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Abstract

Survival analysis plays an important role in many fields, such as cancer research, clinical
trials, epidemiological studies, actuarial science, and so on. A large body of methods on
analyzing survival data have been developed. However, many important problems have
still not been fully explored. In this thesis, we focus on the analysis of survival data with
complex features.

In Chapter 1, we review relevant topics including survival analysis, the measurement
error model, the graphical model, and variable selection.

Graphical models are useful in characterizing the dependence structure of variables.
They have been commonly used for analysis of high-dimensional data, including genetic
data and data with network structures. Many estimation procedures have been developed
under various graphical models with a stringent assumption that the associated variables
must be measured precisely. In applications, this assumption, however, is often unrealistic
and mismeasurement in variables is usually presented in data. In Chapter 2, we investi-
gate the high-dimensional graphical model with error-prone variables. We propose valid
estimation procedures to account for measurement error effects. Theoretical results are
established for the proposed methods and numerical studies are reported to assess the
performance of our proposed methods.

In Chapter 3, we consider survival analysis with network structures and measurement
error in covariates. In survival data analysis, the Cox proportional hazards (PH) model
is perhaps the most widely used model to feature the dependence of survival times on
covariates. While many inference methods have been developed under such a model or
its variants, those models are not adequate for handling data with complex structured co-
variates. High-dimensional survival data often entail several features: (1) many covariates
are inactive in explaining the survival information, (2) active covariates are associated in
a network structure, and (3) some covariates are error-contaminated. To hand such kinds
of survival data, we propose graphical proportional hazards measurement error models,
and develop inferential procedures for the parameters of interest. Our proposed models
significantly enlarge the scope of the usual Cox PH model and have great flexibility in
characterizing survival data. Theoretical results are established to justify the proposed
methods. Numerical studies are conducted to assess the performance of the proposed
methods.

In Chapter 4, we focus on sufficient dimension reduction for high-dimensional survival
data with covariate measurement error. Sufficient dimension reduction (SDR) is an impor-
tant tool in regression analysis which reduces the dimension of covariates without losing
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predictive information. Several methods have been proposed to handle data with either
censoring in the response or measurement error in covariates. However, little research
is available to deal with data having these two features simultaneously. Moreover, the
analysis becomes more challenging when data contain ultrahigh-dimensional covariates. In
Chapter 4, we examine this problem. We start with considering the cumulative distribu-
tion function in regular settings and propose a valid SDR method to incorporate the effects
of both censored data and covariates measurement error. Next, we extend the proposed
method to handle ultrahigh-dimensional data. Theoretical results of the proposed methods
are established. Numerical studies are reported to assess the performance of the proposed
methods.

In Chapter 5, we slightly switch our attention to examine sampling issues concerning
survival data. Specifically, we discuss survival analysis for left-truncated and right-censored
data with covariate measurement error. Many methods have been developed for analyzing
survival data which commonly involve right-censoring. These methods, however, are chal-
lenged by complex features pertinent to the data collection as well as the nature of data
themselves. Typically, biased samples caused by left-truncation or length-biased sampling
and measurement error are often accompanying with survival analysis. While such data
frequently arise in practice, little work has been available in the literature. In Chapter 5,
we study this important problem and explore valid inference methods for handling left-
truncated and right-censored survival data with measurement error under the widely used
Cox model. We exploit a flexible estimator for the survival model parameters which does
not require specification of the baseline hazard function. To improve the efficiency, we fur-
ther develop an augmented non-parametric maximum likelihood estimator. We establish
asymptotic results for the proposed estimators and examine the efficiency and robustness
issues of the proposed estimators. The proposed methods enjoy appealing features that the
distributions of the covariates and of the truncation times are left unspecified. Numerical
studies are reported to assess the performance of the proposed methods.

In Chapter 6, we study outstanding issues on model selection and model averaging for
survival data with measurement error. Model selection plays a critical role in statistical
inference and a vast literature has been devoted to this topic. Despite extensive research
attention on model selection, research gaps still remain. An important but unexplored
problem concerns model selection for truncated and censored data with measurement error.
Although analysis of left-truncated and right-censored (LTRC) data has received extensive
interests in survival analysis, there has been no research on model selection for LTRC data,
let alone LTRC data involving with measurement error. In Chapter 6, we take up this
important problem and develop inferential procedures to handle model selection for LTRC
data with measurement error in covariates. Our development employs the local model



misspecification framework and emphasizes the use of the focus information criterion (FIC).
We develop valid estimators using the model averaging scheme and establish theoretical
results to justify the validity of our methods. Numerical studies are conducted to assess
the performance of the proposed methods.

Finally, Chapter 7 summarizes the thesis with discussions.
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Chapter 1

Introduction

In this chapter, we review relevant topics for the thesis, including survival analysis, mea-
surement error models, graphical models, and variable selection.

1.1 Survival Data Analysis

1.1.1 Cox Model with Right-Censoring

For i = 1,--- ,n, let T; be the failure time and C; be the censoring time. Let f(t) and
S(t) denote the density function and the survivor function of Tj, respectively. Let fo(t)
and Sc(t) denote the density function and the survivor function of Cj, respectively. Let X;
denote the covariate vector of dimension p for a subject i. We assume that the {T;, C;, X;}
are independent for i = 1,--- ,n. Let Y; = min{7;, C;} and A; = I (T; < C;), where I(-) is
the indicator function. The observed data consist of {(y;,d;,x;) : i =1,--- ,n}, where the
(yi, 0;, ;) are realization values for (Y;, A;, X;).

Let N;(t) = I(Y; <t,6; =1) denote the number of the observed failures for the ith
subject up to and including time ¢, and let R;(t) = I(Y; > t) indicate whether or not the
1th subject is at risk of failure at time t.

In survival analysis, suitable assumptions are often imposed to describe various cen-
soring mechanisms. These assumptions include independent random censoring, Type I
censoring, Type II censoring, and non-informative censoring (Lawless 2003, Section 2.2.1).
In this thesis, we mainly consider the independent random censoring which means that 7;
and C; are independent, given the covariate X;.
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The Cox proportional hazards (PH) model is widely used to study the relationship
between the failure time and the covariates. This model is formulated as

At X; = z;) = Ao(t) exp (z] B) (1.1)

where Ag(+) is the unspecified baseline hazard function, and f is the p-dimensional unknown
parameter.

Based on model (1.1), the partial likelihood (Cox 1972; Lawless 2003, Section 7.1.1) is
given by

05

T

i=1 éexp (2] 8) I (g <)

and an estimator of 3 is obtained as B\ = argmax L(f3), or equivalently, by solving U(3) = 0
B

for 3, where

ixj exp (a:JTﬁ) R; (u)

dN;(u) (1.2)

iy 2eel s~ )

z exp (] B) R; (u)

is the partial likelihood score function.

1.1.2 Left-Truncation

The time from the onset of an initiating event to the disease event (or failure) is usually
of interest in epidemiological and biomedical research. In the prevalent cohort sampling
design, individuals can be recruited in the study if the failure time is larger than the time
of recruitment. In other words, individuals might not be observed because they experience
the failure event before the time of recruitment. Such a phenomenon caused by delayed
entry is called the left-truncation and tends to produce a biased sample. Meanwhile, right-
censoring may appear to those individuals who are recruited in the study, as described in
Section 1.1.1.

To be more specific, let u; and r; denote, respectively, the calendar time of the initiating
event and the failure event of a subject ¢ with u; < r;. Let & be the calendar time of the
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recruitment with u; < & < r;. Let i = r; — u; be the failure time and let ;L =& —uy
denote the truncation time. Let f(¢) and S(t) be the density function and the survivor
function of ﬁ, respectively. A subject ¢ can be recruited to the study only when T, > A
Based on such selection criterion, we denote T; and A;, respectively, the observed failure
time and truncation time of a subject ¢ who is recruited in the study. It is known that
for i = 1,--- ,n, the joint distribution (7}, A;) has the same distribution as (73, A;) given
T, > Ay, e, (Th, A) < (T, A)|T; > A; (Huang et al. 2012; Huang and Qin 2013).

For these recruited subjects, either the failure event or the censoring happens. For
t=1,---,n, let C; denote the censoring time after the recruitment and therefore C; + A;
is the total censoring time for a subject ¢. Similar to the notation in Section 1.1.1, let
Y; = min{T;, A; + C;} and A; = I(T; < A; + C;). Figure 1.1 gives an illustration of the
relationship among those defined variables. We assume that {Y;, A;, A;} are independent
and identically distributed for i@ = 1,--- n. Therefore, we have data {(y;,a;,d;) : i =
1,---,n}, where (y;, a;, ;) are realization values for (Y;, A;, A;).

For the development of the estimation, Lawless (2003, Section 2.4.1) considered the
likelihood function
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Figure 1.1: Schematic depiction of LTRC

1.2 Measurement Error Model

In many applications, we may not always have accurate measurements. Instead, the vari-
ables are usually collected with error. In this section, we introduce some measurement
error models for continuous covariates and misclassification models for discrete covariates.



1.2.1 Modelling Measurement Error with Continuous Variables

In practice, measurement error in covariates usually arises due to various reasons. For
t = 1,---,n, let X; be the p-dimensional true covariate with mean pux and covariance
matrix Yy, and let X7 denote the surrogate, or observed covariate, of X; with mean px-
and covariance matrix Xx«. If X; and X are continuous, then the relationship between
X, and X} may be described by the following measurement error models (Yi 2017, Section
2.6):

e (lassical Additive Model

where ¢; is independent of X;, and the ¢; are independent and identically distributed
with mean zero and covariance matrix ...

e Berkson Model
Xi = XZ* —+ €,

where ¢; is independent of X;, and the ¢; are independent and identically distributed
with mean zero and covariance matrix 2.

e Multiplicative Model
Xi* = Xi€i7

where ¢; is independent of X, and the ¢; are independent and identically distributed
with mean one and covariance matrix >J,.

In some applications, Y, is assumed to be known. However, it is usually unknown in
practice. To give a valid estimate of 3., we usually need additional information to feature
the measurement error process. In the following, we introduce two scenarios to estimate
De.

Scenario I: Repeated measurements
Since we have repeated measurements, then the measurement error model (1.3) be-
comes

Xz*] = Xz + 61‘]‘



fori=1,---,nand j = 1,---,n;, where the X}, represent the jth repeated mea-
surement of X;, the ¢;; ~ N (0,%,) and are independent of X;. It is easily seen that
Y. can be estimated by

>3 (X - Xp) (X5 - X))

.
—_

—_
.

S

n;
vk 1
where X} = .- ZlX

]:

Scenario II: Validation data
Suppose that M is the subject set for the main study containing n subjects and V
is the subject set for the external validation study containing m subjects. Assume
that M and V do not overlap. Therefore, the available data contain measurements
{(t;, ci, 05, 27) 1 € M} from the main study and {(z;, z}) : i € V} from the validation
sample. Hence, for the measurement error model, we have
for i € MUV, where the ¢, ~ N (0,3,) and are independent of X;.
Since
var(X)) = E{var(X]|X;)} + var {E(X]|X;)}
= E(X.)+var(X;)
= Ee + ZX)

therefore, Y. can be estimated by

~

Z — iX* — iX,
2 (X7 = X7) (X - X;)' and Sy = - 3 (Xi=X) (Xi - X))
V eV

1.2.2 Modelling Misclassification with Discrete Variables

When both X; and X are discrete, (mis)classification probabilities are frequently used to
characterize the relationship of X; and X, given by

P(X! =2x"X;, =2) (1.4)
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for z* and x which represent all possible values of X’ and X;, respectively. In situa-
tions where X;, X} € {0,1}, (1.4) gives pjoo = P(X; = 0|X; = 0) and p;; = P(X] =
1|X; = 1), which are often called specificity and sensitivity, respectively, as well as p;o; =
To see the relationship between X; and X more closely, we express pioo, pio1, Pito0, and
pi11 in the matrix form.
First, we note that

1
P(X;=0) = Y P(X;=0X,=j)
=0
1

= ) P(X] =0|X; = j)P(X; = j)

=0
Similarly, we have

Therefore, we have
_ P(X; =0)
Jop (HEZ0Y, »

Diio  Pinn
By (1.5), we determine X = 0 or 1 by the probability P(X} = j) with j = 0,1. To
ease notation, we let M C'[P] (X;) denote the misclassification operator indicated by (1.5),
i.e., (1.5) is notationally written as

X; = MC[P](X,).

where P, = ( Pioo  Pio1 >

Such a misclassification operator was used by Carroll et al. (2006, p.125) and Kiichenhoff
et al. (2006) for a misclassified binary variable.

Meanwhile, consistent with Carroll et al. (2006, p.125), we assume that P, has the
spectral decomposition. That is, there exists a diagonal matrix D; and the corresponding
matrix of eigenvectors €, such that P; = Q,D;Q; "
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1.3 Graphical Model

In this section, we review some basics for graphical models. We first introduce the concept
of graph and then describe some graphical models. Finally, we outline several commonly
used methods concerning the graph theory.

1.3.1 Basic Concepts

Let V be the set of vertices and let £ C V' x V denote the set of edges. A graph is usually
expressed as G = (V, E). There are two types of graph, including an undirected graph
and a directed graph. Figure 1.2 illustrates the concept of a graph which is constructed by
nodes and edges. The main difference between an undirected graph and a directed graph
is that the undirected graph only considers the relationship/pairwise dependence between
any two nodes by using edges, while in the directed graph, an arrow is added to edges.
The directed graph emphasizes that the ordering of the variables is taken into account and
the relationship between any two nodes is not reversible (e.g., i — j cannot imply j — 7).

The left panel of Figure 1.2 is an undirected graph with V' = {1,2,3,4,5} and E =
{(1,2),(1,5),(2,3),(2,4),(3,4),(4,5)}. On the other hand, the directed graph (shown by
the right panel of Figure 1.2) shows not only the network structure of nodes but also the
direction between two different nodes. For the applications, undirected graphs are usually
applied to the study of network structures in biological data or the social network studies,
while directed graphs are frequently applied for causal inference (Edwards 2000, Chapter
8). In this thesis, our discussion focuses on undirected graphs; the detailed descriptions of
directed graphs can be found in Edwards (2000, Chapter 7).

1.3.2 Model Formulation

In this subsection, we introduce the model with the graphical structure incorporated. Let
X = (Xq,- - ,Xp)T where p is a positive integer. Suppose that X, is a binary random
variable for s € V| then we have

Py (z1,--- ,2,) = exp Zesxs + Z Osxszy — A(O) ], (1.6)
seV (s,t)eE

where © = [fy] denotes a p x p symmetric matrix, 6y is the parameter associated with the
pairwise dependence between X, and X;, and A(©) is the normalizing constant. Model
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Figure 1.2: Graphical structures. The left graph is undirected; the right graph is directed.

(1.6) is called the Ising model (Ravikumar et al. 2010). In model (1.6), the parameter 6
for s € V' describes the main effects, while 0, for (s,t) € E conveys the information of the
pairwise dependence between variables X and X;, and X, and X, are said to be dependent
if O, # 0. We assume that 0y = 0, for s # ¢ in the undirected graphical structure.

On the other hand, suppose that X follows the Gaussian distribution with mean p and
covariance Y. The distribution of X is written as

Pus(o) = g P { 3o -0 S -} (17)

In order to express (1.7) by the graphical model as shown in (1.6), we do the re-parametrization

by letting ¥ = ©~! and p = —©~ 1y, yielding

D buwer —A(O) 5, (1.8)

st)EE

1
P, o(z) =exp Z'yszzzs ~35
seV (
where v € RP, © € RP”?, and A (0) = —1Llogdet (), so that [P, g(z)dz = 1. The
model (1.8) is called the Gaussian graphical model (Hastie et al. 2015, p.245).

In addition to the well-known Ising model and the Gaussian graphical model, some
extensions are available. The first extended model is the mixed graphical model (Lee and
Hastie 2015; Hastie et al. 2015, p.259). Let X¢ denote the p-dimensional continuous ran-
dom vector and let Xp be the g-dimensional discrete random vector. The mixed graphical



model is formulated by

Po(xc,xp) = exp (Z Z Batvc, sty + Z Ty

s=1 t=1
+Zzpsj(l’D,j)$c,s + Zz¢rj(xD,r;xD,j>> : (1.9)
s=1 j=1 j=1 r=1

where © represents a set of parameters {{fs},{as},{ps;},{®r;}}. Different from the
graphical model which contains either all continuous variables (e.g., the Gaussian graphical
model) or all discrete variables (e.g., the Ising model), the model (1.9) extends the pairwise
dependence for the continuous and discrete variables.

The second extension is the the graphical model via the exponential family distribution
(Yang et al. 2015). The graphical model is formulated by

Pso(r) = exp Zﬁr x,) Z O B(xs)B(x, +Z(C z.) —A(B,0) p, (1.10)

reV (s,t)eE reV

where 8 = (£, - ﬁp)T is the p-dimensional parameter vector, © = [f4] is a non-diagonal
p X p symmetric matrix, and B(+) and C(-) are given functions. The function A(3, ©) is the
normalizing constant which makes (1.10) integrated as 1; it is also called the log-partition
function, given by

A(B,0) = log/exp ZBTIB(:ET Z OstB(xs)B(x) —I—Z(C(arr) dzx.

reV (s,t)eE reV

The graphical model (1.10) gives a broad class of models which essentially cover basic
exponential family distributions. For example, if B(X) = £ and C(X) = —% where o
is a positive constant, then (1.10) reduces to (1.8). If B(X) = X and C(X) = 0 with
X €{0,1}, then (1.10) reduces to (1.6). Furthermore, taking B(X) = —X and C(X) =

with X € [0, 00) yields the exponential graphical model distribution

P(z —exp< 291’5+2293t$wt+A ))

s=1 t=1

provided that 65 > 0 and 6y > 0. In addition, replacing B(X) and C(X) in (1.10),
respectively, by X and —log(X!) gives the Poisson graphical model

) = exp [Z {025 — log(xs!) }+ZZ€Stxsxt+A ©)],

s=1 t=1




provided that 6, < 0.

1.3.3 Existing Methods

As described in Section 1.3.2, the main interest of the graphical model is to estimate O.
However, the main challenge is that the underlying graph structure is unknown, and the
parameter © is sparse and contains zero entries.

A useful method of estimating © is the graphical lasso (Friedman et al. 2008). The key
idea of the graphical lasso is to construct the penalized likelihood function based on (1.8)
and the LASSO penalty function. The detailed algorithm can be found in Friedman et al.
(2008) and Hastie et al. (2015, Section 9.3). However, the graphical lasso method mainly
focus on the Gaussian graphical model, and the method based on the other models is not
fully explored.

Alternatively, the conditional inference, or the neighbourhood-based likelihood, is a more
flexible method which can be used for any distribution function. It was first proposed by
Meinshausen and Biihlmann (2006). The application of the conditional inference on the
Ising model was presented by Ravikumar et al. (2010). In the following presentation, we
take the Gaussian graphical model (1.8) as an example. The detailed inference procedure
is also available in Hastie et al. (2015, Section 9.4). The basic idea is shown in Figure 1.3.

Figure 1.3: Visualization of the conditional inference

Without loss of generality, as shown in Figure 1.3, we fix a node s, and define the
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neighbourhood set
N(s)={teV:(st)eE}. (1.11)

To estimate the neighbourhood set of s, it suffices to study the inference of X | Xy q.
Since the random vector X follows a multivariate Gaussian and is generated by (1.8), then
XX\ (s} is also Gaussian (Hastie et al. 2015, p.255). By some algebra, we have

2

P (XX 07) ccexpd — [ Xo— > 05X, . (1.12)
teV\{s}
Let 07 = (9;‘1, e ,9:(871), 9:(s+1), e ,9:p>. Then the estimator é\: is given by

2
n

07 = arg91311n z; X0 - Z 05X |+ A 161, ¢, (1.13)
s i= teV\{s}
where ||0%||, = > 0% and A is a tuning parameter.
teV\{s}
Finally, the estimated neighbourhood set is given by
Nis)={tev:,+0}. (1.14)

By repeating the procedure (1.13) for all s € V| we have 5;" and /\A/'(s) for s e V.

In practice, based on the penalized likelihood approach (1.13), 6 is not usually equal
to ;5. Meinshausen and Biihlmann (2006) and Hastie et al. (2015, p.255) presented the
AND/OR rule to determine the estimated edge set E. For any two different nodes s and
t, the AND rule allows (s, t) € E if both s € N'(t) and ¢ € N(s) hold, while the OR rule
declares (s, t) € E if either s € N'(t) OR t € N(s) is true.

1.4 Variable Selection and Dimension Reduction

In this section, we discuss several methods for variable selection and dimension reduction.
For variable selection, we first review some classical methods for regression analysis, and
then introduce the focus information criterion proposed by Claeskens and Hjort (2003) and
Hjort and Claeskens (2003). After that, we discuss the penalized regression where different
types of penalty functions were considered. Moreover, analysis of ultrahigh-dimensional
data will also be introduced. Finally, we describe a basic idea of dimension reduction.
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1.4.1 Classical Criteria

For the problems of selecting variables, there are several useful methods and are fully de-
scribed in the classical linear regression analysis, including the Akaike information criterion
(AIC) (Akaike 1973), the Bayesian information criterion (BIC) (Schwarz 1978), Mallow’s
C, (Mallow 1973), and so on. In this section, we mainly review AIC and BIC.

Suppose that £(5) is the log-likelihood function of 5, and let X; = (X1, -+ , X;;,) denote
the p-dimensional vector of covariates for ¢ = 1,--- ,n. Let S be the set of all possible
combinations of the components of X with |S| = 2P. We call S € S a candidate model.
Based on a candidate model S, we have the corresponding log—likelihgod function £5(f3),

and the estimator of 5 based on the candidate model S is given by g = argmax{g(/5).
B
The AIC is defined as

AIC(S) = 205(Bs) — 2dim(S),

where dim(SS) is the number of elements in the set S. AIC can be viewed as a penalized log-
likelihood criterion to balance the goodness of fit and the number of estimated parameters.
The optimal candidate model is determined by the highest AIC score.

An alternative approach is BIC, which is formulated by
BIC(S) = 2(5(Bs) — log(n)dim(S).

The best candidate model is determined by the highest BIC score. Different from the
AIC method, the penalty term in BIC involves the sample size, and it conveys a stronger
penalty for complexity, especially when n > 8 (e.g., Claeskens and Hjort 2008, p.70).

1.4.2 Focus Information Criterion

In survival analysis, sometimes we are interested in certain specific quantities such as the
hazards ratio or the survivor function. Here we call such ‘specific quantity’ the focus
parameter, and denote it by pu.

It is expected that the focus parameter p is usually the function of the initial parameter
B. A crucial issue is to determine the variables which are informative for estimating pu.
As introduced in Section 1.4.1, some methods, such as AIC or BIC, can be used to select
variables. However, the best candidate model determined by AIC or BIC may not be the
best model for a given focus parameter .
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To overcome this, Claeskens and Hjort (2003) proposed a new variable selection method,
called the focus information criterion (FIC). The key idea of FIC is to determine the
best candidate model by selecting the minimizer of the mean squared error (MSE) of the
estimator j1 of u. The following steps summarize the procedure based on the FIC. The
detailed description can be found in Claeskens and Hjort (2003) and Claeskens and Hjort
(2008, Chapter 6).

Step 1 : Let ¢s(f) be the log-likelihood function based on a candidate model S € S, and
let Bs denote the maximum likelihood estimator (MLE) of § based on a candidate
model.

Step 2 : Based on the likelihood theory, one can develop the asymptotic distribution of
the estimator [g.

Step 3 : Since the focus parameter 4 is the function of parameter 5, then by the invariance
property of MLE, the estimator of y based on a candidate model S is given by
ts = p(Bs). Furthermore, by Step 2, we also develop the asymptotic distribution of
the estimator pig for all S € S. Let bias(jig) and var(jis) denote the bias and the
variance of jig, respectively.

Step 4 : Based on a candidate model S, the MSE of i is given by MSE(fis) = {bias(jis) }*+
var(iig).

Step 5 : The candidate model S* which minimizes MSE(jig) is the best candidate model
for the focus parameter.

1.4.3 Penalized Regression

Different from AIC or BIC, we introduce the penalized likelihood method where the penalty
term is a function of the parameter. Let p(f) denote the penalty function, then the general
form of the penalized likelihood function is given by

P
LB+ A p(B),
i=1
where \ is called the tuning parameter. Useful penalty functions are as follows.
e Adaptive LASSO (Zou 2006): p(53;) = w; | 5|, where w; is a weight.
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e LASSO (Tibshirani 1996): p(8;) = |5

e SCAD (Fan and Li 2001): p'(t) = I(t < \) + ((a:‘:lt))/\*](t > )\) for t > 0, where

(x)+ = max{z,0} and @ > 2 is a fixed parameter.
e MCP (Zhang 2010): p'(t) = % for ¢ > 0, where a > 1 is a fixed parameter.

e SICA (Lv and Fan 2009): p(t) = % for t > 0, where a > 0 is a fixed parameter.

The LASSO method with the ¢; penalty is the earliest approach among penalty func-
tions. As pointed by Tibshirani (1996), the LASSO method achieves to shrink non-
informative parameters to zero and to obtain the estimators for those informative pa-
rameters simultaneously. However, as discussed in Zou (2006), the LASSO shrinkage may
produce biased estimates, and some necessary conditions should be imposed. To over-
come this problems, Zou (2006) proposed the adaptive LASSO by adding weights in the
{1 penalty. Different from the LASSO method, the SCAD, MCP, and SICA methods are

based on the non-convex penalty functions, and they still achieve the oracle properties.

1.4.4 Ultrahigh-Dimensional Statistical Analysis and Feature
Screening

In high-dimensional statistical analysis, since not all variables are informative, then it
is necessary to select important variables. However, even though a number of variable
selection methods have been discussed in Section 1.4.3, those methods are restricted to the
case where the dimension of variables p is smaller than the sample size n, i.e., p < n. In
applications, such as gene expression data, proteomics studies, and biomedical imaging, we
usually encounter the ultrahigh-dimensional data in the sense that the dimension p is greater
than the sample size n, i.e., p > n. It is difficult to apply the methods in Section 1.4.3 to
analyze the ultrahigh-dimensional data due to the inaccuracy of estimation and the highly
computational cost.

To overcome this problem, Fan and Lv (2008) considered linear regression models and
proposed a feature screening method that is based on correlation learning, called sure
independence screening, to reduce dimensionality from high to a moderate scale that is
below the sample size. Similar idea was extended to different models. For example, Fan
and Song (2010) developed sure independent screening method in generalized linear models.
In survival analysis, Fan et al. (2010) developed feature screening method based on the Cox
model. Song et al. (2014) proposed rank based independent screening for high-dimensional
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survival data. Yan et al. (2017) studied the Spearman rank correlation screening for
censored data.

1.4.5 Sufficient Dimension Reduction

Different from selecting informative variables in previous subsections, in this subsection,
we aim to introduce sufficient dimension reduction (SDR) which is useful in reducing the
dimension of covariates but not losing predictive information of covariates when developing
non-parametric models.

Let T € R be the univariate response and let X denote the p-dimensional vector of
covariates. The spirit of SDR is to find a p x d basis matrix B such that

T I X|B"X,

where “1” stands for the statistical independence and d is usually called the structure
dimension which is unknown. To estimate B and d, a number of methods has been pro-
posed, including the inverse regression (Li 1991; Li and Wang 2007; Zhu et al. 2010), the
minimum average variance estimation (Zhu and Zeng 2006; Xia 2007; Wang and Xia 2008;
Yin and Li 2011), and the semiparametric framework (Ma and Zhu 2012, 2013). When B
is obtained, then the subsequent analysis can be based on the lower dimensional variables
{T, BT X} without losing information.

1.5 Thesis Topics and Outline of the Thesis

Although a large number of methods have been available for survival analysis (e.g., Kalfleisch
and Prentice 2002; Lawless 2003; Cook and Lawless 2018), research gaps still remain. Many

problems in survival analysis with complex features in data have not been explored. We

now list important problems of our interest and give detailed descriptions in the following

subsections:

e Graphical models with error-prone variables: bias analysis and valid inference
methods.

e Analysis of noisy survival data under graphical proportional hazards measurement
error models.
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e Sufficient dimension reduction for analysis of high-dimensional survival data with
error-prone variables.

e Semiparametric methods for left-truncated and right-censored survival data with
covariate measurement error.

e Model selection and model averaging for analysis of truncated and censored data
with measurement error.

This thesis consists of seven chapters. The remainder of the thesis is organized as
follows. In Chapter 2, we focus on the high-dimensional analysis of (mixture) graphical
model with mismeasurement. We propose the simulation-based conditional inference to
derive the estimators and determine the graphical structure. We also point out that the
estimated graphical structure based on the error-prone variables would not recover the
underlying true graphical structure if we do not correct the error effect appropriately.

In Chapter 3, we study high-dimensional statistical inference for survival analysis. Dif-
ferent from the usual variable selection problem in survival analysis, we consider joint mod-
eling of the survival response and the graphically structured covariates, which allows us to
explore the informative main effects and the pairwise dependence among the covariates.
Meanwhile, we also consider the measurement error and misclassification in covariates. We
propose the simulation-based three-stage procedure to correct error effects, determine the
informative variables, obtain the pairwise graphical structure, and derive the estimators
simultaneously.

In Chapter 4, we investigate the sufficient dimension reduction problem with survival
data and covariate measurement error as well as ultrahigh-dimension. We develop the semi-
parametric estimation procedure which does not require usual assumptions imposed in the
past literature. We also propose feature screening method with the effects of censored re-
sponses and covariate measurement error taken into account and extend the semiparametric
estimation method to deal with ultrahigh-dimensional sufficient dimension reduction.

In Chapter 5, we consider the survival analysis with left-truncated and right-censored
data subject to covariate measurement error. We first discuss the corrected conditional
likelihood approach which was outlined by Yi and Lawless (2007). To improve the ef-
ficiency of the estimator, we propose the augmented pseudo-likelihood method. For the
measurement error model, we consider two different scenario where the parameters in the
measurement error model can be known or unknown.

In Chapter 6, we are interested in the focus parameter based on left-truncated and
right-censored survival data with covariate measurement error. Instead of directly using
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AIC or BIC to determine the candidate model for the focus parameter, we provide the
valid inferential procedure, which allows us to determine the suitable and best candidate
model for any focus parameter.

Finally, the thesis is concluded with a discussion in Chapter 7.

1.6 Background and Literature Review for Each Topic

1.6.1 Graphical Models with Error-Prone Variables

In the era of Big Data, high-dimensional data become more accessible than before and
frequently arise from many areas, including genomic studies, cancer research, and medical
health record frameworks. Understanding the association structure, or the network struc-
ture of variables, is often of prime interest. To characterize such dependence structures
of variables, graphical models are commonly used. For example, the Ising model and the
Gaussian graphical model are two popular models to describe association structures for
binary and continuous variables, respectively. Many inference methods have been pro-
posed for those models. To name a few, Ravikumar et al. (2010) proposed an inferential
procedure to estimate the graph for the Ising model. Yuan and Lin (2007) considered the
Gaussian graphical model and adopted an interior point optimization method to obtain
the network structure. Friedman et al. (2008) proposed the graphical lasso to select the
variables and estimate the model parameters. The Gaussian graphical model with complex
features, such as latent variables, was also explored by Zhou et al. (2009), Ravikumar et
al. (2011), Sun and Li (2012), Tan et al. (2016), Dalal and Rajarantam (2017), and Fan
et al. (2017), among many others.

Extensions of the Gaussian graphical model and the Ising model have also been ex-
plored in the literature. The exponential family graphical model, which treats the Ising
and Gaussian graphical models as special cases, was developed by Yang et al. (2015).
Maixed graphical models were proposed to handle the settings where the variables contain
both continuous and discrete variables. For example, Lee and Hastie (2015) discussed the
pseudo-likelihood method to deal with the mixture of the Gaussian graphical model and
the Ising model. Cheng et al. (2017) proposed the group lasso to conduct inferences under
the mixed graphical models. Chen et al. (2015) and Zhang et al. (2017) studied mixed
graphical models via the exponential family distribution.

Even though analysis of graphical models has been widely explored, research gaps
still remain. A typical feature that is left unattended to is about measurement error in
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variables, which usually appears in applications. For example, in biological studies, protein
signaling networks play a central role in the etiology of many diseases. A major challenge,
commented by Bandara (2009), is due to measurement noise which primarily attributes
large uncertainty of parameter estimation. It was observed that the misleading results may
be produced if measurement error effects are ignored.

Concerning regression analysis, research on measurement error has attracted extensive
attention. It has been well understood that ignoring measurement error effects often yields
seriously biased and misleading results (e.g., Carroll et al. 2006; Yi 2017). A large body of
research papers have been available in the literature to address measurement error effects
for different settings (e.g., Carroll 1989; Carroll et al. 1996; Carroll et al. 2004; Carroll
et al. 2007; Carroll et al. 2009; Yi et al. 2015; Yi and He 2017; Yi et al. 2019). For
detailed discussions, see monographs Biemer et al. (1991), Buonaccorsi (2010), Fuller
(1987), Gustafson (2004), Carroll et al. (2006), and Yi (2017).

While there has been great attention on measurement error on regression analysis, there
has been little work investigating measurement error effects on graphical model analysis,
an area that has proven useful for featuring complex association structures among the
variables. Driven by this, we consider this important problem and explore Graphical models
with Error-prone Measurement (GEM) in Chapter 2. We consider undirected graphical
models which are described by the exponential family distribution. We investigate the
asymptotic biases of the naive method which disregards measurement error effects. We
examine all the three scenarios of mismeasurement: (1) all the error-prone variables are
continuous, (2) all the error-prone variables are discrete, and (3) error-prone variables
include both continuous and discrete variables. Furthermore, we develop valid inference
procedures to address mismeasurement effects. We establish theoretical results for the
proposed methods. To the best of our knowledge, there has been no research to explore
this problem.

1.6.2 Analysis of Noisy Survival Data with Graphical Propor-
tional Hazards Measurement Error Models

Survival analysis has been proven useful in many areas including cancer research, clinical
trials, epidemiological studies, actuarial science, and so on. A large body of methods have
been developed for various survival models. Among them, methods concerning the Cox
proportional hazards (PH) model have attracted the most research attention. Comprehen-
sive discussion on those methods can be found in Kalbfleisch and Prentice (2002), Lawless
(2003), and the references therein.

18



While the Cox proportional hazards model has been widely used, this model and its
extensions are inadequate for handling data with complex features. In the era of Big Data,
high-dimensional survival data become available and such data entail new features that
traditional survival data do not possess: (1) many covariates are inactive in explaining the
survival information, (2) active covariates are associated in a network structure, and (3)
some covariates are error-contaminated.

To handle the first feature of survival data with high-dimensional covariates, several
methods have also been developed based on the Cox PH model. For example, Fan and
Li (2002) used the SCAD penalty function to select important variables for the Cox PH
model. Cai et al. (2005) considered variable selection with multivariate failure time data.
Zhang et al. (2007) developed the adaptive lasso method for the Cox PH model. Yan
and Huang (2012) explored the adaptive group lasso for the Cox regression model with
time-varying coefficients. Huang et al. (2013) studied the penalized partial likelihood with
the Li-penalty for the Cox model. Li and Ma (2013) discussed analysis of survival data
with high-dimensional genetic covariates.

Regarding survival data with error-prone covariates, many inference methods have been
developed for the Cox PH models with error-contaminated covariates since the seminal pa-
per by Prentice (1982). For instance, Nakamura (1992) developed an approximate corrected
partial likelihood method. Huang and Wang (2000) proposed a nonparametric approach
for settings with repeated measurements for mismeasured covariates. Xie et al. (2001) ex-
plored a least squares method to calibrate the induced hazard function. Song and Huang
(2005) presented a conditional score approach for estimation of the model parameters. Yi
and Lawless (2007) developed a weakly parametric approach to correct for measurement
error effects based on the likelihood formulation. Wang et al. (1997), Wang (1999), Shaw
and Prentice (2012) and Zhao and Prentice (2014) considered the regression calibration
method to address measurement error for the Cox PH model. Detailed discussion on this
topic can be found in Yi (2017, Chapter 3).

While available methods address certain features of high-dimensional survival data,
none of them incorporate network structured covariates into modeling and analyzing sur-
vival data. Furthermore, there have no methods dealing with all the three features alto-
gether, even though data with such features arise commonly in applications. To fill this
gap, we propose graphical proportional hazards measurement error models in Chapter 3.
Our models extend the scope of the conventional Cox PH model and accommodate network
structures of covariates. We utilize the formulation of graphical models (Ravikumar et al.
2010; Lee and Hastie 2015) and consider a broad variety of covariates which follow the
exponential family distribution (Yang et al. 2015), extending the commonly used models
including the Gaussian graphical model (e.g., Yuan and Lin 2007; Friedman et al. 2008;
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Sun and Li 2012; Wang 2015; Tan et al. 2016; Dalal and Rajarantam 2017) and the Ising
model (e.g., Ravikumar et al. 2010). Regarding covariate mismeasurement, we consider
general settings where both continuous covariates and discrete covariates may be subject
to measurement error. We establish the theoretical results to justify the validity of the
proposed method.

1.6.3 Sufficient Dimension Reduction for High-Dimensional Sur-
vival Data with Error-Prone Variables

Survival analysis has been proven useful in many areas including cancer research, clinical
trials, epidemiological studies, actuarial science, and so on. A primary interest in survival
analysis is to study the association between survival times and covariates of interests. Many
parametric or semiparametric survival models are proposed for survival analysis, including
the Cox proportional hazards model (Cox 1972), the proportional odds model (Bennett
1983), the additive hazards model (Lin and Ying 1994), and the accelerated failure-time
model (Cox and Oakes 1984). Although those models are useful in applications, they
may still be inadequate to handle real problems due to the lack of the knowledge of the
suitability of a particular model. Motivated by this, non-parametric regression models
are employed in applications. Non-parametric models offer the flexibility of modeling and
protect us against the risk of model misspecification. However, such models are hampered
by the high dimension of covariates. To offer a flexible yet parsimonious model formulation,
sufficient dimension reduction (SDR) become useful in reducing the dimension of covariates
but not losing predictive information of covariates.

For uncensored data, various methods have been proposed to reduce the dimension of
covariates, including the inverse regression (Li 1991; Li and Wang 2007; Zhu et al. 2010),
the minimum average variance estimation (Zhu and Zeng 2006; Xia 2007; Wang and Xia
2008; Yin and Li 2011), and the semiparametric framework (Ma and Zhu 2012, 2013);
some details can be found in Cook (1998) and Li (2018).

For right-censored survival data, a number of methods have also been developed for
dimension reduction. To name a few, Li et al. (1999) examined the sliced inverse regres-
sion method to estimate the central space (CS) of dimension reduction directions. Xia
et al. (2010) considered semiparametric models and proposed the minimum average vari-
ance estimation using the inverse censoring weighting scheme. Lue et al. (2011) explored
the spline method and principal Hessian directions (PHD) approach. Lu and Li (2011)
discussed the sliced inverse regression with inverse probability weights and implemented
the variable selection approach for sparse data with a large dimension. Nadkarni et al.
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(2011) developed a minimum discrepancy approach using the inverse censoring weighting
method to build a inverse regression estimator and applied the bootstrapping method to
estimate the structural dimension. Zhao and Zhou (2014) examined sufficient dimension
reduction using marginal regression models to analyze recurrent event data. Zhao et al.
(2017) developed the multi-index model using the martingale approach.

While those methods are useful for different settings, they are inapplicable for error-
contaminated data, an ubiquitous feature in applications. As noted by Carroll and Li
(1992), when covariates are subject to measurement error, misleading results are often
yielded if measurement error effects are ignored when performing sufficient dimension re-
duction. To address measurement error effects in the SDR framework, Carroll and Li
(1992) proposed the “corrected” covariates for the implementation of sliced inverse regres-
sion. Li and Yin (2007) established the invariance law for correcting measurement error
effects. Zhang et al. (2014) developed the cumulative slicing estimation method using
the “corrected” covariates, which extended the development of Zhu et al. (2010). In the
presence of both censored data and measurement error in covariates, however, there has
been no available work, to the best of our knowledge.

Another limitation of most available methods in the SDR framework lies in the assump-
tion that the dimension (p) of covariates is smaller than the sample size (n), i.e., p < n.
In practice, however, high-dimensional data have become more accessible than ever, and
the p > n problem is an important yet challenging topic that deserves careful research.
It is not trivial to directly apply conventional SDR methods to estimate the CS when the
dimension p is higher than the sample size n, partly because the covariance matrix of the
covariates X, say Y x, is usually singular due to p > n.

To analyze data with p > n, feature screening is typically applied before perform-
ing standard analysis. Different feature screening methods have been proposed for vary-
ing settings. For example, Zhu et al. (2011) proposed model-free feature screening for
ultrahigh-dimensional data. Li et al. (2012) developed the distance correlation approach
for feature screening. Yu et al. (2013) proposed the Dantzig selection approach with the
sliced inverse regression. Yin and Hilafu (2015) and Hilafu and Yin (2017) studied the
dimension reduction framework for p > n through the sequential method. However, these
approaches apply only to the data with complete responses and precisely measured co-
variates. Even though limited research has been directed to perform feature screening for
censored responses (e.g., Song et al. 2014; Yan et al. 2017; Chen et al. 2019), little work
has been available to deal with sufficient dimension reduction in the concurrent presence
of censored responses, covariate measurement error, and ultrahigh-dimensional covariates.

Driven by the lack of methods for handling such data, we develop methods for han-
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dling dimension reduction for censored data with covariate measurement error as well as
ultrahigh-dimension in Chapter 4. We consider the single-index conditional distribution
model which covers many useful survival models, and based on them, we develop the semi-
parametric estimation procedure. Our method does not require usual assumptions such as
linearity and constant variance conditions that are imposed by other authors for a similar
problem (e.g., Li 1991). Our method employs the “corrected” covariates to correct for
measurement error effects and applies the conditional expectation scheme to remove the
bias caused by censoring. To handle the ultrahigh-dimensional SDR problem, we propose
a two-stage procedure, where in the first stage, we develop model-free feature screening
method with the effects of censored responses and covariate measurement error taken into
account, and in the second stage, we extend the semiparametric estimation method to
build the single-index conditional distribution model. Theoretical results of the proposed
methods are established accordingly.

1.6.4 Left-Truncated and Right-Censored Survival Data with Co-
variate Measurement Error

Survival analysis has been proven useful in many areas including cancer research, clinical
trials, epidemiological studies, actuarial science, and so on. A large body of methods
have been developed under various survival models. Among them, methods on the Cox
proportional hazard model have attracted the most research attention. Comprehensive
discussion on those methods can be found in Kalbfleisch and Prentice (2002), Lawless
(2003), and the references therein.

Those methods, however, break down when data have complex features pertinent to
the data collection and the natures of variables. Typically, simultaneous presence of biased
samples caused by left-truncation or length-biased sampling and measurement error in co-
variates pose considerable challenges in survival analysis. Focusing on measurement error
only, a large number of research papers have emerged since Prentice (1982). To name a few,
Nakamura (1992) developed an approximate corrected partial likelihood method which was
extended by Buzas (1998) and Hu and Lin (2002). Huang and Wang (2000) proposed a
nonparametric approach for settings with repeated measurements for mismeasured covari-
ates. Xie et al. (2001) explored a least squares method to calibrate the induced hazard
function. Song and Huang (2005) presented a conditional score approach for estimation of
the model parameters. Other approaches include Augustin (2004), Greene and Cai (2004),
Li and Ryan (2006), Kiichenoff, Bender and Langner (2007), and the references therein. A
review on this topic was given by Yi (2017, Chapter 3).

22



On the other hand, left-truncation is a common characteristic of survival studies which
arises when study subjects do not enter the study at the same time. In the presence of
left-truncation, individuals with shorter survival times are less likely to be recruited in
the study, thus resulting in a biased sample. Sizable methods have been available for
analyzing such data. For instance, Qin and Shen (2010) proposed the weighted estimating
equation approach. Qin et al. (2011) described an EM algorithm for estimation involving
infinite dimensional parameters. Huang et al. (2012) examined a profile likelihood method
for parameter estimation for which the distribution of the truncation time was restricted
as a uniform distribution. Wu et al. (2018) proposed a pairwise likelihood method of
handling left-truncated data. With joint modeling of longitudinal covariates and survival
outcomes, Su and Wang (2012) proposed a semiparametric method to handle the feature
of left-truncation.

While there have been methods of dealing with survival data with different features, to
the best of our knowledge, no systematic methods have been available for handling the those
features simultaneously (Yi and Lawless 2007). In Chapter 5, we consider this important
problem and develop inference methods for analysis of left-truncated right-censored survival
data with measurement error. To delineate the survival process, we employ the most widely
used framework - the Cox proportional hazards model; to postulate the measurement error
process, we extend the classical additive model, the model most popularly considered in
the literature of measurement error models, to facilitate measurement error that is induced
from both a systematic way and a random manner. We exploit a flexible estimator for
the survival model parameters which does not require specification of the baseline hazard
function. To improve the efficiency, we further develop an augmented non-parametric
maximum likelihood estimator. We establish asymptotic results for the proposed estimators
and examine the issues of efficiency and model misspecifications. While the proposed
methods generalize the scope of existing work on survival data, the extensions turn out
neither trivial nor straightforward. The proposed methods enjoy appealing features that
the distributions of the true covariates and of the truncation times are left unspecified, and
they are easy to implement.

Our work is partially motivated by the Worcester Heart Attack Study (WHAS500)
data (Hosmer et al. 2008) which involve left-truncation and right-censoring data. Data
were collected over thirteen 1-year periods beginning in 1975 and extending in 2001 on
all patients with acute myocardial infarction (MI) admitted to hospitals in the Worcester,
Massachusetts Standard Metropolitan Statistical Area. Basically, three types of time are
recorded: time of the hospital admission, time of the hospital discharge, and time of the last
follow-up (which is either death or censoring time). The total follow-up length is defined
as the time gap between the hospital admission and the last follow-up, and the hospital
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stay time is defined as the time length between the hospital admission and the hospital
discharge. Data can only be collected for those individuals whose total follow-up length is
larger than the hospital stay time, creating left-truncation (e.g., Kalbfleisch and Prentice
2002, Section 1.3; Lawless 2003, Section 2.4). It is interesting to study how the risk factors
are associated with the survival times after the patients are discharged from the hospital.
To conduct sensible analyses, it is imperative to account for possible measurement error
effects that are induced from error-prone covariates.

1.6.5 Model Selection and Model Averaging for Analysis of Trun-
cated and Censored Data with Measurement Error

Model selection plays an important role in statistical inference, and various model selec-
tion criteria have been proposed, including the Akaike information criterion (AIC) (Akaike,
1973), Bayesian information criterion (BIC) (Schwarz, 1978), Cross Validation, and Mal-
low’s C,, (Mallow, 1973). To incorporate the feature of the quantity of interest, Claeskens
and Hjort (2003) proposed the focus information criterion (FIC) for model selection. Sev-
eral extensions of the FIC method have been developed for distinct settings. For example,
Claeskens and Carroll (2007) studied the FIC method for the partially linear model. Zhang
and Liang (2011) implemented the FIC method to generalized additive partial linear mod-
els. Xu et al. (2014) discussed the FIC method based on weighted composite quantile
regression.

While those extensions branch out the scope of the FIC method, they are not applicable
to handle many practical problem. Typically, those methods fails to handle truncated and
censored data with measurement error, which arise ubiquitously from many areas including
clinical trials, epidemiological studies, actuarial science, and so on.

In analysis of censored data or survival data, some methods have been proposed for
variable selection for different survival models. For example, Liang and Zou (2008) studied
the AIC strategy on the accelerated lifetime model. Fan and Li (2002) proposed the
penalized log-partial likelihood function for the Cox model. Hjort and Claeskens (2006)
considered the Cox model with right censored data. Wang et al. (2015) examined the FIC
method for panel count data. Du et al. (2017) discussed the development of the quantile
regression with right-censoring.

Model selection with survival data is significantly challenged by other features which are
commonly possessed by practical data. Typically, survival data with both left-truncation
and covariate measurement error are quite common in applications. However, little work
has been available to address these two features simultaneously as noted by Yi and Lawless
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(2007) and Yi (2017), while addressing either measurement error or biased sampling has
attracted extensive attention in survival analysis. Regarding survival data with covariate
measurement error, there have been many methods in the literature (e.g., Prentice 1982,
Nakamura 1992, Yi 2017, Chapter 3). Concerning biased sampling, left-truncation is a
common source which usually arises when a subject dies before the recruitment of study
subjects. Different methods have been proposed to account for biased sampling effects; see,
for example, Qin and Shen (2010), Huang et al. (2012), Wu et al. (2017), among others.

Although many methods have been available to address some specific features of data
(such as measurement error and/or left-truncation) and/or model building, there has been,
to the best of our knowledge, no research on dealing with all these issues simultaneously.
In Chapter 6, we investigate this important topic and develop valid inference methods
which simultaneously accommodate measurement error effects and sampling issues as well
as model building for censored survival data. Our model selection development takes the
local model misspecification framework (Claeskens and Hjort 2003; Hjort and Claeskens
2003) and specifically focuses on the FIC criterion.

We further explore estimation of the model parameters for conducting post-selection
inference. Traditional statistical analysis often first builds the model by selecting important
variables and then, based on the model, carries out statistical inferences. This procedure,
however, as pointed out by Clyde and George (2004) and Wang et al. (2009), among
others, ignores the uncertainty induced from the variable selection process, thus producing
estimators with invalid characterization of the associated variability. To circumvent this
issue, we take one step back by not producing an estimator from a singlely selected model
from a class of candidates, but instead, we average a set of candidate models with suitable
weights attached, and then produce an estimator of the model parameter accordingly.
We establish the asymptotic properties for the proposed estimator. Our development
extends the scope of the usual model averaging strategy that has been used frequently
under different selection criteria. For example, Hansen (2008) considered least square
estimation with the Mallow criterion. Model averaging based on the jackknife (or cross-
validation) criterion was discussed by Hansen and Racine (2012). From the Bayesian
perspective, Raftery et al. (1997) proposed Bayesian model averaging for linear regression
models. Hoeting et al. (1999) summarized techniques of Bayesian model averaging (BMA)
and their applications to settings with generalized linear models or survival models. With
the FIC selection criterion, many authors explored the model averaging techniques; see
Claeskens and Hjort (2003), Claeskens and Carroll (2007), Hjort and Claeskens (2003),
Hjort and Claeskens (2006), Wang et al. (2012), Wang et al. (2016), and Zhang and Liang
(2011).
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Chapter 2

Graphical Models with Error-Prone
Variables: Bias Analysis and Valid
Inference Methods

2.1 Notation and Models

2.1.1 The Graphical Model

Let X = (Xyq,--- ,Xp)T be a p-dimensional random vector. We use a graph, denoted as
G = (V, E), to describe the relationship among the components of X, where V= {1,--- p}
includes all the indices of random variables and V' x V' contains all the pairs of indices in
V. A random variable X, is called a vertexr of the graph G if r € V; a pair of random
variables {X,, X} is called an edge of the graph G if (r,s) e ECV x V.

