,1)]> + 2(\ — 2)P(t, i) [z + (A — 2)H(t,1)] - H(t,7) + (A — 2)2C(t, i) + D(t,1)

+Y i {P(tg)r+ (A= 2)H(t, )] + (A = 2)°C(t,j) + D(t,i) — A}

+2r(t, )z P(t, i)z + (A — 2)H(t,1)]
_ ()P )+ (= 2)H (L) — glog <W§D(m)> |
(A4)

Adding 3 lines has no effect, but helps isolating P, H, C, D:

Pt i)z 4+ (N — 2)H(t,)]> + 2(\ — 2)P(t, i) [z + (A — 2)H(t,1)] - H(t,7) + (A — 2)2C(t, i) + D(t,1)

j=1
l

+>a Pt )e+ (A= 2)H(t0)] ~ Z qi; (L 5)lx + (A = 2) H(t,1)]?

J=1

+ Z ai; P(t, §) [200 = 2)*H(t,4)(H (t,§) — H(t,7)) — 2(A — 2)*H(t,4)(H(t, j) — H(t,1))]

+ 2r(t,i)xP(t,i)|[x + (N — 2)H(t,1)]
Lor(t D)\ — 2) Pt e + (A — 2)H( (¢ 8) — 20 (8,8 (h = 2)P(t, i) + (A — 2) H (£, )| H(, 1)
_ 2P e+ (A= 2)H (L) — glog <W§D(m)> |

(A5)
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Rearranging and grouping gives

{P(t,i)—(p2( i) = 2r(t, i) P tz—i—qu tj} z+ (A= 2)H(t,q)]

P(taj)(H(taj) _H<t7l))}
t, i)z + (A — 2)H(t,1)] (A.6)

+{C (t,i +qu H(t,j) —H(t,i))2+C(t,j)}}.()\—z)2

indicating that the reduced HJB equation holds.

We remind the reader that the above equation holds because P(t,7), H(t,i), C(t,1),
D(t, 1) solves the following system of ODEs

{me:OHuw—wwwwwn—ziﬂ%Pwﬁ

. . (A7)
P(T,i)=1, forie{1,--- .1}

H(t,i) = r(t, i) H(t, 1) — gy 5o @ Pt 5) (H (8, 5) — H{(t,7)) (A3)
H(T,i)=1, forie{1,--- .1} '
{Oww=—2;ﬂmmnMH@ﬂ—me%umnn (A9)
C(T,i) =0, forie {1,---,1} '
{0( )= 108 (g ) ~ Kol (A.10)
D(t,i) =0, forie {1, -1} '

(Zhou & Yin, ) discussed the existence and uniqueness of the solutions to (2.12) and
(2.13), which follows since they are linear with uniformly bounded coefficients. Applying
Lemma A.1.3.1, we can explicitly solve the ODEs for C(t,:) and D(t,1)

/t anSjP(s,j)(H(s,j) — H(s,a))%ds| oy = z]

- Z Z/ pzm qm]P(Saj)(H(Saj> - H(S,m))st,

m=1 j=1

(A.11)
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D(t,i) = —E Ut

T &
2 log <O’(S, as)P(s, ozs)> ds

- _mzl:l/tTpim(S —t)glog (02(

Oét:i:|

s,m)P

)

(A.12)

Lastly, we notice that V* is indeed smooth as all of its components P, H, C, D are smooth

functions.

A.1.4 Proof of Corollary 2.3.1

By Theorem 2.3.1, the EMV problem 2.28 has an optimal value function taking the same

form as (2.22):

Vi(tx) = Pz + (A — 2)H)? + (A — 2)2C(t) + D(t) — N2,

(A.13)

where P(t,1), H(t,i),C(t,i), D(t,i) solve the following system of ODEs, which are simpli-
fied from (2.12), (2.13), (2.26) and (2.27) to:

{P(t) = (p? - 2r)P(t)
P

{H(t) = r()H(t)
H(

T)=1, forie{l,---

—N—
oo
—~ —~ /—
N =
SN—
o
S
=
~.
m
—~
—

T)=1, forie{l,---

1}

1}

.,l}

(A.14)

(A.15)

(A.16)

(A.17)

because {¢;;}ij=1.., = 0 when there is no regime switching. These ODEs can be easily

solved:

QI

S

(t)

()

(t)

() =

e
r(T—t)

o
0,

£(p” —2r)

4

—(p?—2r)(T1)

Y

Y

(T2 —2) — 2 |( 2—27~)T—1og7‘:—5 (T —t).

(A.18)

(A.19)
(A.20)

(A.21)



The optimal policy distribution can be easily derived through (2.31), and \* follows from
(2.25) in Theorem 2.3.1.

A.1.5 Proof of Theorem 2.3.2

Consider 0 < t < s < T, X] = xz,oq = i and suppose V7™ is smooth. Let {Xg*’t’x}ke[w]
be the wealth process that follows policy * and starts with wealth x at time ¢. Then, by
[to’s Formula,

Vs, XT 5 a) — V™ (t, x,4)

l
V7 (e, X707 o) + VI (e, X707 ) r(ky an) X707+ gV (k, X7 5) | dke

Jj=1

2v;; (k, X707 o) o2 (k, o)

V(e X0 an) plk, o) o (K, o)t | g o (w) du d.
(A.22)

As an admissible policy 7, we know that its corresponding walue function V™ has the
recursive form (A.1), by the DPP. Under the smoothness assumption on V7™, we apply
[to’s Formula which yields the following HJB equation

Vi (t,x, i) + V] (t,z,i)r (tzx—i—qu (t,x,1)

7j=1
+/ [2‘/;;(25 x,i)0?(t,i)u® + VI (t,z,9)p(t,i)o(t, i)u + Elog i (u) | 75 (w)du = 0,
for (t,x) € [0,7] x R and ¢ € {1,---,l}. Moreover, since 7* is constructed from V7"

through (2.31), and V(t,z) € [0, T] x R,i € {1,--- ,1},

QV;;(t x,1)o 2(15,2')102

mi(r) = arg min/

i (1) EAT

+ VI(t,x,0)p(t,i)o(t,i)u + & log 7Tt7,~(u)] i (w)du.
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Hence, V(t,z) € [0,T] x R,i € {1,--- 1},

l
VI (b, d) + V(2 i)r(t i)z + ) gV (t@,0)

J=1

1
+ / {EVZ;(t, x,i)o?(t,i)u® + VI (t,2,9)p(t,i)o(t,i)u + £ log W:Z(u)} i (u)du < 0.
A

Substituting this back into (A.22) yields
V™(s, X™ 0 (s), o) — V™ (t,1,1) < —5/ / Thap (W) l0g T (w)du dk
t JA

B Vﬂ—(th,i) Z ‘/7r(s7 ){ﬂ""tﬂ:(s)7 as) —f—é'/ / ﬂ-;::,ak (U) IOg Wz’ak (U)du dk.
t A

Setting s = T and taking expectation on both sides conditioned on X; = =,y = 7, we
have:

B[Vt z,1)| X =z, 0 = ]

The second to the last equation is because V™ (T, x,i) = V™ (T, x,4) = (x + (A — 2))? — N2,
for all x € R,7 € {1,---,1}, while the last equation is implied by Bellman’s Principle of
Optimality. Finally, note that the left-hand-side is V™ (¢, z, ), which concludes the proof.