To characterize the distribution of a random vector X, we consider the graphical model
with the exponential family distribution,

P(X;6,0) =expq ¥ 6,B(X,)+ Y 04BX)B(X)+ Y C(X,)—A6,0),, (2.1)
reV (s,t)eE reV
where 6 = (6, - --Gp)T is a p-dimensional vector of parameters, © = [fy] is a p X p

symmetric matrix with zero diagonal elements, and B(+) and C(+) are given functions. The
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function A(@, ©) is the normalizing constant, also called the log-partition function, which
makes (2.1) be integrated as 1

A(6,0) = log / expd > OB(X,)+ Y 0.B(X,)B(X)+ Y C(X,) pdX.

rev (s,t)eE reV

Formulation (2.1) gives a broad class of models which essentially can cover any distri-

butions. For example, if for r € V| we set B(X,) = f—: and C(X,) = —2)232 being a
positive constant, then (2.1) is proportional to
X2
exp Z —0 X+ > StXSXt -y =Bk (2.2)
rev Or (st)eE Ira rev =T

yielding the well-known Gaussian graphical model (Friedman et al. 2008, Hastie et al.
2015, Lee and Hastie 2015). If we constraint 6, to be 0 for all € V and let B(X) = X
and C(X) = 0 with X € {0,1}, then (2.1) reduces to

exp{ Y 0. XX —AO) 5, (2.3)

(s,t)eE

which is the Ising model without the singleton for the simplicity (Ravikumar et al. 2010).
The structure (2.1) was discussed by Yang et al. (2015) and Chen et al. (2015) in detail.

For every r € V, let Xy, denote the (p — 1)-dimensional subvector of X with its rth

component deleted, i.e., Xy\y = (X1, Xooq, Xogr, -+ ,Xp)T. Define the neighbourhood
of r:

N@)={teV\{r}: (rt) € E}, (2.4)

which is the set containing all the indices of random variables X; that are dependent on
X,. By Proposition 1 in Yang et al. (2015), the conditional distribution of X, given Xy ()
can be expressed as

P (XX y) =expQ 6,X, + X, > 0 X +C(X) =D [0, + > 6% | ¢, (25)
teN(r) teN (r)

where D(+) is the normalizing constant ensuring the integration of the right-hand side (2.5)
equal to one.
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2.1.2 Measurement Error and Misclassification

In many applications, random variables are often subject to mismeasurement. Let X*
denote the observed or surrogate version of X. To emphasize the type of the random
vector, we use X© (or XP) to replace X if all components of X are continuous (or discrete);
when X contains both discrete and continuous components, we write X = (X CT X DT)T
where X© and XP are the subvectors of continuous and discrete components, respectively.
Similarly, we use X*¢ and X*P to express the surrogate vector X*. In the following, we
describe different ways of modeling the relationship between X*¢ and X© as well as the
relationship between X*P and XP.

We start with the case where X contains both continuous and discrete subvectors, i.e.,

X =(X°T,X DT)T. The classical additive measurement error model (Carroll et al. 2006,

Chapter 1; Yi 2017, Chapter 2) is assumed to describe the relationship between X*¢ and
XC:

X = XY 4 (2.6)

where € is independent of X as well as X*P and € ~ N(0,X,) with covariance matrix %,.
To highlight the idea, >, is assumed known for now.

To feature the relationship between X*P and XP, we first write the vectors of all
possible values of XP as T(1), T(2)," ", T(m), Where m is a positive integer. Assume that

P (X*D = $(k)‘ XP = x(z)»XC) =P (X*D = $(k)‘ XP = x(l)) : (2.7)
Let
pr =P (X = 24| XP = 2)) (2.8)

be the (mis)classification probability for £,/ = 1,--- ,m, and define the m x m (mis)
classification matrix

with element (k,l) given by (2.8) for k,l=1,--- ,m.
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Noting that
P(X®P=zg) = Y P(XP=up),X"=u1x)
=1
= Y P(XP =2y XP =2¢) P (X" =)
=1

= > puP (X" =1xq)
=1

for all k =1,--- ,m, or equivalently, the matrix expression
P (X =) P(XP =xq)
: =P : , (2.10)
P (X*P = 2(m)) P (XP = ()

we obtain the constraints for the surrogate X*P and the true vector XP. To ease no-
tation, we let MC [P](XP) denote the misclassification operator and write (2.10) as
X*P' = MC [P] (XP). This expression extends the misclassification operator used by Car-
roll et al. (2006, p.125) and Kiichenhoff et al. (2006) who considered a misclassified binary
random variable.

To highlight the idea, in the following development we assume that P is known; in
the last section we discuss the setting where P is unknown. Consistent with Carroll et al.
(2006, p.125), suppose that P has the spectral decomposition P = QDQ~! where D is a
diagonal matrix of eigenvalues of P and (2 is the corresponding matrix of eigenvectors.

In the case where X contains only continuous variables, then only model (2.6) is im-
posed to describe the relationship between X* and X where the independence requirement
is altered to be the independence between ¢ and X. When X includes only discrete com-
ponents, then only model (2.8) is needed and the assumption (2.7) disappears.

2.2 Impact of Naive Analysis

In the presence of measurement error or misclassification, it is important to study the im-
pact of ignoring such a feature. That is, if we carry out by replacing the true measurement
for X with its surrogate value X*, then how does the resulting estimator behavior? To
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answer this question, we consider a naive analysis which disregards the difference between
X*and X.

For r € V, let 0(r) = (er,e\) with 6\, = (61, Orro1), Orren)s =<+ 5 Orp) |- For

1 =1,---,n, the naive log likelihood function is determined by

o) =~ > tog P (x:000) ) @)

where P <X*( )\X* ) is determined by (2.5) with X replaced by X*, i.e

VA{r}

P (XX p) =exp{ 0,X7 + X7 Y 04X, +C(X]) =D | 0,4+ > 0,,X]
teN(r) teN(r)

To carry out variable selection for the variables associated with the parameter vector
6\, we implement the lasso penalty function for 6\, (Tibshirani 1996) and obtain the naive
estimator of 0(r):

Futr) = gin {Ea00) + 2]} 20

where A, is the tuning parameter and

16 ll, =D 18] - (2.13)

J#T

Now we discuss the asymptotic bias of the naive estimator é\m(r) for r € V. For a vector
a with elements a;’s, let ||a|| . denote the infinity norm defined as max |a;|. Forr € V, define
7

_ (&7 _ (4) (4) (&1
D, = E{D" (0, + X2 0000 fand @ = E{ (X0, X0y ) D7 (60 + X0 0000 ) |
and let X\, be the covariance matrix X, with the rth row and the rth column deleted.

Theorem 2.2.1 Assume that reqularity conditions in Section 3.1 of Yang et al. (2015)
hold. Then for any r € V, there exist constants & € (0,1) and p > 0 such that

Al
— %9,
L 4(2-a) )

am,(r) — Go(r) N

0l (6o)
Z {HQTHOO—'_HEG,\TDTH (H 0

— {1+ Q12 B Do)l L} 5P
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Theorem 2.2.1 indicates that the naive estimator gmj(r) is not close to the true parameter

~

Opno(r) — 90(7")H is positive, provided

0o(r) in the infinity norm since a lower bound of

that the tuning parameter \,, is smaller than {1(62—_7&‘5) +57| QTHOO} ! H Bnnlbo) s shown
in Appendix A.3. This suggests that the estimated graph generally differs from the true
graph. In Section 2.5 we also carry out simulation studies which confirm the theoretical
result in Theorem 2.2.1. Consequently, it is imperative to correct for the measurement
error effects in order to obtain valid results. In the following two sections we develop

inferential procedures which account for measurement error effects.

2.3 Correction Method with Either Continuous or Dis-
crete Variables but not Both

In this section, we consider cases where X contains either all continuous or all discrete ran-
dom variables, i.e., X = X© or X = XP. To address mismeasurement effects, we develop
a simulation-based three-stage neighbourhood-set likelihood method. The basic idea is to
first depict how the bias induced from mismeasurement in the variables is related to the
degree of mismeasurement, and then use this relation to extrapolate it to the case without
mismeasurement. Such an idea has the similarity to the simulation-extrapolation (SIMEX)
approach proposed by Cook and Stefanski (1994) and the misclassification SIMEX (MC-
SIMEX) method considered by Kiichenhoff et al. (2006). However, the development here
is more complex in technical details and the establishment of theoretical results is a lot
more challenging.

2.3.1 Inferential Procedures

Stage 1 : Simulation
Let B be a given positive integer and let Z = {(y, (1, -+, {um} be a sequence of pre-
specified values with 0 = (o < (; < --- < (ar, where M is a positive integer, and (y,
is a prespecified positive number such as 1.

For a given subject ¢ with ¢ =1,--- ,nand b=1,---, B, if the random vector X
is continuous with X = X, then we generate Ub(l) from N(0, X.), and define Wb(z) €)
as

Wy (¢) = X0 4 /Uy (2.14)
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for every ¢ € Z. If the random vector X is discrete with X = XP_ then we generate
W, (¢) by

W (¢) = MC[P¢] (X*PO) (2.15)
for every ¢ € Z, where P¢ = QD¢Q 1.

Stage 2 : Selection '
For r € V, replacing X in (2.5) by Wb(z)(C) gives

P (Wi ©)

= exp 6, (O + W20 D 0. (€ (2.16)
tEN(’!’)

n <C<sz,? (g))-D b+ Y 0O ] 7

teN(r)

and hence, the log-likelihood based on (2.16) is given by

loc (0() = — Z {P (W QWi ©)}- (217)

=1
Then for the given b and (, we calculate

é\(r; ¢,b) = areg(rr)lin {€b7< O(r)) + A\, HG\THl} (2.18)
and hence, we define

(2.19)

Udl
Mm

o
I

Stage 3 : Extrapolation
Grouping the estimators obtained from (2.19), we obtain the sequence

={(¢.8(50):ce 2}
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for each r € V. Then we regress 0(r; () over ¢ by fitting a model
0(r;¢) =G (¢,T)+0 (2.20)

to the sequence S,., where G(+,-) is a regression function, I' is the vector of associated
parameters, and ¢ is the noise term. Parameter I' can be estimated by applying the

least squares method to the sequence S,.; and we let T denote the resulting estimates
of I'.

Finally, we extrapolate model (2.20) by letting ( = —1 and calculate the predicted
vector

0(r) = G(—1,T). (2.21)

To obtain the estimator of ©, one may consider to repeat the same procedures for r €
V. However, this procedure contains a flaw since © is a symmetric matrix with ,, =
0, for t # r, but 6,; is not necessarily equal to 0, for t # r. To obtain a reasonable
estimate of ©, one may apply the AND or OR rule proposed by Meinshausen and
Biithlmann (2006). Corresponding to the elements of 6(r) defined before (2.11), we

N S NT - - N N N\T
write 0(r) as <8T,0\T> with 6\, = <«9T17... Or(r—1y5 Or(ry1ys - - - ,grp> _ Then the

estimated neighbourhood of r is given by N(r) = {t eV\{r}: 0, # 0}. For any
two different nodes r and ¢, the AND rule declares that (7, t) belongs to the estimated
edge set E if both r € N(t) and ¢ € N(r) hold, while the OR rule allows (r,t) € E
if either r € N(t) or t € N'(r). In this chapter, we use the AND rule.

In implementing the proposed method, choosing sensible tuning parameters is critical.
Suggested by Wang et al. (2007), BIC tends to perform well in general, especially in the
setting with a penalized likelihood function. Here we employ the BIC approach to select
the tuning parameter \,. Specifically, we let 0(r;(,b, \,) denote the estimator obtained
from (2.18) by spelling out the dependence on the tuning parameter. For the given b and
(¢, define

BIC () = 2nby¢ (§(r; ¢,b, )\n)) +log(n) x df (é(r; b, )\n)> , (2.22)

~

where df <§(r; ¢, b, )\n)> represents the number of non-zero elements in 0(r;(, b, A,). The

optimal tuning parameter \,, denoted by Xn, is determined by minimizing (2.22) within

~

suitable ranges of A,. As a result, the estimator of 6(r) is determined by 0(r;(,b) =
O(r; ¢, b, Ap).
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2.3.2 Theoretical Results

Here we establish theoretical results to justify the validity of the proposed method in
Section 2.3.1.

-
For any r € V, similar to the notation 6(r) in Section 2.2, let 6y(r) = (00;7“,95\7,)
denote the true value of the parameter 0(r), where
-
90;\7‘ = (00;7“17 e 790;r(r—1)7 90;'r(r+1)7 Tt HO;Tp)

is the true value of 6\,. Let S, = {t € V' \ {r} : 6,4 # 0} denote the set indexing nonzero
elements of 6\, and let S¢ be its complement. Write d, = |S,|. Let fp.s, = (fo,e : t € S,)
denote the subvector of 0y, containing nonzero elements. Then we write

6( ) (601"760879050)

Similarly, let @\ST = ((/9\” te Sr> denote the subvector of 5\7. containing nonzero estimates,
R R T
and we write estimator (2.21) as 0(r) = <9r, @r, @\ETC) .

Let Vof (a) 3f—a and V2f(a) = gig;) denote the operators of differentiating

the function f(«) with respect to a. For the log likelihood function (2.17), let Q@ =
Vg(r)fb,c((%(r)). Write
Q= ( Qs,s. WQs,s )
Qses, Qsese

as the block matrix of @ with Qs s = Vgs (T)eb,g(eo (1)), Qsese = Vgsc (T)Eb,g(eo(r)), Qs,.sc =
Vesc {Vesr N4 g (Oo(r } and Qses, = Q;sg-

Let G'(¢,T) = 24 CF and Gr = (G'((,I") : € Z). For a given constant a, let sign(a)
be the sign function Wthh takes value +1 if a > 0, value —1 if a < 0, and 0 otherwise.
For a vector (or a matrix) A, sign(A) is defined to be the vector (or the matrix) whose
element corresponding to the element a of A is sign(a).

Theorem 2.3.1 Under regularity conditions (A1)-(A5) in Appendixz A.1, we have the fol-
lowing results:
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(a)

(b)

(c)

Sparsity recovery:
For every node r € V, the estimated neighbourhood set is equal to the true neighbour-
hood, i.e.,

with a large probability.

Boundness of the estimator:
Forr € V, let bys,(r) = (QO;T,QOT;ST)T denote the true value for the subvector of

R N T
nonzero parameters associated with r, and let 0s (1) = (0,., 5;) denote its estimator

obtained based on (2.21). For the infinity norm, we have

Solw

6d7 \,,
P1

G'(—1,1) (G Gr) ' GL

[8s. ) = s, ()| _ <

with a large probability, where A = ’

X
Sign recovery:
sign (s, (r)) = sign (fos, (1))

with a large probability.

Theorem 2.3.1 (a) shows that the estimated neighbourhood set is equal to the true
neighbourhood set with a large probability for any node » € V', hence suggesting that the
estimated graph is equal to the true graphical structure with a large probability. Specifi-
cally, based on the definition of the neighbourhood set, the edge set is given by

E={(s;r):s,teVy=|J{(sr):s €N}

reV

In addition, the estimated edge set is determined by

E= U{(s,r) s e N(r)}.

Theorem 2.3.1 (a) indicates that there is a constant «, close to one such that

PIN(r) = N(r)} > a,.
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Then we have

P(E=E) = P(U{@,r):se/\?(r)}:U{(s,r):se/\/(r)}>

> max P <{($,7’) se N}y ={(s,r):s¢€ N(r)})

reV
> max .,

reV
which is lower bounded by a constant close to one due to the assumption that the number
of nodes of the considered graphical models is fixed. Regarding the subvector of nonzero
parameters, Theorem 2.3.1 (b) offers an upper bound for the difference between its estima-
tor and the true value, and Theorem 2.3.1 (c) says that with a high probability, the sign
of the estimator is the same as the sign of the true parameter value.

2.4 Inference of Mixed Graphical Model with Both
Measurement Error and Misclassification

: . . i T . .
In this section, we consider a general case with X = (X CT X DT) subject to mismeasure-
ment, where X is a pc-dimensional continuous random vector and XP is a pp-dimensional

discrete random vector. The observed surrogate vector X* = (X T X *DT)T is described
by the models (2.6) and (2.10).

2.4.1 Model and Method

To show the nature of the variables in X, let V- and Vp denote the sets containing all the
indices of continuous and discrete random variables, respectively. Let F¢ and Ep represent
the sets of edges restricted to the pairs of the indices in Vi and Vp, respectively, and let
Ecp denote the set of heterogeneous edges for the pairs of the indices in Vi and Vp, i.e.,
Ecp = {(7’, ) :r € Vg, t' € Vp, and X¢ and XP are dependent}. For r € V¢, let

Neo(r)y={t e Ve : (rt) € Ec}

be the homogeneous neighbourhood of r containing all the indices of continuous random
variables X that are dependent on X¢, and let

NCD(T) = {t/ € VD : (T, t/) c ECD}
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be the heterogeneous neighbourhood of r containing all the indices of discrete random
variables X2 that are dependent on X¢.

For r' € Vp, define
ND(T/) = {t/ eVp: (T/,t/> S ED}
and

NDc(T’/) = {t e Ve (t,’l‘l) S ECD}-

Then the mixed graphical model, derived from (2.1), is formed as

P(X°XP) = expq > 0°XT+ Y 05XTXS
reVeo (T‘t €Ec
+ Y OPXEXP+ Y XD+ ) R XPXP
(rit"YEEcD r'eVp (r't")EED
P 3 O - a0} 229
reVe r'eVp

where A,;(0,0) is the normalizing constant of (2.23); ¢ and 60 are the parameters
corresponding to X¢ and X2 for r € Vi and ' € Vp, respectively, 0$ and 00, are the
parameters indicating the pairwise dependence of the variables in E¢ and Ep; and 6SP is the
parameter showing the pairwise dependence of (X¢, X[?) for r € Vi and t' € Vp. Different
from the setting in Chen et al. (2015), our setting can clearly detect the homogeneous
edges and heterogeneous edges.

Generalizing the methods of Section 2.3, we propose the simulation-based three-stage

neighbourhood likelihood method to correct for mismeasurement effects on estimation of
the mixed graphical model.

Stage 1 : Simulation

Given B, Z = {(o, -+ ,Cm}, and M as defined in Stage 1 of Section 2.3.1, we generate
the working data W (¢) and WP® (¢) by (2.14) and (2.15), respectively.

Stage 2 : Estimation
For any r € Vo and v’ € Vp, we define

98“ = (91?17 ) 97’(7“ 1) 9r(r+1 ) 92)0>T )
0o = (001, 00001y, 000041y, ,ePpD) , (2.24)
HSD = (QSlD, R QSPE) , and 9DC (QfTD, cee 953 )
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Now we describe estimators separately according to the nature of the variables. Sim-
ilar to (2.5), for subject i = 1,--- ,n, we first calculate

P (WP (O WS oy (© W20 () = exp {Wi™ () = D)} (2.25)

with n¢0) =69+ > Qng?t(i) Q)+ > HgPWlEgi) (¢). Then we find the estimators,
teNa(r) =

based on (2.25),
(°(¢.0),85.(¢.0), 8 (¢, 0)

i 1< i i i
" (owac.050) [721%{13 (W Wi © 120 )
(O] r 1=1

\r?
a0, + Ae 0571, 220

where \,; and A, are tuning parameters.

Next, by analogy, for subject ¢ = 1,--- ,n, we calculate
Dz D(i C(z D¢ i i
P (W QWi oy (. W59 () = exo {WD¥ () P9 = DGO} (2.27)

with @ =2+ S 02, WoP () + 3 02w, (¢). Then we find the estima-
t'eND (1) ’ teVe ’
tors, using (2.27),

(R(¢.),85.(¢.6). 829, v))

- argmin | [% > 108 { P (WP (O W2y (O WE9 () }
0%, 0D, 0C =1

+Ans || 00

A ||oRC

H , (2.28)

where \,2 and \,3 are tuning parameters.
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Finally, we calculate

B

Q) = 5 S, (2290)
1 b;l

OC) = 5D 0R(Ch). (2.29b)
1 b;l

50 = 5D D). (2.20¢)
1 b;l

Q) = 52 (), (2:294)
b=1
B

Q) = 3 PG D), and (2.29¢)
b=1
B

W) = IR, (2.291)
b=1

Stage 3 : Extrapolation
Similar to Stage 3 in Section 2.3.1, we fit a regression model each of the six sequences
obtained from (2.29a) — (2.29f), and extrapolate each model to ( = —1 and then
obtain the estimators (/9\7? , 5}3 , gg, 5\2,, @CD and 5,90.
Similar to the discussion in Section 2.3.1, we note that the vectors 0P and D¢
in (2.26) and (2.28) share the same parameter 0P with r # 1/, but the preceding

rr
procedure does not necessarily yield identical estimator 6 in 6P and ooC. To

deal with this discrepancy, we can apply the AND or OR rule to determine the
estimators and the estimated graph. Furthermore, for (r,t) € E¢, (',t') € Ep,

and (r,t') € Ecp, the estimated neighbourhood sets for N (r), Np(r'), Nep(r) and
Noc(r') are given by No(r) = {t €Ve:6C # 0}, Np(r) = {t’ elp: éBt/ # 0},
Nep(r) = {t’ eV @%P # 0}, and Npc (1) = {t eV eAgP # O}, respectively.
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2.4.2 Theoretical Results

In this subsection, we establish theoretical results for the estimators proposed in Sec-

I
tion 2.4.1. For r € Vi and v’ € Vp, we write Oc(r) = <9TC,9CT HCDT> and Op(r') =

\r 277

.
(9?,, 9]\17, QBCT> for the parameters defined in (2.24), and we write their true values anal-

T T
ogously as 6y.c(r) = (98r,98\Tr,08?T> and Oy.p(r') = (987«/,98\1,,983T> . We also write

N T
CcT HCDT> and

their estimators constructed in Section 2.4.1 analogously as 50(7") = (@?, H\T ,0;

Oor") = (32,007 aw)f

YN\ o V!

For r € V¢, let SC,r(VC) = {t e Vo 97% 7& 0} and SC,r<VD) = {t, eVp: 97%]/3 7é 0}
Similarly, for v’ € Vp, define Sp,(Vp) = {t' € Vp : 60, # 0} and Sp (Vo) = {t € V¢ :
929 7é 0} We further define SCJ« = SCJ«(Vc) U SCJ«(VD) and SDJJ = SD’T/(VD) U SD,r’(VC)7
and write dc, = |Sc,| and dp, = [Sp,|. For r € Vg, let Oys,, = (Hg;m@g?t, it e

4
Sc(Vo) and ' € Sc,(Vp))' denote the column subvector of (Qg\TT,é’S?T> containing

nonzero elements, and hence 6y.c(r) can be also written as (ng,G(ISCT,HOT;Sé > . By
analogy, for r" € Vp, let Oys, , = (QET,t,,HgPr, :teSp(Ve) and ' € SDJA/(VD))T be the

-
column subvector of (9[1)3_\1 ., 035?) containing nonzero elements, and 6.p(r’) can then be

re-written as Oo.p(r') = (9&,,933]3 1 00.se /)
’ ’ 5T “D,r

. PN T
Similarly, for r € Vg, let 05, = (6’2, 6P :t € So (Vo) and t' € SCJ(VD)) denote the

column subvector of (HSTT, 6°PT) T containing nonzero estimates; and for ' € Vp, let s, , =

.
(@t,’@b/c 1t e Sp (Vo) and ' € SD,T/(VD)) be the column subvector of (@\DT,T,«?BCT)T

tr

containing nonzero elements. Therefore, the two estimators ac(r) and aD(r’ ) can also

. N T N N T
be written as Oc(r) = (6?, g:grcyr, @CT) and Op(r') = (GB, @D’T,,é;fa) , respectively.

Theorem 2.4.1 Under regularity conditions (A1) — (A6) in Appendiz A.1 and given
r € Vg and r' € Vp, the following properties hold:

(a) Sparsity recovery: for the homogeneous-neighbourhood,

/\A/'c(r) = N¢(r) and ./VD(TI) = Np(r')
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with a large probability; and for the heterogeneous-neighbourhood,
Nop(r) = Nep(r) and Nope(r') = Npe(r')
with a large probability;

(b) Boundness of the estimators:

-
Forr € Vg, let Oy.cs,, (1) = (9&, Q&SCJ denote the true value for the subvector of
~ ~ T
nonzero parameters associated with r, and let O¢.s., (1) = (9?, @CJ denote its es-
T
timator. Forr' € Vp, let yps, ,(r') = (%?w QOT:SD,T/> denote the true value for the

N N T
subvector of nonzero parameters associated with r', and let Op.s, ,(r'") = <97?, @D w)
denote its estimator. Then for the infinity norm, we have

~ 6+/dcrAn
HQO;SC,T (r) — 90;0,SC,T(7“)H < —
00 pl
and

N 6 \V/ dD,'r’ /\n
HGD%SD’»«' (r') = bo.n.s,, (') H = p
0 1

with large probabilities.

(¢) Sign recovery:

sign (50;3“(7’)) = sign (0o,c,s.., (1)) and sign (@D;Sm,(r’)> = sign (90;&5&“ (r’)>

with large probabilities.

The proof of the theorem is given in Appendix A.5.

2.5 Numerical Studies

In this section, we conduct numerical studies to assess the performance of the proposed
estimators for a variety of settings. We first design the simulation settings and then
present the simulation results. Finally, the proposed method is implemented to analyze a
real dataset.
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Figure 2.1: The left-hand-side structure is a Lattice and the right-hand-side structure is a
Hub.

2.5.1 Model Settings

Let ©g be the px p matrix which is specified to have the network structure, a lattice or a hub
structure, as shown in Figure 2.1. Let X denote the p-dimensional random vector which
follows the exponential family distribution (2.1), where the continuous random vector X©
assumes the structure (2.2), and the discrete random vector XP assumes the form (2.3).
Moreover, let pc be the dimension of X© and let pp be the dimension of XP.

For the measurement error process, we consider the following three scenarios:

Scenario 1: Only continuous variables are subject to measurement error
In this scenario, all error-prone random variables are continuous, i.e., X = X¢, and
they assume the classical additive measurement error model

X=Xt (2.30)

where ¢ is independent of X© ¢ ~ N(0,%,), and X, is a p x p diagonal matrix
with entries o2, with o2 set as 0.15%,0.5% or 0.75% to reflect increasing degrees of

€ €

measurement error.

Scenario 2: Only binary variables are subject to misclassification
In this scenario, all the error-contaminated random variables are considered to be
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binary, taking value 1 or —1, i.e., X = XP. In contrast to the misclassification
probabilities defined by (2.8), we consider that

pu =P (X*D = :Ij'(l)‘XD = :Ij'(l)) (2.31)
assumes a common value, say 7, for [ = 1,--- ,m, where m = 2P, representing the
cardinality of the set {—1,1}?. Thus, the misclassification matrix (2.9) is the m x m
matrix

[ 1—7 0 0 e 00 0]
(1 —m) ™ (1—m) 0 -0 0 0
P— 0 s(1—m) m sA—7) --- 0 0 0],
i 0 0 0 0 - 0 l—7m m |

where we set m = 0.7,0.8, or 0.9 to reflect different degrees of misclassification.

Scenario 3: Both measurement error and misclassification exist
In this scenario, we examine the case where both continuous and discrete random
variables are subject to mismeasurement by combining Scenarios 1 and 2 with addi-
tional assumptions that € in (2.30) is independent of X*P and (2.7) holds. Consistent

with the notation in Section 2.4.1, let X = (XCT,XDT)T be the vector of the true

u
random vectors and let X* = (X *CT, X *DT> denote the surrogate random vectors

with dimension p = pc + pp.

In implementing the proposed methods, we set B = 500 and partition the interval [0, 2]
into subintervals with the equal width 0.25 so the resulting cutpoints are set as the values
of (. We take the regression functions G(-,-) in (2.20) to be the quadratic function, as sug-
gested by Carroll et al. (2006, p.126). In each setting, we consider different combinations
of the sample size n and the dimension of X. In Scenario 1, we set (n,pc) = (400, 20),
(400, 100), or (200,400); in Scenario 2 we examine (n, pp) = (400, 20), (400, 15), or (15, 20);
and in Scenario 3 we set (n, pc, pp) = (400, 10, 10), (400, 90, 10), or (200, 280, 20). We per-
form 500 simulations for each setting.
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2.5.2 Simulation Results

We examine the accuracy of the estimator of © by employing the L;-norm and the Frobe-
nius norm, respectively, given by

[Asll, = max > |8 — Oy
J
7

and

2

)

[Aelly = \/ZZ ‘@ij — O0,j
i

where Ag = 0- .

To examine the accuracy of variable selection for the graphical structure, we examine
the specificity (Spe) and the sensitivity (Sen) for the estimator ©. The specificity is defined
as the proportion of zero coefficients that are correctly estimated to be zero, and the
sensitivity is defined as the proportion of non-zero coefficients that are correctly estimated
to be non-zero. The simulation results of both the naive and the proposed methods are
reported in Tables 2.1-2.3. As a reference for comparisons, we also use the true values of
X for the estimation, and denote this method as “true”.

It is apparent that the naive method yields seriously biased results. The values of the
Lyi-norm and the Frobenius norm are noticeably large whereas the specificities are small
for various settings. Although the sensitivities are all good for Scenario 1, they tend to be
far off value 1 in Scenarios 2 and 3. As the degree of mismeasurement increases, the bias
incurred in the naive method becomes more substantial.

On the contrary, the proposed method obviously outperforms the naive method. The
values of the Li;-norm and the Frobenius norm are fairly small, and the specificities and
the sensitivities are high for all the three scenarios. As expected, the good performance of
the proposed method deteriorates as mismeasurement becomes more severe.

2.5.3 Analysis of Cell-Signalling Data

We implement the proposed method to analyze the cell-signalling data which were dis-
cussed by Sachs et al. (2005). This dataset contains p = 11 proteins and n = 7466
cells. For a given cell, 11 proteins are dyed by different colors using phosphorylation. The
amount of dyed proteins can be measured by flow cytometry (a technique that measures
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the amount of proteins in a population of cells), so here X represents the amount of a
specific protein in one cell. According to Sachs et al. (2005), the cell signaling is a commu-
nication process that controls cell activities. When an external signal (e.g., growth factor)
binds to its specific cell surface receptor, the activated receptor will interact with signaling
proteins inside cell, which triggers a cascade of information flow or signalling pathway. The
signaling pathway involves chemical, physical or locational modifications of protein-protein
interaction, which leads to a specific cell response such as inducing the transcription and
translation to produce certain proteins. It is important to understand the relationship
among various signaling proteins/molecules by investigating signaling pathways and the
dependence structure of proteins.

To this end, several authors analyzed the data with different approaches. Sachs et
al. (2003) fitted a directed acyclic graph (DAG) to the data, and Friedman et al. (2008)
implemented the graphical lasso method (GLASSO) to estimate the network structure of
the proteins. However, those methods do not address the effects due to mismeasurement,
a common phenomenon that is common with the measurement of cell signaling, as pointed
out by Bandara et al. (2009) and Yoriik et al. (2011).

In our analysis here, we address the feature of mismeasurement and apply the proposed
method to analyze this dataset containing error-prone continuous variables. Since the
dataset has no additional information such as repeated measurements or validation data for
quantifying the degree of measurement error, we conduct sensitivity analyses to investigate
how the analysis results are affected by different magnitudes of measurement error. To be
precise, let 2 be the sample covariance matrix and we consider >+ 3., to be the covariance
matrix ¥, for the measurement error model (2.6), where ¥, is the diagonal matrix with
diagonal elements being a common value o2. We specifically consider o2 = 0.15%,0.5? and
0.752, representing an increasing degree of measurement error. The estimated networks
are displayed in Figure 2.2. In comparison, we also examine the naive analysis discussed
in Section 2.2, and the result is displayed in Figure 2.3.

Figure 2.2 demonstrates that the estimation of the network structure is clearly influ-
enced by the degree of measurement error. Although only one edge is differently identified
by incorporating o2 = 0.15% or 0.50? (i.e., pakts473 is connected with pjnk or praf), the
differences between the settings with ¢ = 0.50* and 0.75% are more noticeable. Three
extra edges (i.e., P38 and plcg; PKC and plcg; PKA and p44.42) are identified with the
measurement error degree increased from o2 = 0.50? to 0.75%, which also include the edges
identified for the setting with o2 = 0.152. On the other hand, the naive method produces
a more complex network structure and the result is clearly different from the proposed
method which accounts for the measurement error effects. The naive method indicates
more connected variables than the method which corrects for different magnitudes of mea-
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surement error. These studies demonstrate that in the presence of measurement error in
the variables, ignoring such a feature may produce spurious correlation structures among
the variables.

pakisa73 padin2 pakisa73 padin2 pakisa73 padiaz

o2 = 0.152 o2 = 0.502 o2 = 0.75°

Figure 2.2: Graphical structures of 11 proteins with different degrees of mismeasurement
in cell-signalling data.

4 l“‘v ek

LN
T B
RS

pakts473 p44.42

Figure 2.3: Graphical structure of 11 proteins with ignorance of mismeasurement in cell-
signalling data.
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Table 2.1: Simulation results for the estimators of © based on Scenario 1

Model (n,pc) Oe Method Estimator of ©g
lAell:  llAellr  Spe  Sen
Lattice (400, 20) 0.15 naive 2.773 17.986 0.533  1.000
corrected 1.691 2.021 0.988 1.000
0.50 naive 2.711 15.833 0.207  1.000
corrected 1.741 3.768 1.000 1.000
0.75 naive 3.111 15.653 0.071  1.000
corrected 1.956 3.318 0.988  1.000
true 1.316 1.954 1.000 1.000
(400,100) 0.15 naive 2.555 86.625 0.749  1.000
corrected 0.822 6.061 1.000 1.000
0.50 naive 3.434 90.056 0.237  1.000
corrected 1.064 7.320 0.995 1.000
0.75 naive 3.911 96.357 0.094 1.000
corrected 1.549 14.247 0.995 1.000
true 0.664 4.924 1.000 1.000
(200,400) 0.15 naive 4.895 106.474  0.298  1.000
corrected 1.234 34.828 1.000 0.996
0.50 naive 8.243 521.504  0.082 0.903

corrected 2.072 56.988 0.999 0.993
0.75 naive 11.209  621.102 0.030 1.000
corrected 1.908 106.474  0.998 0.956

true 0.586 1.954 1.000 1.000

Hub (400, 20) 0.15 naive 4.857 10.375 0.637  1.000
corrected 1.933 2.448 1.000 0.944

0.50 naive 4.678 9.716 0.357  1.000

corrected 1.354 0.799 1.000 1.000

0.75 naive 4.574 10.173 0.110  1.000

corrected 1.209 0.674 1.000 1.000

true 1.651 1.207 1.000 1.000

(400,100) 0.15 naive 9.108 43.036 0.735  1.000
corrected 2.259 3.183 1.000 1.000

0.50 naive 9.671 47.410 0.432  1.000

corrected 2.366 3.477 1.000 1.000

0.75 naive 9.676 49.876 0.163  1.000

corrected 2.659 3.146 0.998 1.000

true 1.677 1.364 1.000  1.000

(200,400) 0.15 naive 10.179  206.529 0.433  1.000
corrected 2.735 15.989 0.999 0.995

0.50 naive 12.633  261.196 0.165 1.000

corrected 3.280 27.334 0.998 0.989

0.75 naive 15.659  332.615 0.041 1.000

corrected 3.581 31.680 0.997  0.955

true 0.206 7.686 1.000 1.000
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Table 2.2: Simulation results for the estimators of © based on Scenario 2

Model (n,pp) T Method Estimator of ©g
lAell: l[Aellr  Spe  Sen
Lattice  (400,20) 0.70 naive 2.856 27.741 0.876 0.871
corrected 1.586 6.607 0.988 0.974
0.80 naive 2.571 23.328 0.840 0.868
corrected 1.606 5.473 1.000 0.974
0.90 naive 2.447 21.853 0.858 0.889
corrected 1.564 5.129 0.994 0.972
true 0.879 3.335 1.000 0.996
(400,15)  0.70 naive 2.670 19.047 0.779  0.681
corrected 1.981 12.111 1.000 0.912
0.80 naive 2.843 17.959 0.823  0.727
corrected 2.338 10.231 1.000 0954
0.90 naive 2.469 15.573 0.856  0.743
corrected 1.590 7.038 1.000 0.909
true 0.885 2.105 1.000 0.964
(15,20) 0.70 naive 7.769 64.859 0.083  1.000
corrected 6.034 49.371 0.922  0.952
0.80 naive 5.313 55.756 0.143  1.000
corrected 5.130 25.334 0.944  0.903
0.90 naive 5.017 54.200 0.159  1.000
corrected 4.130 21.670 0.968 0.968
true 1.760 4.999 0.986 0.973
Hub (400,20) 0.70 naive 6.781 15.941 0.676 0.844
corrected 3.648 4.281 0.961 0.911
0.80 naive 7.013 15.918 0.692 0.833
corrected 2971 4.205 0.967 0.956
0.90 naive 5.059 10.779 0.720  0.904
corrected 1.615 1.074 1.000 1.000
true 1.510 0.977 1.000 1.000
(400,15)  0.70 naive 4.511 11.085 0.628 0.846
corrected 2.100 4.8000 0.920 0.906
0.80 naive 4.572 11.818 0.668 0.615
corrected 1.903 3.955 0.930 0.923
0.90 naive 3.879 8.063 0.658  1.000
corrected 1.611 1.833 1.000 1.000
true 0.996 0.661 1.000 1.000

(15,20) 0.70 naive 13.580 71.308 0.050  1.000
corrected 7.356 36.161 0.918 0.944

0.80 naive 10.354 43.816 0.054  1.000

corrected 7.653 26.891 0.938 0.933

0.90 naive 9.406 36.304  0.055 1.000
corrected 4.973 18.947  0.929 0.954
true 2.931 4.650 0.996 0.961
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Table 2.3: Simulation results for the estimators of © based on Scenario 3

Model (n,pc,pPD) (oe,m) Method Estimator of ©g
lAellr  [[Aellr  Spe  Sen
Lattice (400, 10, 10) (0.15,0.9) naive 1.878 10.671 0.811  0.839
corrected 1.111 3.787 0.982 0.939
(0.50,0.8) naive 1.921 11.277 0.746  0.806
corrected 1.630 5.264 0.952  0.942
(0.75,0.7) naive 2.305 11.869 0.686  0.839
corrected 1.692 6.218 0.953 0.967
true 0.853 2.210 1.000 0.977
(400, 90, 10) (0.15,0.9) naive 1.893 53.422 0.718 0.744
corrected 1.685 18.655 0.998 0.928
(0.50,0.8) naive 2.110 64.900 0.646  0.744
corrected 1.800 18.708 0.993 0.928
(0.75,0.7) naive 2.266 58.259 0.581 0.739
corrected 1.812 23.935 0.987 0.933
true 1.200 9.068 1.000 0.965
(200,280,20) (0.15,0.9) naive 2.538 131.564 0.581 0.866
corrected 1.914 50.116 0.994 0.958
(0.50,0.8) naive 5.223 174.617 0.278 0.872
corrected 3.767 110.748 0.967 0.958
(0.75,0.7) naive 5.991 169.521  0.260 0.879
corrected 4.136 118.195 0.959 0.956
true 0.971 16.218 0.999 0.958
Hub (400, 10, 10) (0.15,0.9) naive 3.397 5.098 0.599  1.000
corrected 1.142 1.200 0.945 1.000
(0.50,0.8) naive 5.190 8.414 0.500 0.667
corrected 2.301 4.042 0.941 0.956
(0.75,0.7) naive 5.351 11.984 0.439  1.000
corrected 2.266 7.578 0.959 0.944
true 0.468 0.755 1.000 0.984
(400,90, 10) (0.15,0.9) naive 9.670 27.398 0.769  0.705

corrected 5.447 14.104 0.992  0.947

(0.50,0.8) naive 10.235 35.899 0.628 0.716
corrected 7.811 24.237 0.958  0.947

(0.75,0.7) naive 12.733 60.029 0.673 0.715
corrected 7.274 29.614 0.921 0.953

true 3.337 11.003 0.998 0.973

(200,280,20) (0.15,0.9) naive 9.401 83.764 0.401  1.000
corrected 4.585 32.320 0.987  1.000

(0.50,0.8) naive 13.650 132.395 0.206 0.875

corrected 11.254 117.863 0.957 0.977

(0.75,0.7) naive 11.708 159.760 0.176  1.000

corrected 6.257 120.503 0.951 0.996

true 1.101 1.694 0.999 1.000
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Chapter 3

Analysis of Noisy Survival Data
under Graphical Proportional
Hazards Measurement Error Models

3.1 Notation and Model Setup

3.1.1 The Graphical Model

Let X = (Xy,--- ,Xp)T be a p-dimensional covariates. We use the graph to describe the
relationship among the components of X. We call each component of X as a vertex and
use a line segment, called an edge, to connect two associated components. Specifically, the
graph is defined as G = (V, E), where V is the set of vertices with |V| =pand £ C V' xV is
the set of edges. We now use the exponential family distribution to describe the graphical
structure of X. The graphical model is formed as

P(X:5,0) = exp{ S ABX) + 3 0.B(X)B(X,) + 3 C(X,) — A(,0) }, (3.1)

reV (s,v)EE reV

where 5 = (04, - - -ﬁp)T is the p-dimensional parameter vector, © = [f,,] is a non-diagonal
p X p symmetric matrix, and B(-) and C(+) are given functions. The function A(3,©) is
normalizing constant which makes (3.1) be integrated as 1.

Formulation (3.1) gives the broad class of models which essentially can cover any distri-
. . 2 . v .
butions. For example, if B(X) = £ and C(X) = —5- where 0 is a positive constant, then
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(3.1) yields the well-known Gaussian graphical model (Friedman et al. 2008; Hastie et al.
2015). If B(X) = X and C(X) = 0 with X € {0, 1}, then (3.1) reduces to the Ising model
without the singleton for the simplicity (Ravikumar et al. 2010). The structure (3.1) was
discussed by Yang et al. (2015) in detail.

3.1.2 The Cox Model

For an individual, let T and C be the failure time and the censoring time, respectively,
and let § = [ (f < 5) be the censoring indicator. Let 7' = min {T,é} and let X
be a p-dimensional random vector of covariates. In standard survival analysis, the Cox
proportional hazard (PH) model (Cox, 1972) is often employed with the hazard function
specified as

A(tIX) = Ao(t) exp {g (X; )}, (3.2)

where Ag(+) is the unspecified baseline hazard function, and g (X;«) is the link function
of the linear predictor with the covariate vector X and the unknown parameter . For
instance, g (X;a) = a' X is a common choice.

Model (3.2) is perhaps the most widely used model for handling survival data. However,
there is a limitation. The covariates appear equally in the model formulation, and the
possible dependence structures of the covariates are not incorporated. The covariate vector
X may possess complex association or network structures, and their effects on the survival
process cannot be appropriately described if such structures are not accommodated in
modeling and/or estimation procedures. To deal with such settings, we describe X using
the graphical model and assume that X follows a distribution specified by (3.1); to link the
survival time with the covariates, we extend (3.2) with the structure of (3.1) accommodated.

Omne approach is to set exp {g(X;a)} in (3.2) to include the terms of X in P (X;j,0)
determined by (3.1), where « is the parameter vector consisting of the elements of 5 and
©. This immediately yields a generalized Cox PH model

AX) = XN exps Y BBX,)+ D 6.BXIB(X,)+ > C(X,)p, (33)
(

reV s,V)EE reV

where Aj(t) is the baseline hazard function; and B(-), C(+), the f,, and the 0, are defined
as in (3.1). One may equivalently re-write (3.3) as

A(|X) = Ao(t) exp { > BBX:)+ Y 0u.B(X)B(X,) + X C(X,) — A (B, @)}7 (3.4)

reV (s,v)EE reV
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where A\o(t) is treated as a baseline hazard function that differs from A{(¢) by a constant
factor exp{A(53,0)}, and the function A () is used to make the exponential function in
(3.4) be identical to P(X;/,0) in (3.1).

While (3.3) and (3.4) can both equivalently describe a generalized Cox PH model with
graphic structures of covariates X reflected, using (3.4) may be more convenient due to
the probability nature of (3.1). As a result, we use (3.4) for the following development.

Without loss of general interest, we take B(X,) as the linear function B(X,) = X, for
r € V in (3.4) although other forms can be specified for the function B (+). Since C(X,)
does not contain information of parameters 8 and ©, sometimes, it is more convenient to
express (3.4) as

AtX) o< Mo(t)exp > B X+ Y 0.,X.X, —A(B,0) ¢, (3.5)

reV (s,v)EE

where parameter (3, reflects marginal effects of the covariate X,., and 6y, is the parameter
to determine the dependence structure of two covariates X and X,. Model (3.5) can be
viewed as an extension of the usual Cox PH model by adding all the pairwise interaction
terms of the covariate variables.

Inference about the parameters g and © may proceed with the partial likelihood
method. To see this, consider a random sample of n subjects and we use the same
symbols as before with subscript ¢ added to the corresponding quantities for subject .
Let N;(t) = I(T; <t,6;=1) and Y(t) = I(T; > t). Given the model (3.5) with right-
censoring, we construct the log partial likelihood

Z/ Y X8+ Y XPXD0,, (3.6)

reV (s,v)EE

—log Zexp X8+ > XX Y;(t) » | dNi(2).

reV (s,v)EE

3.1.3 Measurement Error and Misclassification

In practice, covariates, either continuous or discrete, are often subject to mismeasurement.
That is, we may encounter measurement error in continuous covariates or misclassification
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in discrete covariates. Suppose that X is written as X = (Xg , XD )T where X is the sub-
vector consisting of continuous components and Xp is the subvector consisting of discrete
components. Let pc and pp denote the dimension of X¢ and Xp, respectively. Let X*
denote the observed or surrogate version of X, and we write X* = (X(*ST,XE‘)T)T where
XéT and XBT are the observed versions of X and Xp, respectively, and p = pc + pp.
The true covariates X and its surrogate X* are linked by the following models.

Conditional on {X¢, Xp, X3}, X{ follows the classical additive measurement error
model (Carroll et al. 2006; Yi 2017)

X&=Xc+e, (3.7)
where € is independent of {X , XD T, C }, and € ~ N(0, ) with covariance matrix X..

In terms of the subvector Xp of discrete components, we let z(1), 2, - ,and x(y)
denote all the possible values of Xp. We assume that P (Xf) = x| Xp = x(l),XC) =
P (XE) = ZL’(k)|XD = (L‘(l)) for k,l = 1, e, MM, and let Pkl = P (XE = l‘(k)’XD = l'(l)) be the
(mis)classification probability for k,0 = 1,--- ,m (Yi 2017, p.71, Chapter 2). For ease of

exposition, we define the m x m (mis)classification matrix P = [py;] whose element (k, ) is

given by py; for [,k =1,---  m. In addition, we have P (X]’S = x(k)) => puP (XD = x(l))
=1

forall k=1,---,m, leading to the matrix expression
P (X} = () P (Xp = (1))
: =P : (3-8)
P (Xp = m) P (Xp = 2(m))

Therefore, the surrogate vector X}y can be generated from the true covariate vector Xp
through (3.8). To ease notation, we let M C [P] (Xp) denote the misclassification operator
indicated by (3.8) and notationally write (3.8) as X{; = MC [P](Xp). Such a misclassifi-
cation operator was used by Carroll et al. (2006, p.125) and Kiichenhoff et al. (2006) for
a misclassified binary variable. To highlight the key idea, we assume that . and P are
known for now. In addition, as discussed in Carroll et al. (2006, p.125), we assume that P
has the spectral decomposition P = QDQ~!, where D is the diagonal matrix with diagonal
elements being the eigenvalues of P, and (2 is the corresponding matrix of eigenvectors.

3.2 The Methodology

We consider the case where X is subject to mismeasurement, as described in Section 3.1.3,
and some components of X are unimportant in the model (3.5). To conduct valid inference,
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we need to not only correct for the mismeasurement effects, but also select important
covariate variables.

3.2.1 Inferential Procedures

To address mismeasurement effects and select active covariate variables simultaneously, we
develop a simulation-based three-stage procedure.

Stage 1 : Simulation
Let B be a given positive integer and let Z = {(y, (1, -+, {um} be a sequence of pre-
specified values with 0 = (y < (4 < --- < (pr, where M is a positive integer, and (j,
is a prespecified positive number such as (3 = 1.
For a given subject ¢ with 7z =1,--- ,nand b =1,---, B, we generate Ub(i) from
N(0,%,). Then for vector Xz and we define Wg%, () as

W) = Xg@ + /cul (3.9)

for every ¢ € Z. For the discrete vector X]()i), we generate Wg’)b(g ) by the operator

WS},(Q = MC [P*] X3, (3.10)

. N T N T T .
where P¢ = QDSQ. Let W (¢) = (wg; (), W) (g)) and we call W7 (¢) the
working data for any b=1,--- B, (€ Zandi=1,---,n

Stage 2 : Selection
Let £y (3,0) denote the partial likelihood function (3.6) with X@ replaced by

Wb(l)(C ), which is given by

gbC(ﬁag)
- —2/ S WO+ Y WAOWIC0. (3.11)
reV (s,v)EE
—log Zexp STWOB A Y W OWENO) 0w | Yi(t) ¢ | dNi(t).
reVv (s,v)EE
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To do the variable selection, we propose to use different penalty functions for 5 and
© and implement the adaptive lasso procedure. The penalty function for 3 is given
by

reV

where w = (wy,--- ,w,) is the vector of weights. As suggested by Zou (2006), the
weight can be set as w, = |3, for any 73 > 0 and r € V. For the parameter ©
associated with graphical structure, the penalty function is given by

P2 (®> = Z Vsy ‘esl/| ) (313)

v#£s

where the weight v,, can be set as vy, = |6,,| > for some 75 > 0. To find a value

of v, we may first obtain a consistent estimate of © and then take the weight as
-2

~

~
USI/ - 14

As a result, for the given b and (, the proposed estimator is given by
(B0, 81(0)) = argmin {6 (5,0) + Mg (5) + huap2 O)}, (314

where \,; and )\, are the tuning parameters associated with (3.12) and (3.13),
respectively. Moreover, we define

B0 =5 DA and B(0) = 3> 8u(0) (3.15)

Stage 3 : Extrapolation
For the two sequences {(g, E(g)) (€ Z} and {(C, @(C)) (€ Z} obtained from

(3.15), we fit a regression model to each of the two sequences

B(C) =1 (GT1) + & and O(C) = 3 (1) + e, (3.16)

where ¢1(+;+) and @o(+; +) are the user-specific regression functions, I'y and I'y are the
associated parameters, and €¢; and €5 are the noise terms. ParAameters I'y and I's can
be estimated by the least square method; and we let I'y and I's denote the resulting
estimates of I'; and I's, respectively.
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Finally, we calculate the predicted values

and take B\ as the estimator of 3. Note that O is a symmetric matrix, i.e., 5, = 6,4
for s # v, but 0, is usually not equal to 0, for s # v. Hence, to obtain a reasonable
estimate of ©, we apply the AND rule proposed by Meinshausen and Biihlmann
(2006) so that 05, = 6, = max{0s,,0,s}.