A.2 Proofs of Chapter 3

A.2.1 Proof of Lemma 3.2.0.1

Suppose m € A. By the fact that Var(U) = E[U?| — (E[U])*> > 0 for U ~ 7,

/R WA (w)du > ( /R u%(u)duy.
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Furthermore, because u = G™*(v) for (t,z) € [0,7] x R and hence dv = m;,(u)du, we
have

1
/ |G’”*””(v)|2dvz/uzﬂm(u)dv.
0 R

Then, by (2) of Definition 3.2.1 and the conditions on the Lévy measure (3.4), we know
there exists a constant C, such that

(/R um,x(u)du)Q < Cy(1+2%)
/RX[O’H e (/R(ez - 1)2V(dz)) X </01 |G”t’z(v)|2dv> < Cy(1 +2?)

for any (¢,z) € [0,T] x R. Therefore, there exists C’ := max(C}, 2Cy) such that

2
(/ u7rt7x(u)du) + / Py o (w)du +/ |G™= (v)(e* — 1)[Pv(dz) du < C'(1 + 2?),
R R Rx[0,1]

for any (¢, z) € [0, T] xR. Hence, the drift, diffusion and jump components of the SDE (3.8)
have at most linear growth. Furthermore, by (3) of Definition 3.2.1, the drift, diffusion and
jump components of the SDE (3.8) are also Lipschitz continuous. According to Oksendal
and Sulem, , there exists a unique cddlag adapted solution X™ to the SDE (3.8) such
that

E

te[0,7

sup (Xt”)2] < 00.

A.2.2 Proof of Theorem 3.3.1

First, by 1to’s formula, we have

Ev.[o(T, XE)] = g(t,2) + Er. [ / (00 + L7)g(s, X7 )ds | (A.23)

Then, by (3.14) and (3.15), we get
g () = g(t, o) = B (X)), (A.24)

which proves (3.17).
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Next, we prove (3.16). Again by It6’s formula, (3.13) and (3.15),

T
V(t,r) =E,, {— / (0 + LV (s, X™ )ds + V(T, XZ)
t

T
B | [ M) 997 (5, XT)ETG (5, X7 ) = JL7 g7 (5, XT ) | + EealXF .
t
Note that for some 7 € A, (t,2) € [0,T] x R,
SO (t,2))” =197 ()0 (1, 7) = ~7 (1) LG (1, ).
So,
[ T ’y T * * *
V(t,x) =E;, / MH (7%)ds — 5/ (0 + L) (g™ (5, XT))%ds| + B[ X7
t t
[ T ’y * * fy * *
=Ey, / A (m5)ds — 2 (g7 (T, X)) + 5 (97 (1,2))°| + Bua[XF]
t
[ T ’}/ * * 7 *0\ 2
B | [ M(r)ds = JOG )+ XF | + ] (Bua(XT)
t

=J(t,z;7),

where the last equation is by (3.9).

Lastly, we show that 7*, the maximizer of (3.13), is an equilibrium policy. Consider
a perturbed policy as in Definition 3.3.1. That is, for a small time interval ¢ > 0, 7€ =

{ﬂ-;y(')}(syy)E[O,T]xR, with

) (O)’:{U(.), (s,9) € [t,t + ) X R,

(), (s,y)€lt+eT] xR,

where v(-) € P(R). Under 7€,

t+e T
J(t,5;7) =Eug { | ates [ ammds+ X7 - %(X?ﬂ + 2 (Bea(X7))’
t t

—+€

2
—AH (V) + Eoa(J(t + € X[Li7)) + 3 (o (XF)? ~ B [g (Bereoxgr, (X)) ]
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—eMH (1) + Er(V (¢ + € X7L)) = 2B [(97 (4 €. X7L))* = (97 (1. 2))?].

By It6’s formula, we have
. t+e
E.(V(t+e X)) —V(tr)=E., {/ (O + LY)V (s, X;’)ds]
t
= €0y + LYV (t,x) + O(e),
and

B [(47 (0 e X70)] - (07 (00)” =B | [ (00 2005, X0)a

=€(0,+ L) (g"(t,2))* + O(e)
e(—2g" (t,x) L7 g" (t,z) + LY (g"(t,2))*) + O(e).

Combining these together, we have
J(t) x; ﬂ-e) - V<t7 ZE)
= J(taym) = Eo(V(t+ e X71) + Eeo(V(E+ € X)) = V(L 2)
— e (\H) = 2L (1,2) + 79" (L.2)£79" (8,2) + (O + L)V (1,2) ) + Ofe).

We conclude from (3.13) that

t.ooome) — " ey
lim sup S z7) = I zmt) I asnt) — V(L) _ 0

which verifies that 7* is an equilibrium policy.

A.2.3 Proof of Theorem 3.3.2

According to the objective function (3.9) and the definition of the auxiliary value function
(3.17), we conjecture that the value function is quadratic in z and the auxiliary value
function is linear in x, i.e.,
V(t,x) = A(t)x* + B(t)z + C(t), (A.25
g (t,x) =g(t,z;m) = x + h™(t), (A.26
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with A(T) = C(T) = h™(T) = 0 and B(T) = 1. Under this conjecture and by the
infinitesimal generator (3.12), for (t,z) € [0,7] x R,

LTg™(t,x) = LT (x+ h"(t)) = / u(p — r)m(u)du,

and
L™ (g™ (t,x))* = L™(2* + (K" (1)) + 22h" (1))
/ u(p —r)w(u)du - (2o + 2R7(t)) + /ﬂ{a%ﬁw(u)du

/ / 2tz +ule” — 1)) — (g7)2(t, ) — u(e* — 1)0,(g™)?|7(u)du v(dz)
/R (u—r)m(u)du - (2:c+2h”(t))+/RUQuzﬂ(u)du—i-/uzézﬂ(u)du,

R

where 0% := [;(e” —1)*v(dz). The last equation is given by the fact that, for some function
Y(t,z) € CH([0,T] x R) and 1 is quadratic in z, the second order Taylor expansion yields
U(tr2+ Az) = P(E,2) + (1, 2)AT + S (t, 2)(Ax)?, and so,

/ / (t,x +u(e® = 1)) —(t,z) —u(e® — )| (u)duv(dz)

/ / (e* — 1)%m(u)du v(dz) - tye.

So, from (3.13) and by (3.12),
O+ LTV + NH(7) + 397L7g" — SL7(g7)?
=V, + / [u(p -V + %u202Vm + /(V(t, r+u(e® —1)) = V(t,z) —u(e® — 1)\/;)V(dz)] e (u)du
R R

- [t logma)du+ [ 36+ B O)ulu = r)m(uda
_ % [/R u(p — r)ym(u)du - (2z + 2h™(t)) +/RU2U27Tt(u)du +/

R

u*6?m, (u)du]

v+ /R {u(ﬂ PV + % 202 + 6%) — Alog Wt(u)} o (u)du.
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The maximizer 7* that attains the supremum of (3.13) is

(1) = exp G [u(u - V”; Y 2(0% + 62) — 1D
o e, )

- _ (n—1)Vs _ A
N ( @) Vor —7) (02 1 00) (Ver w) ' (4.27)

Substituting this back into (3.13), we have

(e Vee =7 2 g2y [ A (n— 1)V
K (02 +62)(Viw — ) o+ [ (0 +0)(Veg =) | (02 + 0)2(Vip — W}
N ilog <_ 2me )
2 (024 62) (Ve — )
(e —r)?V2 A Sl _
Ve, =) T2 (‘w +0%) (Vs — w) -

Under the conjectured forms of the value function and auxiliary value function, the left-
hand-side of the above equation becomes

) (1= r)*(2A[M)z + B(1)* A 2m\
Ay(t)x™ + By(t)r + Cy(t) — 2(02 + 62)(2A(t) — 7) 3 log <_ (02 +62)(2A(t) — V))

_ A=A Al = ) AW B()
_{At@) - 2(02 4 0%)(2A(1) — ) }x " {Bt(t) ©2(02 +82)(24() — ) }x

(u—1)2(B(t))? A 2T\
" {Ct“) st 1 (e ) } -

So, A, B, C can be solved by 3 ODEs.

o Aper)PAm)
A0 =502 Toman =) (A.28)
e - r)?A(t)B(t)
B - e mman -y " (4.29)
(n—1)*(B(t))? A 2mA _
o~ e = 3 (e y) = A
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Moreover, we know from (3.14) that

(@+£Uf@w%%ﬂ®+4uw—ﬂMWMu

iy (e =1)QAMT + B(Y)
B R o Ty
This tells us that A(t) = 0,Vt € [0,T]. So,
IO (A.31)

v(0? + 62)
which yields (3.20). Then, it follows from the above ODEs that B(t) = 1,Vt € [0,7] and

C(t)+%+él g(#j(m) =0, (A.32)

which yields (3.19). This indicates that the value function is in fact linear in x and is
V(t,z) = x4+ C(t). Substituting V (¢, x) into the equilibrium policy (A.27) yields

0y (u—r) A
T (u) ~ N <7(02 ) 02 +52)) , (A.33)

which is (3.18). Since 7} (u) does not depend on the portfolio value z, it is easy to check
that it is admissible according to Definition 3.2.1, which completes the proof.