The key idea of the proposed three-stage procedure is to use simulated surrogate mea-
surements to delineate the patterns of different degrees of measurement error on inference
results. The first and third stages generalize the simulation-extrapolation (SIMEX) method
(Cook and Stefanski 1994) and the MC-SIMEX method (Kiichenhoff et al. 2006) which are
respectively applicable to error-contaminated continuous and discrete covariates. Our steps
embrace a more general setting where error-prone covariates are a mixture of continuous
and discrete covariates. Different from the conventional graphical model framework which
focuses on either continuous random variables or discrete random variables, we allow both
continuous and discrete random variables to be accommodated and they may be subject
to mismeasurement.

The second stage of the proposed method undertakes the selection of important vari-
ables for settings with different magnitudes of mismeasurement. Although we adopt the
adaptive lasso (Zou 2006) which was developed for variable selection in the absence of mea-
surement error, it is imperative to address the impact of measurement error on variable
selection in this step.

3.2.2 Implementation Algorithm

To implement the three-stage procedure described in Section 3.2.1, we apply the coordinate-
descent approach (e.g., Ravikumar et al. 2010; Yang et al. 2015). For the given b =
1,---,Band ¢ € Z, we carry out the following steps:

Step 1 : Choose an initial value of ©, and denote it as 0O,

Step 2 : Given ©* =D with k= 1,2, - - -, update 3 by finding

~

5% = argmin {66 (810%) + Aum(5)} . (3.18)
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Step 3 : Given §<k> with £k =1,2, .- update ) by finding

~

ok = argénin {Eb,g (@ ‘B\(k)> + )\ngpg(@)} ) (3.19)

Step 4 : Repeat Steps 2 and 3 until convergence, and let B},(g ) and (:)b(C ), respectively,
denote the limit of S*) and ©® as k — oco.

The implementation of the proposed procedure requires starts with an initial value
of ©. Although our numerical experience does not suggest sensitivity of the results to a
specific choice of an initial value, a reasonably chosen initial value of © is often helpful for
the implementation. Since © is mainly used to indicate the pairwise relationship among
the covariate components, so intuitively, an initial value of © can be set as the covariance
matrix of covariate with the diagonal elements replaced by zeros, i.e., setting. ©©) =
cov(Wy(¢)) — diag {cov(W,(())}, where diag(A) represents the diagonal matrix of A for
any square matrix A.

In implementing the proposed method, choosing sensible tuning parameters is critical.
Suggested by Wang et al. (2007), BIC tends to outperform among those procedures,
especially in the setting with a penalized likelihood function. Consequently, we employ the
BIC approach to select the tuning parameters \,; and \,s.

3.2.3 Estimation of the Cumulative Baseline Hazards Function

Estimation of the estimator of Ag(:) can be carried out after the model parameters 5 and
© are obtained as described in Sections 3.2.1 and 3.2.2. For j € V and (s,v) € E, let ;
and 65, denote the corresponding elements of § and © which are determined by (3.17).

Deﬁneglz{je‘/‘ BJ#O} A:{(s v)eE: &,,#O},and./v:g}ug; Letgg1

and @32 denote the subvector of ﬁ and submatrix of © which contain informative variables
and dependent pairs in &7 and S,, respectively.

For the data generated at Stage 1 in Section 3.2.1, for b = 1,--- ;B and ( € Z, we
calculate

A , 3 an;(u)
Rgaltno) = [ (3.20)
* 39 (W01 Bs..Bs) Viw
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for a given time t, where

g (W05, 8s.) =expd S WOF+ D WEOWOba

TEVﬂgl (s,v) EEﬁSQ

Taking averaging on (3.20) with respect to b gives

Mm

ANO (t;¢) = o(t;0,¢) for (€ Z, (3.21)

b=1

where ¢ is a given time. Then the estimate of Ag(t) at a given time point ¢ € [0, 7] can be
obtained by adapting Stage 3 in Section 3.2.1.

3.3 Theoretical Results

Let Vof (a) = af—a and V2f(a) = gig%) denote the operators of differentiating the

function f(«) with respect to .. Define
Uspc (8,0) = Vialo (8,0) and Ugpc (8,0) = Velyc (5,0). (3.22)
By the arguments of Carroll et al. (2006, p.126), we have that
WEQ) ~ N (X0, 1+ Ox) and Wl (Q) = MCP] (X))

When ¢ — —1, Wg%)(C ) and W]()i,)b(g ) are respectively close to Xg) and X](Di) in the sense
that (1+ ()X, is close to zero and P'™¢ is close to the identity matrix. Then similar to the
derivations of Lawless (2003, p.351), we can show that

E {U/g;b,c(ﬁ, @)} =0 and E{U@;byg(ﬁ, @)} =0. (323)

We now further define

Igpe (8,0) = Vil (8,0) and Iguc (8,0) = Vil (8,0). (3.24)
Let

G (u; 8,0 —Zexp STWEQ8+ Y WEOWE(C) | Yiw),  (3.25)

reVv (s,v)EE
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and write G) . (u; 8,0) = VG (u; 5,0) and GY), . (u: 8,0) = VG (u; 5,0).
Let By and Oy denote true values of § and ©. We first present the consistency of the

o \T
proposed estimator (BT , vec(@)T> , where vec(+) stands for the column vectorization of a

matrix. For a vector a, we write ||a]|3 = a'a.

Theorem 3.3.1 Under reqularity conditions (C1) — (C9) in Appendiz B.1, we have that

(37 0ec®)) " = (0 vect0”) | =0, ())-

Next, we discuss the property of recovery which demonstrate how the selected variables
can reflect the underlying true structure. Let

Si={reV: 5.#£0}, Ss={(s,v)eE: 0 #0},

ds = |S1|, and dg = |Ss|. Let N' = &1 US, denote the set containing the truly informative
variables and the dependent pairs. For a given constant a, let sign(a) be the sign function
which takes value +1 if a > 0, value —1 if @ < 0, and 0 otherwise. For a vector (or a matrix)
A, sign(A) is defined to be the vector (or the matrix) whose element corresponding to the
element a of A is sign(a). In Appendix B.4, we prove the following results.

Theorem 3.3.2 Under regularity conditions in Appendiz B.1, the following properties
hold:

(a) (Sparsity recovery): P (/\7 = N) — 1 asn— oco.
(b) (Sign recovery): sign(g) = sign(Bo) and sign(©) = sign(©y) with a large probability.

Theorem 3.3.2 (a) basically says that those informative variables and dependent pairs
of the covariate components can be selected consistently. Theorem 3.3.2 (b) shows that
the sign of the estimators is always identical to the sign of the true parameters. We call it
‘sign edge recovery’ if both (a) and (b) hold (Ravikumar et al. 2010).

Next, we establish the asymptotic distribution for the corresponding estimators. Let
Bo.s, and Og.s, denote the subvector of fy and submatrix of Oy, respectively. For (3.16),

. . . N . 7 O
we write g, ; = %ﬁfﬂ) for j = 1,2. Furthermore, we write ¢f = ( 90%1,1 oo ) and
2,
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Do(c,d) = (c',d") (i’j )

Loy ( Zssiz (Bosi: Oos,) 0 ) ( ¢ )
+=(c7,d Suz (Posi; Oois, |
2 (C ) ( 0 1-9,32;3 (50;517 @O;Sz) d

where U and V are random variables having normal distributions NV (0, X3) and N (0, Xe),
respectively. Let

MVN = argmin¢’ (—1;T) (o[ ¢}) " go’FT(I)O(c, d). (3.26)
c,d

Theorem 3.3.3 (Asymptotic Normality) Suppose that \yyn~"? — 0 and \pon™'? — 0
as n — 00. Then under reqularity conditions in Appendix B.1, we have that as n — o0,

vn (351 — Bo.s, » VeC ((:)32) — vec (@0;32)> 4 MVN.

Finally, we discuss the asymptotic property for the estimator of the cumulative baseline
hazard function A g (¢). Define

gb,{ (U, BO;SN 60;82) =F Y;(U) exXp Z Wb? 507" + Z Wb(zs (C)Wb( (C>005V )

reVnsS; (s,v)EENS2

gé%lz,( (u7 50;317 @0;32)

= F }Q(u){Wlfgl(C)}exp Z Wb(lr ¢)Bor + Z sz,?(C)Wéﬁ,)(C)HoSu )

reVnsi (s,v)EENS:

and

g((al;)b( (u; Boss,, Ovis,) = E {Y,(U) { <Wb(;) (C)Wé’lg (O>S75V}

xexpd > WO+ D WQOWD)bow

reVnsS: (s,v)EENS,
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Let ¢\ (¢;TA) = %ﬁr") and define ¢ , = (¢ ((;Ta) : ¢ € Z). Let

n

| VAN (w) = g (WE(Q); Bossi» Ouss, ) Yilt)dAo (w)
Wi(t;b,o:/ “{ i ) / :
0 gb,c (/LL7 50;317 60;32)

B

then W;(¢;¢) = 5 > Wi(t;6,¢) and W,(t; 2) = (W,(8;¢) : ¢ € 2).
b=1

Define

-1
Wit) = 9 (=1,Ta) (pravra) - EaWilt; 2).
Let W(t) be the Gaussian process with mean zero and covariance £ {W,;(t)W,(s)}.
Define

tE{dN;(u)} G50 . (u; Buss,, Ouss,)
{gb,g (U; 50;817 @0;82)}2

tE{dN;(u)} G5, (u; Bos,, Ous,)
{Goc (u; Boss,» Ouss,)}

and

Fapc (t; Bos,» Oos,) = /
0

Foupe (t; Bos,, Oovs,) = /
0

Theorem 3.3.4 Under reqularity conditions in Appendiz B.1, we have that as n — oo,
Vi {Rgo = Ao(t)}

d 1 Fs.z (t; Bos,s Ooisy)
= W)+ eba(=LTA0) (fiavha) - a (57 (i o) ) X MVN,
@;Z( 760;31, 0;32)

3.4 Numerical Studies

In this section, we conduct numerical studies to assess the performance of the proposed
estimators for a variety of settings, and also implement the methods to analyze a real
dataset.
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3.4.1 Model Settings

We use model (3.1) to generate the p-dimensional true covariate X where the p-dimensional

parameter 3y is given by g = | 1,---,1,—1,--- ,—1,0,--- ,0 |. The (p* — p)-dimensional
—_——— —_——

4] 1-2[4]
parameter O is specified to have the network structure, the lattice or hub structure, as
shown in Figure 3.1.

—O0—0—O0—0
( —0 )

{2 O O )

C @ ) @ &
() /J // (7\‘ \.)

Figure 3.1: The left-hand-side structure is a Lattice with p = 25 and the right-hand-side structure is a
Hub with p = 17.

Once X is generated, we use (3.5) with the baseline hazard function A\o(t) = 2¢ to
generate the failure time 7" by letting

T= |—exp Y BoXot > bowXX,+ Y C(X,) = Ay, 00) plog (1 - V),

reV (s,v)EE reV

where U is simulated from the uniform distribution U(0,1). Let C be the censoring time
generated from the uniform distribution U(0,¢), where ¢ is a constant that is chosen to
yield about 50% censoring rate.

For surrogate measurements, we consider the following three scenarios.

Scenario I: Only continuous covariates are subject to measurement error
In this scenario, all error-prone covariates are continuous with X = Xs. We consider
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the measurement error model (3.7) where € ~ N(0, %), X, is a p X p diagonal matrix
with entries o2. Here we let 0% = 0.15%,0.5% and 0.75% to reflect increasing degrees
of measurement error in Xc.

Scenario II: Only binary covariates are subject to misclassification
In this scenario, all the error-contaminated covariates are considered to be binary take
value 1 or —1. That is, using the notation in Section 3.1.3, we have X = Xp and
p = pp. We consider that py; = P (X]’S = x| Xp = $(1)) assumes a common value,
say m, [ = 1,--- ,m where m = 2P representing the cardinality of the set {—1,1}?,
and we set m = 0.2,0.5, or 0.8 to reflect different degrees of misclassification.

Scenario III: Both measurement error and misclassification in covariates
In this scenario, we examine the case where both continuous and discrete covariates
are subject to mismeasurement by combining Scenarios I and II. Consistent with the
notation in Section 3.1.3, X = (Xg,Xg)T is the vector of the true covariates and

T :

X" = (XéT,XBT) is the vector of surrogate covariates, we have X¢& and Xjj are
independently generated by Scenarios I and II, respectively, and the dimension of X¢
and X¢ is pc and pp, respectively.

In implementing the proposed method, we set B = 500 and partition the interval [0, 2]
into subintervals with the equal width 0.25 with the resulting cutpoints set as the values of
¢. We take the regression functions ¢ (+) and @s(+) in (3.16) to be the quadratic polynomial
functions, as suggested in Carroll et al. (2006, p.126). In each setting, we set the sample
size n = 400 and examine different dimensions of X. In Scenario I, we set p = pc = 10 or
50; in Scenario IT we examine p = pp = 10 or 15; and in Scenario III we set p = pc+pp = 10
or 50 with (pc,pp) = (5,5) and (40, 10). We perform 500 simulations for each setting.

3.4.2 Simulation Results

To assess the performance of the estimator of 5, we report several measures, the L;-norm

1Asl, = Z

7

-~

Bi — B,

the Lo-norm

1As]l, = \/Z (B\z - 50,1’)27
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where Ag = B — [Bp. In addition, we calculate the number of the correctly selected variables
(#CS) and the number of the falsely excluded variables (#FE).

To examine the accuracy of the estimator of ©, we employ the L;-norm and the Frobe-
nius norm, respectively, given by

2

|86, = max " |6y — B0, 7
%

and ||Aell,= \/ZZ ‘éz] — O,
i g

where Ag = 0 — Og.

We also examine the specificity (Spe) and the sensitivity (Sen), where the specificity
is defined as the proportion of zero coefficients that were correctly estimated to be zero,
and the sensitivity is defined as the proportion of non-zero coefficients that were correctly
estimated to be non-zero.

For Scenarios I, II, and III, we compare the performance of the estimators obtained
from applying the proposed method to the surrogate covariates as opposed to the esti-
mators obtained from fitting the data with the true covariate measurements. We use the
adaptive lasso with the penalty functions (3.12) and (3.13) as well as the lasso method. In
comparison, we also examine the naive estimators of 5 and © which are derived by directly
implementing the observed covariates X in (3.6).

In Tables 3.1- 3.3, we report the numerical results of our proposed method and the
naive approach as well as those obtained from the true covariate measurements. It is clear
and expected that the results obtained from using the true covariate measurements are
the best with the smallest norms under all settings. Regarding the performance on the
true measurements of the lasso and the adaptive lasso, the adaptive lasso tends to slightly
outperform the lasso in terms of the specificity and the finite sample biases, indicated by
the norms. In terms of correctly selecting variables, the lasso method performs better
than the adaptive lasso. Both methods perform equally well in terms of falsely excluding
variables and sensitivity, producing nearly perfect results.

The same patterns are observed for data with different degrees of measurement error
and/or different network structures in covariates. The simulation results also demon-
strate the impact of measurement error on inferential procedures. The performance of the
proposed method would deteriorate as measurement error becomes more substantial. Fur-
thermore, it is revealed that the naive method performs unsatisfactorily, with considerable
finite sample biases produced and unreliable variable selection and exclusion results.
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3.4.3 Analysis of NKI Breast Cancer Data

In this section, we implement our proposed method to analyze the breast cancer data
collected by the Netherlands Cancer Institute (NKI) (van de Vijver et al. 2002). Tumors
from 295 women with breast cancer were collected from the fresh-frozen-tissue bank of
the Netherlands Cancer Institute. Tumors of those patients were primarily invasive breast
cancer carcinoma that were about 5 cm in diameter. Patients at diagnosis were 52 years or
younger and the diagnosis was done from 1984 to 1995. Of all those patients, 79 patients
died before the study ended, yielding approximately the 73.2% censoring rate.

With those patients, about 25000 gene expressions were also collected. Presented by van
de Vijver et al. (2002, p. 2002), among all the gene expressions, 70 genes with previously
determined average profiles are useful for tumor diagnosis. Therefore, in our analysis here,
we focus on those 70 genes with good prognosis and study their relationship with survival
times.

Our goal is to select and estimate those gene expressions which are associated with the
tumor development, where incorporating the network structure of those gene expressions
is of particular interest. Consistent with He and Yi (2009), we treat log intensity as the
covariates and implement the joint model (3.5) to analyze data. Since this dataset contains
no information to characterize the degree of measurement error that is accompanying with
the gene expressions, here we conduct sensitivity analyses to investigate the measurement
error effects on analysis results. Specifically, let > be the covariance matrix of the gene
expressions. For sensitivity analyses, we consider X+, to be the covariance matrix for the
measurement error model (3.7), where X, is the diagonal matrix with diagonal elements
being a common value o2, which is specified as 02 = 0.15%,0.50%, or 0.75 to feature a
setting with minor, moderate or severe measurement error. In addition, for the penalty
function, we examine both lasso and adaptive lasso. The analysis results are summarized in
Table 3.4. Tt is observed that the lasso method select more variables than the adaptive lasso
method for each setting with a given degree of measurement error. The variables selected
by the adaptive lasso method are a subset of those selected by the lasso method for each
scenario. The selection results obtained from the lasso method tend to vary more noticeably
than those produced from the adaptive lasso. The variables selected by the adaptive lasso
method seem to be fairly insensitive to the change of the measurement error degrees we
consider. Furthermore, the results produced from the naive method with different penalty
functions differ from those obtained from the proposed method with measurement error
effects accounted for. Regarding the estimation results for ©, we display the gene network
results in Figures 3.2 and 3.3, where we observe that the lasso method gives more complex
association network than the adaptive lasso method.
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Figure 3.2: Graphical structures of 70 good prognosis genes
obtained from different measurement error degrees imposed: from top to bottom corre-
sponds to 02 = 0.152,0.5% or 0.75%2. The left and right columns are, respectively, obtained
from the lasso and adaptive lasso methods.
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Figure 3.3: Graphical structures of 70 good prognosis genes in NKI Breast Cancer Data
obtained from the naive method which ignores mismeasurement in covariates. The left and
right figures are, respectively, obtained from the lasso and adaptive lasso methods.
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Chapter 4

Sufficient Dimension Reduction for
Analysis of High-Dimensional
Survival Data with Error-Prone
Variables

4.1 Preliminaries

In this section, we introduce the preliminaries of sufficient dimension reduction (SDR),
survival analysis, and measurement error models.

4.1.1 SDR and Conditional Distribution

Let T' € R be the univariate response, and let X be the p-dimensional vector of covariates,
where p is often a large positive integer. The spirit of sufficient dimension reduction (SDR)
is to find a p X d matrix B = (S, -+, B4) such that

T I X|B"X, (4.1)

where “1” stands for the statistical independence, and j; is a p-dimensional vector for
j = 1,---,d. Here d can be viewed as the dimension of the reduced covariates and is
smaller than p, and B is often called a basis.
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Let S(B) represent the SDR subspace which is spanned by the column vectors of B.
Cook (1994) showed that the intersection of all such S(B) exists. Consequently, such an
intersection is called the central subspace (CS) for the regression of 7" on X. Let Spjx
denote the CS with the structural dimension d = dim(Sp|x) which is usually unknown. If
B is obtained, then the subsequent analysis can be based on the lower dimensional variables
{T, BT X} without losing information.

We now consider the cumulative distribution function of T" given X = z:
Frix(tlx) = F(t,B'x), (4.2)

where Fryx(t|z) £ P (T <t|X = z) and F (-,-) is an unknown nonnegative function. Let
Frix(t|r) = 1—Fpx(t|x) denote the survivor function of 7" given X. Then the (conditional)
hazards function of T', given X = z, is given by

L Frix(t]z)

Atz) = Frx )

(4.3)

which is uniquely determined by (4.2). This suggests that (4.2) can be broadly used to
describe any survival models. The following examples give some commonly used survival
models.

Example 1 If F(t,BTz) =1 — exp {—t?exp (B'z)}, then A (t|z) = 2texp (B'z) is the
Cox proportional hazard model with the baseline hazards function A\o(t) = 2t (Cox
1972).

Example 2 If F(t,B'x) =
(Bennett 1983).

exp(t—B Tz . .
mxg(t—_BTl), then (4.2) gives the proportional odds model

Example 3 If F(t, BTz) = 1—exp {— (t* + tB'x) }, then Fr|x (t|z) = exp {— (£* + tB'z)}
and, equivalently, \ (t|x) = 2t + B'z, which is the additive hazards model with the
baseline hazards function \g(¢) = 2¢ (Lin and Ying 1994).

4.1.2 Swurvival Data with Measurement Error
Let the response T represent the survival time for a subject. We consider the setting where

T is associated with a p-dimensional covariate X where p is large. We are interested in
finding the CS, Srx, to study the relationship between the survival time 7" and covariates
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X. In survival analysis, T' is usually incomplete due to the presence of the censoring time
for a subject, denoted as C. Let Y = min{7,C} and A = I(T" < C), where I(-) is the
indicator function. Directly implementing the SDR methods on the observed variable Y
and X is equivalent to studying Sy|x, which is generally not equal to S7|x. With the non-
informative censoring time, Xia et al. (2010) pointed out that the CS for the regression of
Y on X is the direct sum of the CS for the regressions of 7" on X and that of C' on X, which
means that Sy|X = ST|X +SC|X = {V1 + Vg1V € ST|X,V2 € SC|X} and ST\X ﬂSC‘X = (b
This shows that Sy|x is not equal to Spix in general, suggesting that using the existing
dimension reduction methods to the response Y only yields the estimator of Sy x instead
of Srix, the quality of primary interest.

On top of the issue of censoring, another challenge is posed by that covariates X are
commonly error-contaminated. Ignoring measurement error in inferential procedures can
yield seriously biased results. To feature this, let X* denote the surrogate, or observed
covariate, of X. Let Y x+« and ¥ x be the covariance matrices of X* and X, respectively.
We consider the measurement error model (Carroll and Li 1992; Li and Yin 2007; Zhang
et al. 2014)

X*=y+TX +e¢ (4.4)

where € is independent of {X,T,C}, € ~ N(0,%.), v is an s-dimensional vector of pa-
rameters, and I' is an s X p matrix of parameters which may be known or unknown. As
discussed in Carroll and Li (1992), Li and Yin (2007) and Zhang et al. (2014), we may
consider

U=LX" (4.5)

as the “corrected” covariates in terms of X*, where
L =cov(X, X")X5t = BxT 'YL (4.6)
This “corrected” covariate U can be used to study the CS Sp|x, as shown by the following

proposition given by Li and Yin (2007).

Proposition 4.1.1 (Li and Yin 2007)
Suppose that X follows a normal distribution with mean px and covariance matricx Yx,
and model (4.4) is assumed. Then Spx = Spjy with U = LX*.

Proposition 4.1.1 is a general invariance law in the sense that replacing X by U still
preserves the CS Spyx; it applies to the setting in Section 4.1.1 as well. Moreover, this
proposition basically shows that for a matrix B,

T1LX|B'X <= T 1U|B'U, (4.7)

78



where “<=-" means the equivalence between the two statements.

4.1.3 Determination of “Corrected” Covariates

Suppose that we have a sample of n subjects and that for i = 1,--- . n, {Y;, A;, X;} has
the same distribution as {Y, A, X'} and {y;, d;, x;} represents realizations of {Y;, A;, X;}.
Let 7 denote a finite value which is no smaller than the maximum survival times in the
sample. Suppose that for i = 1,--- ,n, (X}, X;) has the same distribution as (X*, X) and
let (zf, ;) denote the realizations of (X}, X;).

Note that model (4.4) yields ¥x- = I'SxI'" + %, and that Yx- can be estimated
by its empirical estimator based on the available measurements of X*, given by Xy« =

1 Z (X; = X7) (X7 - X*)T with X7 =1 Z X;. To estimate L, we need only to handle

2 and I'. Consequently, we consider the followmg three scenarios.

Scenario I : Both X, and I' are known.

In this scenario, L is determined by (4.6), which allows us to directly calculate the
“corrected” covariates U using (4.5).

Scenario Il : T" is known, 3. is unknown, and repeated measurements of X are available.

Suppose that two repeated measurements of X, {X :r=1,2;7 € R}, are collected
for additional m subjects, where R denotes the index set for those subjects. Consis-
tent with Carroll and Li (1992), we take I' to be I,x, for ease of discussions. Then
the measurement error model based on repeated measurements is given by

for i € R and r = 1,2, where €;. ~ N (0,%,) and ¢;, is independent of {X;, T}, C;}.

In this case,

Yx+ = var(X})
= var{E(X} |X;)} + E {var(X;[|X;)}
= Yx+X. (4.9)

Noting that for every i € R, ¥, and X x can be, respectively, expressed by
1
Y= S var (X5 — X5) (4.10)
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and

1 » . 1

1

=2 {var (X7} + X3) — var (X} — X35)}.
Therefore, by (4.9), we have
1
Yixe = 1 {var (X7; + Xj5) — var (X3; — X75)} (4.11)

and by (4.6), we have

L=2x %)X

which can be estimated by

-~

L= (iX* - i) S (4.12)
with &, and Sy being empirical estimators of (4.10) and (4.11), respectively.

Scenario III : Both ¥, and I' are unknown and validation data are available.

Suppose that M is the set of n subjects for the main study and V is the set of m sub-
jects for the external validation study. That is, M and V do not overlap, the available
data for the main study and the validation sample are {(t;, ¢;,d;,xF) : i € M} and
{(zs,27) : i € V}, respectively. Hence, the measurement error model (4.4) gives that

X =v+T'X, +¢
for i € MUYV, where ¢, ~ N(0,%,) and ¢; is independent of {(X;,T;,C;)} for
i€ MUV.
Let ux = E(X;) and px+» = E(X}). Then using the validation data {(z;,z]) :
i € V}, we estimate pux and px- by fix = % > x; and fixs = % > xf, respectively.
i€y i€V
Then a consistent estimate of cov(X;, X) is given by

— 1 N .~
cov(X;, X]) = m Z (2 — bix) (27 — MX*)T )
1%

and hence, by (4.6), L can be estimated by

—

L = cov(X;, X7)S5L
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Once the estimator L is obtained by either repeated measurements or validation data
in Scenarios II or 111, we adjust the surrogate covariate X; by U; = LX and let u; denote
a realization of Uj;.

4.2 Methodology

In this section, we consider the model (4.2) and propose an estimation method to handle
data with both right-censoring and mismeasurement. To be more specific, we first apply
(4.5) to correct the measurement error effects and also adjust for the censoring effects due
to censored responses; next, we propose valid inferential procedures to estimate B and
d without imposing additional conditions, such as the linearity condition (e.g., Li 1991)
which is commonly used in the conventional SDR methods.

Before we present the details of our proposed method, we make a few comments here.

e Although Li and Yin (2007) provided a method to correct for measurement error
effects in dimension reduction, their approach mainly focused on establishing the
validity of U = LX* (given by (4.5)) instead of focusing on the estimation of the pa-
rameter B. Furthermore, their approach was directed to handling complete responses
but not censored responses caused by right-censoring.

e The idea of using U = LX™ in (4.5) to correct for measurement error effects was also
considered in the dimension reduction frameworks by other authors such as Carroll
and Li (1992) and Zhang et al. (2014). However, their settings were still targeted to
complete responses instead of censored responses caused by right-censoring. More-
over, their approaches employed “sliced inverse regression” or “cumulative slicing
estimation”, which typically requires the so-called linearity condition.

e While our development here has relevance to existing work, the problem we consider
has an additional feature that the response is subject to censoring, which significantly
complicates the development of estimation procedures as well as the establishment of
theoretical results. Moreover, we develop a semiparametric inference approach which
requires minimal model assumptions (e.g., the “linearity condition” imposed by Li
(1991) is not needed in our procedures).
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4.2.1 Method Setup and Correction of Measurement Error

For t > 0, let Np(t) = I (T < t) be the indicator function of 7. Then (4.2) is equivalently
expressed as

E{Nr(t)|X} =F (t,B'z). (4.13)

If T" is fully observed and there is no censoring, then the following proposition, stated by
Wang and Xia (2008) and proved by Zeng and Zhu (2010), can be used to connect (4.1)
and (4.2).

Proposition 4.2.1 For any matriz B, “T 1 X|B" X ” is equivalent to

“P(T<t{X=2)=P(T<t|B'X=B"z) foranyt €R' and X € R*."

Proposition 4.2.1 shows that the central space of T is closely related to the central mean
space of I(T < t). Combining Propositions 4.1.1 and 4.2.1 yields

T L U|B'"U <= E{Nr(t)|[U} = E{Nr(t)|B"U} (4.14)

for any t > 0. Equation (4.14) shows that the measurement error effects can be corrected
for by using (4.5); then the usual dimension reduction techniques may be employed to
derive estimators of B.

In survival analysis, however, T" is usually incomplete due to censoring; we have only
(Y, A) as described in Section 4.1.1. Conventional methods for sufficient dimension re-
duction are not valid any more in this case (e.g., Xia et al. 2010; Lu and Li 2011). To
accommodate censored responses, one may proceed with the inverse weighted scheme. For
any given y > 0, let Ny (y) = I (Y < y) be the random indicator variable. For given y > 0

and U = u,
Sz LR IR b e e L)

R PRI PN

E{I(T <y)|U=u}
E{Nr(y)|U = u}. (4.15)

v =]

The identity (4.15) allows us to study the expectation F{Np(y)| U} for the survival
time 7" by using the observed time Y, where the inverse weight P (C' > Y|U = u) is imposed
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to correct for the censoring effect. A similar strategy of (4.15) was used by Xia et al. (2010)
and Lu and Li (2011). However, the main drawback of (4.15) lies in the requirement of
P (C > Y|U = u) which is basically unknown; P (C > Y |U = u) involves U, which in turn
involves B, the target of our primary interest. Although in principle, it is possible to
employ non-parametric methods, such as the local linear estimation (Xia et al. 2010) or
the Kaplan-Meier estimator (Lu and Li 2011) to estimate P (C' > Y |U = u), the resulting
inferential procedures are complex and the results are often not efficient.

Driven by these concerns, we explore a different inference method. First, we present
the following proposition whose proof is given in Appendix C.3.1.

Proposition 4.2.2

E{Nr(y)lU} = E{Ny(y)|A=1U}
= E{Ny(y)|A=1,B'U} for y>0.

Proposition 4.2.2 shows that the observed measurement Y can be used to develop the
regression model by conditioning on A = 1. This property gives us a simple and more
straightforward basis for the following development, which is based on the regression model

Fly.u) = E{Ny(y)| A= LU = u} (4.16)

for given y > 0 and u.

4.2.2 Estimation Procedures

As noted by Ma and Zhu (2013), the basis matrix B is not unique even though Sy is;
for any full rank d x d matrix A, BA may generate the same column space as B does. In
order to uniquely map CS to a basis matrix, Ma and Zhu (2013) suggested to consider the
decomposition B = (B, , B;")" for any p x d matrix B with rank d, where B, is a d x d
matrix whose inverse B, ! exists, and B; is a (p — d) x d matrix. With this decomposition
for B, setting A = B, ! gives that

BB;' = (Iyxa, B B;Y)". (4.17)

u

This suggests that for any p x d matrix B of rank d, by (4.17), it suffices to consider
B’ B!, a (p—d) x d matrix which can be of any form. As a result, by (4.17), we consider
the set of all p x d matrices of the form

B = (I4xa,CT)" (4.18)
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with C' being a (p — d) x d matrix with (p — d)d unknown parameters. Estimation of B is
equivalent to estimation of C.

To estimate (4.16), we implement the kernel estimation, yielding the estimator

F(y,B'u) = =—— , (4.19)
Z AzK:h (BTUZ - BTU>
=1

where ICp(u) = H 1K (%), h is a positive bandwidth, and K (v) is a gth-order kernel

function with fK dv=1, [v*K(v)dv=0for k=1,--- ,¢—1, [vIK(v)dv < oo, and
q is a positive constant.

With the estimator of F' (-,-) by (4.19), we use the cross-validation (CV) criterion to
construct the CV value

. 2 o
CV (B,d,h) Z/ 1(Y; <y)— FO(y, BTUZ-)} dFy (y), (4.20)

where F\y() is the empirical distribution function of ¥; and F(-7) (y, B"u) is the estimator
of (4.19) with the ith subject being deleted. The estimator of (B, d, h) can be derived by
minimizing (4.20), i.e

(E, cz/f;) =argmin CV (B,d, h). (4.21)
B,dh

4.2.3 Computational Algorithm

The implementation of the minimization problem (4.21) can be realized by the following
computational algorithm.

Step 1: For d = 0, calculate

Z <
CcV[0] = —Z/ 1Y, <y)- = — dFy (y).
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Step 2: For any given d > 1, let (Ed,fzd) denote the estimators which are obtained by

minimizing (4.20):

(Ed,ﬁd> =argmin CV (B,d, h).

B,h
Let CV]d] = CV (éd, d, Ed>.

ith CV[d+ 1] > CV[d]. As a result, the final

Step 3: Continue Step 2 until d w
hiy)

=d
estimators are <§,C/i\,/ﬁ> = <§J,C/Z\

4.3 Theoretical Results

Let vec(:) denote the vectorization operation that stacks the columns of a matrix, and
let || - || represent the Frobenius norm of a matrix. Define a®? = aa' for any vector
a. To emphasize the involvement of the estimator E, we write (72 = EXi* as defined in
Section 4.1.3. For any function f(«), let VZ f(a) denote the jth order derivative of the
function f(-) with respect to a.. Let By and dy denote the true values of the parameter and
its structural dimension, respectively. Let ho be the optimal bandwidth. We first present
the consistency of the estimators (B, d, h) whose proof is placed in Appendix C.4.1.

Theorem 4.3.1 Under regularity conditions in Appendiz C.1, for any n > 0, as n — oo,

§L>BO cmdP(c?zdo, hzo—l <7}> — 1.
For [ =0,1and j =0,1,2, let
Fy') 1 (y,u ZA {I(Y;: <)} Vi 5K (BTU; — ) (4.22)
and
FO (.u ZA (1Y, < Y VI K (BTU;- - u) . (4.23)
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Furthermore, let fzr(BTu) denote the density function of BTU, and define
FO) o (y,u) = V2o {Fly, BTu) Y E(A E{(Ui —u)®j‘ BTU, = BTu} Feru(BTu),
and

B3, (v, u) = AT (Y S )} Vo (B0 =) = 1 (v, )

for j =0,1,2 and [ = 0, 1. Define

APl Bl

Giugo (Y5 4 F{) g1 (v, 4.24
Bo Z 1,B,L FO,B,L (y, BOTu) ( )
Theorem 4.3.2 Under reqularity conditions in Appendiz C.1, then
sup F (y ETU> F(y, By u) ZC (y,u i
o ) ) i,Bo ) \/ﬁ .
The proof of Theorem 4.3.2 is deferred to Appendix C.4.2.
Finally, we present the asymptotic distribution of the estimator B. Define
F u
FO(y,u) = 2{5’L<y 3 (4.25)
FO,B,L(?Ja u)
- {—F(y }Fg)lBL(ya u)
Ny, u) = Z , (4.26)
1= 0 B, L(?/a u)
and
2-1 litla 2-11}{1-1
ZZ ol { Fopr . U)} <F§{BL A 2”(%“))
0 0 :
11=0 l5=0 F(())BL(Z/? ) F((],)B,L(y>u)
Let

U(B,) = /0 ' {1(Yi<y)— FOy, By Uy} FU(y, By U;)dFy (y)
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and

A=2E ( /0 ' [{Fw (9. By U} = F® (y, ByU,) {1 (Y; < y) — FO (4, BJU,) }] dFy(y>) -
We define

T80 = £ | [ {F0. 5]0)} arv ()] £

Theorem 4.3.3 Suppose that regularity conditions in Appendix C.1 holds.

(a) Assume that L is known, then as n — oo,
Vn {vec(ﬁ) - vec(Bo)} N (0,47'BA™Y),

where B = E{U%%*(By)}.

(b) Assume that L is unknown and estimated based on either repeated measurements or
validation data. Let ®; be {(X;*1 — X5 (X5 —X5) — 226} if L is estimated based

on repeated measurements, and let ®; be {(XZ — ux) (X7 — puxe) ' — EXX*} if L is

estimated from validation data. Then as n — 00,
vn {’U@C(é) - vec(Bo)} N (0, A7'BrAY),

where A, = A and B, = E [{U(Bo) + T(BO)CI)i}®2].

4.4 SDR with Ultrahigh-Dimensional Covariates

In this section, we explore the SDR with ultrahigh-dimensional covariates. We first propose
a valid feature screening method to deal with ultrahigh-dimensional censored data with
measurement error. In the second step, we develop estimation procedures for parameter
B and the structural dimension d based on the selected covariates.
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4.4.1 Review of the Distance Correlation Method

To start, we briefly review the distance correlation (DC) method proposed by Székely et
al. (2007).

Suppose p and v are random vectors with the characteristic functions ¢,(-) and ¢,(-),
respectively, and let ¢, ,(-) be the joint characteristic function of ;1 and v. For any complex

function @(-), let [|¢(-)||* = ¢(-)@(-), where ¢(-) is the conjugate of ¢(-). The distance
covariance between p and v is defined as

deov(gur) = [ 16u(r:5) = 009 wlr,s)drds, (.27

where d, and d, are dimensions of 1 and v, respectively, and

w(r.s) = {eg,ea, Il Isllsr ™} (4:28)

with ¢g = 7+9/2/T{(1 + d)/2} and |a|; is the Euclidean norm of any vector a € R%.
Consequently, the DC between p and v is defined as

deov(p, v)
V/decov(u, p)deov(v, v)

deorr(p, v) = (4.29)

Székely et al. (2007) showed that random vectors p and v are independent if and only
if deorr(p, v) = 0. This property will be used in an analogeous way to Li et al. (2012) to
develop a feature screening procedure and identify covariates associated with the response.

Next, we describe estimation of dcorr(u, ) using sample data. Suppose that {(u;, ;) :
i =1,---,n} is a random sample and has the same distribution of (u, ). Note that by
Székely et al. (2007), dcov(u, ) can be expressed as

deov(p, v) = Jy + Jo — 23,
where
Bo= B (=il Iy = 7ly,)
b= E(ln=Fl,) E (v =7l,,).

= B{E (=il ) B (v =7l v)
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and (f1,7) is an independent copy of (i, v). Then J, with k = 1,2, 3 can be estimated by
(Székely et al. 2007)

N 1 n n
o= 3D M= wgl, v = vl

i=1 j=1

D3 DI TEHAES 5 S PR I

i=1 j=1 i=1 j=1

Too= oSS e sl s~ il

i=1 j=1 I=1

As a result, dcov(p, v) is estimated by (EO\V(,u, V) = Ji + Jo — 2J5, and thus, (4.29) can be
estimated by

—

(Eo\rr(u, v)= /\dCOVWQ :
\/dcov(u, w)deov(v, v)

4.4.2 Ultrahigh-Dimensional Setting and Feature Selection

To present the idea for the proposed feature screening procedure with measurement error
in X, we start with a simpler setting by pretending that X were precisely measured and
no censoring exists with Y =T Let

Z = {k : X} is dependent on the survival time T" € [0, 7]}

denote the active set which contains all relevant covariates for the response 7" with |Z| =
p < n, and let Z¢ be the complement of Z which contains all irrelevant covariates for the
response 1.

Let X7 = {X\ : k € Z} denote the vector containing all the active covariates, and let
Xze = { X} : k € Z°} be the vector containing all the irrelevant covariates. By definition,

X7. (4.30)

T1X| Xz or T L Xze

For k=1,---,pand j =1, ---,d, let 8; denote the kth component in the vector f;
d

defined in Section 4.1.1 above (4.1). (4.1) and (4.30) indicate that > |G| > 0 for k € Z
=1

J
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and Z |Br;| = 0 for k € Z¢. Equivalently, if k € Z, then 7" must depend on X}, through

at least one of the d linear combinations of §; for j = 1,--- ,d; if k € Z°, then no linear
combinations contain k£ (Yu et al. 2016). As a result, based on those covariates in Z, it
suffices to consider the SDR problem with

T 1 Xz|B} X7,

where Bz is the p x d matrix, and Spjx € S (Brz).

We now need only to estimate the active set Z. To address the features of both censored
responses and measurement error in covariates, we need to modify the DC method described
in Section 4.4.1 to determine the active set Z.

Modified Censored Responses:

Since Y and T are not necessarily identical due to censoring, we consider a modified version
of Y (Buckley and James 1979):

=AY + (1 - A)E(T|A =0), (4.31)

which satisfies E(Y*) = E(T) (Miller 1981, p.151).

To calculate Y* in (4.31), we need to estimate F (T|A =0). Now we fix Y at Y = y.
By Condition (C1) in Appendix C.1 and the spirit of a “Buckley-James-type estimator”
(e.g., Buckley and James 1979; Susarla et al. 1984), E(T|A = 0,Y = y) can be re-written
as

E(TIA=0,Y=y) = ET|r>T>y,Y =y)
T t
, P(r>T>yY =y)

_ AT%&
_ ;()[{T—yFT ) — / Fr(t dt] (4.32)

11— F

where fr(-) and Frp(-) are the probability density function and cumulative distribution
function of T, respectively, and 7 is defined in Section 4.1.3.
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Let G(y) = P(C > y) for y > 0. Note that by derivations similar to (4.15), we can
show that

Frly) = E{I(T <y)} = E{M}

G(Y)
suggesting that Fr(-) can be estimated by

n

Friy) = - > @(A;i)m <), (4.33)

where G(y) is the Kaplan-Meier estimator of G(y). As aresult, the estimator of E (T|A = 0),
denoted as E (T|A = 0), is determined by (4.32) with Fr(y) replaced by (4.33), and thus,
by (4.31), we have an approximate version of Y™*:

Y*=AY + (1 - AE(T|A=0).

Feature Screening in the Presence of Measurement Error:

Since our error-prone correction in developing feature screening involves exponential func-
tions, it is generally difficult to recover the function in terms of X if we consider measure-
ment error model (4.4) with a general matrix I". However, under the measurement error
model (4.4) with v = 0 and I" being the identity matrix, i.e.,

X* =X +e (4.34)

it is possible to develop a feature screening method.

Following the spirit of the DC method, let
wy, = deorr (Y™, Xj) (4.35)

denote the DC based on Y* and the k unobserved covariate X for k = 1,--- ,p. Now
we derive the relationship between Y* and the surrogate covariate X*. Let ¢y«(r) =

E {exp (irY*)} denote the characteristic function of Y*, where i is a complex number with
:2
i* = —1. Define

¢x;(s) = E{exp (isXj)} exp (%Szae,kk)
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and
C ke 1,
¢y« x;(r,s) = E{exp (irY”" +isXy)} exp 55 ek

for k = 1,---,p, where oy is the kth diagonal entry of .. According to (4.27), the
modified distance covariance between Y* and X is defined as

deov*(Y*, X}) = / [ dy= - (1, 8) — dy= (F)cz (5) || w* (r, 8)dreds,
R1+1

where w*(r,s) is determined by (4.28) with d, = d, = 1, and thus, the modified (or
corrected) DC between Y* and X} is given by

dcov™ (Y™, X})

decorr™(Y™*, X)) = i
( ? Vdeov* (Y*, Y*)deov* (X}, X})

(4.36)

As a result, to select the active features for the surrogate covariates, we consider
wy, = deorr™ (Y*, X}) (4.37)

for k =1,--- ,p, and the corresponding estimator is

—

wp, = dcorr” (?*,XZ)

deov' (Y*, X7)

\/dcov* (V+, P)deov* (X7, X;)

—

where dcov*(Y*, X}) = j\f + j; - 23;? with

1 n n
T o ~*_~* * *
So= 5 kaZ’Yz V|| G = Xl
GRF =1 j=1
1 n n 1 n n
o - Ve Ve Xy
o= S |- g 2 2 i - Xl
i=1 j=1 GFF =1 j=1

Yoy

/\* 1 n n n
s Y| .

j=1 1=1

* *
X =X

and X7 ; is the kth component of X/ for ith subject.
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As suggested by Li et al. (2012), let the threshold value be cn=¢ for some constants ¢
and ¢, then the estimated active set is given by

f:{k:@};zcn{,kzl,---,p}. (4.38)

In practice, as suggested in Yan et al. (2017), Chen et al. (2019) and among others, we

- )], where [-] stands for the floor

can specify the size of the active set Z to be p = Toa(n)

function.

When the active set is determined, then for a subject ¢ = 1,--- ,n, the measurement
error model (4.34) based on the active set Z is given by

Xir=Xiz+er, (4.39)

where ¢; 7 ~ N (0, X, ) with pxp covariance matrix X, and Xirand X; 1 are, respectively,
p-dimensional vectors of the observed and unobserved covariates based on the active set Z
fori=1,--- n.

Since the dimension of X} is reduced to be p < n, then Xx, x: = cov(X;z, X;7) and
Yx; = var(X];) are invertible. Therefore, the “corrected” covariate based on the active
set is proposed to be

Uz = L1 X}z (4.40)

. _ -1
fori=1,---,n, where Lz = EXIX;EX%.

Analogeous to the discussion in Section 4.1.3, we discuss the estimation of Lz by the
three scenarios. When Lz is known, then we can directly calculate the “corrected” covari-
ates U; 7 by (4.40). When Lz is unknown and repeated measurements are available, then
similar to the discussion of Scenario II in Section 4.1.3, we estimate Lz by

~

/L\I = (i\:X} — ZfI) i)_(l%,

where 3 x; and iq are empirical estimators of Y xx and Y, respectively. Finally, when
L7 is unknown and validation data are available, then similar to the discussion of Scenario
1T in Section 4.1.3, Lz can be estimated by

~ a1
LI - EXIX;EX%a

~ m T a - - =\ T
where Exl% =L Z (77 —3) (z77—2%5) and Yx,xy = = 21 (ziz — Z7) (v} — %)
i=1 i=
m m
with 27 = = > @7 and 75 = L 3" a7,
=1 =1
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4.4.3 Estimation of (BI, hI, dz)

With the feature screening which reduces X; to X, 7, let Bz, hz, and dz denote the param-
eter, bandwidth, and structure dimension based on the active set Z, respectively. Since
the “corrected” covariates based on the active set Z is obtained in (4.40), we follow the
similar procedures in Section 4.2 to determine the estimators of (Bz, hz,dr). Specifically,
replacing U; in (4.19) by (4.40) gives

S8 (Y < y) Kn (BfUsz — BT )
Fr (y, Bju) = & . (4.41)
Z 5ZIC}L (B;Uz,z — BITu)
=1

Then the CV value based on the active set Z is given by
7(—9) T 25
CVy (Bz,dz, hy) = Z / I1(Y; <y)—FSy, B} UM)} dFy (y), (4.42)

where Fy (-) is the empirical distribution function of ¥; and ﬁl(_i) (y, Bf U 1) is the estimator
of (4.41) with the ith subject being deleted.

Therefore, the estimators of (Bz,dr, hy) can be derived by minimizing (4.42):

(EI, C/Z\I, /ﬁI> = argmin CVZ (BI, dz, ]’LI) . (443)

Bz,dz,hz

The computational algorithm in Section 4.2.3 can be applied to the minimization problem

(4.43).

4.4.4 Theoretical Results

We first show the validity of feature selection criterion (4.37) in the sense that active
features can be selected based on either X or X;.

Theorem 4.4.1 Active features based on X* and X are the same. That is,
deorr” (Y™, X}) > 0 <= dcorr (Y™, X}) >0
or

deorr™ (Y, X;) = 0 <= dcorr(Y™*, X,) = 0.
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Theorem 4.4.1 indicates that the selected variables X} based on (4.37) are equal to the
true active variables Xj. For the estimated active set (4.38), we have the following result.

Theorem 4.4.2 Under regularity conditions (C6) and (C7) in Appendiz C.1, as n — oo,

P<ng>—>1.

Theorem 4.4.2 ensures that the important covariates which are associated with the response
are not to be screened out with the probability approaching one as the sample size goes to
infinity. This property is also called the “sure screening property” by authors such as Fan
and Lv (2008) and Li et al. (2012) for the context without measurement error.

Next, we describe the theoretical result of the estimator (4.43), whose proof is similar
to the derivation in Section 4.3.

Let
Uz(Bo) = /OT {I Y, <wy) — F(O)(% BoTUz',I)} F(l)(ya BoTUz',I)dFY(?/)
and
A; = 2F < /O ' (PO (4. By U2))
—F® (y, By Uiz) {1 (Y; <y) = F (y, By Uiz) }] dFy (y)) -
Define

T(By) = E [ /0 ’ {F(y, B{U: 1)} dFy(y)] Y-

Theorem 4.4.3 Suppose that regularity conditions in Appendiz C.1 hold.

<77*> — 1.

NG {vec(éz) — Uec(Bo)} N (0, 47'Bz ALY,

(a) Let n* be any positive number. Then as n — oo,

hz
Z_1
h

Br -2 By and P (JI = d,,

(b) Assume that Lz is known. Then as n — 0o,

where By = E {U$*(By)}.
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(c) Assume that Lz is unknown and estimated based on either repeated measurements or
validation data. Let ®; 1 be (X;‘LI — Xi*ZI) (X;‘LZ - X;‘Q,I)T — 2%, if Lz is estimated

based on repeated measurements, and let ®; 7 be (X;1 — t1x,) (XZI — ux%)T — Exzx%
iof Lz is estimated from validation data. Then as n — oo,

vn {vec(l/?\z) — vec(Bo)} 4N (O,AE#BI;LA;L) ,

where Az, = Az and Br,p, = E [{Uz(By) + Tz(Bo)®:7}%°].

4.5 Numerical Studies

In this section, we conduct simulation studies to assess the performance of the proposed
estimators for a variety of settings. We first design the simulation settings and then present
the simulation results. Finally, the methods are implemented to analyze two real datasets.

4.5.1 Simulation Studies

Let By = (P10, P20) be the true value of the p x dy matrix with dy = 2, where £y =
(1,0,1,0,0,---,0) and By = (0,1,0,1,0,- - ,0)T are p x 1 vectors with only two elements
being 1. We consider cases with p = 10 or 1000. The p-dimensional covariates X is
generated from the multivariate normal distribution N (0, X x), where X x is the covariance
matrix with diagonal entries being one and non-diagonal entries being 0.4.

Given the covariates X and By, we use three models, the proportional hazards (PH),
proportional odds (PO), and additive hazards (AH) models, to generate survival times.
Specifically, the corresponding cumulative distribution functions F(-,-) are formulated,
respectively, as

Fpr(t,Bg X) = 1—exp [—tz exp {(XT610)2 +2 (XTﬁzo)}] ;
exp [75 — {(XTﬂlo)Q +2 (XTﬁm) H

Fpo(t, By X) 1+ exp [t - {(XT510)2 +2 (XTBZO)}] |

and
Fan(t. BIX) = 1—exp [— {t2 tt { (X7 B)’ +2 (XTBQO)}H .
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Let U be generated from the uniform distribution U(0, 1). Then survival times 7" based on
the PH and PO models can be generated from

T= \/GXP {— (XT510)2 —2 (XT520)} log (1 —U)
and
T =1log {(1 +U) - 1} + {(XTﬁlo)2 +2 (XTﬁzo)} ;

respectively, and survival times T based on the AH model can be obtained by solving the
following equation

T2+ T{(XT10)" +2 (X o) } +log (1 = U) = 0.