A.2.4 Proof of Theorem 3.4.1

Consider a parameterlzed policy 7, its corresponding value function V? and auxiliary
value function ¢, and a process M? deﬁned in (3.26). Then, by It6’s formula, (3.25) and
(3.24),

dM; =dX] + G} (t)dt — ~g°d(¢”) — %d[g"] +NH (70)dt

:/Ru(utme —r)rl(w)dudt + (...)dW; + (...)dN (dt, dz)

(27(222_?;2) ((Lf(gz))) dt —~g°[dX] + By (t)dl]

A
5 °
2mre\
dX9
Og (7 ?+0?) )
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:/Ru(utme —r)rl(w)dudt + (...)dW, + (...)dN (dt, dz)

~(nrm 3 (e o

— 79’ [/R(utme — )l (u)du dt — %dt + (..)dW, + (...)dN(dt, dz)]
- % [ /R o2 ulmy(u)du dt + /R /R w?(e — 1)2my(u)du dN (dt, dz)}

+ %log (7(02;—_6:\620 dt

:/Ru(utme —r)rl(w)dudt + (...)dW, + (...)dN (dt, dz)

(e 2% (e

(=)’
st [ [ =t S

-1 [ /R 02 o (u)du di + /R /R w2(e* — 1)°m (u)duv(dz) di + (...)N(dt,dz)}

+élo _2med dt
2% (02 +62)

o (/Jltrue - T) (/JJ B T) \
gy ()W + (AN d2)

(st iom e ()
ot [~ S

V(O—tzrue + 6t27"ue) A (:u B T)2 A 2me\
- dt + =1 —— | dt.
2 v(0? + 02) * Y2 (0% + 62)2 Toe v(0? + 02)

dt + (...)dW; + (...)dN (dt, dz)]

The drift term is zero when 6 = 6y,,., indicating that M? is a martingale.
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A.3 Proofs of Chapter 4

A.3.1 Proof of Proposition 4.2.1

We define the measures of decreasing impatience under 3;"F and 8;°"*** as

expy \// non-exp\ \ //
Ptexp — (log( texp))/ and Ptnon-exp — (lOg( tnon_exp>>/ ’
(log(5™)) (log(8,"""))

respectively. By Proposition 1 of Ebert et al. ( ), we have, for any ¢ € [0, 7],
0= Ptexp S Ptnon-exp'

Further, by Proposition 2 and Theorem 2 of (Ebert et al., ), it follows that, for any
t €10,7],
fop < B;ion—exp.

By Theorem 4.2.1, we conclude that, for any ¢t € [0, 7],

T T
AP (L) = 8P + / Bl dl < Bp P + / BROEP ] = AROTOP (1),
t t

and
1 1

= >
Aexp (t) — Anon-exp (t)

c*exP (t) — c*non-exp (t)

A.3.2 Proof of Theorem 4.4.1

By It6’s formula, we have that

T
m@ﬂﬂxﬁ@k#wm@+m@u"H7mxﬂ@ﬂ.

It follows from (4.14) and (4.13) that

T
f@a@:&JMﬂmxf+/ﬁm//'@%KH—M%WW@»ﬁw@wmm,
t R JR4

which proves (4.16). Note that we use the simplified notation m; (u, c) := 7 .. (u, c).
Xt
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Next we prove (4.15). By Itd’s formula, (4.12), and (4.14)

V(t,z) = Em{—/Tﬁ V(LX) dl+ V(T, X3

— U //R (log(cX[") — Aog(m} (u, ¢))) 7 (u, ¢) de dudl — /gi(z,Xf*,Z)dz}
+E; .[log XT]. ) (A.34)

We denote by f(t,z) := f(t,z,t). By (4.11),

LT f(t,x) = %(zﬁ,x) + (r + / /R+((,u —r)u —c)m; ,(u, c)dcdu) x%(t, )

0 f
2.2 % dd Z (¢t
+ T (//RJrauwmuc c u)axZ(,x)
+

_ g{(txt)—i—af(txt) <r—|—// i Y — St c)dcdu) gf(t,x,t)

R
2
—|— x (// o*ulmy ,(u, ¢ dcdu) %(t,x,t)
Ry

= L7 f(tx t)—l—a—(t 1), (A.35)

where the second equality is by the total derivative formula. By (A.35), (4.13) with ¢ =
k = s, and It6’s formula, it follows that

t

= Ey, UTU*N Xl*,l)dl} E: . UTU"f(l Xl*)dl}
_ _E, / / /R+ log(cXT") — Alog(mt (u, ) i (u, )dcdudl}

- (Et,z [f(Ta X;r“ vT)] - f(t,ZL’, t))

T
= —-E;, / / / (log(cX[") — Mog(m} (u, ¢))) 7 (u, ) dc dudl + log X{;}
e Jr SRy

r T
‘|‘Et,x ﬁT—t IOg X’;:* + / Bl—t/ / (IOg(CXlﬂ*) - )\ log(ﬂi‘( (U, C))) 7rl*(u7 C) dC du dl:| 9
L t RJRy
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where the last equality is by (4.16) and (4.14). Substituting the above expression of
B [~ 90 X7 1) dl] into (A.34) yields

T
V(t,x) = Eiz [ﬁTt log X7 +/ Blt/R/R (log(cX[™") — Alog(m} (u, ¢))) 7} (u, ¢) de du dl
t +

= J" (t,z).

It remains to show that 7%, the maximizer of (4.12), is an equilibrium policy. Consider
the perturbed policy defined in Definition 4.3.2, that is,

) o(-), leltt+e),
T, () = { m, (), Let+eT],

where v(+) is an arbitrary distribution on R x R. Then
T
J (t,r) = K, {BT_tlong%—/ Bl_t// (log(cX[") — Alog(5 (u, ¢))) 7 (u, ¢) dcdudl}
¢ RJR
t+e ’
- E, { / b / / (log(cX?’) — Mog(v(u,))) v(u, ) de dudl + Br_, 1ong]
t RJRL

T
+E; . {/ Bt / / (log(ch”E) — Mog(m] e (u, c))) ) sone (U, ¢) dedu dl} ,
t+e R JR, T T

Moreover, the last two terms in the above equation can be simplified as

T
E; . [ﬁTt log X7 +/ ﬁlt// (log(ch“E) — Aog(7] e (u, c))) ) seme (U, €) dcdudl}
tte R JR, o o
= ]Et,z [Et+a,ngr€ [BTft log X%H
T
+E: . []Et+5,ng+s {/ 51_15// (log(ch”*) — )\log(wl*’xlﬂ* (u,c))) WZ*,XZ'* (u, c)dedu dl”
t+e R JR4

T
= Et,z |:]Et+€’XtU+5 |:ﬁTt log X;:* +/
+

t+e
= ]Et,m [f(t + 57Xtv+gat)} )

where the last step is by (4.16). Therefore,

Bi_y /R /R ) (log(cX[") — Aog(m} (u, c))) 7} (u, c) dcdudl”

J"(t,x) = Eg, { /t tﬁﬁH /R /R ) (log(ch“)—)\log(v(u,c)))v(u,c)dcdudl]
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+Et,x [f(t + € Xtv—i-m ):| .

Since
E. [V(t+e X)) =B [ft+6, X0t +6)]

we have that

J7(tx) — B, [V(E+e, X))
t+e
= E;, {/ ﬁzt// (log(cX}) — Aog(v(u, ¢))) v(u, c) dcdudl}
t Ry

B, [f(t+e, XPt) — f(E+e, X t+e)]

= ¢ (/ / (log(cz) — Aog(v(u, ¢))) v(u, ¢)de du — a—f(t,:z:,t)> + o(e).
R JR, ds
On the other hand, by [to’s formula,

Kt o [V(t—i—&? XZ;E)} V(t,z) = {/ LV (1, X)) dl]
= eLV(t,x)+ o(e).
Combining the above two equations yields
J™(t,z) — V(t,2)
= J(t,x) =B, [V(t+e, X)) +eL°V(E,z) + ofe)

- ([ || oster) — Aog(v(w ) vl ey e — o

(t,z,t) + LYV (2, x)> + o(e).
(A.36)
We conclude from (4.12) that

lim sup (tz) = J" (t,2) = lim sup J7(t2) — VIt x)
el0 € €10 €

<0

)

which verifies that 7* is an equilibrium policy.

A.3.3 Proof of Lemma 4.4.0.1

It is seen that problem (4.17) is equivalent to the auxiliary problem that

DB /R /R ) (log(C) — Mog(m(u,c)) + ((u —r) 022“2) At) + )\K) 7(u, c) dedu,
(A.37)
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where we define the constant

- l—ln/R/Hh%exp{—Ait)c}exp{w;r)u—02;4/\(t>u2} de du

I (V) I(2) 27\
2\0? (A(t) NN a2A(t) |

Since [, fR (u,c)dcdu = 1, it is clear that problem (4.17) and problem (A.37) are equiv-
alent. Interchanglng the mtegrals and the maximization yields

max / /R + <1og<c) — Mog(r(u, ¢)) + ((u u—c— "22“2) At) + AK) w(u, ¢) de du

WEP(RXR+)

/ / max { (log ¢) — Alog(r) + ((u —7) ”22“2) A(t) + )\K) w} de du.

It is seen that, for fixed u, ¢, the function

o?u?

2

T (log(c) — Mog(m) + <(u —rju—c— ) A(t) + )\K> w, form >0,

has a unique maximum attained at

log(c) + ((u —rju—c— Lf) A(t) + MK — A
A

> exp {—@c} - exp { (u—?A(t)u . cr?;\(t) uz}

exp{l — K}
ok exp { - Ae} - oxp {70 (u - £3)7)

exp{l — K}exp {——A(t%gf;?)z }

™ (u,c) = exp

From the definition of K, that is,

c A(t) (p—r) o?A(t) ,
K—=1-1 e _\ _
n//+ )\exp{ 2\ C} exp{ \ u o\ u dCdU,

it is straightforward to verify that

oo 1 ) o A=)
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/]R/R+ cx eXp{_A)(\t)c} . exp {_02;\(75) <u _ MU—Q 7“)2} dedu

which implies that 7*(u, ¢) is a valid probability density. Moreover, from the separation
form of the two variables u and ¢ in 7*(u, ¢), we conclude that

™ (u, ¢) = 7Y (u) - 79 (c),

where 7Y (u) ~ Normal( -, 22()> and 7Y(c) ~ Gamma (%,#)

A.3.4 Proof of Theorem 4.4.2

Substituting the infinitesimal generator (4.11) into (4.12) yields

0 = max {//]R (log(cz) — Mog(m(u, ¢))) m(u, ¢) dedu + L7V (¢, )—%t,x,t)}

TEP(RXR4)

2
=  max // (log cx) — Nog(m(u,c)) + (p — r)u — )V, + ot V;x> 7(u,c)dedu
TEP(RXR) R+ 2
+Vi+raV, — 6 (t x,t) (A.38)
For ease of notation, we omit the arguments (¢, x) of V;, V,, and V.
We consider the following ansatz for the value function
V(t,xz) = A(t)log(z) + B(t), (A.39)

where A(-) and B(-) are two functions of ¢ to be determined with the boundary condition
that A(T) =1 and B(T) = 0. Then the EHJB equation (A.38) becomes

0 = _mex / /R + (log Alog(w(u,c))+((,u—r) "22“2>A(t)> (. ¢) de du

+(A'(t) + 1) log(x) + B'(t) + rA(t) — %

(t,z,t). (A.40)
By Lemma 4.4.0.1, we have that the equilibrium investment-consumption policy is given

by
7 (u, c) = 7Y (u) - 7% (c),
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where

-r A C A+1 A(t)
0_2 3 m) and 7w (C) Gamma (T, T) . <A4.1)

To avoid ambiguity, we note that the probability density function of a random variable
X that follows Gamma(a, 8) is given by mx(z) = %xaﬂ exp(—pz) for x > 0. Fur-

Ellog X] = ¢(a) — log 8, and the entropy of X is given

7Y (u) ~ Normal (,u

thermore, we have E[X] =

by

a
E7

E[— log mx (X)] = — / rx(2) log mx (2)da = a — log(8) + log(T'(a)) + (1 — a)é(a),

where ¢(a) := -LI'() is the digamma function.

It remains to solve for the value function V(¢,x) and the auxiliary value function
f(t,x,s). Substituting the distribution of 7* back into (A.40) and with some simplifi-
cations, we obtain

0 = %bg&é%%)—(N+Dbgc%2>+AbgOXA110%—w£;yA@

of
O0s

+(A'(t) + 1) log(x) + B'(t) + rA(t) — == (¢, z, ). (A.42)

Next we turn to deriving an expression for f(¢,z,s). By (A.41), the portfolio value
process under the equilibrium investment policy 7Y (u) and the equilibrium consumption
policy 7% (c) is given by

dXT = <r+// ((u—r)u—c)w*(u,c)dcdu) Xf*dt+Xf*\// o?u?moV(u) du dWy
R JRy R

= <7" + /(u — r)ur Y (u) du — / cwf’c(c)dc) X™dt + X \// o2umY (u) du dW,
R R R

(n—r)* A+1 . o [ (p—1)? A
—= <’I" + 0_2 - A(t) Xt dt + Xt + th

It follows that

dlog X© = G+w )y +)ﬁ+¢w A,

o? A(t)
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1/ (u—r)? A
2 < o? - A(t) dt
(p—r)? 3A+2 (h—r)? A
- (r T oA )T T T ap ™
Thus, for s > t,
o s (pw—r)? 3A+2
E;.[log XT | = log(x) —|—/t (7" + 572 2A0) dl. (A.43)

By (4.16), (A.41) and the entropy for the normal and gamma distributions, we have that
* T *
f(tas) = Ei [ﬁ log X7+ [ 6 [ [ (tos(eX) — Mognf(u,)) i u ) deds dl]
¢ R JR
* T + *
= E;, {BT_S log X7 +/ ﬂl_s/ log(eX[ )7rl*’c(c) dcdl}
t Ry

T
—AE; » {/ Bis (/ 7Y (u) log "% (u) du +/ 7% (c) log ﬂf’c(c)dc) dl]
t R R,

T
= E., [5Tslogxg';*+ / @Smgng*dz}
t

+/tT . (glog (JSZ?Z)) ~ (A +1)log (@) + g/\ +1+ Alog(r(%)o dl.

Substituting (A.43) into the above expression yields

flt,z,5) = (5T . /Tﬁl Sdl) log( )+5T_S/tT <r+(ﬂ—7’)2_3)\+2) .