Let C be the censoring time generated from the uniform distribution U(0, ¢), where ¢ is

a constant that is chosen to yield about 50% censoring rate. Consequently, we calculate
Y =min{7,C}and A=1(T <C).

For the measurement error model, we take (4.34) with ¢; following the normal distri-
bution N(0,Y,), where ¥, is a diagonal matrix with diagonal entry being o2 = 0.15%,0.52,
or 0.752. Furthermore, we consider three scenarios described in Section 4.1.3. If ¥, is
unknown, then the following two scenarios are considered as additional information:

Scenario 1: Validation data

Fori=1,---,m with m = 100, X; and ¢; are again be independently generated from
N(0,Xx) and N(0, X,), respectively, and X is generated from

fori=1,---,m.

Scenario 2: Repeated measurements

For¢=1,--- ,;m with m = 100 and r = 1,2, X, and ¢;. are again be independently
generated from N(0,Xx) and N (0, X,), respectively, and X}, is generated from

X =Xi+ €ir

fori=1,--- mandr=1,2.
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Let {(Y;,A;, X]) :i=1,--- ,n} denote the sample with size n = 200, 300, or 400. We
repeat computations 500 times for each setting.

To assess the accuracy of the estimator of B, we consider the Frobenius norm

d

p
IAs]= > Y ’Bw‘ — Boj

=1 k=1

2

for Ap = B — By. To examine the performance of the estimator of F(-), we consider the
mean integrand squared error (MISE)

MISE(F) = %i/ﬂ {ﬁ (y gwi) — F(y,BJui)}Qdﬁy(y).
=1

For each setting, we calculate the proportions of d for 500 times simulation, given by

500
1

i I(E[:d) ford=0,1,2,3,---,
500k:1 k or 0 3

and determine the estimated dimension as the largest proportion.

For the case with p = 10, we implement the proposed method in Section 4.2 directly
to the dataset, while for the case with p = 1000, we first use the feature screening method
to screen the variables, and then estimate B and d using the method in Section 4.4.3. We
compare the performance of the proposed methods with the naive estimators of F(-) and
B, which are derived by directly implementing the observed covariates X in (4.19) and
(4.20). As a reference for comparisons, we also use the true values of X for the estimation,
and denote this method as “true”.

The results for p = 10 with the three scenarios are reported in Tables 4.1-4.3, and the
results for p = 1000 with the three scenarios are summarized in Tables 4.4-4.6. In terms of
estimation of B and F'(-), the naive method produces biased results, and the finite sample
bias increases as the degree of measurement error increases; the proposed methods greatly
outperform the naive approach, yielding results that are fairly close to those produced
from the reference method by using the true measurements of the covariates. Agreeing
with the phenomenon we observed in the literature of measurement error models, the
standard errors associated with the proposed methods are larger than those obtained from
the naive method, which is the price paid to correct biases induced from the measurement
error in covariates. While the differences for estimation of h and d are not very striking
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between the naive method and our proposed methods, our approaches perform better than
the naive approach.

In summary, in the presence of measurement error, the naive method yields unsatisfac-
tory results. The proposed methods successfully correct the measurement error effects for
various settings.

4.5.2 Analysis of ACTG 175 Dataset

We implement the proposed method to analyze the AIDS Clinical Trials Group (ACTG)
175 data which were discussed by Hammer et al. (1996). The ACTG 175 study was a
double-blind randomized clinical trial which evaluated the HIV treatment effects. The
dataset is available in R package “speff2trial”. The dataset contains measurements
on 26 variables for 2139 individuals; these variables are age, wtkg, hemo, homo, drugs,
karnof, oprior, z30, zprior, preanti, race, gender, str2, strat, symptom, treat,
offtrt, cd40, cd420, cd496, r, cd80, cd820, cens, days and arms. Since the variable
cd496 contains missing values and r is its missing indicator, so we remove those two
variables. In addition, we remove variables zprior and treat due to that zprior is the
constant 1 for all subjects and treat indicates whether or not the subject received the
zidovudine treatment, overlapping with arms. As a result, in addition to the survival time
days and the censoring indicator cens, we have p = 20 covariates in the dataset where
CD4 is error-prone. The censoring rate of this dataset is approximately 75.6%.

Fourty-four subjects were measured once for the CD4 counts at the baseline, while
2095 subjects had two replicated baseline measurements of CD4 counts. As discussed in
Yi (2017, Section 3.6.4), let X denote log(CD4 count + 1). To implement the proposed
method, we consider the measurement error model (4.8) due to the availability of repeated
measurements. Consequently, based on the discussion of Scenario II in Section 4.1.3, the
estimates of Y and Yy« are given by X, = 0.035 and X x- = 0.114, respectively, yielding
L = 0.693 as indicated by (4.12). In this study, we consider the entire data with error
correction by L. In addition to X , let Z denote the vector of the remaining 19 covariates.

- T
Consequently, we let U = (LX , ZT> denote a 20-dimensional vector of covariates to be
implemented with the proposed methods.

The naive method and the proposed method give d = 2, suggesting that there are
two directions in the central space, say §; and 3. We first present the scatter plots of

the survival time Y; and BTUZ- with £ = 1,2 in Figure 4.1. The naive method and the
proposed method show similar patterns but the scatter plot based on naive method seems
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more variable than that of the proposed method. We also examine the estimated functions
1 — F(-) for subjects i = 1,7 and 23, and the curves are displayed in Figure 4.2. It is
seen that the estimated curves based on the naive and the proposed methods have similar
patterns.

4.5.3 Analysis of NKI Breast Cancer Data

We now implement our proposed method to analyze the breast cancer data collected by
the Netherlands Cancer Institute (NKI) (van de Vijver et al. 2002). Tumor information
from 295 women with breast cancer was collected from the fresh-frozen-tissue bank of the
Netherlands Cancer Institute. Tumors of those patients were primarily invasive breast
cancer carcinoma that were about 5 cm in diameter. Patients at diagnosis were 52 years or
younger and the diagnosis was done from 1984 to 1995. Of all those patients, 79 patients
died before the study ended, yielding approximately the 73.2% censoring rate. For each
tumor of a patient, about 25000 gene expressions were collected.

Since measurement error in gene expressions is a typical feature (Rocke and Durbin
2001), it is imperative take into account of the measurement error effects when estimating
active set Z and the central space. We treat the log intensities of gene expression values
as the covariates and implement the proposed method in Section 4.4 to analyze the data.
Because this dataset contains no information to characterize the degree of measurement
error that is accompanying with the gene expressions, here we conduct sensitivity analyses
to investigate the measurement error effects on analysis results. Let ¥ be the covariance
matrix of the gene expressions. For sensitivity analyses, we consider ¥ + >, to be the
covariance matrix for the measurement error model (4.39), where 3, is the diagonal matrix
with diagonal elements being a common value o2, which is specified as 02 = 0.152,0.55,
or 0.75% to feature increasing degrees of measurement error in those gene expressions.

We first use (4.37) to determine an estimated active set 7 which contains D= [%} =

18 response-associated gene expressions, including NM_016359, NM_003748, AA555029_RC,
AL080059, AL137718, NM_020974, NM_002073, NM_004994, NM_003875, NM_015984, X05610,
NM_ 006931, NM_002916, NM_| 001282 Contig2399 RC, NM_018354, NM_003862, and NM_000599.
Based on an estimated active set Z and the proposed method in Section 4.4.3, the struc-
tural dimension d is suggested to be dI = 1, and the estimate BI = 61 of a basis Bt is
obtained to be one direction in the central space. In addition, we apply the naive method
to analyze the data. In Figure 4.3, we display four scatter plots of Y and 3] X which are
obtained from the proposed method with different degrees of measurement error assumed,
together with the naive method. The results obtained from the proposed method with dif-
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ferent degrees of measurement error show similar patterns of curves, but the curve based
on the naive method tends to be linear.
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Figure 4.1: Scatter plots of survival time Y and B]-TU with 7 = 1,2. The left panel is
B U and the right panel is 8, U. The first row with black boxes ({J) is obtained from the
naive approach, and the second row with red triangles (A) is obtained from the proposed
method.
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Figure 4.2: Estimated curves of 1 — F(y|U;). The solid curve is for subject i = 1, the dash
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Figure 4.3: Scatter plots of survival time Y and 8] U. (a)-(c) are based on the proposed
method with 02 = 0.15%,0.552, or 0.752, (d) is based on the naive estimator.
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Chapter 5

Semiparametric Methods for
Left-Truncated and Right-Censored
Survival Data with Covariate
Measurement Error

5.1 Notation and Model

For an individual in the target disease population, let £ be the calendar time of the recruit-
ment (e.g., the recruitment starts right at the hospital discharge) and let u and r denote
the calendar time of the initiating event (e.g., hospital admission) and the failure event
(e.g., death), respectively, where u < r, and u < £ < r. Let T = r — u be the failure
time (e.g., the time length between the hospital admission and the failure), A= & —u be
the truncation time (e.g., the time length between the hospital admission and the hospi-
tal discharge). Let X and Z be the associated covariates of dimensions px1andqx1,
respectively, and write V = (X7, Z7)T. Let h(a) be the probability density function of
A which is unknown, and H(a) = Jy h(u)du be the corresponding distribution function.
Let f(t) and S(¢) be the density function and the survivor function of the failure time T,
respectively.

Consistent with the notation considered by Wu et al. (2018) and Chen (2019a), for an
individual with 7 > A, we let (A, T, V') denote (Z, T, ‘7> to indicate such an individual is

eligible for the recruitment so that measuring (A, 7T, V') is possible. If T < ,ZL then such an
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individual is not included in the study to contribute any information. We define C' as the
censoring time for a recruited subject. Let Y = min{T, A + C'} be the observed time and
let A =I(T < A+ C) be the indicator of a failure event. Figure 1.1 gives an illustration
of the relationship among those variables.

5.1.1 Cox Model and Inference

Suppose we have a sample of n subjects where for i« = 1,--- ,n, (¥;, A;, A;,V;) has the
same distribution as (Y, A, A, V), and (y;, a;, §;, v;) represents realizations of (Y;, A;, A;, V;).
Consider the Cox model for survival times 7" with the hazard function

A(t|v;) = Ao(t) exp(v] B),

where \g (+) is the unknown baseline hazards function, and J is the vector of parameters
of primary interest.

Let

H f yz|vz az yz|vz) b (51>

i=1 |U74)

be the conditional likelihood of Y;, given V; = v; and A; = a;, and let

S(a;|v;)dH (a;)
H S(a|v;)dH («) (5:2)

be the marginal likelihood of A;, given V; = v;, where S(t|v;) = exp {—Ao(t)exp (v 8) },
and Ag(t) fo Ao(u)du is the cumulative baseline hazards function.

Inference about f is then carried out by maximizing the likelihood function

H f 3/@|Uz yl‘%)l O ‘dH (a;) (5.3)

L Lo x Ly
x hox S(alvs)dH (a)

with respect to the model parameters.
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5.1.2 Measurement Error Model

In practice, covariates are often subject to measurement error. For ¢ = 1,--- ,n, suppose

that X, is measured with error with an observed value or surrogate X, and that Z; is

precisely observed. We first consider the classical additive measurement error model
X =X +¢€, (5.4)
where ¢; is independent of {X;, Z;, C;, A;, T;}, and ¢; ~ N(0,%.) with covariance matrix
.. Thus, the moment generation function of ¢; is given by m(t) = exp(3¢'X.t), and
E{exp (t'X])} =m(t)exp (t' X;).
Model (5.4) has been widely used in the literature (e.g., Carroll et al. 2006; Yi 2017).

In contrast to measurement error model (5.4), we also consider a more flexible model
where X" and X, are characterized by

Xz-* = Xz + 2606 + €, (55)

where ¢; is characterized in (5.4). Model (5.5) describes a situation where X and X;
are different not only by a random amount ¢; but also systematically by a fired amount
indicated by X.a. Different values of a show various degrees of systematic differences
between X; and X;. When a = 0, (5.5) recovers (5.4). Thus, model (5.5) covers a broader
class of settings than (5.4) does and also embraces (5.4) as a special case.

In the following two sections, we develop estimation methods with measurement error
effects accounted for, where the measurement error model is given by (5.5). To highlight
the idea, we assume the parameters in (5.5) are known. Let W = X/ — X.a. Then

E(W7X;) = BE(X] — EalX;) = X; (5.6)

and .
E {exp (tTI/VZ-* — QtTEJ) ’ XZ} = exp (tTXi). (5.7)

5.2 Conditional Profile-Likelihood Method

5.2.1 Estimation Method

We begin with a simple perspective by examining the conditional likelihood L, determined
by (5.1), which allows us to ignore modeling of the truncation times. Let (o = log L.
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Since /¢ contains the X; whose measurements are unavailable, we want to modify /- to be
a new function, say /¢, of the observed measurements and the model parameters so that
its conditional expectation equals to {¢:

E(68|X,Z,C,A,T) = ECy (58)

where the expectation is taken with respective to the conditional distribution of W given
{X,Z,C,A, T}, where X = {Xy,---, Xp}, Z =A{Z,---,Z,}, C = {Cy,--- ,C,}, A =
{Ay,--- AL} T =A{Ty,---, T}, and W = {X],--- , X*}. Such a strategy is useful in
yielding an unbiased estimating function and is sometimes called the “corrected” likelihood
method or the insertion correction approach (e.g., Nakamura 1992; Yi and Lawless 2007;
Yi 2017, Chapter 2).

Noticing that the X; appear in /- in linear and exponential forms, we define

n

e = ), [51' log Ao(ys) + 8i(w; ' B, + 2 Bz)

— {Ao(yi) — No(a;)} exp(w; ' B, + 2 Bz) {m(ﬁz)}_l] : (5.9)

where w] and z; represent realizations of W;* and Z;, respectively. It is easily seen that ¢,
satisfies (5.8).

To use (5.9) to derive an estimator of (3,, f.), we need to deal with the baseline hazard
function Ao (+) and its cumulative function Ag(-). We discretize Ag () so that Ao (-) has
a nonzero value if ¢t = y; for i = 1,...,n; otherwise, A\o(t) = 0. Let ), denote Ao(yi) for

i=1,...,n. Then Ay(t) is taken as Z I(y; < t)\;. Given 3, and S, we solve =0 for
1 =1,...,n, which leads to an estlmator of \;, given by

N 0i :

Ai = fori=1,...n; (5.10)

kzi:lI(ak <yi < i) exp (wi' Be + 20 B.) {m(B:)}

and the corresponding estimate of the cumulative baseline hazards function:

=D Iy <t (5.11)
i=1
Plugging (5.10) and (5.11) into (5.9) gives the function
Z [(2 log \; -+ 8 (w; By + 2] B.)
i=1
~ N «T T -1
— {Row) = Aoy fexp(ui ™8, + 5 B){m(BY '] (5.12)
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An estimator of 3, called the conditional estimator of 3, is then obtained by maximizing
O
B = argmax (.. (5.13)
B

5.2.2 Asymptotic Results

Let By = (B)y,8))" denote the true value of 3 and let © denote the parameter space
of 5. Consistent with others such as Huang et al. (2012), we assume that 7; has a fi-

nite maximal support 7, where 7 = sup {t : P(i <t) < 1} < oo, implying that 7 is
also a maximal support of truncation time. Let N;(t) = A;I(Y; < t) be the counting
process of the observed failure events for subject i. Let V* = (T/Vi*T,ZiT )T. Define

SE) (u, B) = n~' S v exp(vyT B)(a; < u <vy;) for k = 0,1,2, where a®? means aa'
i=1

for the column vector a . Let SW(u,B) = E [V**exp(V;TB)I(A; <u <Y;)] be the
expectation of S®)(u, 3). Using these symbols, we express (5.11) as

Ao(t) = t _ .
/0 ;eXp(vfﬁ)l(ai <u<y) {m(B)} "

(5.14)

The following theorems, whose proofs are included in Appendix D.3, establish the
asymptotic properties of Ag(t) and f.

Theorem 5.2.1 Under reqularity conditions in Appendiz D.1, we have that as n — oo,

sup | Ao(t) — Ag(t)] =5 0,
B€O,te(0,7]

where Ao(t) = f(f {8(0)(u,6)}71 m(B.)dP(A; = 1,Y; < w).

Theorem 5.2.2 Under reqularity conditions given in Appendix D.1, the estimator B ob-
tained from (5.13) has the following asymptotic properties:

(])Bi)ﬁg as n — 0o;
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(2) /i (B - 50) Ly N(0, A3 BpAGY) as n — o,

= [ S (i) (o o) o 6

o= s ({8 (o e

/T €xXp (V;*TBO)](AZ <u< YZ) A S(l) (ua 60)
- 0 SO (u, By) { 8O (u, Bo)

0,x, represents a p X q matriz with all entries 0, and 0, stands for a p x 1 vector with all
entries 0.

b ()] -

5.3 Augmented Pseudo-Likelihood Method

Estimator [/3\ obtained by (5.13) can be inefficient since it uses only the conditional likelihood
L¢ with the marginal likelihood Ly, ignored, as shown by the likelihood (5.3) formulated

in Section 5.1.1. Now we develop an augmented estimator to improve the efficiency of 3
given by (5.13). The basic idea, driven by the form of the likelihood (5.3), is to include
the marginal likelihood L), for the truncation times in the estimation procedure.

5.3.1 Estimation Method

In addition to containing the distribution function H(-) of A, the marginal likelihood Ly
in (5.2) involves the unobserved covariate X;. We first construct a modified version of Ly,
to address the measurement error effects.

Let ux and X x be the mean vector and variance-covariance matrix of X;, respectively.
Let W} = X =Y.« asin (5.6), then model (5.5) gives that W, = X;+¢; withe; ~ N (0, %,),
yielding that

E(X|W; = w}) = px + (Sw- — )" Zph (w) — pw-), (5.16)
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where p« and Xy~ represent the mean and covariance matrix of W', respectively; we let
Tre,; denote (5.16) for ease of notation. Using the method of moments, (5.16) is estimated
by

~ T A
B = fiwe + (zw* - ze) Sl (! — fie) (5.17)
i=1 =1

As a result, replacing v; = (z], 2/ )T with (Z], 2 )T in likelihood function (5.2) gives

S(a;|;, zi)dH (a;)
H S(a|Ty, zi)dH (o) (5.18)

where S(a;|7;, z;) = exp{ —Ao(a;) exp ( T B, + zTﬁz)}

To use (5.18) for inference about 3, we next estimate the distribution function H(-).
Directly applying the kernel estimation (Silverman 1978) to the observed truncation times
to estimate dH () is not suitable way since the observed truncation times form a biased
sample. Instead, we use the nonparametric maximum likelihood estimator (NPMLE) (e.g.,

Wang 1991) to estimate the distribution function of A. For a fixed parameter [, the
NPMLE of H(a) in (5.18) is given by

n -1 n
A(a) = (Z %) Hu=a) (5.19)
i=1 S(ai| @i, z) i=1 S(ai|Zi, zi)

where S(a;|7;,2) = exp {—/A\o(ai)exp (@TB\I + ziTEZ>}, and Ao(-) and 3 are consistent
estimators of Ag(-) and 3, respectively, proposed in Section 5.2.

Then replacing H(a) by H(a) in (5.18) gives L?,; let Z}"V[ = log L%, which is given by
Z*M = Zlog {dH a; } ZAO (a; exp( T/Bx+zTBZ)

— Z log [/ exp {—Ko(a) exp (T, B + 2/ B2) }d]fl(a)} . (5.20)
i=1 0
Finally, we consider the pseudo-likelihood function
=0+ 0%y (5.21)
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maximizing * with respect to [ gives an estimator of 3:

B= argmax(?*c + Z}‘M), (5.22)
B

which is called a pseudo-likelihood estimator of 3.

5.3.2 Asymptotic Results
Let

1 (Fra, z5) = /0 " oxp {—Aolu) exp(@nc oo + =7 o) AH (). (5.23)
Let N(t) = P(A; = 1,Y; < t), S(§|Zre, 2) = exp { —Ao(€) exp(ZfcBeo + 2 Bi0) }, and

Yi(BolTre, 2) / / (€|Zre, 2) {%

_ N () exp (w) T Bao + 2 Bo) I (a; '§U§yi)}m
IR (oo
x exp (TheBuo + 2" Bao)dH () + 0, (1). (5.24)

Let G(a,?) denote the joint distribution of 4; and V; where V; = (ch’i, Z T) . Define
V (27, Trejis 2is Qi Yi)
’ SW(u, B) ( ZeBro )}
_ ,U;:g N ) + eMx dNZ U
A -smasg+ (O ”
mexp (0 A (e <u<y) (. SO
/ SO (u, 50) vi )

B / / { dN( )eXp('U*TBO)I(a'iSUSyi)}m(ﬁ )
9B | SO (u 50) SO (u, By)? “0

x exp (0 Bo)I(u < a < 7')} dG(a,v)

[ [ s gpttlne. 2

8u TRC, 2) 1 N
5 eyl ) i)
19

9 o (5Ta) - L
gpol@)e > (0i /o) 1 (Frea, 21) 08"

1 (Trey, 2i) (5.25)
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and

_ ) (5.26)
The following theorem shows the asymptotic results of E : the proof is placed in Ap-
pendix D.4.1.

Theorem 5.3.1 Under reqularity conditions given in Appendix D.1, estimator E obtained
from (5.22) has the following properties:

(1)3#50 as n — 0o;

(2) /i (B’ - 50) Ly N(0, A" BA™Y) asn — oo;

where B = B(V$?) with U; = ¥ (X;;)?RC,M Zi,Ai,Yi), and A = Ap + Ay with Ap and
Ay determined by (5.15) and (5.26), respectively.

The following theorem compares the efficiency between the estimators B and E whose
proof is given in Appendix D.4.2.

Theorem 5.3.2 Under regularity conditions given in Appendiz D.1, the estimator B ob-
tained from (5.22) is more efficient than the estimator [ determined by (5.13). That is,

var (3) — var (5) s a positive definite matriz.
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5.4 Inference with Main/Validation Data

5.4.1 Estimation of Parameters for Measurement Error Model

In practice, the covariance matrix ¥, and parameter a for the measurement error model
(5.5) are often unknown, and they need to be estimated from additional data sources. First,
we comment that model (5.5) and model (5.4) have different requirements of data sources
in order to estimate associated model parameters. The availability of additional data for
estimation of parameters associated with (5.4) does not necessarily ensure estimability of
parameters for model (5.5). To see this, suppose we have replicates of X; with the W;;
being the n; repeated measurements for j = 1,--- ,n; and ¢ = 1,--- ,n. Such data are
sufficient for estimation covariance matrix ¥, if they follow model (5.4):

Wij = Xi + €,

where the ¢;; are independent of {X;, Z;,C;, A;, T;} and follow a distribution with mean
zero and covariance matrix .. Using the method of moments, we estimate >, by

S =" , (5.27)

where W,. = ni i W,;. However, if the replicates W;; follow model (5.5) instead, i.e.,
K2 j:l

VVij = Xz + 2604 + Eijy

then covariance ¥, can still be estimated by (5.27), but parameter « is not estimable using
the replicate W;;.

To estimate the parameters in model (5.5), we assume the availability of a validation
sample. Let M and V denote the subject sets for the main study and the external validation
study containing n and m subjects, respectively, where M and V do not overlap. That is,
the available data contain measurements {(y;, a;,d;,z}, ;) : i € M} from the main study
and {(x},z;,x;) 11 € V} from the validation sample. Hence, for the measurement error
model, we have

X =X, +2a+¢
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for i € M UV, where the ¢; are independent and identically distributed with mean zero
and unknown covariance matrix Y., and are independent of {X;, Z;, C;, A;, T;}. We assume

that lim ™ exists and is greater than 0, and let p denote this limit.
n—oo

Estimation of o and ¥, can be carried out using the least square regression method.
Write v = ¥.a and define

QMY = D IXr—Xi—nll; (5.28)

€V

2 :
where ||v]|; = v"v for a column vector v. Then solving

for v yields
1
N=— X' — X . 5.29
-t (T3 (529

Fori eV, let e; = X — X; — 7 be the residual. Since E (eiTei) = mT_lEe forv €V, we
obtain that E (z e;ei) = (m — 1) X, which yields the unbiased estimator of 3:
i€V

e;. (5.30)

5.4.2 Two-Stage Estimation of Parameter for Survival Model

To estimate the parameter 3, we carry out a two-stage estimation procedure. At the first
stage, we use (5.29) and (5.30) to, respectively, estimate v and ¥, for the measurement
error model, as described in Section 5.4.1. At the second stage, we estimate [ using a
modified version of (5.12) or (5.21), given by

~
%

;k)al = gzal,C + gval,M’ (531)
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where éml ¢ and Eml v are, respectively, Z*C and Z”M with the parameters of the measurement
error model (5.5) replaced by their estimates obtained in the first stage. That is,

be = Y |ilog i+ 6 {(a; =3)7 8, + 2/ 8.}

~ {Roto) ~ Aatad} exp {(as —) 8+ T8} (R(8INT] G2)

and

Zy:)al,M = Z IOg {deal a; } ZAO az eXP( val zﬂx + ZTﬂz)

ieM i=1
- Z lOg |:/ eXp {_KO( )eXp ( Lyal zﬁx + 2 ﬂz) }dﬁ[val(a):| )
ieM

~

~ ~ T ~
where m(f,) = exp <%ﬂ;256m), Typali = Hw+ + (EW* - ZE> Yok (Wi — i), and

-1
" I(a; <a)
Hoal (Z S az|xvalzazz)> 2 Sl

i=1 S(ai|xval,ia Zl) '

By analogy to (5.13) and (5.22), two estimators of § can then be obtained by maximizing
(5.32) and the pseudo-likelihood (5.31), respectively. That is,

B\val = argmax Zzal,CW (533)
g

and N R R
Buar = argmax(€y; o + Cya 1r) (5.34)
B

are two estimators of 5.

5.4.3 Asymptotic Properties

We now explore the asymptotic results for the two estimators of 5 described in Section 5.4.2;
the proofs are placed in Appendix D.5.
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Let (; be the indicator whether or not subject ¢ belongs to the validation sample V),
ie, G=1lifie Mand (;=0ifi € V. Let

~ ’ Sm(“ 50) YeBro
P (7, is Ziy Yis @) = -+ P dN;
e za) = | { S ( ) )} (u)

mexp (v Bo) (i <u<y) [, SD(u,B)
_/0 S ) (vi _ —S(O)(U,BZ)) dE {N;(u)} .
Define
vallz V 1+ Cz < XRC,@'aZiaY;ﬁAi) + 1p+ pE{Nl(T)} (1 _Cl)
-1 1 ASW (u; Bo) "
" H( 0 ) s e X
+n2nfx1 (el — (m— 1)26}} . (5.35)
Let
B o [T 1 OSSO (u; By)
8val,1 = kK % 0 dN(U) {S(O)(u,ﬂo)}2 8’}/
m(Bzo) exp {Xv}{c,z’ﬁxo + Z;Bzo} Iu < A; < T)] ;
Uin <$f, )N(Rc,i, Ziy Yis ai)
_ dN(U) exp (v Bo) I(a; <u<y)
X exp (UTBO) (u <a< 7')} dG(a,v),
and
_ [ VI+p AN () dS8(t; Bo)
bt = / / {S e ){3(0>(t; B} Oy (o)

X exp (chﬁxo + 2" B.0) dH(W)} 4+ /1 + pti(Bo|Tre, Z)] :

123



Define

Boazi = —+/1+pGVYan (Xf,)?Rc,i,Zi,K,Ai)
JTTp .
+ ’ pgval,l(l_Ci)(Xi - X5), (5.36)
op (Tre, 2) 1 H
vaz_ val,g — ~ val i dGav
: U / { (Tre, 2 W l 08 12 (@nciz) (@),
and
_ 9 . 1 O ( Xnei, Zi
UM,val,i = —a—Ao(Ai)eXp (‘/iTﬁxf))— po <8 )
p M(XRc,i,Zi> p

Theorem 5.4.1 Under regularity conditions in Appendiz D.1, we have that as n — oo,

(1) B\val i> /BO;

(2) \/ﬁ </§val - BO) i) N (0’ Alg,i;alBP»UalAl_Dial)’

where Bpya = E {(Bmll,i)w}, and
T (2) (1) @2
an — ]2 <u,5o>_(s (%50)) _( 5, 0>
Pl 0 SO (u, Bo) SO (u, By) Ogxp  Ogxq

Theorem 5.4.2 Under reqularity conditions in Appendiz D.1, we have that as n — oo,

dE {N;(u)} . (5.37)

(1) gval i> BO;
(2) Vi (B = ) = N (0, A BuatALh)

where

~ ®2
Bval =L { <Bval1,i + BvalZ,i + Bval?),i + V I+ pCiUM,val,i) } 3 (538)
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T ©) (1) ®2
Avar = /0 {;;EZ:?S; B (i(;)EZ:gED }_ < Oigp gziZ) dE {N;(u)}
+E [%Ao(z‘h) exp (‘//\;Tﬂo>
~ 2
+ {M <)?RC,i, Z¢> }2 u (XRC,’M Zi) 0 {,u <§6};C;;ZZ>}
1. @RC’i’Zi) ®2 (5.39)

op

Theorems 5.4.1 and 5.4.2 establish the asymptotic results for the two estimators Bval
and [,4. These results offer the basis of conducting inference about f such as calculating
confidence intervals or performing hypothesis testing. While both (., and S, are consis-
tent estimators of 3, their efficiencies are different, as shown in the following theorem.

Theorem 5.4.3 Under regularity conditions given in Appendiz D.1, the estimator Bml
obtained from (5.34) is more efficient than the estimator Py determined by (5.33). That

is, var <Bval> — var (ﬁvaz) is a positive definite matriz.

5.5 Numerical Studies

We conduct simulation studies to assess the finite sample performance of the proposed
estimators under a variety of settings.

5.5.1 Design Setup

We consider the setting where the baseline hazards function is set as Ao(t) = 2t and
the truncation time A is generated from the exponential distribution with mean 10. Let
Bo = (B0, B-0) " be the true parameters where we set 3y = (0.3, 1)T. We consider a scenario
where V = (X, Z)T are generated from a bivariate normal distribution with mean zero and
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variance-covariance matrix >, which is set as (

). Given A\o(t), ()?,Z)T and [y,

the failure time 7" is generated from the model:

A <T|X’, 2) = 2T exp (Xﬁzo + Zﬁz()) )

That is, T is set as \/ — exp ()2 Bro + 2520> log(1 — U), where U is simulated from the

uniform distribution U(0,1). For the measurement error process, we consider model (5.5)
with error € ~ N (0, X.), where variance ¥, is taken as 0.01, 0.5, and 0.75, respectively, and
a is set as 0 or 100. Therefore, the observed data (A, T, V) is collected from (Z, T, 17) by
conditioning on that T > A We repeatedly generate data these steps we obtain a sample
of a required size n = 200.

We consider three censoring rates, say 0%, 25%, and 50%, and let the censoring time C'
be generated from the uniform distribution U(0,¢), where ¢ is determined by a given
censoring rate. Consequently, Y and A are determined by ¥ = min {7, A+ C} and
A =1(T <A+ C). 1000 simulations are run for each parameter setting. In Sections 5.5.2
and 5.5.3 we apply the estimation methods in Sections 5.2 and 5.3 with the parameters of

the measurement error model (5.5) assumed known. Let 3 = (Bx, Bz) denote the estimator

derived from (5.13), and let E = <§x, @) stand for the estimator derived from (5.22).

5.5.2 Performance of Proposed Estimators: o and X, are Known

We report the biases of estimates, the standard error (S.E.), and the mean squared errors
(MSE) under the two measurement error models. The results for the classical measurement
error model (i.e., model (5.5) with @ = 0) are reported in Table 5.1, and the results for
model (5.5) with a = 100 are displayed in Table 5.2.

First, the censoring rate and measurement degree have noticeable impact on each es-
timation methods. As expected, biases and variance estimates increase as the censoring
rate increases. When the measurement degree increases, inference results obtained from
the corrected conditional profile likelihood method and the proposed method degrade, and
the impact of the measurement error degrees seems more obvious on the conditional profile
likelihood approach than our proposed method.

Within a setting with a given censoring rate and a measurement error degree, the three
methods perform differently. The naive method performs the worst and the proposed
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method performs the best. The naive method produces considerable finite sample biases
with coverage rates of 95% confidence intervals significantly departing from the nominal
level. Both the conditional profile likelihood approach and the proposed method output
satisfactory estimates with small finite sample biases and reasonable coverage rates of 95%
confidence intervals. Compared to the variance estimates produced by the naive approach,
the two methods which account for measurement error effects yield larger variance esti-
mates, and this is the price paid to remove biases in point estimators. This phenomenon
is typical in the literature of measurement error models. However, mean squared errors
produced by those two methods tend to be a lot smaller than those obtained from the naive
method. Finally, we see that the proposed method is more efficient than the conditional
profile likelihood method, which is evident from the comparisons of variance estimates for
these two methods. These results confirm theoretical result established by Theorem 5.3.2.

5.5.3 Assessment of Misspecification of Measurement Error Model

We now study the performance of our estimators when the measurement error model is
misspecified. Specifically, we consider two scenarios. In Scenario 1, the measurement error
model (5.4) is used to generate data, but we use model (5.5) to fit the data; in Scenario
2, we use (5.5) with @ = 100 as the measurement error model to generate data, but we
use model (5.4) to fit the data. We report the average of biases, average of S.E. and mean
squared errors (MSE) for estimators B and B, respectively, obtained from (5.13) and (5.22).
The results are displayed in Table 5.3 for Scenario 1 and Table 5.4 for Scenario 2.

Shown in Table 5.3, under Scenario 1 finite sample biases are comparable to those
reported in Table 5.1. In addition, S.E.s and MSEs are very close to those obtained from
the situation where the fitting model is correctly used. These results are not surprising
since the model we used to generate the data is nested in the model we used to fit the
data. On the other hand, in Scenario 2 where the model used to fit data differs from
the model for generating data, i.e., model misspecification is present, biased results are
produced, which is evident from Table 5.4. This simulation study also shows that with
model misspecification considered here, the proposed method performs better than the
corrected conditional likelihood approach.

5.5.4 Performance with Validation Data

In this subsection, we evaluate the performance of the proposed method in Section 5.4 for
situations where the main study and the validation study are available; the data from the
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main study are generated as in Section 5.5.1, and the external validation data with size
|V| = 100 are also generated independently following the procedure in Section 5.5.1, where
the true parameter values of the measurement error model (5.5) are a = 100 and ¥, =
0.010, 0.500, or 0.750, respectively, corresponding to increasing degrees of measurement
error.

We first apply the estimation procedure described in Section 5.4.1 to estimate a and
Y. Corresponding to ¥, = 0.010, 0.500, and 0.750, we obtain estimates of .: ¥, = 0.010,
0.497, and 0.743, respectively, with the corresponding standard errors 0.001, 0.035 and
0.051; and the corresponding estimates of « are 100.746, 101.154 and 101.492, with the
associated standard errors 7.062, 7.029, 7.030, respectively. Then we analyze the data from
the main study using the estimators f,, and (3,4 derived by (5.33) and (5.34), respectively,
and present the results in Table 5.5. The results uncover similar findings to those revealed
in Section 5.5.2 and demonstrate satisfactory finite sample performance of the proposed
estimators Bwl and Bml The results also confirm that 3, is more efficient than ﬂml

5.5.5 Analysis of Worcester Heart Attack Study

In this section, we apply the proposed methods to analyze the data arising from the
Worcester Heart Attack Study (WHAS500), which are described in Section 1.6.4. Discussed
by Hosmer et al. (2008), a survival time was defined as the time since a subject was
admitted to the hospital. We are interested in studying survival times of patients who
were discharged alive from the hospital. Hence, a selection criterion was imposed that
only those subjects who were discharged alive were eligible to be included in the analysis.
That is, individuals were not enrolled in the analysis if they died before discharging from
the hospital, hence left truncation occurs. With such a criterion, a sample of size 461 was
available. In addition, without imposing such a selection criterion, the sample size in the
“original” dataset is 500, yielding a low proportion of truncation 1 — % = 7.8%. In this
data set, the censoring rate is 61.8%. To be more specific, the total length of follow-up
(lenfol) is the last event time (i.e., Y; = min (7}, C;)), the length of hospital stay (los) is
the truncation time (i.e., 4;), and the vital status at last follow-up (fstat) is d;. In our
analysis, the covariates include the body mass index (BMI) and the initial heart rate (HR)
of a patient. Since BMI is subject to measurement error (e.g., Rothman 2008), we let W
denote BMI and consider the measurement error model (5.5). Let Z denote HR.

In this data set, there is no additional data source, such as a validation subsample or
replicated measurements which is often required to describe the measurement error process
(e.g., Carroll et al. 2006; Yi 2017). To get around this and understand the impact of
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measurement error on estimation, we carry out sensitivity analyses. That is, given a range
of values for ¥, and «, we estimate § using £ and (5 via (5.13) and (5.22), respectively; and
we want to assess how sensitive the results are to different degrees of measurement error.
The results for @ = 0 and 100 are shown in Figures 5.1 and 5.2. Interestingly, under model
(5.5) with a = 100, the two methods reveals different results. It is seen that while g and
3 are fairly close in values, E is much stabler than B For example, Ez and BZ are fairly
unchanged as ¢ > 0.6 and X, < 0.4; on the contrary, 5, has a decreasing trend while j,
is fluctuated as ¥, changes. Relative to the differences between (§, and (., 5. and 3. are
close to each other and both estimators are more stable than the estimators of [,.

In Table 5.7, we further report the point estimates (EST), the standard errors and
p-values for the estimators B and E for the cases with X, = 0.147, 0.526 and 0.858, re-
spectively, corresponding to minor, moderate and large measurement error. All the point
estimates produced by the two approaches are fairly close as observed from Figures 5.1
and 5.2. For each given method, the results are fairly stable, regardless of the degree of
measurement error. The conditional profile likelihood method finds no evidence to support
the significance of BMI and HR no matter what value « is specified for model (5.5). The
variance estimates of BZ produced by the proposed method in Section 5.3 are noticeably
affected by the degree of systematic error, i.e., the value of & in model (5.5), and as a result,
the significance of HR is suggested differently by the proposed method in Section 5.3 under
different measurement error models.

5.6 Length-Biased Sampling Data with Measurement
Error

5.6.1 Length-Biased Sampling

In the foregoing development, we leave the distribution of left-truncation A discussed in
Section 5.1 unspecified. If we impose certain assumptions on A, the preceding develop-
ment carry through and the new results can then generalize existing work. For instance,
considered by Wang (1991) and De Una-Alvarez (2004), suppose the incidence of disease
onset follows a stationary Poisson distribution, then the truncation time follows a uniform
distribution. Under this situation, the survival time in the prevalent cohort has a length-
biased sampling distribution, because the probability of a survival time is proportional to
the length of survival time (e.g., Huang and Qin 2011; Huang et al. 2012).
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Consistent with Huang et al. (2012), assume the following conditions for the calendar
time of the initial event:

(A1) The variable (T, V) is independent of u, where u is the time of the occurance of the
disease incidence.

(A2) Disease incidence occurs over calendar time at a constant rate.

Then given V' = v, the conditional density function of (T, A) is
f (t]v)
Jo af(efv)da

(Lancaster 1990; Huang et al. 2012), and the survival time 7" has a length-biased condi-
tional density function:

tf (tv)
Jo af(alv)da

Let C; be the censoring time for subject i. Then we have Y; = min{T;, A; + C;} and
A; = min{T;, A; + C;}. Noting that [7° af(alv)da = [;° S (a|v) da, by Assumptions (A1)
and (A2) and the independent censoringship, the likelihood function of (Y;, A;, A;) given
V; can be constructed as

f yllvz S(yslvi)'~
L | | 5.40
LB X a|v,)doz ) ( )

which can be decomposed as the product of

H / y%|vz yz|vz)
S(ai|v;)

0;

and

Lye = H Slaifvi)

S(a|v;)da
Compared with the likelihood function (5.3), the likelihood function (5.40) does not
involve the estimation procedure of density function h(a), which can be thought of as a de-

generate version of (5.3), agreeing with the standard view that the length-biased sampling
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is regarded as a special case of the LTRC data (e.g., Asgharian et al. 2002; Qin and Shen
2010). To develop estimating procedures using (5.40), we need only to deal with Ay(-)
and £ but not h(-) as (5.3). In the absence of covariate measurement error, many authors
developed methods to handle length-biased data. For example, Qin and Shen (2010) pro-
posed the weighted estimating equation approach, and Huang and Qin (2012) explored a
pseudo-profile likelihood method. Here, we further accommodate the feature of covariate
measurement, error for length-biased data and develop a valid inference method.

5.6.2 Estimation of Parameters for Survival Data

From the decomposition of (5.40), we can see that the conditional likelihood L¢ 15 is the
same as those of (5.3). Hence, the estimator of the conditional likelihood, Srg, can be

derived from (5.13). To emphasize the different setting, let Zg . denote the corrected
conditional log likelihood under the length-biased sampling, which leads to an estimator

of 5:

ELB = argmaXZE,LB- (5.41)
8

On the other hand, for the marginal likelihood Ly 1,5, there is no density function A(-), so
we simply apply the regression calibration (5.17) to replace the error-prone covariate X.
Hence, the corrected marginal log likelihood, Z}kw 5> has a similar form to (5.20) except for
the estimate of H(-). As a result, an estimator of 3 is given by

BLp = al"ggﬂax@*c,LB + Z}F\/I,LB)' (5.42)
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5.6.3 Asymptotic Results

Let ppp (Trey, zi) = [y exp {—Ao(u) exp(Tie i Be0 + 24 Bz0) fdu be the function of (Tre,, 2)-
Define

Vg (2], TRy, Zis Yis Qi)
! SW (u, By) ( 2 Bro )}
_ ;k_ ) + eMz dNZ
/o { SO(u o) T\ 0, (v

i / (Ao Susn) (; SOGwi) 5§§)dE{N< )

B (u) dN (u exp(*Tﬁ )I <)
/ [ (%’{ T 50) SO, o) } i)

x exp (57 fo)[(u < a < T)dG(a )]
" / / {,ULB (Tre, 2 )—Biﬂwz(ﬁouﬁc,z)

dpre (Tre, 2) 1 N R
35 Ty e, 9 6.
0 0 1 Iprp (Trejis 2i)
__A 3 T — — 5 7
o olas) exp (Uz 50) prs (Trejis %) 1oJ5}

where ¢1p;(Bo|Tre, 2) is similarly defined by (5.24) with the integral relative to dH(-)
removed, i.e.,

¥r5,i(BolZTre, 2) // (€l7re, 2) { (U< 5>0)

N (u) exp (w] " Buo + 2 620) (ai <u<y) } m(Bao)
{SO(u, By)}”
X €xXp (iizr{C/BxO + ZTﬁZO) dé- + Op (1) :

We now establish the following results whose proof is deferred to Appendix D.6.

Theorem 5.6.1 Under regularity conditions given in Appendiz D.1, we have that n — oo,
(1) Bre 2= Bo;
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2) Vi (gLB _ 50> L N0, A5 BraALY),
where Brp = E(VEE ;) with Uip, = Upp (X:’)?RC’Z" Zi i Ai)’ and
ALB

_ / 5(2)(%50)_(5(1)(%50))@2 _( 5, o)
B 0 5(0)(%50) 5(0)(%50) 0gxp Ogxgq

Bl % aa v,
{W o i)eXP< : Bo

dE{Ni(u)}

d {MLB <5€RC’,2‘; Zi) }2
0popT

~ —2 ~
+ {,ULB (XRC,i: Zz)} HLB (XRC’,ia Z’i)

_ ®2
opre (XRC,ia Zz’)

9p

5.6.4 Simulation Study

To show the numerical performance of estimator 5 1B in contrast to E which is obtained by
(5.22), we conduct a simulation study using the setting in Section 5.5.1 with the distribution
of truncation times taken as the uniform distribution UNIF[0, 1] and « is set as 0. In
addition to ELB from (5.42), we also report the performance of the naive estimator and
Brp determined by (5.41). The results are reported in Table 5.6.