—r)2 3A42 o
/ o / ( 207 QA(w)>dw‘”
/ By (— (ﬁl?o) ~(A+1)log (A§Z)> + 22 o (r(%))) dl.

It follows that

of
—g(t, Z, t)
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= [Bp_y + (Br—e — 1)] log(z) + 87, /t (T L= 324 Z )2) y

202

[ (e B e
/ Bl (— (USZZ)) — (A+1)log (A§Z)> N 3/\2+ 2, Alog (r(%ﬁ) dl.

Substituting this into (A.42) yields

0 = log(x) [A'(t) + Bp_y + Bri]
+B'(t) + (7“ + O‘%ﬁ) At) — (A + 1) log (@) + Alog (r(%)) + % log (%)

T —r)2  3\+2 3\ + 2
+B’T_t/t (Hw%f) — + )dl /Blt/ (7‘—|— 2; 2A<+w)>dwdz

+[Tg;_t(glog(%) ()\+1)log( )(\l))+3)\2+2+>\1 ((%Q)dz.

It follows that

At)+ Br_,+ Bre =0,

and

0 = B'(t)+ <r + Og%ﬁ) A(t) — (A +1)log (@) + Alog (F(%)) + %log <%?t)>
| (B g e [ [ (- 3w
+/tT g, (% log (%) — (A +1)log (Ail)) + 224 o (r(%))) .

This completes the proof by the boundary conditions that A(7) = 1 and B(T) = 0.

A.3.5 Proof of Corollary 4.4.1

We first show the convergence of policies. From (4.18), the Gaussian investment policy has
a constant mean £5° and a variance

A

a2 A(t) =0,
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as A — 0. So, 7}, (u) converges in distribution to =", which is the equilibrium investment
policy in the classical, non-exploratory problem in Theorem 4.2.1.

Also from (4.18), the Gamma consumption policy has mean % and variance A(Xg)l).
As A — 0,
A1 . 1
A(t) At
AA+1)
—= = 0.
A(t)

So, 7/, (c) converges in distribution to A%, which is the equilibrium consumption policy
in the classical, non-exploratory problem in Theorem 4.2.1.

We next show the convergence of the corresponding value function. Recall that under
both exploratory and non-exploratory setups, the value function takes the form V (¢, z) =
A(t)log(x) + B(t). It is clear that A(t) is the same under both setups and it does not
depend on A. From Theorem 4.2.1 and Theorem 4.4.2, we see that

b(s) =b(s) — Aog A(s) + (A + 1) log A + Alog(I'(1 + i)) N glog (022;(%)

r A 2T 1
o | =log | —— Aog(—=) | di
o[ e (e (5) et
3 1
+ (Bros = DA+ 1) log A+ ZA+ 1+ Mog I'(1+ 1)) + 1.
The following lemma is sufficient to show that b(s) — by(s), as A — 0%,

Lemma A.3.5.1 .
lim (1 log (T(1+2)) ) = -1.
i (1og(e) + zlog (114 1) ) )

We herein provide a sketch proof of this Lemma. For large y, Stirling’s Approximation
(Montgomery & Vaughan, ) yields

log(T\(y)) = ylog(y) — y + 5 log(2ry) + O(1/ly]).

Replacing y with 14 1,

log (F (1+é)> = (1+§> log (1+§>—(1+é)+%log (27(1+§))+O(
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For small x, we also have

log (1 + 1) = log (l) +log(1 + z) = log (1) + 2+ O(2?).
T T T
So,

log <r(1+§)) — <1+§) (log (é>+x—|—0( ))—(Hl) + 5 log(2r)
430 o) ol
_ <1+é)log<l) (2 +1)+0( ( ) (1)

+g + O(2*) + log(27r + O (‘ )

— <;+é)1og<é)+3;—l+ log(27) + O(z )+O(x2)+0(

This implies,

log(x) + zlog (F (1 + i))

= —§xlog (x) + §:c2 42 log(27) — 14+ O(2*) + O(2*) + O (

2 2 2

= —§x(a: —1)+ 324 L log(2m) — 1+ O(2?) + O(2*) + O <

2 2 2

where the last equation is given by logz = (z — 1) + O(2?). So,

Jim, (log(x) + 2log (m + i))) _ 1

A.3.6 Proof of Theorem 4.4.3

From Theorem 4.4.1, we know that V(® and f(© satisfy the following conditions

© af
/ / (log(cx) — Mog(m(u, ¢))) 79 (u, ¢) dedu + L™ VO(t, z) — Ep (t,z,t) =0,
R JRy
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and

Bis / / (log(cx) — Aog(x® (u, ¢))) 7 (u, ¢) de du + L™ fO(t,x,s) =0,
R JRy

with boundary condition V(T z) = logz and f(T,z,s) = Br_,logz. By a similar

derivation as in the proof of Theorem 4.4.2, we can show that
VO(t,z) = A(t) log(z) + BO(1),

where A(t) is given in (4.19) and B()(t) is a deterministic function of ¢.

By (4.23) and (A.44),

7 =  argmax {// (log(c) — Aog(m(u, ¢))) 7 (u, c) dcdu—kﬁ’rV(O)(t,x)}
Ry

TEP(RXR4)

(A.44)

= argmax {/ /R+ log(c) — Mog(7(u, ¢))) 7(u, ¢) de du + A'(t) log(z) + BO ()’

TEP(RXR4)

A1) <r +/R/R ((M - ”22“2) () dcdu)}
_ ngg(ﬁf){ /]R /R + [log(c) ~ Aog(r(u, ¢))

FA() ((u —P)u—c— “22“2)] (u, ¢) de du}.

By Lemma 4.4.0.1, we conclude that

) =17,

where 7* is the equilibrium investment-consumption policy in Theorem 4.4.2.

A.3.7 Proof of Theorem 4.5.1

By (4.26), we have
, T
M = A(t)log(Xf)—i—/ v(s)ds
¢
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t - f@ , )

_ — 1 X 7]'9,0 A 7T9 1 7T9 ded af” X i
/0 ( /R+ oBleXsIm o) + /JR/R+ s(u, c)log my(u, c)dedu + Os (s, ;) ) ds
(A.45)

It follows from (4.24) that

—/ log(eXT )mC( +)\// ¢)log 7 (u, c) dcdu

= —logX™ — (¢(Ajl log( ))
7 —tog (A2 s () + (1= 505
(s)) _ A
A

) —
Y (% log ((7227;16(2)) 42

6 A(s 2T 3A+2 A+1
= —log XJ 4+ (A+1)log <—)> 5 log <m> 5 Alog <F(T)> .

(A.46)

By (4.28)

8f9(s,X;r6, s)
0s

T )2
— (BIT_S—F/@T_S — 1) log(X;re) _Bép_s/ <r+ (p—r) _ 3)\—|—2) .

202 2A(1)
—r)?  3A+2
/ B s/ ( 252 2A(w))dwdl

/ Bl ( log ( 2;?1)) —(A+1)log (@) + 3A2+ 2 Alog(r(%))) dl.
(A.47)

Substituting the above two expressions together with (4.27) into (A.45) yields

M = A(t)log(XT') + /Tbe(s)ds

o (8 ()22 (1)

. T —r)?2  3X4+2
— (Br—s + Br—s) log(XT ) + Br_, / (7“+ (Mgg; Lo 2AE) ) -
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[ [ (e
/Tﬁ (; ( 2mA ) (A+1)log (A)(\l))+3)\2+2+)\log(l“(¥))) dl}ds.