Simulation results show that for different 3. and censoring rates, our proposed meth-
ods yield satisfactory results, and BLB is more efficient than /BLB The naive estimator
incurs considerable biases. The results in Table 5.6 are comparable with those reported in
Section 5.5.
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Figure 5.1: The estimator of (3, versus variance X, for sensitivity analysis. Solid line is a
curve of (3, from the proposed pseudo-likelihood estimator (5.22); dash line is a curve of

Ew from the conditional likelihood estimator (5.13). Left panel is @ = 0 and right panel is
a = 100.
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Figure 5.2: The estimator of 3. versus variance Y. for sensitivity analysis. Solid line is a
curve of 8, from the proposed pseudo-likelihood estimator (5.22); dash line is a curve of

B\Z from the conditional likelihood estimator (5.13). Left panel is @ = 0 and right panel is
a = 100.
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Table 5.1: Simulation results under measurement error model (5.5) with a =0

Ye cr Method Estimator of 55 Estimator of 3,
Bias S.E. MVE MSE CP (%) Bias S.E. MVE MSE CP (%)

0.01 0% Naive -0.104 0.041 0.036 0.013 20.2 0.114 0.068 0.049 0.014 60.8
Conditional (B) 0.006 0.068 0.063 0.005 94.0 0.027 0.106 0.105 0.012 92.9
Full (E) 0.010 0.063 0.062 0.004 94.4 0.029 0.098 0.097 0.010 94.1
25 % Naive 0.118 0.035 0.023 0.015 18.0 0.106 0.062 0.032 0.012 52.1
Conditional (,@) 0.002  0.047 0.047 0.002 95.3 0.018 0.076 0.076  0.006 94.9
Full (E) 0.003 0.046 0.045 0.002 94.6 0.018 0.075 0.071  0.006 93.3
50% Naive 0.108 0.051 0.033 0.016 8.7 0.150 0.069 0.043 0.025 33.7
Conditional (E) 0.002 0.061 0.058 0.004 94.2 0.017  0.098 0.095 0.010 93.0
Full (E) 0.007  0.057 0.055 0.003 93.6 0.027  0.097 0.093 0.010 93.3
0.5 0% Naive 0.124  0.039 0.019 0.018 6.2 0.133 0.061 0.052 0.019 45.1
Conditional (,@) 0.024 0.052 0.048 0.003 93.2 0.026 0.076 0.071  0.006 94.6
Full (5) 0.001 0.045 0.043 0.002 96.9 0.017 0.067  0.057  0.005 95.4
25 % Naive 0.124 0.043 0.035 0.018 7.9 0.132 0.066 0.056 0.019 55.2
Conditional (a) 0.026  0.058 0.055 0.004 93.9 0.025 0.083 0.080 0.008 93.7
Full (E) 0.003 0.054 0.046 0.002 94.6 0.015 0.082 0.079 0.007 94.0
50% Naive 0.132 0.053 0.032 0.023 10.1 0.142 0.073 0.043 0.023 25.1
Conditional (B) 0.031 0.072 0.068 0.006 93.4 0.033 0.100  0.099 0.011 93.6
Full (5) 0.007  0.057 0.054 0.003 94.4 0.026  0.077 0.075 0.009 96.0
0.75 0% Naive 0.115 0.038 0.037 0.016 10.6 0.112  0.053 0.052 0.014 37.5
Conditional (B) 0.040  0.057 0.056 0.005 93.8 0.036  0.078 0.077 0.007 93.0
Full (E) -0.018 0.053 0.041 0.002 95.0 -0.001 0.066 0.064 0.004 94.6
25 % Naive 0.126  0.042 0.035 0.020 8.2 0.126  0.061 0.059 0.018 43.0
Conditional (,@) 0.042 0.067 0.064 0.006 93.9 0.044 0.090 0.088 0.010 93.7
Full (E) -0.015 0.055 0.048 0.003 94.4 0.003 0.077 0.073  0.006 94.2
50% Naive 0.135 0.047 0.044 0.020 10.7 0.135 0.056 0.051 0.021 22.4
Conditional (E) 0.040 0.094 0.080 0.008 93.2 0.045 0.106 0.084 0.013 95.0
Full (E) -0.013  0.058 0.055 0.003 97.4 0.009 0.088 0.080 0.008 95.8
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Table 5.2: Simulation results under measurement error model (5.5) with a = 100

Ye cr Method Estimator of 8 Estimator of 3,
Bias S.E. MVE MSE CP (%) Bias S.E. MVE MSE CP (%)

0.01 0% Naive -0.109 0.040 0.034 0.014 55.4 0.112 0.065 0.052 0.017 57.2
Conditional (B) 0.002  0.043 0.041 0.002 93.8 0.007  0.068 0.066 0.005 93.6
Full (E) -0.001 0.042 0.040 0.001 94.5 0.007  0.061 0.053 0.004 94.5
25% Naive 0.120  0.038 0.031 0.016 45.0 0.123  0.046 0.044 0.017 55.6
Conditional (B) -0.003  0.050 0.047  0.002 94.6 0.010 0.075 0.074 0.006 93.2
Full (E) 0.002  0.047 0.047 0.002 93.0 0.010 0.074 0.055 0.006 94.2
50% Naive 0.112  0.056 0.045 0.016 60.4 0.125  0.037 0.035 0.017 47.0
Conditional (,73’\) 0.005 0.064 0.057 0.004 94.6 0.013  0.097 0.084 0.010 93.2
Full (E) 0.004  0.057 0.050 0.003 94.7 0.021 0.081 0.080 0.007 93.7
0.5 0% Naive -0.115 0.041 0.038 0.015 55.8 -0.101  0.064 0.037 0.014 52.0
Conditional (B) 0.028  0.048 0.047 0.003 93.4 0.028 0.074 0.070  0.006 93.0
Full (B) 0.002 0.046 0.041 0.002 95.0 0.012 0.071  0.053  0.005 96.0
25% Naive -0.115 0.048 0.046 0.019 51.0 -0.117 0.040 0.035 0.015 45.6
Conditional (,73’\) 0.029  0.057 0.054 0.004 93.6 0.027 0.086 0.083 0.008 93.4
Full (E) 0.005  0.055 0.047 0.002 95.2 0.017  0.080 0.078 0.007 95.4
50% Naive 0.129 0.046 0.044 0.019 52.2 0.141 0.094 0.032 0.029 37.4
Conditional (B) 0.034 0.067 0.065 0.006 93.2 0.036 0.111  0.095 0.014 91.0
Full (E) 0.010  0.057 0.053 0.003 96.0 0.030  0.097 0.094 0.010 93.2
075 0% Naive 0.116 ~ 0.037 0.037 0.015 37.3 0.118 0.050 0.032 0.016 29.2
Conditional (,73’\) 0.043 0.061 0.055 0.005 93.2 0.042 0.083 0.076  0.009 92.6
Full (B) -0.018 0.041 0.040 0.002 94.0 -0.001  0.067 0.054 0.004 95.8
25% Naive -0.111  0.050 0.049  0.015 56.2 0.151  0.077 0.041 0.029 44.0
Conditional (B) 0.035 0.065 0.062 0.005 93.0 0.034 0.089 0.085 0.009 93.2
Full (E) -0.021 0.058 0.056 0.003 94.6 -0.003 0.080 0.071  0.006 93.2
50% Naive 0.126  0.055 0.048 0.019 59.0 0.165 0.085 0.079 0.035 25.4
Conditional (E) 0.048 0.080 0.076  0.009 92.6 0.050  0.103 0.103 0.012 94.0
Full (E) -0.012  0.060 0.056 0.003 97.0 0.012  0.089 0.082 0.007 94.0
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Table 5.3: Simulation results with misspecified measurement error model under Scenario 1

e cr Method Estimator of 8, Estimator of 3,
Bias S.E. MVE MSE CP (%) Bias S.E. MVE MSE CP (%)

0.01 0%  Conditional (3) 0.003 0.043 0.041 0.002 92.2 0.014 0.071 0.066 0.005 93.8
Full (E) 0.004 0.042 0.040 0.002 93.2 0.014 0.069 0.054 0.005 94.4

25%  Conditional (B) 0.003 0.050 0.047 0.003 92.2 0.023 0.080 0.075 0.007 92.8
Full (E) 0.006 0.049 0.046 0.002 92.0 0.024 0.076 0.056  0.007 93.4

50%  Conditional B) 0.008 0.062 0.057 0.004 92.6 0.027 0.095 0.089 0.009 92.8

Full (E) 0.010 0.057 0.054 0.003 95.4 0.026 0.089 0.083 0.009 93.8
0.5 0%  Conditional (B) 0.027  0.050 0.047 0.003 91.6 0.026  0.073 0.070 0.006 94.0
Full (B) 0.001  0.047 0.043 0.002 93.4 0.012 0.069 0.066 0.005 94.0

25%  Conditional (B) 0.026  0.058 0.054 0.004 91.0 0.028 0.080 0.079 0.007 93.8
Full (B) 0.002 0.054 0.046 0.002 95.4 0.015 0.073 0.057 0.006 94.4

50%  Conditional (B) 0.024 0.068 0.064 0.005 92.8 0.034 0.104 0.096 0.012 91.8

Full (E) 0.003 0.057 0.055 0.003 95.8 0.027 0.098 0.094 0.010 93.6
0.75 0%  Conditional (B) 0.044 0.055 0.055 0.005 90.4 0.045 0.078 0.076  0.008 92.0
Full (B) -0.017  0.052 0.049 0.002 94.0 0.001 0.068 0.064 0.005 93.4

25%  Conditional (B) 0.040 0.066 0.062 0.006 91.8 0.044 0.090 0.085 0.010 92.6
Full (B) -0.019 0.052 0.049 0.003 93.6 0.004 0.079 0.076 0.006 93.8

50% Conditional (B) 0.044 0083 0075 0009 920 0039 0111 0.102 0.014  93.4
Full (B) 20012 0.058 0055 0.003 960 0005 0.090 0.088 0008  95.0
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Table 5.4: Simulation results with misspecified measurement error model under Scenario 2

e cr Method Estimator of 8, Estimator of 3,
Bias S.E. MVE MSE CP (%) Bias S.E. MVE MSE CP (%)

0.01 0%  Conditional (3) 0.041 0.056 0.044 0.005 78.4 0.057 0.076  0.064 0.009 53.2
Full (E) 0.038 0.044 0.043 0.003 86.6 0.060 0.071  0.060 0.009 85.0

25%  Conditional (B) 0.050 0.049 0.047 0.005 80.0 0.069 0.076 0.075 0.010 87.8
Full (E) 0.048 0.049 0.046 0.005 82.6 0.069 0.075 0.074 0.010 87.6

50%  Conditional B) 0.060 0.062 0.058 0.007 83.0 0.103 0.096 0.091 0.019 82.0

Full (E) 0.061  0.061 0.056 0.007 72.0 0.101  0.092 0.090 0.019 80.6
0.5 0%  Conditional (B) 0.075 0.052 0.047 0.008 63.8 0.077 0.072 0.070 0.011 83.6
Full (B) 0.033 0.048 0.043 0.003 90.4 0.053 0.070 0.065 0.008 87.8

25%  Conditional (B) 0.079  0.054 0.053 0.009 70.4 0.082 0.082 0.079 0.013 84.8
Full (B) 0.040 0.048 0.045 0.004 91.4 0.070  0.080 0.075 0.012 85.6

50%  Conditional (B) 0.084 0.067 0.065 0.011 78.8 0.166  0.111 0.096 0.040 61.4

Full (E) 0.049 0.056 0.056 0.006 77.8 0.100  0.098 0.095 0.020 64.8
0.75 0%  Conditional (B) 0.089  0.061 0.055 0.012 63.2 0.089 0.076 0.076 0.014 82.0
Full (B) -0.049 0.050 0.042 0.004 80.4 0.059 0.067 0.061 0.008 88.0

25%  Conditional (B) 0.093 0.066 0.062 0.013 70.0 0.093 0.088 0.085 0.016 83.8
Full (B) -0.050 0.050 0.047 0.005 82.4 0.067 0.074 0.072 0.011 87.8

50% Conditional (B) 0.098 0.080 0076 0016 772 0101 0103 0.103 0.021  89.0
Full (B) 0.053 0.055 0.045 0006 782  0.090 0080 0.087 0.016  87.8
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Table 5.5: Simulation results under measurement error model (5.5) with a = 100 in the

presence of validation data

e cr Method Estimator of 84 Estimator of 3.
Bias S.E. MVE MSE CP (%) Bias SE. MVE MSE CP (%)

0.01 0% Naive 0.069 0.033 0.030 0.006 12.5 0.107 0.045 0.045 0.013 15.4
Conditional (Bml) 0.003 0.043 0.041 0.002 93.8 0.017  0.070 0.066 0.005 93.6
Full (Bmz> 0.004 0.042 0.040 0.002 93.4 0.016 0.068 0.065 0.005 94.2
25% Naive 0.061 0.039 0.037 0.005 16.4 0.094 0.048 0.045 0.011 17.9
Conditional (B’ual) -0.003  0.050 0.047 0.003 92.6 0.008 0.075 0.074 0.006 94.2
Full (BL@) 0.002 0.045 0.043 0.002  95.6 0.015 0.074 0.055 0.006  94.2
50% Naive 0.117  0.040 0.040 0.015 15.0 0.106 0.050 0.048 0.014 11.2
Conditional (EMZ) 0.009 0.064 0.057 0.004 91.2 0.013  0.097 0.089 0.010 93.2
Full (Eml> 0.005  0.057 0.057 0.003 97.0 0.019 0.090 0.085 0.008 92.4
0.5 0% Naive 0.145 0.020 0.021 0.022 3.4 -0.067 0.058 0.008 0.056 43.8
Conditional Eval> 0.028 0.048 0.047 0.003 93.4 0.027  0.073 0.070  0.006 93.0
Full (B@z) 0.002 0.041 0.037 0.002  95.0 0.012 0.071 0.069 0.005  95.4
25% Naive 0.147  0.025 0.022 0.022 8.8 -0.103 0.060 0.059 0.014 58.0
Conditional (Bml) 0.029 0.057 0.054 0.004 93.6 0.027 0.086 0.080 0.008 93.6
Full (Emz> 0.005 0.047 0.045 0.002 95.0 0.017  0.080 0.078 0.007 95.4
50% Naive 0.142  0.046 0.040 0.022 24.4 -0.190 0.059 0.057 0.040 36.4
Conditional (B’ual) 0.033 0.066 0.065 0.006 93.4 0.035 0.111  0.095 0.014 91.0
Full (Eval) 0.010 0.057 0.053 0.003 95.8 0.029 0.097 0.094 0.010 93.2
0.75 0% Naive -0.133  0.026 0.023 0.018 8.2 -0.113  0.053 0.053 0.016 46.0
Conditional (Bml) 0.042 0.061 0.055 0.006 93.2 0.041 0.083 0.076 0.009 92.8
Full (Bmz> -0.017 0.051 0.041 0.002 97.6 -0.001 0.067 0.054 0.004 94.0
25% Naive -0.137  0.025 0.024 0.019 10.6 -0.147  0.058 0.054 0.025 33.2
Conditional (B’ual) 0.035 0.065 0.062 0.006 92.0 0.033 0.089 0.085 0.009 92.8
Full (B@z) -0.021 0.047 0.057 0.002  93.8  -0.003 0.078 0.078 0.006  95.6
50% Naive -0.144 0.032 0.034 0.022 18.6 -0.239  0.055 0.051 0.060 18.4
Conditional Eval) 0.048 0.080 0.076  0.009 92.6 0.050 0.103 0.103 0.013 94.2
Full (Eml> -0.012 0.053 0.064 0.003 95.0 0.012 0.085 0.082 0.007 94.8
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Table 5.6: Simulation results with length-biased sampling

Ye cr Method Estimator of 55 Estimator of 3,
Bias S.E. MVE MSE CP (%) Bias S.E. MVE MSE CP (%)

0.0l 0% Naive 0.085 0.037 0018 0010 194 _ 0084 0.055 0053 0008  66.1
Conditional ( By, B) 0.000 0.044 0.041 0.002 934  0.007 0.071 0071 0.005  93.6
Full (ELB) 20.000 0.041 0.040 0.002 948  0.007 0071 0.069 0.005  93.2
25% Naive 0.094 0042 0.018 0.012 141  0.094 0056 0052 0.011  57.2
Conditional (BL B) 0.003 0.057 0.054 0.003 930  0.009 0.093 0090 0.009  94.4
Full (B’w) 0.006 0.051 0.050 0.003 940  0.010 0.092 0088 0.009  94.4
50% Naive 0.112  0.051 0.023 0.018 127 0116 0.072 0046 0.016  38.7
Conditional (ELB) 0.002 0081 0.077 0.007  93.0  0.025 0.136 0.126 0.019  93.6
Full (ELB) 0.003 0.067 0.60 0.005 940  0.020 0.116 0.114 0014 944
05 0% Naive 0.090 0.027 0017 0011 136 _ 0098 0054 0051 0011 _ 66.1
Conditional (BLB) 0.029 0048 0.047 0.003  93.6  0.030 0.075 0073 0.007  93.0
Full (Bw) 20.000 0.038 0.036 0001 970  0.004 0071 0.069 0.005  96.0
25% Naive 0.100  0.041 0.029 0.013 11.8 0108 0.056 0053 0.013  54.1
Conditional (Br, B) 0.024 0065 0.062 0.005 93.2  0.036 0.098 0094 0011  94.2
Full (ELB> 20.002 0.050 0.049 0.002 954  0.008 0.089 0.084 0.008  94.6
50% Naive 0.108 0.051 0.024 0.017 117 0116 0.069 0.047 0.016  40.8
Conditional (ELB) 0.036 0.096 0.090 0.010  93.6  0.051 0.140 0.136 0.022  94.0
Full (BLB) 0.006 0.068 0.061 0.005 942 0015 0.118 0.113 0014  95.0
075 0% Naive 0.108 0.026 0018 0014 9.1 0.113  0.054 0047 0014 535
Conditional (BLB) 0.044 0056 0.056 0.005  92.4  0.044 0.087 0.079 0.010  92.0
Full (BLB) 20.019 0.037 0037 0002 954  -0.011 0.072 0.070 0.005  93.0
25% Naive 0.116 0041 0.021 0016 6.6 0.126  0.054 0.054 0018  43.4
Conditional (ELB) 0.042 0073 0.073 0.007 934  0.045 0.105 0.102 0.013  94.6
Full (BLB> 20017 0.046 0.038 0002 950  -0.011 0.085 0.084 0.007  94.2
50% Naive 0.115  0.049 0.023 0.017 8.4 0.123  0.063 0.047 0.017 345
Conditional BLB) 0.065 0.128 0121 0.021  93.8  0.081 0.176 0.168 0.038  94.2
Full (EL3> 20.008 0.067 0.066 0005 940  0.004 0119 0113 0014  96.4
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Table 5.7: Sensitivity analyses result of Worcester Heart Attack Study Data

Estimator Estimator
Q@ Y EST S.E p-value EST S.E p-value

0 0147 3, -0.098 0.081 0.229 -0.096 0.041 0.024
B, 0.016 0.018 0.201 0.016 0.017 0.398

0.526 5, -0.099 0.084 0.232 -0.096 0.042 0.025

B. 0.016 0.018 0.202 0.016 0.017 0.401

0.858 [, -0.101 0.085 0.235 -0.096 0.044 0.029

B, 0.016 0.018 0.203 0.016 0.017 0.401

100 0.147 B, -0.092 0.063 0.149 -0.092 0.019 2e-06
B. 0.016 0.011 0.123 0.016 0.003 4e-07

0.526 5, -0.093 0.065 0.150 -0.092  0.020 3e-06

B. 0.016 0.011 0.123 0.016 0.003 4e-07

0.858 [, -0.095 0.066 0.152 -0.092  0.020 4e-06

B. 0.016 0.011 0.124 0.016 0.003 4e-07
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Chapter 6

Model Selection and Model
Averaging for Analysis of Truncated
and Censored Data with
Measurement Error

6.1 Notation and Model

In this chapter, we adopt similar notation which has been defined in Chapter 5. Specifically,

as defined in Section 5.1, let T, ;L and V = ()?T,ZT>T denote the failure time, the
truncation time, and the (p + ¢)-dimensional vector oi covariates, respectively. Based on
the discussion in Section 5.1, for an individual with 7' > A, we let (A,T,V) with V =
(X T ZT)T denote (K, T, 17) to indicate such an individual is eligible for the recruitment
so that measuring (A, T, V) is possible. If T < ,ZL then such an individual is not included in
the study to contribute any information. We define C' as the censoring time for a recruited
subject. Let Y = min{7T, A+ C} be the observed time and let A = I(T" < A+ C) be the

indicator of a failure event. Figure 1.1 gives an illustration of the relationship among those
variables.
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6.1.1 Cox Model and Inference

Suppose that we have a sample of n subjects and that for i = 1,--- n, (Y;, A;, A;, Vi) has
the same distribution as (Y, A, A, V') and (y;, a;, 0;, v;) represents realizations of (Y;, A;, A, V;).
Consider the Cox model for survival times T" whose hazard function is modeled as

A(tvi) = Ao(t) exp(v; B), (6.1)

where A () is an unknown baseline hazards function, and £ is the vector of the parameters
that are of interest.

Let Ao(?) fo Xo(u)du be the cumulative baseline hazards function. Let F(t|v;) =
exp {—AO exp( a B)} denote the survivor function of T given the covariates and let

f(tlv) = =L F(t]v;).

By Assumptions (C5) and (C6) in Appendix E.1, the likelihood function is given by

x f yl|vz yz\v )1 6dH( )
. H Flulo)dH(w)

which can be equivalently re-written as the product of the conditional likelihood

Hf yz|vz a yz|vz) 6 (62)

=1 |UZ)

and the marginal likelihood

F(a;|v;)dH (a;)
H F(ulv;)dH (u) (6.3)

Discussion on this can be found in Wang et al. (1993), Huang et al. (2012) and Chen

(2019). In principle, estimation of the model parameters may proceed with maximizing
L o< Le X Ly with respect to the model parameters.

6.1.2 Framework of Submodels

In specifying the model (6.1) we include all the covariates in the model without discretion;
irrelevant or unimportant covariates may be included in the model. To feature this, we
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consider a framework initiated by Hjort and Claeskens (2006), the so-called local model
masspecification framework.

Let Z; represent the vector of important covariates that are always being included in the
model, and let X; represent the vector of covariates which may be subject to exclusion when
building a model. Write X; = (X;1,...,X;,)" and Z; = (Zi1, ..., Ziy)". Let = (B8),8])"
be a vector with dimension d = p + ¢, where 3, is the parameter vector for which we
are unsure whether or not all of its components should be included in the model and £,
is the parameter vector which should be used in the model. Let the true value of g be

=
represented by [y = (ﬂ\/—;, ;)) , where 7 is a parameter, and —\}7—5 represents the degree of

the departure of the corresponding model from the null model 5y, = (0, 8.9) (Wang et al.,
2012; Wang et al. 2015).

Let S be the class of all subsets of {1,2,--- | p} which are increasingly ordered. For any
S € S, let |S| denote the number of the elements in S. If [S| = 0, then we say that the set

S is null; if |S| = p, then such S is called the full set. Let B = (Bgs,ﬁ;S)T denote the
parameter vector for the candidate model which corresponds to the covariates indexed by
S, with §, ¢ being an |S|-subvector of /3,. Although covariate Z; is always included in the
model, the subscript S in 3, g is used to emphasize that this is the parameter under the
candidate model associated with S.

We now define a projection operator. For any S, let g be an |S| X p matrix with element
0 or 1; in each row there is one and only one element which takes value 1 and in each column
there is at most one element taking value 1. More specifically, if S = (jl,jg, e ,j|5|) with
1 <j1 <ja2 < - <Jjs) <p, then the (K, ji) element of 7y takes value 1 for k =1,--- ,|S|;
Ts  Ojsixq
04xp  Lgxq
matrix with entries zero, and I ., is the ¢ x ¢ identity matrix. Then applying IIg to
(XZT, ZZ-T)T gives us the (|S| + ¢) x 1 vector, Ilg (XZ.T, ZZ»T)T, which includes the covariates
in the candidate model S.

other elements of g take value 0. Let Ilg = ( ), where 0,., is the p x ¢

6.1.3 Measurement Error Model

In practice, covariates are often subject to measurement error. Suppose that covariate X;
is measured with error, and X is an observed value, or surrogate, of X;. Suppose that
covariate Z; is precisely observed. We consider the widely considered measurement error
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model

where ¢; is independent of all other variables (e.g., Carroll et al. 2006; Yi 2017), and
e; ~ N(0,%.) with covariance matrix X.. To highlight the idea, we assume that X, is
known for now. Thus, the moment generation function of ¢ is m(t) = exp(5t' £.t), and

E{exp (t"X])} =m(t)exp (t"X;).

6.2 Methodology for the Correction of Measurement
Error Effects

6.2.1 Correction for Conditional Log-Likelihood Function

For any candidate model S, let Lc s denote the derived conditional likelihood function,
which, similar to the expression of Lo in (6.2), leads to the conditional log-likelihood
function

les = Z [5@' log Ao(yi) + 9; {(ﬂ'Sxi)Tﬁw + Z;ﬁz}
i=1

—{Ao(yi) — Ao(ai)} exp {(WS%)T@: + Z;ﬂz}] )

showing that (7sX;)' 3, and exp {(Win)Tﬁx} are the only terms involving error-prone
covariates.

To correct for the measurement error effects, we first manipulate the measurement error
model (6.4) as

s X = s X; + ms€;, (6.5)
where mge; ~ N (0, WsEeﬁg), yielding the moment generating function
1
ms(t) = E {exp (t'7se;) } = exp (?TwsEeﬂgt) :

Consequently,
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and

T Sl B
E {exp ( ;Sﬂ'sX: _ 2575 5 s/ 75) ‘ Xi} = exp (B;SWSXi) : (6.7)

Define

n

los = Z [51‘ log Ao(ys) + 0 ((Ws$f)T Ba,s + Z@'Tﬁz,5>

i=1

T 26 T X
— {Ao(yi) — Ao(ai) }exp {(stj)T Bus+ 2 Bas — PesTs>ets s }] . (6.8)

2

Then combining (6.6) and (6.7) yields that
E (g*c,s‘Xi, Zi) = €C’,S§

this property ensures that working with the function (¢, 5 allows us to recover the infor-
mation carried by lcs; £ ¢ 1s computable since all the relevant variables have available
measurements but {¢ g is not due to its dependence on X.

Furthermore, with (3, g, 8, ¢)" fixed, maximizing (6.8) with respect to Ag(y;), we derive

the estimated cumulative baseline function as

S =

t
Ros(t) = / , (6.9)
0 mgl(ﬁm,S>Gg’)) (U, 627,57 Bz,S)
where N;(u) =1 (Y; <w), Yi(u) =1(A; <u<Y;), and
1 n
Gg)) (ua 5:)0,5'7 /BZ,S) = 5 Zl }/z(u) €xXp {(WSZ':)T 5:):,5' + Z;ﬂz,S} . (610)

Finally, combining (6.9) and (6.8), we define

n

Z*c,s = Z [51' log Ao, (yi) + di ((stf)T Brs + Z;Bz,s>

=1

-~ ~ " BJ WSEEWTBSC,S
— (AO,S(yi) - Ao,s(%)) exp {(Ws%)T Bus + 2] Brs — = 5 , (6.11)

2

on which the inference is based, as discussed in the following subsection.
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6.2.2 Augmented Pseudo-Likelihood Estimation

Similarly, the formulation of the marginal likelihood (6.3) for the candidate model S is

H Flai|msz;, z;)dH (a;)

Flalrszs, z)dH (a)’ (6.12)

where F(a;|msz;, 2;) = exp [—Ao(ai) exp {(sti)Tﬁx,s + Z;ﬁzs}} Noting that the marginal
likelihood (6.12) involves the unobserved covariate X;, we now construct a modified version
of (6.12) to address the measurement error effects.

Let px and Xx be the mean vector and variance-covariance matrix of X;, respectively.
Let X}y = ms X[ as in (6.6), then model (6.5) gives that X = msX; + mge; with mge; ~
N (0 T 7TS) yielding that

.
E(rsXi|X}s =2} 5) = mspx + (Sxz — Ses) in( Lo~ 1xz), (6.13)

where ¥, ¢ = WSZEW;, and g X and X Xz represent the mean and covariance matrix of Xis,
respectively.

We let z; ¢ denote (6.13) for ease of notation. Using the method of moments, (6.13) is
estimated by

N T
fi,s = ﬁxg —+ (EXE - Ze,S) E)_(E (ZE;S — /Lxg) (614)
with /7X§ = % 2%’;5 and 2X§ = ﬁ 21 (Izs — ﬁXg)(l'f,s — ﬁxg)T.
As a result, replacing mgx; with 7; g in likelihood function (6.12) gives

H Fl(a;|z; s, 2)dH (a;)
F(a|Zis, 2)dH (a)’

Liyg = (6.15)

where F(a;|T; s, 2;) = exp { —Ao(a;) exp ( T, JsBes + 2] B. s)}

To use (6.15) for inference about /3, we need to estimate the distribution function H ().
Directly applying the kernel estimation (Silverman 1978) to the observed truncation times
to estimate dH (-) is not suitable since the observed truncation times form a biased sample.
Instead, we use the nonparametric maximum likelihood estimator (NPMLE) (e.g., Wang
1991) to estimate the distribution function H(-) of A.
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For a fixed parameter 8, the NPMLE of H(a) based on a candidate model S in (6.15)
is given by

-1
Hs(a) i ! i I(a; < a)
s\ = = 1~ = <
o F (@i s, 2i) = Flail7is, zi)

where ]—"(az|x15, zi) = { AO s(a;) exp ( lsﬂgg cs + 2 BZ Cs) }, /A\075(-) is given by (6.9),

and Bcs = (@057 B‘r > is determined by 605 = argmax Ecs
B

Then replacing H (a) in (6.15) with I/-js( ) gives the LM g, and letting €M ¢ = log (27\/15)
gives

Ms = Zlog{st al} ZAOS a;) exp (T 4B, + 2 B2)

_ Zlog { /O exp{—Ko,s( )exp (% g8 + 2 @)}dﬁsm)} (6.16)

Finally, the model parameter (s for the candidate model S can be estimated by

.
Bs = <ﬁx S5 @rs) = argﬁmax(écs + g 5)-
S

Immediately, when |S| = p, i.e., all the variables {X;, Z;} are included in the model, we

have that mg = I,4, and hence mgX; = X, and therefore, (6.11) and (6.16), respectively,
become

e = i [51' log Ao(y:) + 0 (xfTﬁx + Zjﬂz)

=1

N N T
- {Ao(yz') - AO(ai)} exp {I:Tﬁm + Z;ﬁz - b igﬁx }} ) (6.17)

and

Zlog {dH a; } ZAO (a;) exp (T, T6m+zTﬂz)
_Zlog l/o exp {—Ko( ) exp (T z, By + zTﬁz)} (a)] , (6.18)
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where

L LY dN(w)
N =1
Ao(t) = /0 m-1(8,)GO (u, B, B.) (6.19)
with
60w = 2 v e { (77 (7)), (6.20)
i=1 z
and

N T
T; = fx+ + (ZX* - Ze) S (@] — fixe) (6.21)

n A~
. ~ 1 * _ 1

=1
of B based on the full dataset is

n
(vF — fix<)(xF — fix-) . Consequently, the estimator
i=1

T
R T T Dk Dk
Bfull = <Bﬂc,full’ ﬁz,full) = arggnax (EC + €M> :

6.3 Focused Information Criterion and Model Aver-
aging

In this section, we first examine the asymptotic properties for the estimators derived from
different candidate models. We then define the focus parameter and base on it to introduce
the selection criterion for a suitable model. Finally, we establish large sample properties
of model averaging estimators.
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6.3.1 Asymptotic Results for A Candidate Model

Given a candidate model S, we define

n

Fz;,s = Z {52' {(stf)T Bz,s + Z;ﬁz,s} + %51' log {ms(fz,s)}

=1

—6;log {Z exp ((stf)T Bz.s + ZZ‘T/627S> I(a; <y; < yj)}] . (6.22)
=1

which is related to £ g in (6.8) so that (¢ g — (g is free of 8. We let (7 5 denote this
difference, i.e., £¢, 3 = (pg + {5 the relevant detail is available in Wang et al. (1993).
Similarly, the partial log-likelihood function under the full model can be derived as

b = 3 [afars T} + 50log (m(5))

i=1

—d; log {Zexp (:Cfﬁx + ZZTBZ> I(a; <y; < yj)}] : (6.23)
j=1

which is related to (6.17) in that their difference is free of .

oy Oy g 827\4,5

Let UP(BQ”BZ) - W; UM(BIMBz) - %) UP,S(ﬁa:aﬁz) — 8_5 and UM,S(BLE?/BZ) - B

be pseudo-score functions, where £, £%,, (p s and Z}k\/l,s are determined by (6.23), (6.18),
(6.22) and (6.16), respectively. The following two lemmas present the relationship between
the candidate model S and the full model.

Lemma 6.3.1 For any candidate model S, let Xx: be the covariance matriz of X§ and
let YXx« be the covariance matriz of X*. Then

Tyl oyl
Tg Xy T = Ly

Lemma 6.3.2 Under reqularity conditions in Appendiz E.1, the following results hold for
any candidate model S,

(CL) URS (07 /BZO) = HS'UP (07 5z0)7'
(b) Un,s (0, Bz0) = IsUns (0, Bro).
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These two lemmas are useful for providing the following asymptotic results. In particular,
Lemma 6.3.2 describes the connection of the pseudo-score functions under candidate model
S and the full model; the pseudo-score function under the candidate model S can be
expressed as the product of the projection matrix Ilg and the pseudo-score functions under
the full model. Thus, Lemma 6.3.2 allows us to focus on deriving the asymptotic results
for the full model (i.e., Theorem 6.3.1 (a)); the asymptotic results for the candidate model
S (i.e., Theorem 6.3.1 (b)) can then be immediately derived from Lemma 6.3.2.

Theorem 6.3.1 Under reqularity conditions in Appendixz E.1, we have that as n — oo,

(a) under the full model,

R B:cjull d N (( n ) -1 —1) .
ﬁ( Bz,full_ﬁzo ) —> 0 ’ A BA 7

(b) under the candidate model S,

f( ey ) o (e (), 4z,

where A, B, As and Bgs are defined in Appendiz E.2.3.

Theorem 6.3.2 Under reqularity conditions in Appendix E.1, we have that under the
candidate model S, as n — oo,

.
N . d . F:):,S(t) T
Vi{Ras 0 - a0} v - () wer mo
where V(t), F, s(t),F.(t) and F.(t) are given in Appendiz E.2.4, n is the parameter defined

in Section 6.1.2, and Wg represents a random variable whose distribution is identical to
the limiting distribution described in Theorem 6.3.1 (b).

6.3.2 Focused Parameter and Asymptotic Results

Rather than examining the model parameters individually, in applications we are often
interested in their combined forms or functions of those parameters. To facilitate such

152



settings, we let p = p (5., B2, Ao(+)) be a scalar function of parameter 5 = ( A BZT)T

function Ag (t). The new parameter p plays the role of using a simple scalar measure to
express certain combined information of the original multi-dimensional parameters; it is
called the focus parameter (Claeskens and Hjort 2003, 2008; Hjort and Claeskens 2006).
The choice of the function p(-) is often driven by the nature of individual problems (to

be discussed in Section 6.3.3). In contrast to the notation 5y = (:7/—;, B1) defined in Sec-
tion 6.1.2, we let fype = (\/iﬁ, B0, AO(-)> denote the true value of the focus parameter pu.

By the invariance property of the maximum likelihood estimator, jig = u (vas, B\z, S5 ]\\0(-)

can be taken as the estimated focus parameter corresponding to the candidate model S.
We comment that although the density function A(-) of left truncation time is unknown,
we do not include it when defining the focus parameter.

For A and B in Theorem 6.3.1, we express them as block matrices according to the

dimension of the covariates X; and Z;: A = < A, A ) and B = ( B.. B.. > Let
Axa} sz

-1 _
A - Aza: Azz

properties of the focus parameters whose proof is placed in Appendix E.2.5.

denote the inverse matrix of 4. We now present the asymptotic

Theorem 6.3.3 Assume that the conditions in Theorem 6.53.1 hold and consider the can-
didate model S.

(a) if the focus parameter p = p(By, B.) is the function of parameter 5 alone, then as
n — 0o,

—~ 0
\/ﬁ (,MS - ,Utrue) d ( a

9.

(b) if the focus parameter pu = p (B, B., Ao(t)) is the function of parameter f and cumu-
lative baseline hazard function, then as n — oo,

) A;ZIM _'_wT {77 . (Aa:x)l/QHS(Azx)fl/Qu} ’

¢ O o O i
o~ -1
Vit(is = o) <4 SV + (4 ) A

w_‘_/{ {77 Amc 1/2H (A:ca; 1/2u}

where Hg = (A™)~V2r] {mg(A™) 7]} mg(A™) V2 w= AT A1 1= JLF, (1)—

AT A-10m F.(t),U=n+W, W= A"] — AMAMA M, and M and J are random vari-

zx*7zz OAg
ables hamng the distributions N (0, B,,) and N (0, Bm) respectively.
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6.3.3 Practical Settings and Focus Information Criterion

In this subsection, we illustrate the choice of the focus parameters using examples which
are pertinent to the hazard ratio and the survivor function, the quantities commonly used
in survival analysis. We further use these examples to present the focus information crite-
rion (FIC) for model selection.

Setting 1: The hazard ratio.
Under the Cox model (6.1), the hazard ratio for V- =wvy to V = vy + 1, is

A (tvg + 14)

N~ P (1,8),

where 1, is the d-dimensional unit vector with d = p + ¢, and vy is a value of V. In this
case, the focus parameter can be taken as

p=n(B)=exp(155). (6.24)

The focus parameter p gives us a single-valued measure which describes the change of
the hazard function if every covariate is changed by 1 unit. We now discuss the FIC based
on the focus parameter (6.24). The main idea of the FIC is to first work out the mean
squared error (MSE) for the estimator of the focus parameter derived from each candidate
model, and then determine the final model by the smallest MSE. To use Theorem 6.3.3 (a)
for this purpose, we present the following lemma.

Lemma 6.3.3 Under the conditions in Appendiz E.1, we have
W~ N (0,04),

where W is given in Theorem 6.5.3 (b), and o, is the asymptotic covariance matriz of
Ba,fuir i Theorem 6.3.1 (a) whose expression is left in Appendiz E.2.7.

Combining Theorem 6.3.3 (a) and Lemma 6.3.3 gives the bias and the variance of ig:
s i = 7 {Tpnp = (A% 2H5 (A7) 2}

and

- o\ iy 41 (9 _ _
var (,US) _ <ag ) AzlezzAzzl (%) + WT(A;va:)lﬂHS(Amz) 1/20_I$(Aacm) 1/2HS(ALU$>1/2(JJ.
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Let ®g = (A™)Y/2H4(A**)~1/2. Then the MSE of Jig is derived as
~ o\ (0
E [(IU’S - Ntrue)Q] = ( a > AzleZZAzzl < 2 )

98, 9.
0" { (Lpep = @5) " (pep = @5) " + @50, b (6:25)
The first term of (6.25) does not depend on the candidate model S, so to make the com-

parison among different candidate models be focused, we drop this term and simply let the
second term of (6.25) reflect the MSE of jig; we then define

FICs =" { (Lyey = @) 1" (I — @) + @50, @f f o (6.26)

to be the focus information criterion (FIC) for model S and the focus parameter (6.24).
To use (6.26), nn' needs to be estimated. By Theorem 6.3.1 and Lemma 6.3.3,
\/ﬁﬂx,full = 7/7\ ~ N(U, U:px)a thus &/ (nﬂx,full@fulo = Uxx+7777T7 suggesting that nﬂx,full@full_

G is an asymptotically unbiased estimator of nn". Consequently, the FICs in (6.26) is
estimated by

~

~ —~ T ~ ~
FICs =0, {(JW _ @S) (nﬁa fat BT — %) <1pxp — <1>5> + q>58m<1>§} 51, (6.27)

where ®g = A, V2H SAiﬁ ) = %/BBS) — AzxAzz1 8%(55 and 7, is the estimated asymptotic

covariance matrix of ﬂL Full-

Setting 2: Covariate effects either (3, or 5. but not both.

In contrast to the hazard ratio, sometimes our interest focuses on either 5, or 3, but not
both. When we are interested in 3, alone, the focus parameter is set as u = 3, and when
B, is of prime interest, we take u as ..

Similar to the derivations for Setting 1, we derive that the estimated FIC for u = f,
under the candidate model S is given by

-~

— & e} T B @
FICS _ 1;— {(Ipxp _ @S) <nﬁx,full/6\axl—,full — wa) (Ipxp — (DS> + CDSO-:(:J:(D:S'F} 1177
and

ff\Cs = <A\;—x;{zz11q)—r { Ipxp - EI;S) <n3m,full@cr,full - 3xx) (Ipxp - (/I\)S>T
Al



for o = B, under the candidate model S.

Setting 3: The cumulative baseline hazard function.

In some applications, as discussed by Hjort and Claeskens (2006), the cumulative baseline
hazard function Ag (+) is of prime interest, and in this case the focus parameter p is set as
Ao(tp) for some time point, say g, of interest.

Applying Theorem 6.3.3 (b) with w = 0 and x = F, (t,) — A/ A F.(to), we can work

out the MSE of fig for the candidate model S. Similar to (6.27), the FIC for 1 under the
candidate model S is estimated by

~

—_— ~ ~ T ~ ~
FICs —7] {<1po - @S) (wm,fu”ﬁj il — am) (Jpx,, - <1>5> + @Samcbg} R, (6.28)

uosto) f () — AT, A1 2osto) p

where Ky = AL T .(tp), and ®g and 0,, are the same as

described in Settmg 1.

Setting 4: The survivor function.
Under the Cox model (6.1), the survivor function

F (t|v) = exp {—Ao (t) exp (UTB)}

is a semi-parametric function since it involves both parameter $ and the unspecified func-
tion Ag (+). In applications, we are often interested in the survival information at certain
time point, say to. In this situation, we take the focus parameter to be

= 11 (8, Mo(to)) = exp {—Ag (o) exp (vg B) }
for some given covariate value vy.

Again, Theorem 6.3.3 (b) can be used to derive the MSE of [ig. Specifically, the bias
and the MSE of jig are

~

fis = fitrue = (W + &) {Lpxp — (A™) V2 Hg(A™) 72}

and

T 21 _ I I ! —1 (O | Ou
E[(MS ,U/true)] - <aﬁz aAQF( ) Azz BZZAzz aﬁz 8A0F( )

+ (w + H) {(Ipo - CI)S) 7777T (]po - (PS) + CI)SO-zx@:S‘r} (w + K) )
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respectively. Similar to the discussion for (6.27), we drop those quantities which are unre-
lated to S and replace nn' by its asymptotically unbiased estimator, and then we obtain
an estimate of the FIC for the candidate model S:

F]CS = (w?) + "13) (-[po - qDS) (n/8$,fullﬁx7full - gzx> <Ip><p - (I)S>

where @S and 0., are the same as described in Setting 1, K3 = a“(%A(’O’S(to))1@(1&0) —
A\ZI'IA\Z—; 3#(/35(,9//\\065(?50))?2(750)’ and &3 = 3/1(/35)8,//8\;),5(1&0)) . A\Zl'x;l\z—zl 5#(55)6723,5(750)).

These settings cover the scenarios we usually encounter in survival analysis. Different
FIC measures are used to reflect different focuses on the performance of various candidate
models. The basic principle is to determine the final model based on the smallest MSE,
or equivalently, the smallest FIC s among all the candidate models S. It is expected that
with different focus parameters, the resultant final models are usually different from each
other.

Alternatively, using AIC or BIC to select the variables for the different focus parameters
is also discussed by some authors, e.g., Claeskens and Hjort (2003), Hjort and Claeskens
(2006), and Wang et al. (2012), among others. For the candidate model S, the AIC and
BIC are defined as

AlICs =2 {AZ’,S(B\S) + Z*M,S(B\S)} —2|5|
and
BICs =2 {Ut.5(Bs) + Tyy.5(Bs) } — og(m)|S],

respectively. The final models are selected by choosing the maximizer of AICs and BIClj,
respectively. Apparently, the best candidate model resulted from using AICs or BICy
is the same regardless of different forms of the focus parameters, since both criteria are
based on the likelihood function instead of the focus parameters. On the contrary, the FIC
method allows us to select the most suitable model with our focus of interest capitalized
on. We will numerically compare the performance among AIC, BIC and FIC by simulation
studies in Section 6.4.
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6.3.4 Frequentist Model Averaging

The preceding development suggests that differently best candidate models can be yielded
from different selection criteria with different focus parameters. As discussed by Clyde and
George (2004) and Wang et al. (2009), conducting parameter estimation using a specifically
selected model is not ideal since the associated uncertainty is ignored. To circumvent this
issue, we employ the frequentist model averaging (FMA) method to construct an estimator
of . The idea is to use the estimators derived from different candidate models to work
out a suitable linear combination of them, given by

,ﬁ/ave = Z UJ(S|';]\>//L\5,
Ses
where Jig is the estimator of i derived from the candidate model S, = \/ﬁ@, fuil, W(S|M),
to be discussed at the end of this section, is a positive random weight which corresponds
to the candidate model S and is data-driven (Claeskens and Hjort 2008, p.195), and all

the weights are constrained by > w(S|) = 1. Based on Theorem 6.3.3, we derive the
Ses
asymptotic distributions of figye.

Theorem 6.3.4 Under regularity conditions in Appendiz E.1,

(a) if the focus parameter u = (B, B,) is the function of parameter (B, and (3, alone, then
as n — 0o,

T
\/ﬁ (ﬁave - ,utrue) i> (gg ) Az_le + wT {u - Z w(Slu) (Ax;B)l/QHS(A:m)_I/Qu} ;
# Ses

(b) if the focus parameter pu = (B, B2, No(t)) is the function of parameter B and the
cumulative baseline hazard function, then as n — oo,

~ a O
\/ﬁ(,ulave Ntrue) — 8_/\()V(t) + {

op  op T

+(w+r)" {u - Zw(S|u)(A‘m’)l/2Hs(Am)‘1/2u} :

Ses

where w(S|U) represents the weight to which w(S|n) converges in distribution.
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Several conventional choices of the weights w(S|7) are available. For instance, using
the AIC, Buckland et al. (1997) suggested the so-called smooth AIC weight which is
proportional to exp (%AICS), given by

exp (%AICS)
Z exXp (%AICS/) ’

S'es

(6.30)

Waic,5 =

where AICg is the AIC score for the candidate model S. Claeskens and Hjort (2008)
suggested to replace AICs in (6.30) by Apyc g = AICs — max AICg to avoid the numeric
’ IE

problem that the denominator of (6.30) can be quite close to zero, a phenomenon that we
also observed in our numerical studies, i.e., the weight is

exp (38A10.5)
Waic,8 = 1 . (631)
> exp (iAAIC,S'>
s'es
In contrast, we can use the following weight
exp (32p105)
Whic,5 = (6.32)

2o ($2B1cs)

and call it the smooth BIC weight. Similarly, with the FIC, the weight is defined as

1 FICq
exXp <2 (afﬁ)Tazz(@%))

wficS = )
) FIC /
D, exp (%(Q—E)T&mf@—ﬁ)>
Ses

(6.33)

as suggested by Hjort and Claeskens (2006) and Claeskens and Hjort (2008).

6.4 Numerical Studies

In this section, we first conduct simulation studies to assess the performance of the proposed
estimators, and then implement the methods to analyze a real dataset.
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6.4.1 Simulation Studies

For each setting, we run 500 simulations. We examine the cases with the sample size
n = 100 and n = 200, respectively. For the covariates, we generate X from N (0g, X x) and
Z from N (0, Y 7) independently, where

1 02 --- 02
02 1 .-+ 02 1 0.1
Bx = : e and 222(0‘1 1 )2><2‘

02 02 --- 1
6x6
__ The goal here is to select the important variables in X and always retain the covariate
Z in the models. Consequently, for the variable selection, there are 2° = 64 candidate
models.

The survival time is generated using model (6.1) where the baseline hazard function is
set as Ao (t) = 2t. More specifically, the failure time is generated by

T = \/_ exXp <)}T510 + ZTBzO) log (1 - U)a

where U is simulated from the uniform distribution U(0, 1), and the true parameter 3, =
( o ZTO)T is set as Gy = \/iﬁ and 3,0 = (0.6, O.G)T. We consider three cases with

(1) n=(0,0,0,0,0,0)", (2)n=(1,1,1,0,0,0)", and (3)n=(1,1,1,1,1,1)" .

Case (1) gives a null model, Case (2) indicates that some covariates are not included in
the true model, and Case (3) says that the full model contains all the covariates.

Let the truncation time A be generated from the exponential distribution with mean
10. The observed data (A,T,V) are then obtained from (A,T,V’) using the condition
T > A Independently repeat this data simulation step n times to generate a sample of
size n. The censoring variable C' is generated from the uniform distribution U(0, ¢) where
¢ is a constant that is chosen to yield about 50% censoring rate. Consequently, Y and A
are determined by Y = min {T, A+ C} and A = [ (T < A+ C). Therefore, (Y;, A;, A, V;)
with ¢ = 1,--- ,n is the sample with size n in the dataset.

Consistent with Section 6.1.2, X; is the error-prone covariates and X} is the observed
variable which is generated from

XZ* :Xi+€i7
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where ¢; ~ N (0g, X, ), and X, is a diagonal matrix whose diagonal elements are all specified
as 0.1 or 0.5.

For the focus parameter, we consider three forms, given by

(a) o (8) = exp (15 8) , (b) pao (Ag) = Ag(1), and
(c) pao (B, Ao) = exp {—Ag(1) exp (14 8) } ,

respectively.

Our interest is to select variables based on different forms of focus parameters using the
proposed FIC method. As comparisons, we also apply AIC or BIC to select variables, then
use the plug-in method to obtain estimates of the focus parameters. For each simulation
setting and different focus parameters, we first estimate the parameters and determine
the best model by different selection criteria, AIC, BIC and FIC. Then we compute the
estimated focus parameter using the best selected model. Let ji; denote the resulting
estimated focus parameter for simulation j, where j = 1,---,500; and we compute the

500
square root mean squared error (RMSE) as  /500~1 3 (fi; — u10)*, which is used to report
=1

the accuracy of the estimated focus parameters. In contrast, we also report the results
obtained from the naive method which ignores the measurement error in covariates. The
results for the sample size n = 100 are reported in Table 6.1 and the results with n = 200
are summarized in Table 6.2. Furthermore, model averaging estimators with weights (6.31),
(6.32) and (6.33) are also investigated, and the results are displayed under the headings
sAIC, sBIC, and sFIC in Tables 6.1 and 6.2.

As expected, the RMSEs for the proposed estimators are smaller than those for the naive
estimators regardless of the selection criteria; and the differences become more noticeable
as measurement error is more substantial. No matter what estimation method is, either
the naive approach or the proposed approach, RMSEs using FIC tends to result in smaller
RMSEs than using AIC or BIC under our simulation settings. Furthermore, the model
averaging estimators, sAIC, sBIC and sFIC, are comparable to their counterparts, AIC,
BIC and FIC, respectively, and sFIC outperforms both sAIC and sBIC under the settings
we consider.

6.4.2 Analysis of Worcester Heart Attack Study Data

In this section, we use our methods to analyze the data arising from the Worcester Heart
Attack Study (WHAS500). Data were collected over thirteen 1-year periods beginning in
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1975 and extending in 2001 on all patients with acute myocardial infarction (MI) admit-
ted to hospitals in the Worcester, Massachusetts Standard Metropolitan Statistical Area.
Discussed by Hosmer et al. (2008), a survival time was defined as the time since a subject
was admitted to the hospital. We are interested in studying survival times of patients who
were discharged alive from the hospital. Hence, a selection criterion was imposed that
only those subjects who were discharged alive were eligible to be included in the analysis.
That is, individuals were not enrolled in the analysis if they died before discharging from
the hospital, hence left truncation occurs. With such a criterion, a sample of size 461 was
available. In this data set, the censoring rate is 61.8%.

The following covariates are included in our analysis: initial heart rate (X), initial sys-
tolic blood pressure (X5), initial diastolic blood pressure (X3), body mass index (X4), age
(Z1) and gender (Z,), and we let 8 = (B, Bags Buss Brsy Bo s BZQ)T denote the vector of the
corresponding parameters formed by model (6.1). Covariates X7, X5, X3 and X, are error-
prone due to the reasons including inaccurate measurement devices and/or procedures, the
biological variability, and temporal variations. Using the notation in Section 6.1.2, we have
p =4 and ¢ = 2, thus, the number of all possible candidate models is 27 = 16. Similar to
the settings in Section 6.4.1, we discuss three focus parameters: the hazard ratio (u1) with
coefficient 14, the cumulative baseline hazard function (pg) at time to, and the survivor
function (u3) at time ¢y with coefficients being empirical means of variables, where ¢, is
the median of all the observed values Y;. Our goal is to select important variables from X;
to X4 for different focus parameters, with Z; and Z, always retained.

We first present the estimators of § under the full model using both the proposed
approach discussed in Sections 6.2.1 and 6.2.2, and the naive approach which ignores
measurement error. Since this dataset contains no additional information, such as repeated
measurement or validation data, for the characterization of the measurement error process,
we conduct sensitivity analyses to investigate the measurement error effects. Specifically,
let > be the sample covariance matrix, and for sensitivity analyses we consider ¥ + ¥, to
be the covariance matrix for the measurement error model (6.4), where ¥, is the diagonal
matrix with diagonal elements being a common value o2 € [0,1]. The estimation results
are shown in Figure 6.1. We can see that as the degree of measurement error changes, the
patterns of f,,(j = 1,2, 3,4) are fluctuated while 3., and 3., are fairly stable .

To examine the proposed estimators more closely, we focus on ¢ = 0.1%,0.5% and 12
which represent a minor, moderate and substantial measurement error effect, respectively.
Table 6.3 summarizes the estimates, the standard errors (SE) and the p-values of both the
proposed and the naive methods. As expected, SEs of the naive estimator are generally
smaller than those of the proposed estimator. Both the naive and the proposed methods
suggest all the covariates are significant, regardless of measurement error degrees.
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Next, we report the variable selection results based on AIC, BIC, and FIC for the three
focus parameters discussed in Section 6.4.1 and present the best five candidate models in
Table 6.4. Here we use a label, such as “134” to represent that the variables Xy, X3, and
X4 selected for the model. First, we observe that the best model selected by AIC contains
more variables than those by BIC. It is interesting to see that selection results by the naive
approach and the proposed approach are similar. Secondly, we report the FIC results for
different focus parameters. The FIC approach results in the relatively more parsimonious
models, regardless of using both the proposed method or the naive method. In addition,
we can see that with a given focus parameter, the variable selection results change as o2
changes. Variables are differently selected if using different criteria. For example, initial
heart rate (X7) and initial diastolic blood pressure (X3) are frequently selected by both the
AIC and the BIC; while initial systolic blood pressure (X3), initial diastolic blood pressure
(X3) and body mass index (X) are frequently selected by the FIC approach with different
focus parameters.