By (4.25) and A'(t) + 7_, + fr—+ = 0, we have that

1 o 1 1 0
0 _ / ™ ™ = N2 ) 16
AM! = A'(t)log(X )dt+A()<—t7r0dXt Yo iE grg)Q(dXt )) b (t)dt

A+1)1 >>—%log(%)—w7+2—ﬂog(ﬂ¥))

T o 2
— (Bp—e+ Br- )10g<X”>+5'T—t/t (H(er) _3222)2) !

r ! (u—r)* 3X+2
—/t @t/t <7’+ 552 —2A(w>>dwdl

_ /tT B, glog (US%E\Z)) — (A +1)log (A§Z)> + 3/\; 2 + Alog(F(%))) dl }dt

(,utrue - T) (:u — T) A+1 A(t) (:u — T)QO-tQ'rue /\szzrue
= AW+ o? At > 2 < ot - 02A(t)>
+¥ - <r+ (“2;;)2) A(t)| dt

(p—r)? A
A )
+ (t)atrue\/ 0_4 + O'QA(t) th

Therefore, M? is a martingale if § = (i, 0) = (Jtrues Tirue)-

A.3.8 Proof of Theorem 4.5.2

Recall that

t
N = BVOL X))+ / By / / (108(eXz") = a(s, X2, (u, 0); 7)) 7w, ) de duds
0 RJRL
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off

/ot (6 Vs, XT) + By (7X§6,s>> ds.

By It6’s formula,

ANy = pav (e X7 6 [ [ (loseXE) - a(t XF (0 ) dedu d
R JR,

0
5.2ty

9 T 0 f
%dt + G (r + / / (fterue — T)u — ) 78 (u, c) de du> X”ewdt
t Ry ox

X7r VO (t, XT
// ol ulnd (u,c)de dugdt
R4

= b

0x?

0
@// (108(eX7") 4. X7 (. ) 7)) ) dedudt — 3,212, 0)dt
R JR, 0s

0 t Xﬂ'e
+@MX§TG \// o2 urtY (u) du dW,.
R

ox

After factoring out the coefficient f;, the drift (dt) term of dN? is given by

0 mf 6 wf
VoL XT) L 7ﬂ+// (torae — 1)1t — €) 710 (ut, ) de du ereav (t, X7")
8t Ry 81‘

XTI' 21760 X7r9
// ol ulml (u, c) dcduwgt)
R, ox

0
+/ / log(cXt7r ) —q(s, X;Te, (u, c);we)) 70 (u, ¢) de du dt — %(t, z,t).
R JR, ds

When 0 = (ftirue, Tirue), by (4.35), the drift term of dNf vanishes, and therefore N? is a
martingale.

169



A.4 Proofs of Chapter 5

A.4.1 Derivation of (5.26) and (5.27)

Note that for any smooth function ¢ (¢, z) € C*?([0,T] x R) and under Assumption 5.2.1,
[t6’s formula implies

1
lim = Bt + At Xipar)] = 6(t,2)] = Lo(t, )

Suppose J7, and f™ are smooth with JT, € CH([0, T]xR) and f™ € CH*1([0, T| xR x [0, t]).
Then, we have

: 1 T ™ _ ™
lAltri}) Kt [Et7x[‘]ne(t + At’ Xt"rAt)] - ‘]ne(t7 l’):| — ‘C‘]ne(t’ ZL’),

1 . . .
lim B F7(E AL Xiyar )] = F7(2,5)| = L7 (82, ).

To derive (5.26), we start from the objective function (5.23), for (¢,z) € [0,T] x R,
Tne(t, @)

t+At .
- E. / oK J; ”ldlﬁs,t<Kg(Xs)7Ts — AM(mglogmg + (1 — 7,) log(1 — 7TS))>dS
t

T
+/ e K JS mdlg <Kg(Xs)7T$ — Mg logms + (1 — 74) log(1 — 7T5))>d8
t+AL
T
+e K 7rldlﬁT—tg(XT)
T
n / oK i mdlﬁs,t(Kgm)ws — A(mslog s + (1 — 7,) log(1 — Ws)))ds
t+AL
T
+67Kft+m mdlﬁT—tg(XT)
T
—/ e K hamdyg (Kg(Xs)ﬂs — Mmslog s + (1 — ) log(1 — 7Ts)>)d8
t+At

T
e K [iia mdlg (X
—|—J77{6<t + Atv XtJrAt)

T
—Eiiae X, a [/ e K Jiiae mdlg A (Kg(XS)WS — Mmglog g + (1 — ) log(1 — WS))>d8]
t+At
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T
—Eirae X, n, le_Kf”“ mdlﬁT—t—Atg(XT)] }
t+At R
= E;, / e KU ”ldlb’s_t<Kg(Xs)7rs — AMmglogms + (1 — 7,) log(1 — 7Ts))>d8
t

T
+/ e_KftS mdlﬁs_t <Kg(X5)7Ts - )‘(77-5 log Ts + (1 - 7TS) 10g<1 - ﬂ—s))>d8
t+At
T
e Kl mig q(Xr)
T
_/ e_KfterAt ”ldlﬁsft (g(Xs)ﬂ's — )\(71'5 log s + (1 - 7Ts) log(l - WS)))dS
t+At

T
_efK ft+At ﬂ-ldlﬁT—tg(XT)

+f7r<t + At, Xt+At, t) - fﬂ—(t —|— At, Xt+At, t + At) + J:Lre(t + At, Xt—i—At) } .

Dividing by At and taking At — 0, the above equation becomes
[Kg(z)m — Mg logm + (1 — m) log(1 — my)]

T
K, / Ke KImilg | (g(X)m, — A(malog s + (1 — m2) log(1 — 7)) ds
t

T
+e K mdt g g(Xr)

: 1 ™ T
+ Al}tglo _At (Et,l’ [f (t + At, Xt+At7 t) — f (t ‘I— At7 Xt-l—At) t + At)])
. 1 T T
+ lAltrﬁ) Kt [Et,m[Jne(t + At? XtJrAt)] - Jne(t7 .1')]
a ™
= Kg(z)m — Mmlogm + (1 — my) log(1 — my) — K J)), — a—];(t,x,t) + LJ], = 0.

Taking the maximum over 7 yields (5.26), where J7, is replaced by V (¢, #) = maxycjo,1) 7. (¢, )

e

and f™ is replaced by f(t,z,s) = 7 (t,z,s) with 7* = arg max, o 1) J7 (¢, ).

To derive (5.27), consider a given policy 7. From the auxiliary objective function (5.25),
for (t,z,s) € [0,T] x R x [0,¢],

fT(t,x,5)
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t+At
:Et,z,s{/ eint mdlﬁv—s [Kg(Xv)ﬂ-v - /\(7Tv log Ty + (1 - 7Tv) log(l - Wv))i| dv
t

T

e[ Ao
t+A

+e K I mdlﬁT—sg(X%)

+ fﬂ—(t + At, XtJrAt’ S)

T
— Bt atx,ans / e K armdyg [Kg(Xv)m — M, logm, + (1 — ) log(1 — Wv))] dv]
t+A

—K [} \,mdl
- Et+At,Xt+At,S € ft+At ! /Bng<X’;:>] }'

Dividing by At, taking At — 0 and replacing m with 7*, the above equation becomes
Bis | Kgla)m; = A(xj log j + (1 — ;) log(1 — ;)|

T
— K7 By / e Koy IKg(X,)n"
t

=7} log ), 4+ (1 — 7)) log(1 — m))]dv + e KU ”l*dl,BT_sg(XT)]

_'_ lAltrﬁ) Et,z,s[f(t + Ata Xt+At7 S)] - f(ta $, 8)
— Bro(Kgla)m — A logm; + (1 — m)log(1 — 7)) — K £(t,2,)
+Lf(t,x,s) =0,
which yields (5.27).

A.4.2 Proof of Theorem 5.3.1

We know from Appendix A.4.1 that V(¢,z) := J™ (t,x) and f(t,x,s) := f™ (t,x, s) satisfy
(5.26) and (5.27), where 7* := 7, given by (5.32), is the maximizer of the supremum part

of (5.26). So, what remains is to show that 7* is an equilibrium policy using Definition
5.3.1.