Finally, in Table 6.5 we summarize the results for the estimates of the focus parameters
based on the best models and for the model averaging estimators. We can see that the
estimated focus parameters by the proposed approach and the naive approach are different
even the best candidate models are the same under some specific criteria. The proposed
approach yields different estimates of the focus parameters when the measurement error

2 .
degree o varies.
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Figure 6.1: Sensitivity of the estimates obtained for Worcester Heart Attack Study Data.
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Table 6.1: Simulation results: RMSE of the estimators for focus parameters with n = 100

Method O Bo AIC BIC FIC sAIC  sBIC sFIC
Proposed 0.1 p; (1) 1576 1.657 1.118 1.287 1.422 1.156
(2) 1.794 1.527 1.374 1.747 1.261 1.102
(3) 2158 1.789 1.406 1.906 1.393 1.392

—

w

p2 (1)  0.287  0.267 0.268 0.280 0.236  0.229
(2) 0.286 0.285 0.272 0.256 0.235 0.231

(3) 0.262 0.262 0254 0.261 0.242 0.226

p3 (1) 0.056 0.056 0.048 0.052 0.054 0.046
(2) 0.036 0.036 0.032 0.033 0.035 0.032

(3) 0.022 0.022 0.020 0.020 0.022 0.014

05 w1 (1) 1.330 1.343 0.889 1.147 1.126 0.929
(2) 1.882 1.696 1.326 1.276 1.562 1.062

(3) 1910 1.774 1471 1407 1.665 1.373

p2 (1) 0304 0.297 0.290 0.297 0.255 0.224
(2) 0365 0.365 0.290 0.320 0.280 0.259

(3) 0.305 0.306 0.302 0296 0.254 0.247

pz (1) 0.052 0.052 0.046 0.047 0.050 0.045
(2) 0.033 0.033 0.032 0.033 0.033 0.032

(3) 0.017 0.017 0.010 0.020 0.020 0.010
Naive 0.1 pw (1) 2130 1.892 1.744 2101 1.755 1.697
(2) 1920 2426 1.629 1.840 2.004 1.587

(3) 2.894 2256 1.843 2.779 1.805 1.623

p2 (1) 0.306 0.306 0.283 0.333 0.260 0.244
(2) 0.330 0.329 0.309 0.303 0.267 0.258

(3) 0317 0.296 0.305 0.296 0.267 0.259

p3 (1) 0.073 0.073 0.066 0.071 0.072 0.066
(2) 0.062 0.062 0.055 0.058 0.056 0.053

(3) 0.063 0.063 0.047 0.056 0.060 0.046

05 w1 (1) 1.952 1.768 1.567 1.764 1.519 1.408
(2) 2.357 1.857 1.478 2162 1.621 1.335

(3) 2329 2,014 1.605 2196 1.817 1.420

p2 (1) 0370 0.340 0.311  0.341  0.280 0.277
(2) 0417 0417 0.328 0.381 0.322 0.302

(3) 0.381 0.340 0.349 0.340 0.283 0.281

p3 (1) 0.067 0.067 0.057 0.064 0.065 0.055

—
N
~

0.081 0.081 0.048 0.076 0.081 0.047
0.046 0.046 0.041 0.045 0.046 0.041

—
w
=
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Table 6.2: Simulation results: RMSE of the estimators for focus parameters with n = 200

Method O Bo AIC BIC FIC sAIC  sBIC sFIC
Proposed 0.1 p1 (1) 0.825 0.747 0.727 0.757 0.718 0.686
(2) 1.156 0.942 0.724 0973 0.862 0.723
(3) 1.708 1.477 1.183 1.494 1.356 1.178

—

w

p2 (1) 0.210 0.210 0.169 0.208 0.192 0.153
(2) 0.188 0.180 0.160 0.180 0.167 0.147

(3 0.191 0.190 0.171 0.185 0.173 0.152

p3 (1) 0.032 0.032 0.026 0.030 0.030 0.025
(2) 0.017 0.017 0.014 0.014 0.017 0.014

(3) 0.025 0.025 0.014 0.022 0.025 0.017

05 w1 (1) 0.798 0.768 0.637 0.736 0.713 0.667
(2) 0952 00917 0.817 0.744 0.837 0.733

(3) 1.317 1.303 1.288 1.250 1.282 1.228

pe (1) 0234 0234 0179 0.234 0.203 0.156
(2) 0.203 0.203 0.161 0.203 0.176 0.177

(3) 0.201 0.201 0.168 0.205 0.184 0.157

pz (1) 0.028 0.028 0.022 0.026 0.028 0.020
(2) 0.017 0.017 0.026 0.017 0.017 0.014

(3) 0.010 0.010 0.010 0.010 0.010 0.010
Naive 0.1 p (1) 1.276 1.175 1.138 1.180 1.128 1.082
(2) 1.829 1.187 1.122 1.398 1.494 1.037

(3) 2.605 1.943 1.249 2.173 1.831 1.249

pe (1) 0293 0.276 0.193 0.276 0.241 0.175
(2) 0.224 0.205 0.185 0.205 0.189 0.184

(3) 0.216 0.214 0.197 0.214 0.192 0.184

p3 (1) 0.036 0.036 0.032 0.033 0.033 0.030
(2) 0.035 0.035 0.030 0.032 0.032 0.030

(3) 0.037 0.036 0.033 0.035 0.035 0.028

05 w1 (1) 1.301 1.205 1.197 1.247 1.133 1.107
(2) 1.214 1.238 0.985 0.932 0.936 0.822

(3) 1902 1.431 1.354 1.551 1.338 1.321

pe (1) 0.293 0.276 0.193 0.276 0.242 0.175
(2) 0.298 0.268 0.196 0.268 0.235 0.196

(3) 0.251 0.235 0.187 0.235 0.214 0.179

p3 (1) 0.044 0.044 0.040 0.042 0.044 0.039

—
N
~

0.044 0.044 0.039 0.042 0.041 0.039
0.041 0.041 0.032 0.040 0.041 0.030

—
w
=
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Table 6.3: Sensitivity analyses for Worcester Heart Attack Study Data: estimation results

Method Variable Estimate  SE p-value

Proposed (02 = 0.1?) Initial Heart Rate (X7) 1.538  0.157 1.169e-22
Initial Systolic Blood Pressure (X5) 1.570  0.074 6.765e-100
Initial Diastolic Blood Pressure (X3) -1.448  0.174 8.661e-17

Body Mass Index (X}) -3.297  0.011 0.000

Age (Zy) 0.039 0.013 0.003

Gender (Z) 0521 0242 0.031
Proposed (o2 = 0.5?) Initial Heart Rate (X7) 1.444  0.120 2.374e-33
Initial Systolic Blood Pressure (X5) 1.250  0.104 2.816e-33
Initial Diastolic Blood Pressure (X3) -1.405  0.179 4.188e-15

Body Mass Index (X}4) -1.370  0.011 0.000
Age (Z1) 0.070  0.017  3.828e-05

Gender (Z5) -0.247  0.124 0.046
Proposed (02 = 1?%) Initial Heart Rate (X7) 1.933  0.122  1.540e-56
Initial Systolic Blood Pressure (X5) 1.102  0.062 1.120e-70
Initial Diastolic Blood Pressure (X3) -1.382  0.152  9.714e-20

Body Mass Index (X}) -2.091  0.016 0.000

Age (Zy) 0.049 0.018 0.006

Gender (Z5) -0.577  0.149 0.000
Naive Initial Heart Rate (X7) 0.894  0.110 4.391e-16
Initial Systolic Blood Pressure (X5) 0.326  0.047 4.029e-12
Initial Diastolic Blood Pressure (X3)  -0.834  0.109 1.988e-14

Body Mass Index (X4) -1.694  0.010 0.000
Age (Z1) 0.054  0.007 1.217e-14

Gender (Z») 0.379  0.116  0.001
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Table 6.5: Sensitivity analyses for Worcester Heart Attack Study Data: estimates of the
focus parameters

7 Method AIC sAIC BIC sBIC TFIC sFIC
1 Proposed (02 =0.1%) 0.720 0.626 0.257 0.166 0.444 0.347
Proposed (02 = 0.52) 0.772 0.626 0.327 0.351 0.459 0.352
Proposed (02 =12) 0.781 0.671 0.377 0.327 0463 0.357
Naive 0496 0.692 0.496 0.958 0.245 0.660

iz Proposed (02 = 0.1%) 0.031 0.051 0.025 0.084 0.037 0.102
Proposed (02 = 0.52) 0.044 0.052 0.015 0.053 0.039 0.104
Proposed (62 =12) 0.037 0.040 0.036 0.079 0.045 0.109
Naive 0.018 0.011 0.018 0.008 0.007 0.007

ji3 Proposed (02 =0.17) 0.887 0.886 0.656 0.883 0.469 0.681
Proposed (02 = 0.5?) 0.664 0.721 0.659 0.765 0.496 0.698
Proposed (02 =12) 0.683 0.692 0.684 0.732 0.539 0.815
Naive 0.603 0.552 0.603 0.452 0.461 0.407
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Chapter 7

Summary and Discussion

In this section, we present the summaries for the previous chapters.

Chapter 2 :

In Chapter 2, we discuss the analysis of graphical models with mismeasurement in
variables. We consider three scenarios where error-contaminated variables are only
discrete, or continuous, or mixed with both types. We employ the exponential family
distribution to facilitate the joint distribution of the variables, which gives a broad
class of models useful for many applications. To understand the mismeasurement
effects, we derive a lower bound of the asymptotic bias. To correct for the mismea-
surement effects, we propose a simulation-based method to derive valid estimation
of graphs. The theoretical and the numerical results demonstrate that the proposed
methods perform satisfactorily and that the naive analysis commonly yields mislead-
ing results.

To highlight the key ideas, we focus our attention on estimation of the network
structure and assume the parameters for the mismeasurement models (2.6) and (2.10)
to be known. Such an assumption is typically feasible in two circumstances: (i)
prior studies provide the information on the degree of mismeasurement, and (ii) we
are interested in conducting sensitivity analyses to understand how mismeasurement
effects may affect inference results.

In situations where the parameters for the mismeasurement models (2.6) and (2.10)
must be estimated, we may utilize the information carried with additional data
sources such as repeated measurements or validation subsamples. For instance, with
the availability of repeated measurements, estimation of misclassification probabili-
ties can proceed in the same manner that discussed by Yi and He (2017, Section 4),
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and X, for the measurement error model (2.6) can be estimated by

”Z (X*C(ij) B X*C(i)) (X*C(z'j) _ X*C(i))T

i
1j5=1

n
1=

5,

n Y

> (ni—1)

=1

where X*C() denotes the jth replicate of X with j = 1,--- ,n;, n; is the number
of the replicates for subject 4, and X*¢() = n* f: X*C) for 4 =1,--- ,n. When

j=1
validation data are available, one may adapt the discussion of Yi et al. (2015, 2019)

to incorporate estimation of the parameters for the mismeasurement models (2.6)
and (2.10) into inferential procedures.

Chapter 3 :

While high-dimensional survival data become more accessible and methods of vari-
able selection for survival data have been developed, we still face the challenges in-
duced from survival data with network structured covariates subject to measurement
error. Handling such data does not only require more complex modeling but also
involve more complicated technical derivations of theoretical results. In Chapter 3,
we explore this important problem and propose graphical proportional hazards mea-
surement error models to accommodate high-dimensional survival data with both the
network structure and measurement error. We utilize exponential family graphical
models to characterize covariate network structures and examine mismeasurement
in both continuous and discrete covariates. Our developed inferential methods are
justified theoretically, and their finite sample performance is demonstrated to be
satisfactory through simulation studies.

Although the development is based on the Cox regression model, extensions to other
survival models, such as the accelerated failure time model, the additive hazards
model, and transformation models, are possible. The development can be carried
out in the same manner with suitable modifications with the partial likelihood score
functions replaced by unbiased estimating functions.

Chapter 4 :
Sufficient dimension reduction (SDR) is a useful tool in regression models, which
mainly reduces the dimension of variables without losing information of variables.
Even though many inference methods have been developed, research gaps still exist.
Censored responses and mismeasurement in covariates are ubiquitous and need to be
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properly addressed in survival analysis. In Chapter 4, we deal with high-dimensional
censored data with measurement error using cumulative distribution models which
cover frequently used models in survival analysis. We propose valid inferential proce-
dures to correct the measurement error and estimate the central space. Our developed
inferential methods are justified theoretically, and their finite sample performance is
demonstrated to be satisfactory through simulation studies.

Several possible extensions are worth exploring. For example, as presented by Li
and Yin (2007), the condition of the normal distribution for the covariates X is
required when replacing X* by U, and only such a condition makes the invariance
law hold. However, if X does not follow the normal distribution, it is unclear whether
or not the invariance law still holds. In Chapter 4, we mainly focus on the case
where the covariate X is continuous. If the covariate is discrete, then applying the
proposed feature screening method can obtain the active set, but how to correct the
measurement error for the discrete variables in the SDR method is still unknown. It
is interesting to explore these important research topics.

Chapter 5 :

Although survival analysis has proven useful and many methods have been developed
for analyzing survival data with individual features, there has been little work of
addressing these features simultaneously in inferential procedures, as noted by Yi
and Lawless (2007). In Chapter 5, we develop two estimation methods to handle
left-truncated right-censored survival data with measurement error in covariates. We
establish asymptotic results for the proposed methods rigorously and explore the
issues of robustness and efficiency of the proposed methods. We further demonstrate
satisfactory finite sample performance of our methods using simulation studies.

The proposed methods can also accommodate length-biased survival data with co-
variate measurement error. Length-biased data arise commonly from many fields
including epidemiological studies, cancer research, and etiology studies, and many
methods have been developed for analysis of such data. However, the validity of
these methods is limited due to the key assumption that data must be accurately col-
lected. In application, measurements of the variables usually are error-contaminated.
Accommodating the feature of measurement error, our proposed methods generalize
the scope of usual methods of handling length-biased survival data.

Chapter 6 :
Left-truncated and right-censored data arise commonly from studies of survival in-
formation. Analysis of such survival data is further complicated by other common
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features. Typically, error-prone covariates and the presence of unimportant covari-
ates make the analysis more difficult than without these features. In Chapter 6,
we develop estimation methods using the FIC criterion to handle left-truncated and
right-censored survival data with measurement error in covariates. We implement the
model averaging technique to derive more efficient estimators of the focus parame-
ters and establish asymptotic results of the proposed estimators. Numerical studies
confirm the satisfactory performance of our proposed methods.

Although our development is carried out for the useful focus parameters described in
Section 6.3.3, the scope of our methods is broad. For instance, if the focus parameters
are percentiles (e.g., median), one can adapt the development here to accommodate
such settings. In our development here, we focus on the case where continuous
covariates are subject to measurement error. In some applications, discrete covariates
may be subject to measurement error, or there is a mix of error-prone discrete and
continuous covariates, it is interesting to further extend our methods to address such
problems, and this is our future work.

Two general comments raised by a committee member are (a) if the dimension of pa-
rameter is allowed to diverge with the sample size, and (b) if there is the rate of convergence
in the theoretical results. The development in this thesis does not consider this two is-
sues. Instead, a fixed dimension p is considered in this thesis. Undoubtedly, it will also be
interesting to consider such a problem by allowing p approaches co as n — oo.

This thesis focuses on developing valid estimation procedures with the emphasis of
establishing asymptotic results of the developed estimators, including the consistency and
asymptotic distributions. Establishing the convergence rate is worth being explored in the
future along the same lines of the current development.
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Appendix A

Proofs for the Results in Chapter 2

A.1 Regularity Conditions

(A1) There exists a positive number « € (0, 1) such that

|Qses, (Qss)

<1-—oa.

‘ [e.e]

(A2) There exists p; > 0 such that the smallest eigenvalue A, (@s,s,) > p1. Besides, there
also exists ps < 0o such that Apax (Z Wb(l)(C)Wb(Z)T(C)) <pyforallb=1,---,B

=1

and ¢ € Z, where Wi (¢) = (WS(C), Wi 4(0)).

(A3) The function D(-) is third-order differentiable, and there exist 7; and 7, such that
|D"(y)| < m and |D"(y)| < ny for every y.

(A4) The extrapolation function is theoretically exact.

(A5) For every b =1,--- B, ( € Z and node r = 1,--- | p, there exist common k1, Ko
such that

(i) E{Wy,r(Q)} <k,
(i) E{Wp,()*— (1 4+ ()Xcrr} < K2, where X, is entry (r,r) in X.

<A6) Denote /\n = )\nl = )\nQ and )\n = /\ng = )\ng.
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Here we briefly comment assumptions described above. Assumptions (Al) and (A2) are
also called mutual incoherence and dependency condition, respectively. Those two con-
ditions are frequently assumed in the neighbourhood approach (e.g., Meinshausen and
Biithlmann, 2006; Ravikumar et al., 2010; Yang et al., 2015; Chen et al. 2015). (A4) is
a regular condition in SIMEX method. We make bound condition on the expectation of
the working data in (Ab5). Specifically, (i) implies E{W,,.({)} = E{E(W,,.({)|X,)} =
B(X,) < r (i) yields E{E (W (Q?1X,)} = E{X2+ (1+O)err — 1+ OZers} =
E (X?) < Kky. The implication of those two conditions matches conditions in Yang et al.
(2015) and Chen et al. (2015). Assumption (A6) is frequently used in mixed graphical
model (e.g., Lee and Hastie 2015; Wang et al. 2015).

A.2 Technical Lemmas

In this section, we mainly present some lemmas which will be used in the proof of the main
theorems.

Lemma A.2.1 Let X;,i=1,---,n, be the i.i.d. random variables. Define X = % > X
i=1
Suppose that E {exp(aX;)} exists and is free of the index i for a > 0, then for any 6 > 0,

_ exp (nlog [E {exp(aX;)}]) '

P (X >96) ey (A1)

Proof:

Let X = Y  X;, then by the Markov’s inequality, for any a > 0, we have
i=1

P(X>6) = P(X>nd)
E {exp (aX)}
exp (nad)

E {f[l exp (aXi)}

exp (nad)
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Noting that £ { [T exp (aXz-)} in (A.2) can be written as
i=1

E {Hexp (CLXi)} = HE {exp (aX;)}
= exp (log H E {exp (aXi)}])

= exp (Z log [E {exp (aXJ}])

i=1
— exp (nlog [E {exp (aX,)}]). (A.3)
As a result, combining (A.2) and (A.3) gives (A.1). O

Lemma A.2.2 Under regularity conditions (A1) - (A4), we have

An
a —) < 2exp{exp(cip’) —can+ (1 + ()3t }

P (”VG(T)&J,C(&(T))HOO = 2—a 4

3
+2exp (—5/12 10g(p)) :

Proof:

.
Noting that Vel (0(r)) = (vgrgb,c(e(m), Vo, 4 C((9(@)) . Then according to the defi-
nition (2.17), we have

Vol (6(r)) = — S UP
=1
and
Vo, e (0(r) = <—§ S U revy {r}> ,
i=1
where

00 = (W D (5, + WLy O01) )
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and
U = WROWQ) = WD (6, + W08, ).

for any node t € V'\ {r}. To show the desired result, we focus X on the continuous random
vector and divide the remalnlng proof into three steps.
Step 1: Examine U and show that

E {exp (aU l)) ‘ XV\{T}}

2
N exp {% (Xﬁ’)) D" <9 +vaXx? —l—XV\{ }9\7«)} x exp{(1+{)Zcrs}

for some constant a, where X...; is the (r,t) entry of ¥..

For any constant a, we have

E {exp (aU > ‘ XV\{T}}
= B (exp [a {WQW 0 - WD (6, + W, 000) ] | X04)
= E{E(expa {W;?<<>W52<<> (A4)

= WD (6 + Wy (0 ) [ X050 ) [ 4% |-
(A.5)

Since Wb(i)(C)|X(i) ~ N (XD (1+¢)X.), then for any r,t € V and r # ¢, we have
E{Wb(lr)(ﬁ’)‘ X(i)} = X and COV{Wb(T)(C) Wb(zt( )‘ X(Z)} = (1 + ()Xc.rt, where X4 is
the (r,#) entry of ¥,. Then E { W OW, >(g)‘ X@} = XPX% 4 (14 ¢)S.,,. Therefore,
we have an approximation

E (exp [ {Wé?(@Wé?(@ — W OD (0 + Wiy (00 ) ]| X9 x(2,,)

~ exp [ {XOXO 4 (14 O8 — XD (0, + X07,00) 1]
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and (A.4) becomes
E {exp (aUt(i)) ‘ X‘(ji{r}}
B (exp [a {XOXD + (14 OZre = XD (6, + X010 ) | X))
- / exp {axﬁﬂxﬁ“ +(1+ g)zemt} ( X0 }) dx
X exp {—aXt(i)D ((9 + XVQIT}H\J }
- / [exp {aX@Xt@ +(1+ ()zm}
xexp {0, X0+ XOXQ 10, + C(XD) = D (6. + X210, ) |
X exp { (9 + XVQL}@\T) }] dx®
- Jinlont
+C(XD)— D (9 + X3 {T}e\r)}
X exp { aX ((9 + leg }€\T> }] dx®, (A.6)

where the second step is due to the implementation of (2.5). Furthermore, by adding and
subtracting an additional term D <9 +aX + x0T 8\T>, (A.6) can be written as

VA{r}
i)
E {exp (aU > ‘ XV\{T}}
~ /exp {QTXTZ) + X <X‘(;<I o + CLXt(i))
+C(XD) — D (9 +ax® ¢ XV\{T}G\T) } dx®

xexp { D (9 + X+ X00,00) = D (6, + X270 |

Q

i 1)T (4)
14 C) S + X0 ( W0 + x| )

x exp 3 —aX (9 —i—XVlG }9\7')} x exp {(1 + ()¢}
= exp (6 + aX( 7 V\{T}Q\T) - D <9r + XVZ@«}@\T) }
X exp { aX (9 + XVZG }9\T> } X exp{(1+)Xers}

a2

= exp {E (X(Z)) D" (0 +vaX? + Xvi{r}ﬁ\,)} xexp{(1+()Zcri} (AT)
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where the second step holds since the integration is one, and the third step is due to the
second order Taylor series expansion on D (6 +aX,; @ 4 XV\ o }9\7«) around ¢ = 0 and

€ (0,1).
Step 2: Examine % > U and show that

=1
g

) n N2
where £ = {maXX,Sz) < 4logp’} and &y = {I?z%/x% > <Xt(l)> < /432}.
br € i=1

@ An
2—a 4

v
1=1

&, 52) < 2exp {_277711@2 (ﬁ%)z +(1+ C)Zemt}a (A.8)

By the derivations of Proposition 3 and Lemma 9 in Yang et al. (2015), we have
P (&) < e1p’ and P (&5) < exp (—con) for some constants ¢; and ¢y, where £ and &5 are
complement sets of & and &, respectively. Therefore, by condition (A3) and any § > 0,
applying Lemma A.2.1 gives

1o (i) 77152612
P —ZUt E1,E | <2expin —da )+ 14+ )2t ¢
n = 2

>0

and specifying a = 775
1,
Pl=YuP

Finally, specifying 6 = ﬁ% gives (A.8).

>0

no>
817 82 < 2€Xp _277 + (1 + C)Ee;r,t .

1K2

Step 3: FExamine U;i) and show

3n o A\, 2
P 81, &)< 2 exp _H 5 az . (Ag)
i —

Indeed, by the derivations similar to Step 1, we can show that for any constant a,

n

1 i
w2 U

i=1

a A,
2—a 4

E {eXP (@au®)] XV\{ }} ~ exp {—%D” ((5754— 0) + X‘(R:@\J}
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for some constant v € (0,1). Then for some constant 5 by the derivations similar to Step
2 with Condition (A3) and a replaced by < we can show that

2
( ZU() &, 52> < 2€Xp{ 3;51 } (A.10)

Finally, replacing & by 5228 gives (A.9).

>0

Step 4: Examine Vo)l c(0(r)) and show the final result.

.
Recall that V(0 (0(r)) = (Vgr&g(@(r)), vg\rebﬁc(e(r))) . Then by (A.8) and (A.9),

we have
517 52>

A\
< Qexp{— n “ +logp+(1+C)Ee;m}

a A,
2—a 4

p (Hw(ﬂ&,cw(r))!!m >

2mkKs \ 2 — a4

9 3n o )\n
ex =
P 4171 2 -« 4
As a result, provided that A\, > /=1=2280 32771“2 log(p ( ), we have

P(||wb,<<e<r>>||oo> « ﬁ) < 2exp {explen’) — ean + (L+O)Zers}

2—a 4

3
+2exp (—5112 log(p)) ,

which holds due to the inequality P(A) < P(&7) + P(&5) + P(A|&1,&) for an event A
(Yang et al. 2015, p.29). O

~ T
Lemma A.2.3 Let § (1;¢,b) = (@ (r;¢,b) , 0% (g,b)) with

N . T
05, (r:¢.0) = (8,.(¢,),05, (b))
Under regularity conditions (A1) - (A4), we have

6v/d- A

P1

H@%(r; ¢,b) — 90;&(10)”2 < (A.11)
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Proof:

By the definition of S¢, we have

~ T T
0(r;¢,b) = (@}i (5¢,b) 0 (Cab)) = (@ (T;C’b)’O&*drfl)) )

where 04 stands for the d-dimensional zero vector. According, we write the true value of

T T \' T T T T\
0(r) as 0 (r) = (00, (1), 00sc) = (s, (1) 0, 1y) with Ooss, (1) = (B Os,)

Claim: For( € Z andb=1,--- B, let us, = /Q\Sr(r; ¢,b) —by.s,(r). Show that

6v/d- A

[us, [, < : (A.12)
P1

We define the function ® : R¥*+! — R by
O(u) = by (Boss, (1) + 1) = byc (Oois, (1) + A (005, +ull, = 100, 1l,),  (A13)

where we express any parameter value 6s, (1) by u + 6y.s, (7).

Note that ®(u) is a convex function since ¢, ¢(-) defined in (2.17) and the lasso function
||-||; defined in (2.13) are both convex functions. Similar to the derivations for Lemma of
Ravikumar et al. (2010), to show (A.12), it suffices to show that

®(u) >0 for any w with |ul|, =B, (A.14)

where B = G—VZ’:’\".

By the second order Taylor series expansion on ¢, ¢ (fo.s, (1) + u) — €y ¢ (6o.s,(r)) around
u =0, (A.13) becomes

O(u) = Th+Tr+ 15, (A.15)
where
Ti = Vgl (Oos.(r)) u; (A.16a)
T, = %uTvzsr(r)ébg (Oo.s, (r) + vu) u; (A.16D)
Ty = N (I60s, + ull, — 105, ]1,) (A160)
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and v is some constant in (0,1).

We first specify B in (A.14) by M\,\/d, for some M > 0. The remaining task is to
individually examine 7T}, Ty and T3 for their bound when |jull, = MA\,/d,. We proceed
with the following four steps.

Step 1: Show that

(A\/_)

Iy, < “FEEMfor ully = MAW.- (A17)

For the first term 77 in (A.15), by the result in Lemma A.2.2, we have

||T1H1 = Hvﬁ’sr Eb((eﬂs (r) qu
< Hves ébc((gosr(r))H [l
< || Vo loe (Boss, (r )” Ve, ||ull,
O
4
Step 2: Show that
2 A42
T, > pl(A”*/zd_r)M for ully, = Ma\/d,. (A.18)

Note that Vj_ (nlv¢ (Bo;s, (r) + vu) can be expressed as
Vgg (o (Ooss, (r) + vu)

ZWW\{T} Wiy QD" (Bor + Wy (O (Bos, + o) (A19)

Then applying the Taylor series expansion on D” (-) around 6p.s, = 0, then (A.19) can be
re-written as

.
Vis, o (Boss, () 4 vu) Z Wb( i ( ()W, ‘)/\{T} (€)D" (90r + Wb V\{r} (€) 90;&)
+ Z Wb,v\{r (€) Wb(lv\{r} (€)D" (m) (”UWb V\{r} (O)
i=1
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where 7 lies on the “line segment” between 6.5, and 6y.s, + vu. Then by conditions (A2),
(A3), and (A5), we have

T2 = Uu Ves r)gbg(GOSr +UU

> ,min: [ ! {Z Wb(ZV\{r} b(il)/\{r} (€)D" <90r + Wb V\{r} (€) 90;&) } U]

wilula=5 g

wilull2=B

B2Amin(QSTST>

— max fu' {Z Wity (O Wity (©) D" (@) (vl (0)) } U

: =B
ulull -

+ ‘min_ {Z b V\{r} Wb(lV\{r} (€)D" (n) (WWb V\{r} <C)) } Y

v

v

52P1 - 5’302772/%1

> /01()\71\/I)2-/\/l2

Step 3: Show that

— (A d,)2 M2 for |lull, = MA, V.. (A.20)

Finally, for the last term T3 in (A.15), applying the triangle inequality gives
1005, 111 = [00;s, +w —ully < [|bos, + ullr + [lull,
which implies
100:s, + ully = [|6os, |1 = —|lullr-
Therefore, we have

_()‘n\/d_r)2M2

T3 = A ([160;s, + ull

Step 4: Establish (A.12).
Therefore, combining (A.17), (A.18), and (A.20) with (A.15) gives

W) > (Ann/d,)2M ( +p1/\/l—1) (A.21)

199



To ensure the right-hand-side of (A.21) be bounded below by zero, we must have

-1 m
—+=—M-1>0
1 +4M ,

which is equivalent to M > p%. We take M* = ;%7 and thus, B* = M*\,\/d, = 6‘/;7—1“\"
and (A.14) holds. As a result, (A.12) is shown.

Lemma A.2.4 Let
Ry = { Vi loe (0) = Vi log (0(r)) } {5(7’; ¢,b) - 90(7’)} 7 (A.22)

where O lies on the “line segment” between §(r;§,b) and Oy(r). Then under regularity
conditions (A1) - (A4), we have

72 al,n)\2
|Ral < S0P,

1

Proof:

Since V gbg( (r) = lelfz‘)/\{r}

(Wit (D" (6 + Wiy () 01,). then
VZ&J@—V%&M%W>

ZWb ey QWi ©) {D" <9 + Wy () é) D" (9 + Wy (©) 9\r>}.
By conditions (A2) and (A3), the maximum eigenvalue of Vg, ly¢ (6) — V5, lc (0(r)) is
max {Vg gb( (é) - Vg r)gb,C (90(7") }

)
= max € {Vio o () = Vi o (Bo(r)} €

’LT
S e & (Z Wity (O Wity @)‘5

<! ‘D” (9 + Wy (©) ") D" (9 + Wy (€) H\T) ¢
< 2mpe. (A.23)
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As a result, by Lemma A.2.3 and (A.23), we have
IRall, < [I1Rall5
_ 2
< Auax { Vg (8) = Vo (Bo(r))} x [|0003¢,8) = 00 (r) |

2o (6\/_/\ )

72771 P2 dr )‘n
P

IA

Y

and thus the proof is completed. O

A.3 Proof of Theorem 2.2.1

In contrast to the naive log likelihood function, we first consider the log likelihood function
based on true random variables:

06(r)) = —% D> _log {P (X:[Xv\in)}

where P (X,|Xy/\ () is defined in (2.5). Similar to (2.12), the estimator based on true
random variables is given by

0(r) = arg(r:)lin {000r)) + Mo |6, 3 (A.24)

with 6(r) = <0r, 0\T> . To ease the notation, let 6, ,,,, 0 and 6y denote 0(r), é\nv(r), O(r)

and 6y(r), respectively.

~ - T
Let 6,; denote the tth component in 6\,. Let 2 = <2’}, Z\TT> be a p-dimensional vector

with the tth component in z, being z; = sign <0Tt> if 0, # 0 and |Z] < 1 otherwise,

while Z,., corresponding to 6,, is set to zero since the nodewise term 6, is not penalized in
(A.24). In addition, let Z,, denote a p-dimensional vector which is defined similar to z but
corresponds to 6,,,. Then by the KKT conditions, we have

Ot (9w ;;"”) + Ay =0 (A.25)
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and

ot (9)
z=0. A2
2 + Az =0 (A.26)
By the first order Taylor series expansion on Mma(;m) and 8(95) around 6y, we have
O () 0t (00) _ 0 (00)
nv \Y0 nv \Y0 n
~ — A2
a0 5 aggT (O =) (A.27)
and
o (0) or oo 5
5~ a9 * ovg (0~ %) (A.28)

Combining (A.27) and (A.28) yields

0t (9.,) 0t (9) (D) 00O P Gy L0
90 90 a0 90 20007 ™ 90007

8200, (00) O (6))
B ( 90007  9AHT ) b (A.29)

The second order derivative of ¢,,(6y) and () can be, respectively, expressed as

82&“} <00) 1 (1) $(@OT " «(OT
“o000T ~n ;XV\{T}XV\{T}D (60 + X3y o)

and

00007  n VA{r} 2 VA{r} 0;r V\{r}V0\r ) -
=1

Since X{‘,\{ } ‘X ~ N (X‘(/ii{r}, by .\,,>, where Y\, is the covariance matrix X, with
x @

deleted rth row and rth column. As a result, we have E (X"‘/(\){T}X;}(\EQ X‘(/< (r} V\;} +
Y\~ Hence, we have approximations

0% (6)
P (W XV\{T})

1 Z (X8 X8+ Zear) D (0 + X000 )} (A.30)
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and

92 (6,)
E ( 00007

Ly @ 3l
XVW}) ~ 3 { (XX ) D (B + X2 0000) - (A3
=1

1=

Therefore, by the Law of Large Numbers with (A.30) and (A.31), we have that as n — oo,

% 2, 9,, and i;;;g? 509, (A.32)
where
Q= E{ (X2 X0y + e ) D" (B + X 000 § (A.33)
and
0, = E{(x X 00) D" (600 + X700 ) } (A.34)

Then the relationship between (A.33) and (A.34) is determined by
Qo = Qp + XDy, (A.35)

where D, = E D" (6,., +xT B ) ¢- On the other hand, by (A.25) and (A.26), we
; V\{r}70\
have

Oy (0,0) 00(6
a(g ) _ a<9> = Ny (B — 2). (A.36)

Thus, combining (A.32), (A.35), and (A.36) with (A.29) gives
~ ((%m (6p) Ol (6o)

~An (B = 2) o0 00

_ (aem (0) _ DL (0)

> + (Qr + Ze;\rDr) é\nv - Qrg_ Ze;\rDTQO

e >+Qr(m—9)+z\TDT(%—HO)-(AB?)

By the triangle inequality, ||Zh, — Z||co < [|Znwlloo + [|Z]|c < 2. Besides, by (A.37), we
have

Hazm (60) € ()

0|+ =

06 26 o = b0 (A38)

< 2A + 112l |10
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and thus rearranging (A.38) gives

PO B aenv 0o) OL(0

. )

O — ]| (A.39)

%@N;WMWH

Noting that based on true random variables, Lemmas 9 and 10 in Yang et al. (2015)
show that there exist some constants & € (0,1) and p > 0, such that

wa@
0

A
=12-a)

(A.40)

’ o0

and
‘@;awmg5mn (A.41)

with large probabilities.

Finally, applying the triangle inequality on

0, — 00H , we have
o0

é\n'u - 00”

1] Ji-a]..

and thus, implementing (A.39), (A.40) and (A.41) gives

~ _ Oy (6) At

env_eH > T = - B ~ _2/\71
. = e (257, - tm o)

QL 1 Ze D [ = 0| = 5700

Consequently, we have

) 3 o (119 (6) Al
em—%maz ﬂ+H%MJ@wﬂmw}'@”w(‘ 09 ‘m_4@—®_2M>
— {14 1 B D[]} 550
B Oy (00) Ap Q0
= {19 lloo + [|Ze\e 2| .} (H ‘w’_4(2—-a)__2A”)
(L1 |2 D} 5 (A42)
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To ensure that H()Am, — QOH is bounded below by a positive constant, we must have that
o0

the right-hand side in (A.42) is larger than zero, yielding that

16-7a __ !
)\n A ~\ 5 r

0y (00)
00

(A.43)

o0

As a result, provided (A.43), the right-hand side of (A.42) is larger than zero. Thus, desired
inequality is obtained, and the proof is completed. 0

A.4 Proof of Theorem 2.3.1

A.4.1 Proof of Part (a)

The following derivations consist of three parts.

Step 1: Let @t(g, b) denote the tth component of é\\T(C, b). Ezamine

Nir;¢) = {t € VA {r}: BulC,b) # 0}
and show that
Ry(r; Q) = N(r) (A.44)
with a large probability, where N (r) is the neighbourhood defined in (2.4).

- T
In the proof of Lemma A.2.3, we write 0 (r;(,b) = (5; (r; C,b),é\;@ (¢, b)> with

~ ~ T T
Os, (r;¢,b) = (HT (¢,b) ,5‘; (C,b)) . Let 7 = (’Z},/Z\\TT> be a p-dimensional vector with

the tth component in z\, being z; = sign (é}t(g, b)) if 6,4(C,b) # 0 and |Z| < 1 otherwise,
while Z,., corresponding to 6,, is set to zero since the nodewise term 6, is not penalized in

(2.18). To show the sparsity recovery, we consider the primal dual witness (PDW) method
(e.g., Hastie et al. 2015, p.307). The strategy of the PDW method is to

(1) Os(C,b) = 0p-q,—1 and B, (r; ,b) = aggr?i)n {loc (0(r)) + An [|0s. 1 };
s (7

T ~ ~
(i) write z = (E;, ZE) corresponding to the components of s, (r; ¢, b) and s (¢, b);
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(iii) show that

<1. (A.45)

sl

Indeed, as discussed in Lemma 11.2 of Hastie et al. (2015, p.307), if (A.45) is true,
N T
then 0(r;(,b) = (@)(T;C,b),og_dr_l) is an optimal solution of (2.18), and thus, (A.44)

holds with a large probability (e.g., Hastie et al. 2015, Theorem 11.3). So, the remaining
task is to show (A.45).

By the KKT conditions, we have
Vol (b‘(r; ¢, b)) AZ = 0. (A.46)
Adding —Vy(yly ¢ (Bo(r)) to the both sides of (A.46) gives
Vo) loc (5(7”; ¢, b)) — Voo (00(r)) = =Xz — Vo loe (0o(r)) - (A.47)

By the Mean Value Theorem (MVT), there exists # which lies on the “line segment”

~

between 6(r; (,b) and y(r), such that
Vi e (0) {5(7’3 ¢, b) — 90(7“)} = =22 — Voyloc (6o(1)) .

Adding ng&,,g (Oo(1)) {g(r; ¢,b) — Go(r)} to both sides of (A.47) yields

Vo (00(r) {0:¢,0) = bo(r) |
= —AaZ = Vo log (00(r) = | Vo (8) {B(rs €.6) o) }

=Vl (60(r) {8(r; €,6) — bo(r) }]
2 _\Z-V—R,, (A.48)

where R, is defined (A.22), and V' = V) loc (6o(7)).

T T
Let V = (v;, VS};) and R, = (RZST, V,I%) Now, by (A.48) and (i), we have

( Qs,s, Qs.s; > ( Os, (¢, b) — fos, (1) ) _ ( Zs, ) B ( Vs, ) B ( Rus, )
Qses, Qsese 0 "\ Zse Ve Ryse )7’
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and it implies that

Qs.s {0s,(r:C0) b0, ()} = MZs, = Vs, = Rus, (4.492)
Qses. {5& (r; ¢, b) — boss, (7”)} = AnZzsg — Vse — Rase. (A.49b)
Combining (A.49a) and (A.49b) yields
QSSSTQ;ST (—)\n/Z\ST — Vs, — Rn&}) = —An/Z\STc - Vgg - Rngg <A50)
and thus our target Zs. can be expressed as
~ 1 _ ~
s = {Qses,Qs's (MiZs, + Vs, + Rus,) — Vse — Ryse } - (A.51)
We now show (A.45). Given
Py
A — 1 (A.52)

n < 5
28811 pad,
then (A.51) gives that

1 N
o S (| Qszs, Qs's, || oo 1MZs, + Vi, + Rus, oo + || Ve

oo+ HVn5$

)

o | Ras;

| Zse

1 -
< {1|Qses, @55, [l oo M 125 llog + Vsl + 1R, 1) + || Vs

)

1 _ ~
S v {[|Qs:s, Q5.5 || oo 128, o + 1V 1o + [1Ralloo) + 1Vl + 11 Rnll o }
1 aM, 7211 pad, N2 ah, 7211 pad, N2
< — 1— An n n
- An{( a)( T8Taa T T84 T 2
o o
= (1-a)+(2-a) <8—4a+8—4a)
= 1—-a)+ =
o
= 1-—=
2
< 1

where the third step is due to that ||[Vs |, < [V, HVSﬁ o < IVl [[Rus |l <
| Ryl and || Rys,<|l o, < || Rnll,, the fourth step comes from Condition (A1), Lemmas A.2.2
and A.2.4, and ||Zs, ||, < 1 by the construction of Zs,, and the fifth step is due to (A.52).
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Hence, by PDW approach, we have (A.44) for every b = 1,--- B and ¢ € Z with a
large probability.

Step 2: Let 6,,(C) = %g 0,,(C,b) and N(r; () = {t eV \{r}:6,.() # O}. Show that
N(r:Q) =N(r) (A.53)

with a large probability.

-~

~ B ~
Since 6(r; () = % > 0(r;¢,b) and B is a fixed finite number, it implies that 6,:(¢) # 0
b=1

as é\Tt(C ,b) # 0. Then by (A.44), we have (A.53) with a large probability.

Step 3: Establish the desired result.
Finally, since 0(r;¢) -2 0(r) as ¢ — —1, then N(r;¢) == N(r). As a result, by

(A.53), we conclude that A'(r) = N(r) with a large probability and ¢ — —1. O
A.4.2 Proof of Part (b)

By Lemma A.2.3 and the fact that || - || < || - ||2, we have

_ OV

oo P1

|05, ri¢.0) = 005, ()

. B
By the definition similar to (2.19), we have fs, (r;¢) = & Z (3¢, b) for a fixed number
b=1
B. Then for any ( € Z, we have

i{f)& G,b) = s, (1)}

[85.r:¢) = s, ()| =

o0

o0

Syl

< EZHGS G.) = fs, ()

p2 (")

_ VA (A.54)

P1

o0

MUU I

208



Let fs, (r; Z) = (5&(7’; ():Ce€ Z) and Oy, (r; Z2) = (0os,.(r) : ¢ € Z). Since (A.54)
holds for all ( € Z, then we have
67 )\,
< .
00 P1

Let R(I') = 6, (r; Z) — G(Z,T). By the least squares method, the estimator I is obtained
by solving

)ﬁﬂnzy—%&mzw (A.55)

GLR(I) =0.
Then we have
GI {05, (r: 2) o, (r2)} = GI{G(2.) - G(2.1)}
= 6/6r (T-T) +0,01), (A.56)

where the second equality is due to the Mean Value Theorem with respect to I' and
consistency of the least squares estimator. (A.56) further gives

(f-j):(gggﬂflg;{a$032)—9m$ogzj}+oA1y (A.57)

Furthermore, since @\57, (r) =G(-1, f), then
fs,(r) = Os,(r) = G(=1,T) = G(~1,T)
— g%—qﬁr)(f-r>. (A.58)

As a result, combining (A.55) and (A.57) with (A.58) yields

H@gr(r) — Oo;s, (1) L= g'(=1.1) (f B F) Hoo
= o) @i " 6f {fs :2) — bus (20 |
< oo @ien) ol |[{os o 2) - tos. s 2|
< ||g'(-1,1) (6L Gr) " ngHl 6djl)\n
o 00
P1
Hence, we complete the proof. -
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A.4.3 Proof of Part (c)

As discussed in Ravikumar et al. (2010, p. 1301), to show the correctness of sign recovery,
i.e., sign (5& (r)) = sign (0s,(r)), it suffices to check the boundness of H%T (r) — GST(T)H

Since Theorem 2.3.1 (b) holds, then by the fact that ||a||s < ||a||2 for every nonzero vector
a, we directly obtain the desired result. 0

A.5 Proof of Theorem 2.4.1

Let
lope (Bo(r)) = —~ Zlog{ (W Wiy © W29 () }
and
Iy (Op(r') = —— Zlog{ ( Wy (C)‘ Wféﬁf\{w} €), wy (C))} -

Similar to the derivations in proof of Lemma A.2.2, there exists a constant « € (0, 1), such
that

An
[ Voctrylone (Bc()]| . < 5——2=0 (A.59)
2—a 4
and
/ An
[Von e o (0p(r))]| . < 3 - -7 (A.60)

with large probabilities.

In addition, let A (r;¢,b) and Op(r';¢,b) denote the estimators determined by (2.26)
and (2.28), respectively. Accordmg to two sets Sc, and Sp,s, we write HC( C b)

(FEC.0). B, (C0).Bsy (1) and Do C.0) = (P2(C.0). T, (1), Ty (1))

where 5@;307T<C, b) and é\D;SD (¢, b) are subvectors of

(70T (Cn)  and (B27T(C0).ATCH)

210



containing nonzero elements, respectively.

Let

oo, (1 .0) = (B 0,850, (D)) and B, (C.0) = (8RG8, B, (G1))

Then similar to the derivations in proof of Lemma A.2.3, we can show that

~ 6 d r)\n
[Gessc (r:¢.0) = s, ()], < =2 (A.61)
1

and

61/dp A
< vV Do (A.62)
1

[oss, 6.0 = Bms, 00|, < =

Finally, let
Ruc = {Viomlene (0c) = Viomlone (Boo(r) } {50(7“; ¢, b) — 90;0(7“)}
and

b = {Vi,lowc (0) — Vi, o lowc (Bon (1)} {513(7"; ¢, b) — 90;13(7“’)} ,

where ¢ lies on the “line segment” between O (r;¢,b) and fp.c(r) and Op lies on the “line

segment” between p(r’; ,b) and Oo.p(r"). Then by the derivations similar to proof of
Lemma A.2.4, we have

72m1 padc N 72m1 p2d r/A
n1p22 C, n and ||Rn7D||OO npo D (AGS)

[ Rncll, <
P1 Pl

A.5.1 Proof of Part (a)

We first examine the neibourhood sets associated with r € V. Let é\c 1 denote the kth
component in 00(7“ C b) and let Z¢ be a p-dimensional vector with kth component being

ok = 81gn(90 k) if Qc r # 0 and |Zo x| < 1 otherwise. According to the PDW strategy in
Appendix A.4.1,
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(i) we define 50%58 (¢,b) = 0pgi,—1 and

s, (r: €, 0) = argmin {Coae (0c(r) + A (6511, + 161, }:
0cisg, . (1)
~ A~ A~ T -~
(i) write z¢ = (Zg;sc,w ZE;S@,J corresponding to the components of Oc;s., (r; ¢, b) and
Ocisg, (€, 0) = Op-de, -1

(iii) by the similar derivations in Appendix A.4.1 and results (A.59), (A.61), and (A.63),
we can show that

‘ <1

Therefore, by the derivations similar to Steps 2 and 3 in Appendix A.4.1, we can show that
Ne(r) = No(r) and Nep(r) = Nep(r)
with a large probability.

We next examine the neibourhood sets associated with ' € Vp. Let é\C,k’ denote the
k’'th component in é\D(r’ :(,b) and let Zp be a p-dimensional vector with k'th component
being zp i = sign(é\D’k/) if §D7k, # 0 and |z2p | < 1 otherwise. According to the PDW
strategy in Appendix A.4.1,

(i) we define fns; ,(C,b) = 0,4, ,—1 and

7‘/

Opisy,, (r:C,b) = argmin {ED;b,c (Op(r')) + An (||9]\37~H1 + HQBCH1>} 3

Op;sp, . (1)

T ~
(i) write zp = (EB,SD s 2D ge ,> corresponding to the components of fp.s, ,(7';¢,b)
4 T “D,r ) ST

and Ons; ,(C,0) = 0pa,, ,1;
(iii) by the similar derivations in Appendix A.4.1 and results (A.60), (A.62), and (A.63),
we can show that

<1

|20,

Therefore, by the derivations similar to Steps 2 and 3 in Appendix A.4.1, we can show that
No(r') = Np(r') and Npe(r') = Nopa(r')
with a large probability.
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A.5.2 Proof of Part (b)

B B
Let Ocis, (1:¢) = 5 2 Oose, (3¢, b) and Opss,, ., (13 C) = = Onss,, .., (3¢, b). Then by
b=1 b=1

(A.61) and (A.62), we have that for every ¢ € Z,

0, 6 d TATL
HHC§SC,1" (r;¢) = bo,c.s0, (7”)”2 < —"pclj

and

~ 6+/dp - Ap,
HQD;SD,T/ (T/; g) - QO;D,SDJ/ (T’/) H2 S %a

respectively. Finally, let ( — —1, we obtain

~ 6+/dcrA,
HQC;SC,T (r) = 90;c,sc,T(7“)“2 < Yot

P1

and

< 6+/dp Ay,

HQD;SDW, (') = bop.s,, . (1) , o

A.5.3 Proof of Part (c)

Similar to the derivations in Appendix A.4.3, (A.64) and (A.65) indicate that both

H%sc,r(?“) —Qo;c,sc,,«(T)H and Hé\D;SDJ’(T’) —90;D,SD,T/(7"')H

[e.9] o0

are bounded. As a result, the sign recovery is shown.
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Appendix B

Proofs for the Results in Chapter 3

B.1 Regularity Conditions

(C1) P(Y;(1) =1) > 0, where 7 is an upper bound of failure times which is assumed to
be finite.

(C2) [J Xo(t)dt < oo.

(C3) The {N;(t),Yi(t), X;} are independent and identically distributed for i = 1,--- | n.

(C4) Censoring time is non-informative. That is, the failure time and the censoring time
are independent, given the covariate.

(C5) There exists 71, 72, such that E(X,) < v and E(X?) < 7, where X, is the rth
element of X. Furthermore, F(X,X,) is also bounded for any s # v.

(C6) There exist 1 and 72, such that Ay, <Z XijT> > 1y and Apax <Z XijT) < 19,
j=1 j=1

where Ayayx (A) is the maximum eigenvalue of the matrix A.

(CT) E{lpp¢(8,0)} and E{loy(5,0)} are positive definite matrices for every 5 and ©.

Moreover, there exist k1 and ks such that

Amin {]ﬁ;b,c<ﬁa @)} > K1 and Amin {Ie;b,C(67 @)} > Ka,

where A, (A) represents the minimum eigenvalue of the matrix A, and Iz, ¢(-) and
Iopc(+) are given in (3.24).
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(C8) There exists a positive number o € (0,1) such that

HIB,stl;b,C (8o, ©0) [,E,}glgl;b,g (Bo, @O)HOO <l-a

and

| Zo.s55:.¢ (Bo: ©0) 15.5,5,.¢ (Bo: @o)HOO <1-aq,

where §; and Ss are defined in Section 3.3, S is the complement of S;, with k =1, 2,
]5,313125,4 (50, @0) and IB,stl;b,C (Bg, @0) are dﬁ X dﬁ and (p — dlg) X dﬁ sub-matrices of

Is.¢ (Bo; ©0), respectively, and e s,s,:,¢c (B0, ©o) and e sgs,:b,c (Bo, Oo) are de x de
and (p? — p — de) X de sub-matrices of g (5o, ©p), respectively.

(C9) The extrapolant function is assumed known and is differentially continuous.

Conditions (C1) to (C4) are regular assumptions in survival analysis for the establishment
of the asymptotic properties (e.g., Andersen and Gill 1982). Conditions (C5) and (C6)
come from the requirements for covariates in the graphical model theory (e.g., Chen et al.
2015; Yang et al. 2015). Condition (C7) ensures the information matrices to be positive
definite. Condition (C8), also called mutual incoherence, is often assumed for variable
selection (Yang et al. 2015). Condition (C9) is the a requirement for the SIMEX method
(Carroll et al. 2006, Chapter 5).

B.2 Some Lemmas

In this section, we present key lemmas to be used in the proofs of the theorems. First, we let

Up.sic(B,0) and Ug s ¢ (B, ©) be the sub-vectors of Ugy, (3, ©), defined by (3.22), which
are indexed by Sy and SY, respectively. That is, U s,.4.¢(5,0) = (Uﬁ({gg(ﬁ, ©):j€ 81> and
Up.senc(B,0) = (Uggjg(ﬁ, ©):j¢€ 8f>, where Ulg];g’c(ﬁ, ©) is the jth element of Ugy, (3, ©).

Next, we let Ug,s,p,c(8,0) and Ue ssp.¢(3,0) be the sub-vectors of Ugy (5, 0), de-
fined by (3.22), which are indexed by Sy and SF, respectively. That is, Ug s,¢(5,0) =
(Ugg,vc(ﬁ, 0):je 52> and Us ss4c(83,0) = (Ug;gw,@) je 55), where UY), (8, 0) is
the jth element of Ugy (5, ©).

In the first two lemmas, we establish bounds for the score functions, respectively, cor-
respond to  and ©.
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Lemma B.2.1 Under Conditions (C3) and (C5) in Appendiz B.1, we have

a A\, _
p (||U5,51;b,<(5a Nl > 5= af) < ds {2 exp (L n*\} ) +ap 2};
a\, —1 _
P (HUﬁ,Sf;b,c(@ o). > 1 1) < (p—dp) {QGXP (§n2/\il) +cip 2} :

where ¢ is a positive constant, ||la||, is the infinity norm defined as max |a;| for a vec-
(2

tor a with elements a;’s, An1 is the tuning parameter in (3.14), and dg is defined after
Theorem 3.3.1 in Section 3.5.

Proof:

The proof consists of the following four steps.

(w:8,0) &) (u;8,0)
Step 1: Show that Bb((uﬂ@) = ggbf’f(u;ﬁ’@) + 0,(1).
Let

Guc (u:8,0) = B Yi(wyexp [ S W8+ Y W(QOW (b, (B.1)

reV (s,v)EE

denote the expectation of each term in Gy ¢(u; 3, ©). Differentiating (3.25) with respect to
[ yields

Yilw) {Wi7()} exp (Z Wy ()8

i=1 reV
+ 3 WEOWNOb | | - (B.2)
51/ EE
Let
G w:5,0) = B Vi) {W2(0) fexp [ S W8+ Y WAQW(b
reV (s,v)EE
(B.3)
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Now we examine the asymptotic behavior of Gy ¢(u; 5, 0) and Gélig (u; 5, 0).

Since {N;(t) : t € [0,7]} and {Y;(t) : t € [0,7]} are Glivenko-Cantelli classes (van der
Vaart and Wellner 1996, Example 2.4.2), then by the Glivenko-Cantelli Theorem (Resnick
2013, Theorem 7.5.2), we have that as n — oo,

% Z dN;(t) 2 dN(u), (B.4)
~Guc (1:5,0) % Guc (1,0, (B5)

and
LG (1:5.0) % 6L (1:5.0) (B6)

uniformly for ¢ € [0, 7], thus,

51;4(75 8,0) as, Qélﬁg (t; 8,0)

B.7
Gb,C ( ) 57 ) gbv( (tv 67 @) ( )
uniformly for ¢ € [0, 7], where N(¢) = E {N;(t)}.
For any ¢ > 0, (B.4) and (B.7) are written as
dN(t) = dN(t) + 0,(1) (B.8)
and
Clag (1:8.0) _ G (18.0) ) (B.9)
Gb7( (t; ﬂ, @) gb,{ (t; 67 @) . ’

where dN (t) = ZdN( ).
Step 2: Eramine U,Bb( (8,0) given in (3.22) to show that

Upp.c(83,0 ZUBZ+OP
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Differentiating ¢, (5, 0) in (3.11) with respect to § gives

Ugbc Z/ {Wb Gb7< (u;ﬂ, @) dNZ(U) (BlO)
Adding and subtracting common terms each related to (B.8) or (B.9), we write (B.10) as
- G wp,e))
U (8,0) = _Z/W CQ)dNi(u /{Gbg(u'ﬂ 0) dN (u)
G(B;Z,c( 53, 0) BbC (w; 8,0
_/{ ) dN(u)+ G ey (N
G\ (u; ,0) G (458,0)
_/{ O (u; 8,0) N () + gb( u; 3,0 NG
g,élgg (u; 8,0) S gﬁ b g
/{ G (u; 8,0) dN(U)+ G, (u; 5 @ N
S N SO
= 22 [ wlomw
g,@~bg (u; 8,0) G(ﬁl.zc (u; 5,0)

G (1:5,0) LN —dN(w)] v/ G (13 5,6) )

Gg;)b,g (WB?@) gbg(u B, ) — _
+/{ Goe (w5, 0) Gy (13 5.0) {dN(u) dN(u)}

= %Z / Wy (Q)dNi(u)
Ghc (w3 8,0 " GHoc (u; 8,0) D
ey (V0 — N} + [ TN 40
—1 ¢ ; e (W 3,0
= 712 / {WJ”(O——%{;;& 567 >)}dNi(u)
Gg;?;,g(u§5>@) gbc(u 5, )
o { Grc .0 Goc(up.o) [N E el (.11

where the second step is due to the combinations of terms, and the third step comes from
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Gih (wBO) Gl (uB0) z L
that | Gﬁ,;bg’iu;ﬁ,e) - gﬂjf(u;ﬁ’@) {dN(u) — dN(u)} = o0,(1) which is due to (B.8) and
(B.9).

Examining the last integral in (B.11) gives that

Gl (W ,0) G (u; 3,0)
/{ Gy (u; 8,0) a Goc (u; 5,0) dN(u)

dN(u)

dN(u) + 0,(1)

/ {GS},,C (u; 8,0) Goc (u; 3,0) — Gy (u; 8,0) G5 (us B, 0) }
{Gc (u;8,0)}

Gy (u; 3,0) Gy (u; 8,0)
- Glihe (43 8,0) Guc (13 8,0) = G (us 3.0) G}  (us 3.©)
N n

n Yi(u) exp (Z w8+ X W;Q(wa(’ig(o@sy)
— EZ/ reV (s,v)EE
L Gvc (u; 8,0)

@) (.
G (w56, @)} IN(u) + 0,(1). (B.12)

(¥
8 {Wb (C) gb,C <U§57 @>

where the second equality is due to (B.5) and the last step is by (3.25) and (B.2).
Combining (B.11) and (B.12), we obtain that

1 n
Usc(8,0) = — > Ui+ op(1), (B.13)
=1

which, by Condition (C3), (3.23) and (B.9), is an i.i.d. sum of random variables with mean
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zero , where

| G (13 3,0)
S _ (2) _ IBbg N :
U,B,z - / {Wb (C) gb7<—(u; ﬁ, @) } sz(U)

Yi(u) exp (z W08, + ( z) EW;?@)W;,Z'B@)@W)
- / Goc (u; 8,0)

dN(u). (B.14)

o - s (.9) |

gb,C (U, 67 @)

Step 3: We examine the bound of Ué{g,g(ﬁa ©), the jth entry of Usypc(5,0) in (B.13), and
show that there exist positive constants L and ¢y such that

_ 2D2

LZ

P (‘U[g]gg(ﬂ, @)‘ > D) < 2exp ( ) +eip? forany D>0. (B.15)

Let £ = {maX ‘Wb(lj) (¢ )’ < 4 log(p) } Following the similar derivations for Proposition
1,7 k

4 of Yang et al. (2015), we can show that there exists a positive constant ¢, such that

PE)>1—cp (B.16)

Finally, to show (B.15), we need Hoeffding’s inequality which is included here for com-
pleteness.

Proposition B.2.1 (Hoeffding’s inequality)
Let Z;, i =1,--- ,n, be the i.i.d. random variables with the support [a;, b;] where a; and b;

are finite numbers fori=1,--- ,n. Let Z = %Z Z;. Then for any D > 0,
i=1
P(|Z-E(Z)| > D) <2exp | —
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For j =1,---,p, we write Uﬁbc(ﬁ O) as - Z UBZ, with U/B representing the jth entry

of U, in (B.14). (B.16) shows that Wb(J)(C) is bounded for all 7, 4,0, and ¢ with a high

probability, which suggests that by (B.14) conditional on the event &, ‘U (32
constant L > 0.

By (3.23), E {Uéjgc(ﬁ, @)} = 0. Then by Hoeffding’s inequality with replacing Z and
E (Z) by Ué{gvg(ﬁ, ©) and £ {Ué{gg(ﬁ, @)}, respectively, we have that for any D > 0,

<‘ G (B ‘ZD ‘ 5) <Qexp<_7§2Dz). (B.17)

Combining (B.16) and (B.17), we obtain that for any D > 0,

< L for some

P(lvhas.0)|=D) < P(|uf8.0)|=2D]|€)+PE)

—TL2D2 L
< 2exp i + cip

Step 4: We examine U s,.¢(3,0) and Ugsepc(B,0), defined in Lemma B.2.1, and show

that
—1 90 -2
dg§ 2exp ﬁn)\ + c1p ;

—1
(p —dp) {2 exp (ﬁrﬂ)\?ﬂ) + clp_Q} .

First, for any constant « in (0, 1), we have that

o )\n j Q /\n
P(HUB,sl;b,c(ﬁ’@)Hoo 2_(171> = ZP<‘U/§32»<(57®))> 2—0471)

JES

1
< Z {2 exp (ﬁnQ)\ ) + clp_2}

JjEST

1
= dg {2 exp <§n2/\2 ) + clp_Z} ,
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P (||U5,$1;b,<(5, o)., > o aTl)
a\,

P(HU/?,Sf;b,c(ﬁ,G))HOO > = 1)

IN

V




where the first step is due to the fact that |la|| < |||, for a vector a, the second step
applies (B.15) and that 0 < 5%- < 1, and the last step is due to the definition dg = |Si],

Similarly,
a)\n j O./)\n
P (lan,sab,c(ﬁ,@)Hoo > = 1) < Yp (]ngg,<</a, o) > 1)
JESE
—1
< Z {2 exXp (Fn2>\il) + C1p2}

jese

-1
= (p—dp) {2 exp (ﬁrﬁ)\il) + cpo} ,

where the second step is due to (B.15) and 0 < o < 1. Thus, the proof of Lemma B.2.1
completes. O

Lemma B.2.2 Under Conditions (C3) and (C5) in Appendiz B.1, we have
a A, —1 _
P(Iasnc(8 O > 572 ) < do{2e (Tzntity) + )

2—a 4
aAn2 2 —L 92 -2
P <||U®,$§;b,4(57@)HOO > ) < ( -p—de) {QGXP <F” )\n2> +ap } :

where ¢y is a positive constant, \no is the tuning parameter in (3.14), and dg is defined
after Theorem 3.5.1 in Section 3.3.

IN

Proof:

The proof of Lemma B.2.2 follows the steps similar to those for Lemma B.2.1; the only
differences are caused from differentiating with respect to different parameters 5 and ©.
For completeness, here we outline key steps.

i i i i’ : i i’ .
Let (WAQW0(0) = vee (W2(OW(0) — diag { W, QW (O)} ). Differ-
entiating (3.25) with respect to © yields

n

6 ws.0) = 3 v { (Wewio) | (B.13)

i=1

xexp Y W8+ Y WAOW(C)bs

reV (s,v)EE
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Let

Gbhctas.o) = & [ { (2owila), |

xexpq Y W8+ S W OWD()8.

reV (s,v)EE

. Then similar to (B.9), we can show that

Gone (u:B.0)  Goy( (u:8,6)
G (u;8,0)  Guc (u; 8,0)

On the other hand, differentiating ¢, (5, ©) in (3.11) with respect to © gives

GO (w8, 0)
i (4 Sl X A :
Uouc(5,0) = —§ j / { OWO) o) }dM(u). (B.20)

By the similar derivations for (B.11) and (B.12), we can show that

+0,(1). (B.19)

U@bg ﬂ, ZU®Z+OP (B.21)

which, by Condition (C3), (3.23) and (B.19), is an ii.d. sum of random variables with
mean zero, where

i Z. Go (s 8,0
vor = [{(momiso),,, - SO v

reV (s,v)EE

- / G, (u; 5’, ©)

s#V gb,C (U, B? @)

n(u)exp<zwzf,?<<>m+ > w;z«)w;z@ew)

x{owyowﬁao AN(u). (B.22)

For j=1,---,p*> —p, let Ug%vc(ﬁ, ©) denote the jth entry of the (p? — p)-dimensional
vector Ugypc(8,0) in (B.21). We write Ug;)m(ﬁ, ©)as + > Ug%, with U& representing the
i=1
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jth entry of Ug; in (B.22). Similar to the argument in Step 3 of the proof in Lemma B.2.1,

ng < L for some constant L > 0.

we have that in the presence of &,

Since by (3.23), E {Ug%’g(ﬁ, @)} = 0, then by Hoeffding’s inequality in Proposition

B.1 with replacing Z and E (Z) by Ué)%c(ﬁ, ©) and F {Ug;%,c(ﬁv 6)}, respectively, we have
that for any D > 0,

P(’U&,C(ﬂ,@)‘ >D) < P({]Ug;;g(ﬁ,@)‘ > D} N E)+P(E)

_ 2D2
< 26Xp( ”LQ >+c1p2. (B.23)

As a result, for any constant « in (0, 1), we have that
|S2]

« )\nQ (4) @ )‘n2
| )< e
P (HU@,Sz,b,C(ﬁa@)Hoo > 5o 4 ) < ;P ()U@;b,g(ﬁa @>‘ > 5 _ o 4

|S2|

1 -
< Z {2 exp <ﬁn2)\i2) +cip 2}

j=1

—1
= dg {2 exp <ﬁn2)\i2> + clp_Q} ,

where the second step applies (B.23) and that 0 < 3% < 1, and the last step is due to the
definition dg = |Ss|.

Similarly,
A o A
Ay j OAp
P (HU@,SQC;IJ,C<ﬂ7@)||OO > 4 2> < P (‘Ug,é,g“(ﬁa @)‘ > 4 2)
j=1
st »
< Z {2 exp (FnQ/\fQ) + clp_Q}
j=1

-1
= (p2 —p— d@) {2 exp (ﬁn2>\22> + clp_Q} .
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Therefore, the proof of Lemma B.2.2 completes. U

Next, we consider the differences between the parameters and their estimators and
establish their upper bounds.

Lemma B.2.3 Under regularity conditions in Appendiz B.1, we have that

1/2
1 2
, S A/d = 4 1+2 (Z wr) (B.24)

reSy

HB& — Bo.s,

and

H vec (@52) — vec(By.s,)

2
1 2
5 S )\n2 dgli_g 1+2 (Z Usr/) ) <B25)

S#V

where |||, represents the Lo-norm, ki and ko are defined in Condition (C7), A1 and Aps
are defined in (3.14), and w, and vy, are defined in (3.12) and (3.13), respectively.

Proof of (B.24):

T

For 74(¢) defined by (3.14), we write 5(¢) = (3, (0). Bls(©)) = (Bl (0,07 ap) -

T T
and accordingly, we write the true value of § as By = <50T; 515 BOT; sg) = (6& 31,02;_ dﬁ)> ,
where 0, stands for the b-dimensional zero vector. R
Part 1: For( € Z andb=1,--- , B, let ug(h,() = Bps,(¢) — Po.s,. Show that

1/2
- 1
50, Olly < Anav/ds - 1+2 (Z w,%) . (B.26)

reS;

We note that by the coordinate-descent method, once © is given, then Bb(C) can be
obtained by (3.18). In this sense, when implementing (3.14) for obtaining /,(¢), we fix
© = O and consider the difference related to (3.14)

Ws(u) = {loc (Bos, + 1 00) — o (Bossy, Oo) } + Anr {p1 (Boss, +u) — p1 (Bos,)}, (B.27)
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where we express any parameter value s, as fo.s, + u.

Note that Ws(u) is a convex function since £, (5, ©) defined in (3.11) and p;(-) defined
in (3.12) are both convex functions. Similar to the derivations for Lemma 3 of Ravikumar
et al. (2010), to show (B.26), it suffices to show that

Us(u) > 0 for any u with [ju|l, = B, (B.28)

1/2
where B = A\u1\/ds - {1—1—2 (Z wf) }

reSi

To see why this is true, we apply the argument of contradiction. Suppose (B.28) is true
but ||uz(b, ()|, > B. Then there exists a constant { € (0, 1) such that ||{ug(b, ()|, = B.
By (B.28), W, (€75(b,C)) > 0, i

W (Es(b,¢) + (1 —€)04,) > 0. (B.29)

By (3.14) and (3.18), ug(b, ¢) minimizes (B.27). Because W3(04,) = 0, we obtain that
Ug (ug(b,C)) < 0. Since Vg (u) is a convex function, we have that

s (EUs(b,¢) + (1 —€)0g,) < &g (ap(h,¢)) + (1 —&)Ts (0g,)
= &g (ug(bh,Q))
S 07

thus, contradicting (B.29).

As a result, in the following development, we need only to show (B.28) by the following
two steps.

Step 1: Show that for any M > 0, if |ul|s = \/dsgAn1 M, then

) . 1/2
Ws(u) > (Anl\/d_ﬁ> M —}l + EIM - (Z wf) : (B.30)

reSi

Examining the first difference of (B.27) using the second order Taylor series expansion
of £y ¢(Boss, + 1, ) around u = 04,, we have
¢ (Bossy + 1, ©0) — Lo¢ (Bossy s Oo)
1
= Usp¢ (Boisi» Oo0) u + §UTIﬁ;b,< (Boss, + ku, ©o) u,
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where k is some constant in (0, 1), and Ugy¢(+) and Ig,.¢(-) are defined in (3.22) and (3.24),
respectively. Then (B.27) is written as

Us(u) = Ti+T+T5 (B.31)
where
Ty = Uspc (Bosir ©o) u; (B.32a)
T, = %uTlg;M (Boss, + ku, B) u; (B.32b)
T3 = Nu{p1 (Bos, +u) — p1(Bos,)}- (B.32¢)

The remaining task is to individually examine T, T5 and T3 for their bounds when
|lulle = \/dgAn1 M. We proceed with the following three steps.
Step 1.1: Show that

1 2
ITally < 3 (@Anl) M for |ullz = /dsAuM. (B.33)

By taking the L;-norm, (B.32a) becomes

IT3ll, = Uswc (Boss,> Oo) ull

< |Uspe (Bossi» ©o)ll o el
< (1Ussi¢ (Bosi> ©0)lloo + |Us.ssne (Bosi» ©0)] ) Vs ull,
< 3o —a? M\t

—\/dgB
l—a 4 V77
1 2
< 1 (Vi) M,
where the second inequality is due to that Ugs, . (Bos, ©0) and Ugs e (Boise, Oo) are
sub-vectors of Ug ¢ (Boss,, ©0), the third inequality is due to Lemma B.2.1 and the Cauchy-
Schwarz inequality on |lul/,, and the fourth inequality is due to B = /dgA,; M and

0<a<l.
Step 1.2: Show that

1 2
T > S (\/d—ﬁxnl) M2 for |ulls = V/ApAmM. (B.34)

227



Since Igp ¢ (Bo.s,, ©o) is a positive definite matrix and Ay (Isp.c (Boss,» ©0)) > k1 by
Condition (C7), then we have that for any u with ||ulls = \/dsg A1 M,

1
T, = §UTIB;b,< (Bois, + ku, ©p) u

1
> min {—uTlg;b,C (Boss, + ku, ©p) u}
wllulla=/dprmm (2 1

%/{1 <\/d_5)\n1>2 M2

V

Step 1.3: Show that

1/2
T3 > — <\/@)\n1>2 <Z wf) M for |lully = /dsAuM. (B.35)

reS

For » € &1, let z, = w,u, and BOT = w, By, where u, and Sy, represent the rth
component of u and [y, respectively. Then by (3.12), we have

p1 (Bos, +u) — p1 (Bos,) = Z wy | Bop + | — Z wy | Bor|

reSi reVs,
= Z‘BOT+ZT _Z g(]r
7’631 7’681
> ~Y
resSy
= — |zl
2
> —Vdgllz];

—\/%Z 22, (B.36)

res

where the third step is due to the triangle inequality, and the second last step is due to
the Cauchy-Schwarz inequality.
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Furthermore, by the Cauchy-Schwarz inequality, we have

2 _ 2,2
gzr— Ewrur

resSy resS;

1/2 1/2
(%) (%
resy reS)

1/2
- (Z wf) Jull - (B.37)

reSy

IN

Therefore, combining (B.32c), (B.36) and (B.37), we obtain that for any u with [julls =

\/d_ﬁ)\nlMa

T3 = Auip (Bos, +u) = p1(Bos,)}

1/2
> —M\an/dg (Z wf) [l

7‘631

S <\/£>\n1>2 (Zw,?) 1/2/\/1.

resSy

Combining (B.31), (B.33), (B.34) and (B.35) gives (B.30).
Step 2: Show (B.28).

To ensure the right-hand-side of (B.30) be bounded below by zero, we must have

which is equivalent to requiring

1/2
11 )
M > T 2 (Z wr> . (B.38)

reSy

resy

that B* = \/dgA,1M* and that (B.28) holds. Therefore, (B.26) is shown.

1/2
Hence, setting M* = ,}1 {1 +2 ( > wf) }, the right-hand-side of (B.38), we see
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Part 2: Show (B.24).
By (3.15) and (B.26), we obtain that

B
HE&(C)—BO;& , = %;H@;&(C)—/@msl ,
1/2
< Am\/d_ﬂﬁi 142 (Z w§> : (B.39)
1 reSy

and let ¢ — —1, (B.39) becomes

1/2
1
, S Ann/dﬁﬂ—l 1+2 (Z w,%)

reSy

|Bs: = s

Proof of (B.25):

Let vec ((:)b(C)> = <Vec (éb;SQ(C)>T . vec <@b;55(C)>T> ’ _ (VGC (@)b;sz(g))T ’021—92—p—d(_)))T

T T
and vec (©g) = (vec(@o;SZ)T ,vee (@0;5§)T> = (Vec (@0;52)T70(Tp2_p_d@)> .

Similar to the proof of (B.24), we now fix 8 = [, and consider the difference related
to (3.14)

Vo(v) = Lyc(Bo,vee(Ops,) +v) — bre (o, vee (Ops, )
+An2 {2 (vec (Ouis,) +v) — pa (vee (Ouss,)) }
for where we write vec (Og,) as vec (Og.s,) + v. The main purpose is to find the bound for
vo(b, () = vec (éb;&(f)> — vec (Op;s,)-
By the similar derivations to the proof of (B.24), we obtain

2
1 2
, < )\nZ d®_/£2 1+2 < E Usz/)

Hvec <(:)b;32(C)> — vec (Ogs,)
oy

Therefore, taking average with respect to b and taking ( = —1 gives the desired result,
(B.25). O
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Lemma B.2.4 Let

Rus = {Ispc (B,O00) — Igpe (5o, O0)} <Bb(§) — 50)

with B being a vector which lies on the “line segment” between Bb(C) and By, and let

Rue = {Touc (50,0) = Tong (85, 00)} { vec(B4(C)) — vec(®) }

with © being a matriz whose vectorization vec(©) lies on the “line segment” between between

vec(6,(C)) and vec(©g). Then under reqularity conditions in Appendiz B.1, we have

[0 )\nl
R,. —
[ Rl o 5o 4
and
« )\n2
R,. —
|Ruell, < 52
Proof of (B.40):
The proof consists of the following two steps.
Step 1: Show that
-1
_ o (Mg) 1
P || Og) — 1. S il
(H s.¢ (B,00) — Igpc (Bo. ©0)||, > 5o 4 4

First, we write

Igpe (B, ©0) — Ispc (Bo, O0)

_ Z/ G(ﬁzic u ﬁ @0) _ (G(ﬂll);g (WB’@O)

G (u; 3, 6y)

Gy (u; 3, ©y)

Gb,g (U; Bo, @o)

||>
|'M
o

|
]
=
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_ Z/ G (3 o, ©o) B Gl (43 5o, ©0) dN;(u)
G, (u; o, ©o) l

(B.40)
(B.41)
8) < 2nexp (4}2) .
) dN;(u)
(B.42)



where G,(;I))C (u; 8,0) = V3G (u; 3,0) and a®? = aa’ for any nonzero vector a. Let
2
Gy (us 6, 0)

= B v W00} e | w208+ 3 WAOWOb | | (B.43)

reV (s,v)EE

By the derivation similar to (B.6), we have that as n — oo,

1 a.s.
EG(BQ%,C (u; 8,0) “% G (u; B, ©) (B.44)

uniformly in u € [0, 7]. By (B.5), (B.6), and (B.44), we have that as n — oo,

G2 (w5.0) G2 (u:5,0)
o | Goe (W 5,0) ~ Goe (w3 5,0)

®2 ®2
ap |(Conc @B O (G wBON T
welor] |\ Gaue (s 3,0) Goc (u; 3,0)

Then there are some constants K5, K3 > 0, such that

sup 51,4( ; , ) ggl)),g (u;ﬁa @)
welo,r] | Goc (u; 8, 0) Gvc (u; 8,0)

N w50\ (G w0\
0 - == - K. B.45b
uSeL[loI,)ﬂ (Gb,c (u; 8,0) Goc (u; 3,0) = (B45b)

and

< K, (B.45a)
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Combining (B.45a) and (B.45b) gives
®2
GgQ;Cuﬁ, (Glcuﬁ, )

usel[lopﬂ Gy (u Gy (u; 3,0
Jabcwse) (gh wp o))"
gb,( (u7 57 ) gbC (U,, Bv )
< sp |Corc (B0 Gsy (wiB.6)
 ucfor] | Goe (u;8,0) Goc (u; 8,0)

+ sup G(ﬂlz’c (v 5,6) . - M
u€[0,7] Gbg (u; 8,0) Gy (u; 3,0)

Since the result (B.46) satisfies the requirement of the proof in Lemma A.3 of Lin and Lv
(2013), then by the derivations similar to Lemma A.3 of Lin and Lv (2013), we can show
that E(Ty;) < Cin~Y/2 for a positive constant C; and k = 3, 4.

Hence, by Theorem 9 in Massart (2000), we have

1 D —D?
P { |T}i| > Cyn =2 (5 + 5) ‘ 5} < exp ( e ) (B.47)

for k = 3,4. Hence, by (B.47), we have

P{|Ty =Tyl > C'n 2 (1+ D) | €} < 2P{|T3i| > C'n? (%Jrg) ‘ 5}

—D?

Finally, by (B.48), we can show that

P (Hfﬁ;b,c (8,00) = Is.¢ (5o, ©0)|| . > —

< ZP<|T3@'—T4¢‘>2§OC( ﬁ) -
i=1

< 2nexp <%) . (B.49)
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Step 2: Ezamine ||R,.3|. the infinity norm of Rz, and show (B.40).
By the definition of R, in Lemma B.2.4, the bound of || R,|| . can be determined by
”Rn;BHoo < ||]B;57C (6760) - Iﬁ;bc (607 @0 OO HBI) - 50”

< |[Zs¢ (8,00) = Inne (5o, ©0)| \/_HB" 60“2
a At
2—a 4

where the second step is due to the Cauchy-Schwarz inequality, and the third step is due
o (B.26) and (B.49).

Proof of (B.41):

This proof is similar to the proof of (B.40) except for the consideration of lepc (-, -).
Speciﬁcally, write I@;b,( (ﬁo, @) — I@);b7< (60, @0) as

o, (Bo, é) — low.c (Bo, ©)
_\ ®2
@bc (u; 5o, ©) _ Gg;)b,c (u; Bo, ©) AN
Z/ Gy (u; 8o, ©) ( G (u; 5o, ©) ()
®2
@bg (u; Bo, ©o) B G(Ql;)b,g (u; Bo, ©o) .
_Z/ Ghc (u; By, ©p) ( G ¢ (u; Bo, ©p) ANi(uw),

where Goy,  (u; 8,0) = V3G (u; 8,0). Let

o (46,0) = F [mu) {(w;,?@)w,f,?(o)@? }

s#v

xexpd Y W8+ > WEQOW ()b

reV (s,v)EE

By the Glivenko-Cantelli Theorem (e.g., Resnick 2013, Theorem 7.5.2), we have that
as n — 00,

1 a.s.
G (43 5,0) *% Gg) (w9, ©)
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uniformly in u € [0, 7]. By the derivation similar to (B.46), we can show that

®2
sup Gg;)b,g (u; 8,0) B G(el;)b,g (u; 8,0)
u€[0,7] Gb,§ (u> 53 @) Gb,C (u? ﬁa @)

BISAGEON (ggfb,c (u: 5, @)) *

G (u; 8,0) G (u; B8,0)
< K5
for some constant K5 > 0. As a result, by the derivations similar to (B.49), we have

d

%\ —1
P(HI&b,c (50’6)_19?"’4(50’@0)H00> a Mg 1

2—« 4 d@)
< 2nexp (%) ,

1/2
where Mg =+ ¢ 1+ 2 (Z vfl,> . Therefore, we conclude that

K2
s#v

|Ruoll < [[Tonc (50:0) = Tonc (B, Q)| [vec(@u(0)) — vee(®0)|
2—a 47
and thus (B.41) follows. O

1

B.3 Proof of Theorem 3.3.1

To show Theorem 3.3.1, our strategy is first to derive the result for given b and ¢. We
then use the equations (3.15) to establish the results for §(¢) and ©(¢). Finally, under
Condition (C9), we extrapolate the estimators and obtain the desired result. The proof
consists of the following three steps.

Step 1: We claim that

l

(@(C)T’ vec (@;(C))T)T - (50T, vec(@o)T>T

~0,( ). (5.50)

2
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Let

wb:g (B7 @) = gb,( (ﬁ? @> + )\nlpl (ﬁ) + )\n2p2<@) <B51)

To show (B.50), as described in Fan and Li (2001, 2002), it suffices to prove that for any
1 > ¢ >0 and constant B > 0,

Un

P {||IiJI||1£Ewb’< (ﬁo + %,vec (©) + ﬁ) > 1y ¢ (Bo, vec (@0))} >1—g¢, (B.52)

where U = (u,), UI)T, Up = /1 <Bb(§) — 5()), and v, = \/n (VGC (@b(O) — vec (@0)>.

We now write

Uy ¢ (50 + %,VGC (©0) + %) — Yo (Bo, vec (©g)) = J1 + Jo + J3, (B.53)
where
Ji = by (ﬁg + %, vec (Op) + %) — Uy ¢ (Bo, vec (©p)); (B.b4a)
Jo = A {m (ﬁo + %) —p1 (50)} ; (B.54b)
J3 = An2 {p2 (Vec (©0) + %) — pa (vec (@0))} . (B.54c)
Step 1.1: Show that

In (B.54a), adding and subtracting an additional term gives

Un

J1 = g@g (60 + %,Vec (@0) + %> - gb,( <50,Ve(3 (@0) + %)

+lp ¢ (507 vec (Og) + %) — ly.¢ (Bo, vec (©y))
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and using the second order Taylor series expansion yields

UT Un, ]_ T Un, Up
Jl = \/—%Ug;b’g (ﬁo,vec (@0) \/_) 2' \/_ 5b§ (BO + — \/_ , vec (@0) %> %

T

Un g7 o 1w T[ o hovn '\ vy
+% on.c (Bo, vec (©g)) + NI (ﬁo,vec( 0) + \/ﬁ)%

u,! Un U
= {2 aae (v (60) + 22 ) + Do (. vee (60) |

hov, \ Uy,
apyitons (Buvee @0 + 1722 ) 22}
= T+ i, (B.56)

where hy, hy € (0,1), and the second step is obtained by combining the first order terms
and the second order terms, respectively.

By (3.23), we have E {Ugp¢ (B0, vec (©9))} = 0 and E {Ue¢ (Bo, vec (Og))} = 0, which
implies that

%Uﬂ;b,c (B0, vec (©0)) = Oy (%) (B.57)
and
Ll (0 vee (00)) = 0, (). (B.5%)

Multiplying v/nu, and y/nv,] to (B.57) and (B.58), respectively, gives

.
u—\/%Ug;b,c(ﬁo,vec(@o)) = ! 0,(1); (B.59a)
!

U—"U@;b,g(ﬁovVGC(@O)) = U,I Op(1). (B.59D)

vn

Note that vec (0g) + = approaches vec (Og) in probability as n — oo. Therefore, the

order of Jy; is g, if ||U|| =
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On the other hand, by the Law of Large Numbers, we have that as n — oo,

Un

1 hiu,
ﬁ[/j;b,c (50 + %, vec (Og) + %) BN Zsn¢ (Bo, ©o) ;

1 havy,
ﬁ[@;b,c (ﬁo,VeC (©g) + \2/5) L Towe (Bo, ©0),

where Io ¢ (1) and Igp ¢ (+) are defined in (3.24),

Tanc (60 00) = B { 3 Ion (o vec ©0)}

and
Topc (8o, ©0) = E {%]@;b,g‘ (Bo, vec (@0))} :

Therefore, we can equivalently write

e (50 +20 vec (0n) + %) = Tonc (B0 + 0,1 (B603)
1 havy,
g[@;bg (60, vec (@0) + \Q/E ) — I®§b7f (50, 60) + Op(l). (BGOb)

As a result, we have

1 1
Jio = 5“2 {Zs.¢ (Bo, ©0) + 0p(1) } up + 5?}; {Zowc (Bo, ©0) + 0p(1)} vy (B.61)

Note that the event £ defined in Step 3 of the proof of Lemma B.2.1 restricts us to
consider bounded V[/b(z)(C)7 thus, Gy (u; 8, 0), gélgg (u; 5,0) and Qggg (u; 3,0), defined in
(B.1), (B.3) and (B.43), respectively, are bounded, showing that by (B.60a) and (B.42),
Zs.c (Bo, Op) is bounded elementwisely. Similarly, Ze., ¢ (o, Op) is bounded elementwisely.
Therefore, (B.61) shows that the order of J; 5 is B2 if |U| = B.

In addition, by Condition (C7), both Zgy¢(-,-) and Ze (-, ) are positive definite ma-
trices, so for any non-zero vectors u and v and by (B.60a) and (B.60b), we obtain that

JLQ > 0. (B62)

As a result, by (B.59a), (B.59b) and (B.61) together with (B.56), we conclude that when
B is sufficiently large, .J; » dominates .J; 1, and (B.62) ensures that J; is bounded below by
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a positive constant. Thus, J; > 0 when if ||U|| = B for a sufficiently large .
Step 1.2: Show that

Jy = 0,(1) as A—ﬁ — 0. (B.63)

For py(-) in (B.54b), we have

tn _ tnr |
p1 (ﬁo + %> —p1(Bo) = 7;:1 wy | Bor + Jn 7;:1 wy | Bor|
= Zwr(ﬁm‘—i_u_\/n% _’B[)r’>
resy

- Su i ()]

resS:

= % Z {sigﬂ (607‘) Unpr Wy + Op(l)} ’

resSy

where the third step is because of the Taylor series expansion of ‘ Bor + % around u,, = 0.

Then by the similar derivations of Lemma 3 in Lee and Liu (2012), as ’\—\}% — 0, we have

Ani {Pl (50 + %) — (50)} = 0p(1),

ie., (B.63) follows.
Step 1.3: Show that

An
Js =0,(1) as \/_7_21 — 0. (B.64)

For po(-) in (B.54b), we have

P2 (Vec (©0) + %) —pa(vec(®) = Y

Un,sv
(571/) €S2

NG
1

= % Z {Slgn (9051}) /Un,su + Op<1)} .
(s,v)ES2

0081/ +

- Z |003y|

(Svl/)eSQ
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Hence, as A—\/"% — 0, we have

va{ (vec (©0) + 22 = (vec (€0) | = o),
i.c., (B.64) follows.

Therefore, together with (B.53), (B.55), (B.63) and (B.64), for sufficiently large B and
|U||, = B, we have

%,vec (Og) + %) — ¢ (Bo, vec (©g)) > 0. (B.65)
Therefore, as described by Fan and Li (2001, 2002), under [|U||, = B, (B.65) implies that
(B.52) holds. Consequently, the result (B.50) is shown.

Uy ¢ (50 +

Step 2: Taking average on (B.50) with respect to b.
By the formulation of the SIMEX algorithm, for any given ( € Z, we have

B¢) = %i@,(o and vee (8(¢)) = %iv (6:0)).

Hence, (B.50) gives that

2

_'

T

(307 vee (860)) ) = (7. vec(@n)")

2

_ (ﬁOT, vec (@o)T>T}

2

2

2

_ (@OT, vec (@o)T)T

IA
| =
M=

2

1
_ 0, %) , (B.66)

where the last step is due to (B.50).
Step 3: Establish the final result.
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Let ¢ — —1 on (B.66) gives

|7 w6r) (s et607)], =0 ().

and thus the proof completes. O

B.4 Proof of Theorem 3.3.2

B.4.1 Proof of Part (a)

In this part, we first study the property of the estimator of 3, and then examine the
estimator of ©. Finally, combining those two results yields the desired theorem.
Part 1: Inference for Sy

The following derivations consist of three steps.
Step 1: Fxamine gl(b, () = {j : the jth entry of Bb(g) is non—zem} and show that
Si(b,¢) =8, (B.67)
with a large probability.
~ ~ ~ T T
In the proof of Lemma B.2.3, we define 3,(¢) = (ﬁb;sl(é ), Bb;sf(c)) and B, = <5g51, BJ;Sf) ,
and let Bb,r(g“ ) denote the rth component of @,(C ). Let Z be the p-dimensional vector with

the rth component being z, = sign (Bb,r(§)> if Bb,r(g) # 0 and |Z,.| < 1 otherwise. To show

the sparsity recovery, we consider the primal dual witness (PDW) method (e.g., Hastie et
al. 2015, p.307). The strategy of the PDW method is to

(i) set Eb;slc(o = O(p—d,) and B\b;&(C) = ar%min {lo.c (Bs,,O0) + A1p1 (Bsy)};

T ~ ~
(il) write z = (fz\;, 3;) corresponding to the components of Bys, (¢) and By.se(C);

(iii) then show that

25|, < 1. (B.68)
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Indeed, as discussed in Lemma 11.2 of Hastie et al. (2015, p.307), if (B.68) is true,

~ T
then £,(¢) = (B\b;rsl(f),O&de» is an optimal solution of (3.14), and thus, (B.67) holds

with a large probability (e.g., Hastie et al. 2015, Theorem 11.3). So the remaining task is
to show (B.68).

By the KKT conditions and Theorem 3.3.1, we have
Usipc (@(O, 90) + Auz =0. (B.69)

Adding —Upgy ¢ (Bo, ©p) to the both sides of (B.69) gives
Usc (Bi(€), ©0) = Unac (Bo, ©0) = —AuiZ = Upac (Ao, €0). (B.70)

Applying the Mean Valued Theorem to the left-hand side of (B.70), we obtain that
Isne (B,60) (B\b(§> - ﬁo) = —AuZ — Upuc (B0, ©0) (B.71)

where 3 is a vector which lies on the “line segment” between Bb(g“ ) and Sy.

Adding I (8o, Oo) (Bb(g) — ﬁo) to the both sides of (B.71) yields

5.6 (Bo, ©0) <Bb(<) - 50) = =Xz — Uppc (Bo, ©0) — R, (B.72)
where R,,.5 is defined in Lemma B.2.4.
-

We write R, 3 = (R,T’Sl;ﬁ, R;Sf;ﬁ> according to the components of S; and Sf. (i) of

~ T T
the PDW method indicates that £,(¢) = <@51(C)70(Tp,d5)> and [y = <BOT;31,OT ) ,

(p—ds)
and thus, by the matrix algebra, (B.72) can be written as

I.s:800¢ (Bo, O0) (Bb;sl(C) - 50;51) = —Upsinc (B0, ©0) — AurZs, — Rys,35(B.73a)
Ig.5¢5,.¢ (8o, ©0) <Bb;81(§) - 50;31) = —Ussepc (8o, ©0) — AnrZse — Ry se,4B.73b)

For ease of notation, let Is s,s,,¢c and I3 ses, 5, denote Ig s,s,:,¢c (Bo, ©0) and g ses,0.¢ (B0, o),
respectively. Combining (B.73a) and (B.73b) gives

[ﬂvsfsubﬁfi}slsl;b,g {UB’Sl;b,C</BO7 @0) + >\n13$1 + Rn,Sl;ﬁ}
= UB,Sf;b,C(ﬁ(J, ©o) + )\nl/Z\Sf + Ry se.8, (B.74)
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yielding that
~ 1 - ~
csp = Aoy [I@S{'Subﬁlﬂ,}asl;bg {Us.s10.¢(B0, ©0) + AnrZs, + Rn,Sl;,B}]
nl
1
W {Uﬁ,sf;b,c(ﬁm ©p) + Rn,Sf;B} . (B.75)
nl
Now we are ready to show (B.68). (B.75) gives that
1
<
< )\nl

1
+)\_1 HUﬂ#Sf?b,C(ﬁO? @O) + Rn73f;ﬁ

| Zs; 11855500, 5,5, (Us.sime(Bo, ©0) + AmZs, + Rusiip)||

| o0

IN

/\Lm 11885500, 5 8,50 || (108,800,680, O0)ll oo + At 126, [l 0 + [ Bns1:l0)
45 (Wasgac(Ba o)l + [ Russall,)

1o (1= @) (1010 00l + Aot + [ Byl

5 (1Wssiac(B0. 00+ | Rusiol.)

IN

IN

1
(1= a)+ 53— (1= a) [[Ussi6¢(Fo, Oo)ll

nl

1 1
1 [Ussac(Bo, O0)| o, + 5 (2= 0) [ Russll.
nl nl

< 1 +a+a+a

_a —_— —_— —_—
4 4 4
«

= 1-—-<1
4 Y

where the third step is because Condition (C8) and ||Zs,|l« < 1 by the construction of
Zs,, the fourth step is due to that |R,s 5| < || Rnsll, and HRn,‘gf;ﬂ ‘Oo < ||Rpsll., the
second last step comes from Lemmas B.2.1 and B.2.4. Hence, we have Sy (b,¢) = & for
every b=1,--- B and ( € Z with a large probability.

Step 2:

Let S, €)= {j ev: B\] () # O}. By (3.15) and (B.67), we have that S (¢)=81(¢)

with a large probability.
Step 3:
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Finally, since ZB’\(C) SN 3 as ( — —1, then §1(C) 25 8,. As aresult, §; = S; with a
large probability and ¢ — —1.

Part 2: Inference for §2

The proof of this part follows similar to that for Part 1; the only differences here are
to replace the quantities for S in Part 1 with the corresponding versions for ©, as outlined
in the following three steps.

Step 1: Ezamine Sy(b, () = {(s, V)« entry (s,v) of ©y(C) is non—zem} and show that

gz(ba C) =85,

with a large probability.
In the proof of Lemma B.2.3, we define

vec <(:)b(C)) = (Vec <(:)b;82<0>T ,vec (éb;sg(g)>‘r)‘l'7

and let (:)b,sy({’) denote the component (s,v) of (:)b(C). Let i be the (p? — p)-dimensional
vector with the svth component being i, = sign (@b,sy(C)> if (f)bys,,(g) # 0 and |fig| <1

otherwise. To show the sparsity recovery, we consider the primal dual witness (PDW)
method (e.g., Hastie et al. 2015, p.307). The strategy of the PDW method is to

(i) set vec (@b;gs(C)) = 0(p2—p—de) and
vee (85, 0)) = angmin {l¢ (6o, ©s,) + Map2 (05,)}
S2
T .
(ii) write g = <ﬁ§2, ﬁ}z) corresponding to the components of vec (@b;SQ(C )) and

vec (éb;ss(g)>;

(iii) then show that
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By the derivation similar to (B.74), we have

I6,558:0.¢ 165,800 ¢ 1U0.82.¢ (B0, O0) + Anafls, + Rnsy0}
= U@,Sg;b,((ﬁO: @0) + >\n2/782c + Rn,gs;@,

yielding that
isg = )\an []@,sgsg;b,<15,§252;b,< {Uo,s5.c(Bo, ©0) + Anafls, + Rus,:0}]
—A%Q {Us,s5.¢(80,00) + Ryss0}
and ||ZZ55 . < 1. As a result, we have S, (b,() = Sy forevery b=1,--- ,Band ( € Z

with a large probability.
Step 2:

Let S (¢) = {(s, V)€ E: 0, (C) # 0}, then we have 85 (¢) = Sy (¢) with a large

probability by the relationship (3.15) and the result in Step 2.
Step 3:

Finally, since O(¢) = © as ¢ — —1, then 8,(¢) == 8. As a result, Sy = S, with a
large probability and ( — —1.
Part 3: Inference forJ\A/'

Since S; = S and S, = S, with a large probability. Then by the definition of A’ and
N, we conclude that N'= N with a large probability.

B.4.2 Proof of Part (b)

To show the sign recovery, as described in Ravikumar et al. (2010, p.1301), it suffices to
prove that Hﬂsl — Bo.s, vec(BOs,) — vec(BOg,s,)

and ‘
o

are bounded. Noting that

Hﬁ‘ﬁ - ﬁ0;31

< ||Bs. — s,
[e.o]

2

and

~

Hvec(@&) — vec(Op.s,) < HVGC(@Sg) — vec(Bg,s, )

Y
(e 9]

then Lemma B.2.3 shows that HB& — Bo.s,

and Hvec(@32) —vec(Ops,)|| arebounded.[]
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B.5 Proof of Theorem 3.3.3

Define

Dy (U, 0) = ¢ <50 + %, vec(0g) + %) — Uy (Bo, vec(©yp)) , (B.76)

where ¢ (-, ) is defined in (B.51), and Sy + \% and vec(0g) + \%, respectively, express
parameter values of § and vec(©) that are of interest.

As derived in Appendix B.3, u,, = /n <Bb((’) - ﬂo> and v, = \/n (Vec <(:)b(C)) - Vec(®0)>
satisfy

(tp, vp) " = argmin @y ¢ (u, v). (B.77)

Recall that Sy ={j € V : 8; # 0}, So = {(s,v) € E : 05, # 0}. By Theorem 3.3.2 (a),
. . T
we have fsc = 0 and ©g¢ = 0. Therefore, we can express u, = (@,T(C),O?;,_ dﬁ)) and

Uy = <c/l;r(C),0T )T, where

(p?—p—de)

&(Q) = vt (Bos (O = Bos,) and () = vin {vec(Br,5,(0)) = vee(®us) } . (BT8)

Furthermore, let parameter values s, and vec(Og,) be expressed as f.s, +5 and vec(Og.s,)+
\/iﬁ, respectively. Then (B.77) is re-written as

(). d(C) ) = argmin @y, (c,d) (B.79)

c,d

To show Theorem 3.3.3, we proceed with the following four steps.
Step 1: Show that

RN i AT & i
Ppc(c,d) = 7 > whi ¢ (Bosi Oos,) + 7 > " wihe Boisi, Ouis,)
=1 =1

dTI@,Szb,C (60;517 @0;32) d+ Op(l)a
(B.80)

1 1
+§CTI/3,Sl;b,< (Bo:s1» Ou;s,) €+ 3
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where similar to the structures of (B.14) and (B.22), we define

; T ; G\ (t; Boss,» Ovis,)
(7/) (Z) B’b7< ) o1 O2
Wa. . 1,@ :Sy) = —< W - dNZ t
B;b,¢ (ﬁo,s 0;S: ) /0 { b (O g@g(t; 50;81’ @0;82) ( )

mt)exp(z Wb+ 8 WJ,?(C)W&,?(QQOSV)

resy (8,v)ES2

0 gb,{ (ta 50;51 P 90;32)

' g(l) (t BO'S @O'S )
W@ ey — 2Bt PoS1, P05 dN(t
X { b (§> gb,g‘(t;ﬁo?sl’ ®O;Sz> ( )

and

1) 4.
5. (L3 Do, 17@ ;S2
Gouc(t; Bos 0,3)} AN (1)

(0 _ [ @ ( -y _
Ve (Possis Ous,) = /0 {(vas (<>Wb7”(<)>s¢u Gu,c(t; Bos,» Ouss, )

Yi(t) exp (z Wb+ 2 Wé,i3<<>wzf,?<<)005y>

resSy (s,v)ES2

/o Gb.c(t; Boss,» Oo:s,)

. . Go [t Boss,» Ouss,)
wOOw? — 2obe T A b | AN (1).
X {( b,s (C) b’y(<)>s;ﬁu gb,((t§ Bosi»©o.s,) "

First, we write

Dy (c,d) = Vi + Vo + Vi,

where

c d
Vi = Uy (50;51 + N Oo.s, + %) — Uy (Boss,» Ooss,)

Vo = A {01 <50;51 + %) — P (50;51)} ;

d
Vi = A2 {P2 (90;52 + %) — P2 (90;52)} .
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We now examine Vi, V5 and V3 in the following three steps

Step 1.1: Show that

T n T on
c 9 d 0
‘/i - % ; wﬂ,b,c (/80;81 ) 60;82) + % ; w@,b,(j (ﬁo;slj @0;82)

1 ) 1
+§CT15 S1;b,¢ (60 S1s @0;52) c+ §dTI®,82;b,C (ﬁO;Sn @0;32) d+ OP( ) <B83)
By the second order Taylor series expansion, (B.82a) becomes
c’ 1ch c
io= ZUssun (Boisi» Ooisa) + 5 N (Boss1» Oois, ) 7
d’ 1d’
\/—U@ Saibic (Boisi Ovis,) + a0 \/—fe Saibic (Boiss Ooss,) T (B.84)
By the similar derivations of (B.60a) and (B.60b), we have
1
Apsing (Bossi, Oosa) = Lo.sive (Boisi, Ovisa) + 0p(1) (B.85)
and
(B.86)

1
osung (Bo:sis Ouis,) = Lo .sb¢ (Boisys Ouis,) + 0p(1).

On the other hand, by the derivations similar to (B.14) and (B.22), we have

1
TUB& bC(50317@0$2 - Zwﬁbg‘ 605276032) +OP(1) <B87)
and
1
%U@swg(ﬁosy@o& \/—Zwebg (Bo:s25 Oo;s,) + 0p(1), (B.88)
Therefore, combining (B.85), (B.86), (B.87) and (B.88) with (B.84) gives (B.83)
Step 1.2: Show that
Vo = 0,(1). (B.89)



Indeed,

Vo = A {m (50;31 + %) — P (50;31)}

C w)

By the derivations similar to (B.63) in Appendix B.3 yields (B.89) as ’\—\}% — 0.
Step 1.3: Show that

Vs = 0,(1). (B.90)

Finally, by the derivations similar to (B.82b), we have that as ’\ﬁ — 0,

o {1 (O + <) = e (@) | = o0,

and thus (B.90) holds.
Therefore, combining (B.83), (B.89) and (B.90) with (B.81) gives (B.80).

B

Step 2: Let ®; (c,d) = 5 > Pp¢ (¢, d), where Oy ¢ (¢,d) is given by (B.80). Now we exam-

1
B

b=1

ine the minimum of ®¢ (¢, d)

Indeed, ®¢ (¢, d) can be expressed as

' &g d" < G
O (e,d) = = W (Bos1» Ouis,) + —= w2 (Bo.s, Ous,)
¢ \/ﬁ ; B;¢ 1 2 \/ﬁ ; 05 1 2
1 1
+§CTIﬁ,sl;4 (Bo:sis Ous,) € + §dTIe,sz;c (Bo:s1» Ouss,) d + 0,(1),
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where

w,g;)b,g (ﬁ0§317 @0;32) )

@[~
M=

Wg,)g (60;317 @0;52) =

T
I,

wg;)C (ﬁ0;817 60;32) = wg;)l%C (50;817 @0;82) ’

&~
M=

)
X

1

Ts.51:¢(Bo.sis Oosy) = Ts.5::0.¢ (80515 Oois,), and

ool
M=

>
Il
-

To,5,:¢(Bo.si, Oosss,) Z6,8::6.¢(Boisi, Oosss )-

@~
M=

S8
I
-

Recall that &(C) = vt (s (¢) = fos, ) and d(Q) = v {vee(By,s,(¢)) — vee(@uss,) }.
which are defined in (B.78). Similar to the definition in (3.15), we define

(0. d0) = éi(a@)ﬁb(o)-

Therefore, according to (B.79), we have

(0. d10) = argcgm{éicbb,c <c,d>}

= argmin @, (¢, d).
c,d

Step 3: Show that as n — oo,

vn <BSI(Z) — Bo.s, (2), vec (@SQ(Z)) — vec (@0;32(2))) LN arg(;rélin Do (c, d),

where

Do(c,d) = (c',d") (2’)’ )

(c".d") ( Zs.5::2 (Boss,» Ouss, ) 0 ) ( ¢ )
) 0 Zo,85:2 (Bo,s» ©o:s,) d )
(B.91)

N[ —

_|_
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Let ¢(Z) = i (331(2) - 50;31(2)) andd(2) = /n <Vec (C:)SQ(Z)) ~ vec (@0;52<2))).