Let 7Y be a perturbed stopping policy of 7)., similar to the one in Definition 5.3.1.
By (5.23), for (t,z) € [0,T] x R,

T (t @)
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T
= ]Et,z / e_KftS szldlﬁ (Kg(X ) Zevs - )\( ne s lOg 7Tne s + (1 - 7Tne s) log(l - 7Tne s)))ds
t

"‘e_KftT fwvldlBT—tg(XT)]

t+e
= ]Et T / e_KftS Wi:’ldlﬁ (Kg(X ) TEL:S - A( ne s lOg 7Tne s + (]‘ - Trne s) IOg(l - Trne s)))d‘S]
t
T
+Etm / e_Kfts ﬂ-i’:’ldlﬁ (Kg(X ) fzevs - /\( nes lOg Wne s + (1 - Wne s) lOg(]_ - Trne s)))ds
' t+e
+67KftT fL:ldlﬁ:ﬁ—w(XT)]
t4e
= E,. / e‘K(S_t)“BS_t(Kg(XS)U — Avlogv + (1 —v)log(1 — U)))ds
t
T S &,V
+€_K€U]Etx / eiK ft+€ ﬂ-n’e’ldlﬁs—t <Kg(XS)7T1i7eljs
7 t+e
T g,v
_)‘( ne s log Trne s + (1 - Trne s) log(l - Trne s)))ds + eintJrs ﬂne’ldlﬁT—tg(XT)]
t+4e
= e | [ e (KO~ Awlog -+ (1= 0)log(1 - 0))
7 t
+f(t + g, Xt+67 t)] .
Since
Et,m[vne(t + g, Xt—i—s)] - Et,r[f(t + g, Xt+57 t + 5)]7
we have

J;{:U (t7 QE) — e_Ka’UEt’x [Vne(t + E, Xt—i—E)]

| [ e (g — Avlog + (1~ ) og(1 — )

—_ €_K€UE1§7

+f(t+e, Xpye,t) — f(t+ e, Xiye, t +€)
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= e Ko 5<Kg(XS)U — AMvlogv + (1 —v)log(l —v)) — %(t, x,t)) + o(e).

On the other hand, by It6’s formula,
Eiole ™ Vae(t + €, Xe12)] — Vae(t, 2)
t+e t+e
= E;, {/ e_K(S_t)“ﬁvne(s,Xs)ds +/ —KU@‘K(S_t)“ds}
t t

= rem, [ [T R o x ] ot
= e Kev, 5L‘Vnte(t, x) + o(e).
Therefore,
Tt 1) — Vie(t, 1)
of

_ ke (z«g(xs)U — Mvlogu -+ (1 - v)log(1 —v) = L (t,2,2) + ﬁvne@,x)) +o(e).

which, by (5.26), implies that

J™0 () — J& (¢ Tt 1) — Vipelt
el0 € €10 €

<0.

A.4.3 Proof of Proposition 5.3.1

Recall that the stopping regions are respectively D.,, = {(t,z) € [0,T] x R : Vo, (t,x) =
g(x)} for exponential discounting and D, = {(¢t,z) € [0,T] x R : V,,.(t,x) = g(z)} for
non-exponential discounting. If V,,. > Vi, then for any (¢,2) € Dy, Veap(t, z) < g(x) and
80 (t,x) € Deyp. Meanwhile, there exists (£, %) € D,y such that V,.(,%) > g(f, %) and so
(t,x) ¢ D,. when the inequality is strict. This implies D,. C D.,,. What remains is to

show that V. > Viyp.

With the penalty approximation as described in Section 5.2 (or originally in (Dai et
al., )), consider a given penalty parameter K > 0. The penalty approximated HJB
equations are

exponential discounting: LVX — pVE + K(g—VE )T =0 (A.48)

exrp erp erp
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non-exponential discounting: LV, — a—(t, r,t)+ K(g—VE)y" =0, (A.49)
s
with terminal conditions VX (T, z) = g(z) and V5 (T, z) = g(x). Here, V.5, V. with su-

perscript K denote the value functions that solve the penalty approximated HJB equations.
Furthermore, f% is the corresponding auxiliary value function of V,X.

For some (t,z) € [0,T] x Ry, recalling that 5;°"* = 1, we have

Bnonexp
[—g< X»] | (A.50)

t

Bnonexp
[—g< X»} . (A51)

S

ang(t,l') = Sup Et,x
T€E[t,T]

fK(ta Z, 5) = Sup Et,x
T€E[t,T]

Then,

afK a Bnonexp

——( = 4 Eto | Zhonep 9(7: X7

05 ( 7$73) 88 7—21[12“] t, |: i pg(T )
Bﬁonexp (B;lonexp)/

() g(T, XT)}

ﬁﬁonexp
[mg(ﬂ X7)

s

~ swp B |-

T€[t,T)

nonexp/
- O s B

nonexp
s TE[t,T]

nonexp\/
:_(63 )fKt,QZ'S.
nonexp )

nonexp\y/s Bnoncxp)/

Let y(t) 1= — Chome” for t € [0, T]. Then, 2= (t, 2,t) = Lo VE (£, 2) = y(H)V(t, 2).
Also note that, when 8, = e #, y(t) = p, which simplifies (A.49) to (A.48). So, the HJB
equations (A.48) and (A.49) become

exponential discounting: LV5 — pVE + K(g— Vi )" =0 (A.52)
non-exponential discounting: LVX —~v(6)V.E + K(g — VE)" = 0. (A.53)
Define W (t,z) = VX — V. Subtracting (A.52) from (A.53) yields a PDE for W,
K K K K K K
‘C(Vne - ‘/ea:p) - 7<t>vne + pv;:xp + K[(g - Vne)+ - (g - V;:xp>+] <A54)
= LW) = y(OW + (p = 7(t))Very + Kl(g = Vo)™ — (9 = Vig)) "1 =0, (A.55)

with terminal condition W (T, z) = 0.
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From (9) in (Ebert et al., ) and under our requirement (5.41),

p = /000 rdF(r) = —% = ~(0). (A.56)

nonexp

We define the measures of decreasing impatience under 5" and [, as

(log(3™"))" (log(3;"™))"

(log(B;™))' (log (B "*))""

respectively. By Proposition 1 of (Ebert et al., ), all weighted discounting functions
have non-negative measure of decreasing impatience, with the minimum attained by a
simple exponential discounting function. So, we have, for any ¢ € [0, 77,

exp . nonexp ,__
‘Pt — and ‘Pt —

( nonexpys \ /
exXp nonexp ( ’B?Onexp )
0=PF" <P = e\
((Bt ")’)
ﬂzlonexp
nonexpy/ \ /
which implies <(ﬁﬁiﬂonexp ) > 0. So, v(t) is decreasing in ¢ and () < v(0) = p for all
t € 10,77
Suppose W (t,x) < 0 for some (¢,z) € [0,T] x Ry. Since W (T, z) = 0 and assuming W

is smooth, the minimum of W is negative and is attained at an interior point, denoted by
(t,z) € [0,T) x R,.

At (t,%), W, = 0 and W,, > 0 as it is the minimum. Moreover, W, > 0 if { = 0
otherwise W, = 0. Therefore,

. 1
LW (t,2) = W, + paW, + 50%2Wm > 0. (A.57)
Also, —y(6)W > 0 since (8;°"*®)" < 0 implies v(¢) > 0. Moreover, (p — (1))VE, > 0 as
v(t) < pand VE > 0. Finally, VX < VE at (£,2) implies (g — VE)" — (¢ — VE)T > 0.
As a result,
LOV) =4O + (p = v(0)Vey, + Kllg = Vo)™ = (9= Vi) 11> 0, (A.58)

which contradicts the PDE of W (A.55), that the left hand side actually equals zero.

Therefore, no such negative minimum W exists and hence W > 0, which implies VS > VX .

We note that this inequality holds for all choices of K > 0. According to Lemma 2.1
in (Dai et al., ), we further have V5 and V% (the solutions to (A.48) and (A.49))
converges to Ve, and V,,. (the solutions to (5.42) and (5.43)) respectively as K — oco. In
other words, V.., Ve are respectively the solutions to (A.48) and (A.49) when K — oo.
50, Vie 2> Vegp.
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A.4.4 Proof of Proposition (5.3.2)

For a given penalty parameter K > 0, recall that

L 1 _exp(— 3K (Veap — 9))
“P 1+ exp(3K (Vey —9) 1+ exp(—1K (Veay — 9))
. 1 ~exp(—3K(Vie — 9))
me 1+ exp(: K (Ve — 9)) 1+ exp(—3 K (Voe — 9))

IN

Clearly, V,,e > Vegp implies 7}, Toup: So, the remainder is to show that V. > V..

For a given penalty parameter K > 0, denote by Vi, Ve the value functions under
the exponential and non-exponential discounting setting, with exploratory stopping policy.
Recall the HJB equation under exponential discounting and with exploratory policy (5.48),
which we repeat here

LV + sup {—K7V 4+ Kg(z)m — AM(mwlogm + (1 — ) log(l — 7))} — pV = 0.

m€[0,1]

o e K (Verp—9)
Substituting 7 = 77, = Trexp(~ LK (Veap—g))

K(‘/ecrp -9) eXp(_iK(Vewp —-9))
1+ eXp(_iK(Vexp - g))

Y eXp(—%K(Vexp —-9)) log eXp(_iK(Vewp —-9))
1+ exp(—%K(Vexp -9)) 1+ eXp<_%K<‘/emp —-9))

log(1 + exp(—+ K (Vewp — 9))) }

yields,

E‘/ea:p - - p‘/;xp

1+ exp(—=5 K (Vewp — 9))

K (Vewp — 9) eXp(=5 K (Vep — 9))
1+ exp(—3 K (Vep — 9))
_A{ exp(—3 K (Veap — 9)) [

1+ exp(—5 K (Vewp — 9))
log(1+ exp(—1 K (Veup — 9)) }
1+ exp(—5 K (Vewp — 9))
K (Verp — 9) exp(—5 K (Veap — 9))

= E‘/e:vp -

- p‘/;zp

1 1
1 K Veap — g) — log(1 + exp(= 7 K (Vewp — 9)))

= Lvexp - K(Vezp _ g) eXp(—%K(Vpr - g))

- p‘/;zp +

T+ eXp(_iK(Vewp - g)) 1+ eXp(_iK(Vewp - g))
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1
+A\log <1 + eXp(_XK(‘/emp - 9))) =Y

which simplifies to

1
LVezp — pVesp + Alog (1 + exp(—XK(Vezp — g))) =0. (A.59)

Likewise, recall the HJB equation for the value function V. under non-exponential dis-
counting with exploratory policy,
LV + sup {—KnV + Kg(z)m — Mwlogm + (1 — ) log(l — 7))} —~v(t)V =0, (A.60)
w€(0,1]
where we substitute ——(t z,t) with —y(t)V, following the same steps as in the proof of

. exp(—fK(Vne 9))
e 1+exp(—7K(Vne g))

Proposition 5.3.1; see details in Section A.4.3. Substituting 7 = 7/

and after simplification,
1
LVe — () Ve + Alog (1 + exp(—XK(Vne — g))) =0. (A.61)

Subtracting (A.59) from (A.61) and defining W = V,,. — Veyyp,
1+ exp(—%K(Vne - 9)) )
1+ exp(—=5 K (Veap — 9))

= LVie = Verp) = YO) Ve = Veup) + (p — ¥(t))Vewp + Alog <11:§j§((—_51[((((“//m i)))))
by exp

1+ exp(— K( -9))
T oxp( LK (Vo = g>>) 0. (A.62)

For contradiction, suppose W < 0, i.e., V. < Viyp, for some (¢t,z) € [0,7] x R. Since
W(T,z) = 0 and assuming W is smooth, the minimum of W is negative and is attained at
an interior point, denoted by (£, %) € [0,T) x R,. Following the same argument as in Ap-
pendix A.4.3 (the proof of Proposition 5.3.1), we know that at (Z, :i“) LW >0, —y(H)W > 0,

(p—7(#))Vewp > 0 and —KW > 0. Moreover, when W < 0 Lrexp(— K (Viemg)) 1, implying

7 Lexp(— 1K(V;Ip —9))
1+exp(5x K (Vne—g))
log (Hexp(gK(Vm_g))) > (. As a result,

LVie = Viwy) = 1(6)Vie + pViay + Alog (

= LIV = 0+ (p = (0] Vi — KW+ Al

£W - "}/(t)W + (:0 - 7<t>>%xp — KW + )\log ( 1 + exp(_iKa/ne - g)) ) > 0,

1+ eXp(_iK(Vexp - g))

which contradicts the PDE for W (A.62). Therefore, no such negative minimum of W
exists and hence W > 0, which implies V,,c > Vegp.
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A.4.5 Proof of Theorem 5.4.1

Note that J, (t,z,r) = r - J&(t,2) = r - f7(t,x,t), for all (t,z,7) € [0,T] x R x R,. So,
applying It6’s formula to (5.49),
61]\4757r = d(RgJ,:{eOf, Xt>> + R? [Kg(Xt)ﬂ't — )\(ﬂ't log Tt —+ (1 — 7Tt) log(l — Wt))] dt
d(RY f™(t, X4, t)) + RY [Kg(X¢)m — M(melogmy + (1 — ) log(1 — )] dt
= (f"(t, Xy, 1)) - (=KmRT)dt + Ry - (df™(t, X3, 1))
+R? [Kg(Xt)ﬂ't — )\(7'(',5 log Tt =+ (1 — 7Tt) log(l — Wt))] dt
The drift term is

(f™(t, X1, 1)) - (=KmRY) + Rf - (ﬁfTr(taXt,t) - 857: (thmt))

+R}[Kg(X)m — AN(mplogmy + (1 — ) log(1 — 7))

= R? EJ:eOf, Xt) — K’/thge(t, Xt) + K’/Ttg(Xt)

—AN(mlogmy + (1 — ) log(1 — 7)) — %(t,Xt,t)] ,

*
ne’

which equals zero if 7 = 7}, by (5.26). So, M/ is a martingale when 7 = 7,,.

A.4.6 Proof of Corollary 5.4.1

Similar to (5.49), we write M]

t

M[" = R} - JI,,(t, X;) + / Ry [Kg(XU)m, — AMmylogm, + (1 — m,) log(1 — 7)) | dv.
0

By It6’s formula,

dM] = d(R7JL,(t X)) + R [Kg(Xy)m — A(melog m + (1 — m) log(1 — 7)) dt
= (J5,(t, Xy)) - (=KmRf)dt + R} - (dJZ,,(t, X))

erp exp

+R} [Kg(Xy)m — M logm + (1 — ) log(1 — my))] dt.
The drift term is

(J2p(t, X1)) - (=KmRT) + RY - (LJZ, (8, X0) — pJZ,(t, X1))

erp erp
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+R[Kg(X)m — A(mlogmy + (1 — mp) log(1 — )]

= R;r E:]ﬂ (t, Xt) — Kﬂ'tjge<t, Xt) -+ K’ﬂ'tg(Xt)

ETO

—MNmlogmy + (1 — m) log(1 — 7)) — pJZ. (t, Xo) |,

exp

which equals zero if 7 =7} _ . by (5.48).

exp?
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