Write
(2(2).d(2)) = vec{(2(0).d(0) : ¢ € 2}
We define
WL(;,)Z (50;317 @0;32> = vec {wg,)( (60;517 @0;52) Q€ Z} )
Wg?z (50;517 @0;$2> = vec {Wg;)g (60;317 @0;32) :C € Z} )
Zs,5::2 (Boisi» Ouss,) = diag {Zs.s,:¢ (Boss,» Oois,) 1 € € 2},
and
Ze.5::2 (Bo:si» Ouss,) = diag {Ze s,:¢ (P05 Oois,) 1 € € 2}
Write
1
%U,B,Su z (Bo;s15 Ouis,) = \/—ngz (Bo:si> Ouss,) + 0p(1)
and
1
%U@,SQ; z (Bosi: Ouss,) = \/—Zw (B0;15 Oois,) + 0p(1).
Define

d

¢Z(cv d) - Z (BO;SU @0;82) + %UG,S%Z (50;317 60;32)

C
\/ﬁ B,51;

2

(B.92)

(B.93)

(B.94)

1 1
+_CT15,31;Z (BO;SU @0;52) ¢+ 5dTI@,$2;Z (60;517 @0;52) d+ 0}7(1)' <B95)

By the derivations similar to Section 3 of Carroll et al. (1996), we have that as n — oo,

1 d
— U;je. <. . Op. U
\/ﬁ B8,581;2 (50,517 0,52) —

1 d
%U@,&;z (Bo.si5 Ons,) — V,
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where U is a random variable having the distribution N (0,X3), V is a random variable
having the distribution N (0, Xg),

Y3 = cov {wg)z (Bossy s @0;52)} , and Yg = cov {w(@i;)z (Bossy s @0;52)} )

Hence, combining (B.93), (B.94), (B.96a), (B.96b), and (B.95) yields that as n — oo,

1 1
Oz(cd) 5 TU+AV+ §CTI,8,$1;Z (Bo:s15 Oo;s,) €+ édTIe,SQ;z (Bo:si» Ooss,) d
= @0(0, d),
where ®¢(-,-) is given in (B.91).

On the other hand, by the argmin continuous mapping theorem (Kim and Pollard 1990;
Huang et al. 2014), we have that as n — oo,

argmin ®z (¢, d) —Ly argmin @, (e, d), (B.97)
c,d c,d

and together with (B.97) and the fact that (En(Z),gn(Z)) = argmin ®z (¢, d), we have
c,d
that as n — oo,

Jn <§51(Z) — Bos, (Z), vec (@52(2)) ~ vec (@SQ,O(Z») s argmin @o(c, d).  (B.98)

cd
Step 4: FEstablish the result in Theorem 5.5.3.

Finally, we need to extrapolate the estimators from (B.98). Let R(I'y) = Bs,(Z) —
©1(Z;T'1) and Re(I'y) = vec (@SQ(Z)) —2(Z;T'9). Applying the least squares method to
(3.16), ') and T, can be obtained by solving

#r,1Rs(T) =0 (B.99)
and

¢r,2Re(l2) =0, (B.100)
respectively, where or, ; = %goj (Z;T;) with j =1,2.

By (B.99), we have

~

ot {Bs(2) = 8.2} = o, {1 (E:T1) —@r (2T} (B.101)
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Multiplying +/n on both sides of (B.101) gives

otV {Bs(2) - 8s.(2)} = el Vi {e (20) w1 (ZT)}. (B.102)

For the right-hand-side of (B.102), applying the Mean Value Theorem, there exists I'*
which lies on the “line segment” between I'; and I'y, such that

\/5{901 (Z;ﬁ) — 1 (Z; F1)}
- \/_{8?1%(2 ) 1>}
= \/_{8?1%(3 F1< F1> op(1 ( F)}
IR I S
= som,l\/ﬁ(Fl—Fl)Jrop(l), (B.103)

where the third and fourth steps are due to that fl is a consistent estimator. Therefore,
combining (B.102) and (B.103) gives

otV {Bsi(2) = Bs,(2)} = elaprav (T = Th) +0,(1). (B.104)
Thus, we can derive
Vi (T =11) = (o) ol avin {Bs/(2) - Bs,(2)} +o,(1).  (B.105)
On the other hand, by (B.100), we first have
ol {vec (05,(2)) = vee (0s,(2)} = oo {2 (2:T2) —2(2:T2) ), (B.106)
then similar to the derivations for (B.104), we obtain that

o, v {vee (B, (2) ) = vee (Os,(2)) } = (91, 0rs2) Vit (T2 = T2) +0,(1)

which gives
Vi (T2 - )
= (phavrae)” phavi{vee (85,(2)) — vec(05,(2))} +0,(1)  (B.107)
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by derivations similar to those for (B.105).
Recall that

o(2) = v {fs,(2) - 6s,(2)}

and

~ o~

d(Z) = /n {vec (@SQ(Z)> — vec (@52<Z))}

given by (B.92), and let I = (I'{, FZT)T. By (B.105) and (B.107), we further have

—1 .
ﬁ(f_r> — < (90111,1s0r1,1) 190;1712(2) >

(@;2’2801"272) - @;27261(2)

—1 o~

_ (er,19r01) 0 X ( YT 9 ) ( c(2) >
0 (ofy2r22) 0 or,p d(Z)
- cZ

2 (o) ol ( i ; ) (B.108)

0
h o ¥rit .
where ¢ ( 0 orys
Therefore, combining (B.98) and (B.108) yields that as n — oo,

N (f — F) N argrgin (gpggp})fl O Bo(c, d). (B.109)

N~
(1>

Bs, — Bos:
Vi ( vec (@:) - Vei (©;s,) )
= va{euD) e}

= GLDVa (T =T) +0,1), (B.110)
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O¢1(—1;I'1) 0

where ¢'(—1;T) = 851 Bpa(—1:T) ), and the third equality is due to the Mean
oT;

Value Theorem, consistency of the estimator and the derivations similar to those for

(B.103).

Therefore,combining (B.109) and (B.110) and applying the delta method, we have that
as n — 0o,

\/ﬁ <§S1 - /60;317V€C <@Sz> — vee (@0;32)> i> argmin (pl (_1; P) (‘ngpi‘) 901“ (PO(C d)

and the proof completes. 0
B.6 Proof of Theorem 3.3.4
We write
R t idNZ(U) t
Vi {Rg,t0.0 - a0} = vad [ = - [ ano(w
* 39 (W01 55, 0s) Yilw) 0
= Wi(t;b,C) + Wa(t; b, Q), (B.111)
where
t z”:sz(u)
Wi(t:b,¢Q) = Vn / =
0 Zg( +2(¢): Bs,, Os,)Yi(w)
t > dNi(u)
_/ _ =1 (B.112)
"3 90V (0): By, O ) Vi)
and
¢ idNi(u) t
Wa(t:b,¢) = v/n / _ —=1 —/ dAo(u) . (B.113)
O 3 g(W(Q): Bus, Ous,)Yilu) 0

i=1
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Step 1: Ezamine (B.112) and show that

Fsu¢ (t; Poss,, Oo.s,) )T Bs, — Pos
Wi(t: b, ¢) = pib s sy 0 Y :
1( T C) \/ﬁ ( F@;b,( (ty 50;517 60;52> VeC(®SQ> - VeC(GU;SQ)

Let Gy <U; le, @52) Z g ( ( ); ﬁgﬂ 932> Y;(u) where g <Wb(i)(C); le, @32> i
defined in Section 3.2.3. Applymg the Taylor series expansion for G ¢ (U; le, é&) around
(Bo.sys Oo.s,) yields

1 B 1
Gb,( (U/, B\Sl) @82> Gb7< (u7 60;317 90;82)

T —~
= 1 G(ﬁl,?),g“ (u; BO;&? @0;$2> Aﬂsl - 50;81
{Goc (43 Bosy Ousss) Y\ G (13 Bosys Ouss,) vee(s,) — vee(Oy,s,)

1
()
Then (B.112) becomes

dN; ~
— \/_/ Z ( ) GB i, ( 60 3 S1 @0 52) ! A681 - BO;Sl
(G (43 Bos1» O0s,) )\ Gohe (1: Buss, . Ouis,) vec(Os,) — vec(Op;s,)
+op (1)

dN T ~
— Z ) G,(B{I)),{ (u; 50;317 @0;52) \/ﬁ A/le - 50;81
{Gbg u; B Qo) o\ G (15 Boss,, Ouisy) vec(Bs,) — vec(Qps,)

—|—0p
(B.114)

Since

% S aNi(w) £ 4B {Ni(w)}
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uniformly at v as n — oo. Therefore, as n — o0,

dN; T

Z " GG (s Bos,» Ous,) as, ( Fayc (t; Boss,, Oois,) )T
{Gb ¢ U; 60 ;S19 @0 52)}2 G(@;)ILC (’U,, 60;817 @0;82) F®§b,C <t7 50;517 ®0§52) ’
(B.115)
where
t dE {Nl(u’)} g(l) (U, BO;SU @0;82)
Fﬁﬂ?,( (t; 60;317 60;32) = / Bibg 5
0 {gb,C (U, 50;817 @O;Sz)}
and

tdE {N ( )} g@ b.C (u7 ﬁO;Su @0;52)
{gb,cj (U, ﬁ0;31 ) 60;32)}2
Therefore, combining (B.114) and (B.115) gives

T ~
Wl(t; b, g) _ \/ﬁ ( Fﬁ;ILC (t§ 50;317 @0;32) > ( VeC(Aﬁsl - 50;51 ) ) (B.116)

Fouc (t; Bosi» Ooss,) = /
0

Fouc (t; Bossi» Ouss, ) Os,) — vec(Op.s, )

Taking average on (B.116) with respect to b yields
1B
Wit Q) = & ;Wl<t; b,¢)

Figc (; Boss: » Ouss, ) )T 381 — Bos,
’ o Y X ’ 1
Vi ( Foy (; Boss:» Ouss,) vec(Bs,) — vec(Op.s,) +op(l)

& VRF(EQ) 4 op(1). (B117)
where
B
Fpic (5 Bosi» Oos,) = Z s.c (£ Posi» Ovss)
and
Foyc (t; Bosi, Ooss,) = ZFG)b( (t; Boss1» Ooiss) -
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Step 2: Fzamine (B.113).

Since

: dNi(u) = g (W, (C); Bussy» Ouis, ) Vi(w)dAo(u
weso — i & { N ) =g (W7 (Q): o Ous, ) Yilw)dAa(u) |

> 9 (W(0): s, O, ) Yilw)

=1
O [ 2w — g (WO s, Ovs, ) Vilwdo(u) |
_ L& +oy(1)
v Jo Gb.c (u; Boss, ; Ouss,) :
2 %zwi(t;b,C)Jrop(l). (B.118)

Taking average of (B.118) with respect to b gives

Walt;¢) = %wat;m%(l), (B.119)

B
where W;(t;¢) = £ > W,(6;b,0).
b=1
Step 3: Establish the result in Theorem 3.5.4.

Combining (B.117) and (B.119) yields

Vi {0 = M)} = 2= S {F(EQ + Wilt0)} + 0. (B120

Suppose that ¢ (¢;Ts) is a regression function, and I'y is the associated parameter.
Let Ra(I'a) = Ago(t; 2) — @a(2;Ta) for a given time point ¢, and let I'y denote the
solution of

e ARA(T2) = 0.
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Similar to the derivations for (B.105), we have
Jn {fA _ FA}
—1 ~
- (w’JAso’m) eiTav/n { A o(t: 2) = Molt)}
— Z T oh ) AT AR 2) + Wit 2) + 0,(1). (B.121)
\/— PAPTA)  Pra ; il p
Finally, applying the delta method to (B.121) and taking ( = —1 as the extrapolation
gives

Vi { R = Ao(t) |

1 )
- Un Z Pa(=LTn) (SO/FTAQOIF,A) A {F (6 2) + Wit 2)} + 0,(1)
=1
1 & B
= = AT (Alavta) LR 2)
=1

1 - / / / -1 /
+% Z PA(=1Ta) (eravha)  oraWilt; Z) +o,(1)
=1
£ A(t)+B(t) +o0,(1). (B.122)

Noting that ¢} (—1;T4) (gp’FTAgp’DA)fl ¢ AF(t; Z) is free of index 4, then by the definition
of F(-) in (B.117), A(t) can be re-written as

-1
A(t) = Vnpy(—1;Ts) (¢ aera)
T A~
Fa.z (t; Bo.si, ©oss,) ) Bs, — Bos
X/T B; 2\t F0;S1 ;S P! ;S1 +01
Pra ( Fo.z (t; Bo.s,, ©o.s,) vec(Os,) — vee(Op.s,) p(1)
Thus, when n — oo,

-
d -1 Fp.z (t; Boss,» ©o:s,)
A(t) = Oh(=1;T4) (5 et a FiZ A0 0351, 2055
(t) O ( A) (SOF,ASOF,A) ¥r,A Fo.z (t; Bo.s, @0;82)

x argmin ¢’ (—1;T) (¢} ¢f) " ¢l @o(c, d). (B.123)
c,d
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Let W;(t) = ¢\(—1;T)) (gogAcp'F’A)fl o AWi(t; Z). Since W(t;¢) are iid. with mean
zero due to Condition (C5), so by the Central Limit Theorem, when n — oo,
1 n
B(t) = NG ;Wz’(t) + 0p(1)

L W), (B.124)

where W(t) is a Gaussian process with mean zero and covariance E {W,(t)W,(s)}. There-
fore, combining (B.123) and (B.124) with (B.122) gives that as n — oo,

.
N . d (1. T =L 7 FB;Z (75;50;317@0;32)
Vi {Rgo® ~ a0}~ W)+ AL (elagh) "ol (112 (s Qo)
T

. -1
X argmin ¢ (=L;D) (o ) o @o(c, d).
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Appendix C

Proofs for the Results in Chapter 4

C.1 Regularity Conditions
(C1) P(Ri(r)=1) > 0, where R;(t) = I{Y; > t} and 7 is an upper bound of survival
times which is assumed to be finite.

(C2) Censoring time is non-informative. That is, the survival time and the censoring time
are independent

(C3) The {I(Y; <t),X;} are independent and identically distributed for i = 1,--- ,n.

(C4) The bandwidth A falls in the interval H,., = [hyn~", h,n~"] for some constants h,
and h, and k € (1/(4q), 1/ max{2d + 2,d + 4}).

(C5) A is nonsingular.

(C6) Both X and Y satisfy the subexponential tail probability uniformly in p. That is,
there exists a positive constant sy such that for all 0 < s < 2sy,

Sl;p lrg]?é)E {exp (sHXka)} <oo and F {exp (3||Y||f)} < 00.

(C7) The minimum DC of active predictors satisfies

min w;, > 2en~¢
keT

for some constants ¢ > 0 and 0 < & < 1/2.
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Conditions (C1) to (C3) are regular assumptions in survival analysis for the establishment
of the asymptotic properties (e.g., Andersen and Gill 1982). Conditions (C4) is a constraint
for bandwidth and is used to establish the /n-consistency of B (Huang and Chiang 2017).
Condition (C5) indicates that A is a positive definite matrix and is used to establish the

asymptotic distribution of B. Conditions (C6) and (C7) come from the requirement for
the feature selection (e.g., Li et al. 2012).

C.2 Technical Lemmas

Based on definitions in (4.22) and (4.23), we further define

F) (v, u) = FY) (. BTu) —FY7) , (y, ) (C.1)

and

F ) =B (0. BTu) = Fy 1 (v, 0) (C.2)

for [ = 0,1 and j = 0,1,2. In particular, we let E7B7L(y,u) = E(S;L(y,u), I@LB’L(y,u) =
E(%L(y, u), and F; g 1(y,u) = FE%L(% u) for 1 =0, 1.
Furthermore, we define

FO(y,u) = FO(y, BTu) — F9(y, u) (C.3)

for 5 = 0,1, where ﬁ(j)(y, BTu) = Viec(B)ﬁ(y,BTu), and FU)(y,u) with j = 0 and 1 are
defined in (4.25) and (4.26), respectively. In particular, when j = 0, we have F(© (y, BTu) =
F\(y, BTu) and FO(y,u) = F(y,u). As a result, let F(y,u) = FO(y,u) if j = 0. Noting
that F) (y, B"u) involves the measurement error correction L, so here we add the subscript

in (C.3) to emphasize the involvement of L. That is, if L is known, then we re-write (C.3)
by

Fip () = Fy (v, BTu) = Fily (y,u);
if L is unknown and is estimated by L, then we express (C.3) by
Fyp ) = By, BTu) = Fily (y,u).
In the following two lemmas, we present the convergence rates of (C.1) and (C.3).
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Lemma C.2.1 Suppose that regqularity conditions in Appendiz C.1 holds. For j = 0,1,2
and |l = 0,1, if L is known, then

Sup HIE‘lBL (y,u )H =0 (h?)+o <\1/0%> (C.4)

almost surely (a.s.); if L is unknown and L is the estimator of L, then

sup [E9) )| =0 () + 01 0 (B ) s, (©5)

Proof:

We first show (C.4). Since {I(Y; < y) : y > 0}, {K(B'U; —u) : B € RP*?} and {(U; —
w)® : j = 0,1,2} are the Vapnik-Cervonenkis (VC) classes by Giné and Guillou (2002,
p.911) and Lemma 2.4 in Pakes and Pollard (1989). Besides, Lemma 2.12 in Pakes and
Pollard (1989) implies that those three classes are Euclidean, and thus, Lemma 2.14 in

Pakes and Pollard (1989) indicates that {5 {I(Y; < y)}' VI K <BT(Z - u) LY, U, B} is

also a Euclidean. As a result, by Theorem I1.37 in Pollard (1984) and derivations similar
to Giné and Guillou (2002), we have

e = log(n
Fib oy, BTu) = B{FD (. BTu) } = o (#) a.s. (C.6)
and
BB BT}~ B0, BTw) = 0.(0) a )

for { =0,1 and j = 0,1, 2. Therefore, combining (C.6) and (C.7) gives (C.4).

We next show (C.5). Since L is involved, then we consider
Fgg 2y = Flp 1 (y,0)
- - Z {10 < )Y Vo) (K (B0 =) =K (BTU; — ) }]
= - Z ST < Y Vo {VIE (BTU - w)}| (T-1).
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Since L is estimated by either repeated measurements of validation sample, by the similar
derivations of Theorem 1 in Zhang et al. (2014), we have

> p log(m)
L-L=o(222)
()
As the result, we have
G F0) _ (P log(m)
;3% HFZBL — sy, U)H =0 (W ’
and combining the result (C.4) gives the desired result of (C.5). O

Let (}fgo (y,u) be as defined in (4.24). In addition, define

1

(—1)1HF1—13L(%BTU)
¢ (y,u) = F9)y o (y,u) LB, (C.8)
. Z Fo 5 (v, BT )

1 1=j
X (Z(Z +1' = Z)Flllfl’,B,L(ua BTU>F§j,B,L(y7 BTU)F}/,B,L(% BTU))

I'=0

Lemma C.2.2 Suppose that reqularity conditions in Appendiz C.1 holds. For j = 0,1, if
L 1s known, then

sup
y,u,B

ZCZB y,u)|| = <\/15> a.s.; (C.9)

if L is unknown and L is the estimator, then

FJ (y,u ZQB y,u

sup
y,u,B

YRR
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Proof:

For j = 0, by expressions (4.19) and (4.22), we observe that

ﬁB,L(y,U) = F\B,L(ya B'u) — Fp r(y,u)
Fi5:(y, B'u) _ Fi,p,0(y, )
FO,B,L(y; BTU) ]FO,B,L(ya U)

F15,1(y, BTW)Fo 5.1 (y,u) — Fop.r(y, wFy 5 1 (y, u)
Fo.5..(y, BTw)Fo 5.(y, u)
FO,B,L(% U) {E,B,L(y, BTU) - Fl,B,L(Z/; BTU)}
ﬁo,B,L(y, BTU)FO,B,L (y, U)
F1.5.0(y,u) {@O,B,L(y; BTu) —Fop.o(y, BTU)}

@O,B,L(ya BTU)FO,B,L<Z/7 U)

_ ﬁ1,B,L(y7BTu) . F(yvu)ﬁo,B,L(yv BTU’) (C 11)
Fo,p,.(y, BTu) Fopr(y, BTu)

where the fourth equality is due to adding and subtracting an additional term Fy g 1,(y, u)
x F1 g r(y,u), the fifth equality comes from (C.1) with j =0 and [ =0, 1.

N ~1
Moreover, applying the Taylor series expansion on {]FQ B.L(Y, BTu)} gives

~ 2
1 1 ﬁO,B,L(y, BTu) 2 {FO,B,L(Z/: BTu)}
Iﬁo,B,L(%BTU)  Fopr(y, BTu) Fg,B,L@,BTU) ﬁS?B,L(y; BTu)

. (Ca2)

where E’;’B’L(y, BTu) is between @O,B,L(% B'u) and Fy g 1,(y, BTu). Combining (C.11) with
(C.12) and applying Lemma C.2.1 give

=(0 (0
F) 1 (g, w)F) L (y, )
IE%,B,L(y’ BTU)

(0 1 - 0
Fé,)L(ya U’) = E Z €z§732(ya U) -
i=1

~ ~ 2
2y 5.0 (y, BTu) {Fh 1 (v 0)
+ =
]FS?B,L(ya BTu)

, (C.13)

where Ci(fg(y, u) is given by (4.24).
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By Lemma C.2.1, we have

W = " (0

Bl F ) el BT {FD 0} |

u 7 ]7F2 7B"7F - A*g T - Op a.s..
yu,B 05,0y, BTu) Fo’s (v, BTu)

(C.14)

Therefore, combining with (C.13) and (C.14) gives (C.9) with 7 = 0. Similar procedure
gives (C.9) with j = 1.

We next discuss the derivation of (C.10). Since

F () = Fy(u.BTu) — Fy(y,u)
= (F 7 (y. B u) — ﬁgl(y,BTUD (ﬁél(y,BTU)—Fg)L(y,UD
= (FO(y.BTw) ~ Fyy, BTw)) + Ff) (y,0) (C.15)

for 7 = 0,1. The second term of (C.15) is derived, so the remaining target is the first term
of (C.15). By the Taylor series expansion on Fg)z(y, u) with respect to L gives

B9 (g, Bw) = By (. BTw) = (VLESL (. BTw)) (L - 1)

for j = 0,1. By the result in Lemma C.2.1, we have

; 1
su (v, B"u) — P (5, B )| = o (—) C.16
sup H iy sy B )l =op { 7= (C.16)
Consequently, combining (C.16) and (C.9) with (C.15) gives (C.10). O

Let
ot = B{|[1(i<y) - Fly. B0}

() = E{|F.BIU) - Fly, BTU)|}

quK dU { F(Z/, )}l_l quOBL(y7u)
Bp(y,u) = =———————(dh?) :
B(y ) q! lz; Fo ,B,L (?L )

(J K (v)dv)" F(y,u) {1 = F(y,u)}
nhdeTU( ) .
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In addition, define
AMISEg(h) = E{B%(y,B"u) + Vs(y, B u)}
and

2 .
. UO+AM]SEB(h) if ST|U QS(B)
ECV(B,d, h) = { 02 + 2(B) + AMISEs(h) if Sry & S(B).
In the next lemma, we examine the behavior of the CV value.

Lemma C.2.3 Under regularity conditions in Appendiz C.1, if Spip € S(B), then
|CV(B,d,h) — ECV(B,d, h)|

= o0,(1) a.s.: C.17
B AMISEg(h) o(1) a-s: (C-17)
ifST|U g S(B), then
|CV(B,d,h) — ECV (B, d, h)]
—0,(1) a.s.. C.18
B bo(B)AMISER(h) p(1) a.s (C.18)
Proof:
Let
Eiy, = 1(Yi<y)—F(Y;,BjU;),
52;7;7Yj = F(Y}vBOTUi) - F(YJWBTUi)v
Esay, = F(Y;,BTU) — FCO(Y;, BTU,),
and

~
i

Eiy, = FUOY;,BTU) — FON(Y;, BTU,).

Then the cross-validation criterion (4.20) can be decomposed by

1 n , 1 n ) 1 n , 1 n ,
CV(B’ d’ h) - ﬁ Z gl§i7Yj + E Z 82§ivyj + ﬁ Z 53§ivyj + ﬁ Z 54%1’71/]’

ij=1 ij=1 ij=1 ij=1
1 < 1 1
+ﬁ Z Eriy;Eaay; + e} Z Eiy; Esay; + 2 Z Eriy,Euay,
ij=1 ij=1 ij=1
1 < 1 < 1 <
+E Z E2iy; sy + ) Z Eriv;€aay; + ) Z E3iv;aiy;
ij=1 ij=1 ij=1
£ S1+Sy+S3+ S, + R+ Ry+ Ry + Ry + Rs + Re. (C.19)
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To study the uniform consistency of CV(B,d,h) and ECV(B,d,h), we consider the
following two scenarios.
Case 1: Sy € S(B).
In this case, we have F(y, Bju) = F(y, B'u) (e.g., Huang and Chiang 2017). Thus, we
immediately have

SQZR1:R4:R5:0.

Since S is the form of U-statistic, then applying the convergence property of U-statistic
(e.g., van der Vaart 1998, Chapter 12) gives that as n — oo,

Sy 1 op. (C.20)
By Lemmas C.2.1 and C.2.2, S3 can be expressed as
1 n
»T {ﬁ S 3 Gun (. 5T0) G (1. B7T)
#n#j2 k=1
1 n
TR -1) > s (Y BTUi)} {1+0,(1)}

i£j k=1
= {Ki(B) + Ky(B)} {1 + 0,(1)} . (C.21)

Since the class {(j, 5 (y,u)} is Euclidean (Pakes and Pollard 1989, Theorems 2.13 and
2.14), then by the derivations similar to Theorem of Huang and Chiang (2017), we can
show that

Sl;p |K1(B) — E{B% (Y, B'U:) }| = 0,(1) a.s. (C.22)

and

sup |Ka2(B) — E{Vp (Y, B'U;) }| = 0,(1) a.s.. (C.23)
B
As a result, by (C.22) and (C.23), we have

1
sup |S3 — AMISEgR(h)| = 0, | dh*1 + — | . (C.24)
B nhd
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On the other hand, for the parameter corresponding to measurement error model, if L
is known, then Sy = R3 = Rg = 0. If L is unknown and L is the corresponding estimator,
then

Sy = %i / {ﬂ*i) (y, BTU;) — FD (;,,BWZ)}ZdFy(y)
=1
_ %;/{v;ﬂ—i) (y,BTUi)}zdFy(y) <E—L>2. (C.25)

As shown in Li and Yin (2007), L is the estimator of L with y/m-rate. It means that
L—L= O, (ﬁ) As a result, applying Lemma C.2.1 gives Sy = 0,(1).
For R; and Rg, similar to the derivations, we have sup |R3| = sup |Rs| = 0,(1). Com-
bining all results (C.20) - (C.25) with (C.19), we have ’ "’
CV(B,d,h) = of+ S5+ 0,(1)
= 05+ 53— AMISE(h) + AMISEg(h) + 0,(1)
= ECV(B,d,h) +{S; — AMISEgR(h)} + 0,(1),

where ECV (B, d,h) = 02 + AMISEg(h). Consequently, by (C.24) and similar derivation
of Proposition 2 in Huang and Chiang (2017) that AMISEg(h) = O (dh® + —7), we have

CV(B,d,h) — ECV(B,d, h)
sup

d,B.h AMISEg(h) =o(1) a.s..

Case 2: Spiy € S(B).

In this case, the derivations of Si, S3, Ro, R3, and Rg can be determined in Case 1, but S5,
Ry, Ry, and Rs5 do not equal zero. The main goal in this case is to discuss those remaining
parts.

Noting that by Theorem 3.1 in Arcones and Giné (1993), we have that

sup | Sz — bg(B)| = o(1) a.s.,
B

which is equivalent to

- 1‘ =o(1) a.s.. (C.26)



Besides, by the CauchySchwarz inequality, we have R? < S;Sy. Then dividing by(B) on
both sides and applying (C.20) and (C.26) yield

sup || =0 <L> .
B bo(B)  "\Vn
Furthermore, by the Cauchy-Schwarz inequality again, Lemma C.2.1 and (C.26), we have

Bl _ oy o (080
i =00 ()

and

sup |R5|) _, (p 10g(m)) .

B bo(B vm
Consequently, combining those results with (C.19) yields
ICV/(B,d,h) — ECV(B,d, h)|
= 1) a.s.
Paih bo(B)AMISE(h) Op(1) a:s.,
where ECV (B, h) = o + b}(B) + AMISE(h). O

C.3 Proofs of Proposition in Section 4.2

C.3.1 Proof of Proposition 4.2.2

We first observe that

E{IY<t)|A=1T,U} = P(Y <t|A=1T,U)
P(Y <t,A=1|T,U)
P(A=1|T,U)
P(T<t,T<C|T,U)
P(T < C|T,U)
= P(T<tU). (C.27)
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On the other hand, we can express P (T < t|U) by

P(T<tlU) = E{I(T<t)|U}
AI(Y <t)
- E{P@smm‘U}
P(A=1Y < tU)
P T <)
= P(A=1Y <t|A=1U)
— E{AI(Y <t)|A=1,U}.

Consequently, using (C.27) and (C.28) gives

E{I(Y <t)|A=1,U}
— B[E{I(Y <t)|A=1,T,U}A=1,U]
— E[E{AI(Y <t)|A=1,U}A=1U]
= E{AI(Y <t)|A=1U}
P(T < t|U),

which yields the desired result.

C.4 Proofs of Theorems in Section 4.3

C.4.1 Proof of Theorem 4.3.1

(C.28)

(C.29)

Note that L is the consistent estimator in the sense that L = L + 0p(1), then we have
U; = U; + 0,(1). Hence, in the remaining proof, we focus on U;. In addition, we separate

this proof to two steps. In step 1, we discuss the consistency of B , and then discuss the

asymptotic performances of h and d in Step 2.

Step 1: The consistency of B.

Let B denote the the minimizer of C'V (B, dy, hg) with d = dy and h = hy. Then we

have

P{Cv (E,do,h()) <OV (Bo,do,ho)} — 1.
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Let DCV (B, dy, hy) = |CV (B, dy, ho) — ECV (B, dg, hy)|. For every ¢ > 0, we further have

{Cv (B do,h0> <oV (Bo,do,ho)}
) < e, B(B) > e,V (B do,h0> <ov (Bo,do,ho)}

N

> ECV (Bdo, h0> — BECV (By, do, ho)} .
By (C.30) and (C.31), we have
1 < P {bg(é) < e}
+P {bg(é) > ¢, DCV (E, do, ho) + DOV (By, do, ho)
> BCV (E,do, h0> — ECV (By, do, ho)} .
For the second term of (C.32), we further have
P {bg(é) > ¢, DOV (E, do, h0> + DCV (By, do, ho)
> ECV (E, do, h0> — BECV (By, do, ho)}

DCV <B7 d07 ho) n DCV (BO7 d07 h())
bo(é) bo(B)

- P {bg(é) > €,

ECV (B.do.h0)  BOV (By, dy. hy)
bo(B) bo(B)

DCV (B, do, ho) , DOV (B do, o)
bo(B) ve

IA

P {bg(é) > e,

>

ECV <B7d07h0> B ECV (BO7dOJh0)
Ve e f

where the last step is due to bgl(é) < e 12
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{b } {bZ(B) > e, DCV (E,do, ho) + DOV (By, do, ho)

(C.31)

(C.32)

(C.33)



~

Since b3(B) > € > 0 implies Spy € S(B), then ECV(B,d,h) =
AMISE(h). Therefore, (C.33) becomes

IN

—

P {bg(é) > ¢, DCV (é, do, ho) + DOV (By, do, ho)
> ECV (E, do, ho) — ECV (By, do, ho)}

P {b@(é) > €,0, {AMISEz(h)} + 0, {AMISEp,(h)}
AMISEz(h) — AMISEg,(h)

Ve e |

P {bg(é) > 60> \/E}

0

o2 + b3(B) +

(C.34)

as n — 0o, where the first step is due to (C.17) and (C.18), and the second step is due
to both O, {AMISEg,(h)} — 0 and 0, {AMISEp,(h)} — 0. As a result, by (C.32), we
have that as n — oo,

P {bg(ﬁ) < e} — 1.

Therefore, by (C.35), we have that as n — oo,

B -2 B,.

Step 2: The asymptotic performance of <c/i\, /l{)

Let e = inf b%(B) in (C.35), we can observe that
B:d<dy

P {bg(é) < inf bg(B)}

ININ A

1.

:d<dop

Combining (C.35) gives that as n — oo,

P{d>do} — 1.
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2/ D . 2 2/ D . 2
P {bO(B) < inf v3(B),d < do} +P {bO(B) < inf v(B),d > do}
P{d > do}

(C.36)



Furthermore, define

~ 1 ~ h
W, — {bg(3)< O U <n}
n ho
2,5y < log(n)
Wy = b0<B)Z n
Wi = {C/i\< do}
v - fie <

~ h
h
ho

1 N
Wy = {bg(3)< 8n) 72 a,

and

Weoy = {DOV (E, do, ho) + DOV (By, do, ho) > ECV (E, do, h0> — ECV (By, do, ho)} .

Similar to the procedure and the decomposition of (C.30) and (C.31), we have

5
1< P(W)+ Y P(WenWey).
k=2
For k = 2, applying (C.35) with € = % gives that as n — oo,
0<PWonWey) < P(W;) — 0.
For k = 3, applying (C.36) gives that as n — oo,
0<P(WsNWey) < P(W3)— 0.
For k = 4, we have that as n — oo,
P(WyNnWey) — 0.
For k = 5, we have that as n — oo,
P(WsnNWey) — 0.
Therefore, combining (C.38)-(C.41) with (C.37) yields that as n — oo,

<77}—>1,

~

h
— 1
ho

] N
P {bg(B) Slos) 7 g

and we conclude that (c?, ﬁ) are consistent estimators.
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C.4.2 Proof of Theorem 4.3.2

Note that L is the consistent estimator in the sense that L = L + 0p(1), then we have
U; = U; 4+ 0,(1). Hence, in the remaining proof, we focus on U;.

By adding and subtracting an additional term F (y, BOT u), we have
F (y, ETu> — F(y,Bju) = {13 <y, ETU) —F (y, BOTu)} + {ﬁ (y,BOTu) — F(y,BOTu)}
£ A+ A, (C.42)
For A;, applying the first order Taylor series expansion at By gives
A = FO (y,BOTu) <§ — BU)
= {ﬁ(l) (y, By u) — FO (y,BOTu)} <§ - BO) +F® (y, By u) (E — BO>
= 0,(1), (C.43)

where the third equality is due to Lemma C.2.1 and Theorem 4.3.1. On the other hand,
applying Lemma C.2.2 with j = 0 for A, gives

~ 1
sup |F (y, BDTu) — F(y, Bju) — ch((go( u)| = O, (—) . (C.44)
you — Vn
Finally, combining (C.43) and (C.44) with (C.42) gives the desired result in Theo-
rem 4.3.2. U

C.4.3 Proof of Theorem 4.3.3

Let B denote the minimizer of CV(B,dy, ho) with d = dy and h = hy and satisfy
Viec( B)C’V(B ,do, hgo) = 0. Then by the first order Taylor series expansion, we have

(JV(B, do, ho)
yCV (By, do, ho) + AV

VeC

0 = V!

vec

_ 1
- Vvec

3, CV (B, do, hy) {vec(ﬁ) - vec(BO)} ,
where B* is between B and By. Equivalently, we have

Vn {vec(g) - vec(Bo)}
= { Ve CV (B, do, ho) )} ViVl 5 CV (Bo, do, ho)- (C.45)
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CV(B* do, ho). By the result in The-

orem 4.3.1, we have B* Ly By as n — 0. By simple calculations, Vgee B)CV(BO, do, ho)
can be written as

®2
vec(B) CV(BO7 d07 hO = - Z/ [ vvec(B (y, BTU)}

vVeC(B)F( ? (y7BO Ul) {[ (Y; < y) - F\(_Z) (ya B(;I—Uz)}:| dﬁY(y)

We first discuss the asymptotic result of V2

vec

%

By Lemma C.2.1 and the Law of Large Numbers, we have that as n — oo,
Vi CV (Bo, do, ho) = A, (C.46)

where

o ( /0 [{FO (4. BJUY)}™ — F® (4. BJU) {1 (¥; <) ~ F (5. BJU,)}] dFy(y)) |

On the other hand, if L is known, then V. C’V(BO, do, ho) can be expressed as

vec

vVec(B CV(B(% d07 h’O)

_ _Z/ 1(Y; <) F(_i)(y,BOTUZ»)}{ Vieim FC(y, BTU-)}dﬁy(y)

= —Z/ I(Y;<y) - F(y,BJU)JrF(y,BJU)—ﬁ(‘“(y,BoTUi)}

{ vVec(B _Z) (ya BTU) + F(l) <y7 BTU) - F(l) (ya BTU)}] dﬁy(y)
= ——Z/ glzy y, dFY 2/ g3zy y7 )dFY< )
_ﬁ Z/ 81;iy {V'}/ec(B)F\(ii) <y7 B(—)FU’L> - F(l) <y7 U’L)} dﬁy(y),
i=1 70

where the second equality comes from adding and subtracting additional terms F(y, By u)
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and ' (y, BJ u), and the last step is due to
. Z / Ny, BYU) = Fly, By ) } { Ve Py, By U) = FO(y,Uy) } dFy(y)

= Vi) Z/ 'y, By Ui) — F(y, BOTU)}Qdﬁy(y)

By the result in Lemma C.2.2, V!

VeC

CV(BO, dy, ho) can be further written as

v\lfec CV(BO7d07hO)
- __Zguy (Y5, Us) + ZF (Y5, U (Y, Ur)
#J #J#k
1
—— Z EriyCip (Vi U )+o,,( )
n(”_ itk v

1
£ T1 + T2 + T3 + Op (— (C47)

)

For T}, applying the convergence property of U-statistic in Hoeffding (1948), we have that
as n — o9,

vnT, -4 N(0,B), (C.48)

where B = E{U®?(By)} with

U(By) = /OT {1(Yi <y)—F(y,ByU;)} FO(y, Uy)dFy (y). (C.49)

Since T5 and T3 contain C(BO (y,u) and Q B,(y, ) in (4.24) and (C.8), respectively, and

involve ngl)

Bo.(Y; ) with j = 0,1. Then by Lemma C.2.1, we can show that

VnT), =50 for k=2,3. (C.50)
Consequently, combining (C.48) and (C.50) with (C.47), we have that as n — oo,
Vl

vec

(5 CV (Bo, do, ho) — N (0,B). (C.51)
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Finally, combining (C.46) and (C.51) with (C.45) gives that as n — oo,

vn {vec(ﬁ) — vec(Bg)} N (0,47'BA™Y).

If L is unknown and L is the estimator, then Viec( B)C’V(Bo, do, ho) can be written as

VNV oo CV (Bo, do, ho) = /0Ty + /0Ty + /Ty + /0Ty + 0,(1), (C.52)

where \/nT with k = 1,2,3 have been derived in (C.48) and (C.50), and T} is

2~ [7 ~
Ty = EZ/ 54;in(1)(3/>BoTUz')dFY(Z/>
i=1 70

~
%

2~ [T (a0 oy N
= 52/0 {Fy, By U) — F(y, BTy } FO(y, B U dFy (y)
=1
2 [7 ~ ~ ~
= —EZ/O { Vit P, BIU) ) FO(y, BIU)AFy (y) (L~ L) . (C.53)
i=1

If T is determined by repeated measurements, then
L-1 = (I-883) - (1-53%)
= - (iei; —~ 262;)

- ! (f} . ze)

L—L = cov(X;, XS — cov(X;, XF)S3

where Y x x+ = cov(X;, X}).
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Applying the result in Lemma C.2.1 and combining (C.53) with the expression of L-L
gives

where
T(B@—E[ [ AR B0} v )] -
0

and

o — (z2, — a3,) (z, — 2t,) " — 2%, based on repeated measurements;
' (25 — px) (] — ,UX*)T — X xx+, based on validation data.

Therefore, combining results (C.48), (C.50), and (C.54) with (C.53) gives that as n — oo,

1
vvec

d
(B)CV(B(), do, ho) — N (0, BL) s (055)

where By, = E [{U(By) + T(Bo)@i}@] . As a result, by the Slusky Theorem on (C.46) and
(C.55), we have that as n — oo,

N {vec(ﬁ) — vec(Bo)} 4N (0,A7'BrAY),

where A; = A. O

C.5 Proofs of Theorems in Section 4.4

C.5.1 Proof of Theorem 4.4.1

We first consider dcov (Y*, Xj) and dcov® (Y*, X}). Note that the former formulation is
based on the true covariates X, while the latter formulation is based on the surrogate
covariates X*.

Since the error term e follows normal distribution N(0,X.), then the characteristic
function of kth entry of € is given by

F {exp (ise)} — exp (—%SQJQ%) (C.56)
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for k=1,--- ,p. By the direct computation, we have
. * 1 2
¢x:(s) = E{exp(isXy)}exp 55 Ok

= F{exp (isXy)} F {exp (isex) } exp (%SQUe,kk)
= FE{exp(isX)}, (C.57)

where the second equality is due to the independence of X and e, and the last equality is
due to (C.56).

In addition, we can also derive
c ke 1,
Oy x; (r,s) = FE{exp(irY” +isX;)}exp 58 Oekk

1
= FE{exp (irY" +isXy)} E {exp (isex)} exp (582067%)
= Ef{exp(irY" +isXy)}, (C.58)
where the second equality is due to the independence of € and X, Y, and the last equality

again comes from (C.56). As a result, combining (C.57) and (C.58) with dcov® (Y*, X)
gives the same expression of dcov (Y*, Xj).

The equivalence of dcov® (X}, X;) and dcov (Xj, X) holds by the similar derivations.
Therefore, we conclude that dcorr (Y*, X}) and dcorr” (Y*, X}) are equivalent in the sense
that dcorr (Y*, Xj) > 0 if and only if dcorr™ (Y*, X}) > 0. Consequently, the same active
features can be determined for X* and X. O

C.5.2 Proof of Theorem 4.4.2

Under Condition (C7) in Appendix C.1 and the similar derivations of Theorem 1 in Li et
al. (2012) with replacing X by X* gives

P <1I£1]?§) |55 — wi| > cn_c) < O {exp (—cyntt=22)/3)}
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for some positive constants ¢; and co. Let £ = {max |of — wi| < cn_c}, and we have
kel

£ C {Z C f} As a result, we can obtain

P@g@ > P(€)

= 1-P (&9
> 1—|Z\P(max |0y, — wi ch_c>
1<k<p
> 1—|Z| O {exp (—cln(l_QCQ)/S)} : (C.59)

By (C.59), when n — oo, we have
P(ICT) 1,

which completes the proof. 0
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Appendix D

Proofs for the Results in Chapter 5

D.1 Regularity Conditions

C1) O is a compact set, and the true parameter value (3, is an interior point of ©.

C2 fOT Ao(t)dt < oo, where 7 is the finite maximum support of the failure time.

C3) The {N;(t),Y:(t), Z;, X;} are independent and identically distributed fori =1,---  n.

(C1)

(C2)

(C3)

(C4) The covariates Z; and X; are bounded.

(C5) Conditional on V;, (i, ‘2) are independent of A;.
(C6)

C6) Censoring time C; is non-informative. That is, the failure time 7T; and the censoring

time C; are independent, given the covariates {Z;, X;}.

(CT7) Define

o =8 ([ [V S0~ 08 (B (expV 914 < 0 < V)| i)

and assume that [ is the unique maximizer of kp. Define
T 1
o = B ([ [vTs e gars - toe (B (oA < u < ¥0)) avi)
0
+ [tog {aH (A:)} = Ao(As) exp (V7 8)

—tos { [ e { o) exp (Ko, 27 8 Jar } ).

282



and assume that 3y is the unique maximizer of k.

(C8) Both E < 8686T> and F ( 8;;;T> are positive definite matrices.

Condition (C1) is a basic condition that is used to derive the maximizer of the target
function. (C2) to (C6) are standard conditions for survival analysis, which allow us to
obtain the sum of i.i.d. random variables and hence to derive the asymptotic properties of
the estimators. Condition (C7) is used to establish the consistency of the estimators 5 and
B, respectively, given in Theorems 5.2.2 and 5.3.1. The requirement of positive definite
matrices in Condition (C8) is standard which ensures asymptotic covariance matrices of

E* and E* meaningful.

D.2 Preliminary Results
In this Appendix, we present the lemmas that are useful for proving the theorems.

Lemma D.2.1 Let

S (L) Ry — )

>oexp (0T B8)I(a; <y <)

and )
Ly = li [Ao(yi);exp (0578) {m(B.)} " I(a; <y < yj)] )
X exp [—/Ao(u)jilexp (03 78) {m(Ba)} " I(a; <u < yj)dUI :
Then

(1) L= Ljp x Li;

(2) L% is ancillary which does not convey the information of 3.
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Proof:
Let L}, = exp (¢) where £, is given by (5.9), and let
05

n

U; = ZGXP (U;Tﬁ) {(m(B.)} ' I(a; <y <)

Then L{, can be written as
H (o) exp (vT8) V> exp [—Ao(y:) exp (v B8) {m(8.)} ]
=1 exp [ Ao(a;) exp( *Tﬁ) {m(ﬁx)}il}

T Dol e (T8} Uiexn [~ho(w) exp (v75) {m(5.)} ]
H U; E exp [—Ao(a;) exp (v} ) {m(ﬁx)}_l}

Ly =

= Lpx L.

Analogous to the derivations of Wang et al. (1993), we can show that Lj, is ancillary
which does not convey the information of £, and hence, it is sufficient to obtain the esti-
mator of § by maximizing L}, or equivalently, deriving an estimator of § from log(L) is
equivalent to deriving an estimator from using log(L},) alone. 0

Let

n

lp = Z[@- {0578} + 06T zeﬁx—6ilog{zlexp<vfﬁ>f<ajgyisw}
p=

i=1

(D.1)

and L} = exp <€*) Let L*C = exp (6*) where Z*c is given (5.12). By Lemma D.2.1,

inference based on (%, = log LC is equivalent to that based on v = log(L* ), given by

)

this expression was also derived by Lawless (2003, p.351).

1 n
v B+ 55;25& — log {; exp(vj ' B)I(a; <u < ?Jj)}] dN;(u);

Hence, in the maximization of (5.22), using f* + s w to perform inference about f is
equivalent to using = E* + €* Corresponding to 6} and 6}*\4, we let

0y = Z / ' {v:% - %ﬁl BB —log { B (exp(V;* T B)I(A;i < u < Y»)}} dNi(u)
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and

G, = Z[log{dH(ai)}—Ao(ai)exp (%] 8)

— log {/ exp { — Ay exp(xRC Ba+ 2] B.) }dH (u H
0
where Trc; is defined in (5.16). Define 0 =0+ 03y
Lemma D.2.2 Under reqularity conditions in Appendiz D.1,

sup  [Ao(t) — Ag(t)| =5 0 as n — oco.

B€O,tel0,7]

Proof:
By (5.14) and the definition of Ay(t), we need only to show that

IZdN” [T dP(A =1Y; <)
seocor |[Jo {m &} SO, 8)  Jo {m(B.)} " SO (u, B)

2% 0asn — o0o. (D.2)

Since two sets of indicator functions {I(A4; <t <Y;):t € [0,7]} and {[(Y; <t):t € [0,7]}
are Glivanko-Cantelli classes (van der Vaart and Wellner 1996, Example 2.4.2; van der
Vaart 1998, Example 19.6), so are {V;***exp (Vi 3) {m(B)}Y "I(A; <t <Y):B e
O,t € [0,7]} and {A;I(Y; <t):te[0,7]}. Hence, we have that as n — oo,

lZAiJ(Y; <t) = E{AI(Y; <t)}

= PA=1Y<1) (D.3)
and
S (u, B) == 8®(u, B) (D.4)

for k =0,1,2 and for all 5 € © and ¢t € [0,7]. Combining (D.3) and (D.4) gives that as
n — 00,

1
ZdN() £> dP(AZ:LY;St)
{m(ﬁz)} SO, B) {m(8:)} 7 SO, 5)

for all § € © and t € [0, 7]. Therefore, taking integration gives (D.2). O
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Lemma D.2.3 Under regularity conditions in Appendiz D.1,

~ 1~ .
sup |—0* — =0 £5 0 as n — oo.
Beo,telo,r] | T n
Proof:
Claim 1: sup %E*P — %E*P 2% as n — 00,

Be6
Since {exp(V;TB)I(A; <u<Y;): € 0O,ue|0,7]} is a Glivenko-Cantelli class (e.g., van
der Vaart and Wellner 1996, Example 2.4.2), and log(-) is a continuous and monotone
function. Hence, we have that as n — oo,

log {S(O) (u, 6)} 2% Jog {8(0)(u, 5)}

uniformly for all 5 € © and t € [0,7] (Huang et al. 2012). Hence, we conclude that
n — oo,
1~ 1

—0— =03
nP nP

sup 2%0.

JeISS)

a.s.

— as n — 0.

Claim 2: sup %Z*M — %Z*M
B€OG

Since fiw+ = pw+ + 0,(1) and iW* = Yy« + 0p(1), we obtain that )?Z = jZRC,i + 0,(1)

by the Law of Large Numbers, where )N(RCJ- = E (X;|W}) is defined by (5.16). Then by

Lemma D.2.2, we conclude that as n — oo,

exp { ~Ro(u)exp (X8, + 2] 8.) } = exp {~Ao(w) exp (Ko B+ 278:) b (D)

In addition, by the similar result in Lemma 4.2 of Wang (1991), H (a) is strongly consistent
estimate of H(a) for each a. Then we have that as n — oo,

Z log /OT exp {—Ko(u) exp()A(iTﬂx + Z:ﬁz)}dﬁ(u)
=1

" S o / exp { —No(u) exp(Xie, 8. + 2 B.) }dH (u). (D.6)
' 0

Using the similar derivations in Huang et al. (2012), we have that as n — oo,

supn”! i {Ro(4) = Ao(4) } exp(VT8) 5 0. (D.7)
ped i=1
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Hence, combining (D.5), (D.6) and (D.7) gives

1 1~ a.s.
sup |0y — =0y | — 0 as n — oo.
oo |n M~ M
Therefore, combining Claim 1 and Claim 2 yields the result of Lemma D.2.3. 0

We also present Theorem 5.7 of van der Vaart (1998) here as the following lemma which
will be used in subsequent proof.

Lemma D.2.4 Let M,(-) be random functions and let M(-) be a real-valued function of
0. Let 0y be the true value of 8. Suppose that for any € > 0,

sup [M,(8) — M (6)] = 0;
0cO

sup  M(0) < M(6y);
0:d(6,00)>¢

where d(0,60y) = ||0 — Oy is the Euclidean distance between 6 and 0y. Then any sequence
of estimators 0, with M,(6,,) > M,(0y) — 0,(1) converges in probability to .

D.3 Proofs of the Theorems in Section 5.2

D.3.1 Proof of Theorem 5.2.1

The uniformly consistency of /A\O(t) comes from Lemma D.2.2. O

D.3.2 Proof of Theorem 5.2.2

Proof of Theorem 5.2.2 (1):

By Conditions (C3) and (C4), £ is the sum of i.i.d. random functions. Then by (C7) and
the Law of Large Numbers, we have that as n — oo,

1 p
—p —
n P Rp
for every 5. By Claim 1 in Lemma D.2.3, we have that as n — oo,

sup  |np — kp| 25 0.

B€O,te[0,7]
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Therefore, by Lemma D.2.4, we have that as n — oo,
B L5 Bo. (D.8)
Proof of Theorem 5.2.2 (2):

Since E} = Z Iy [vrT B+ 18 EeB: —1og { SO (u, B)}] dN;(u), taking the derivative of Z}S
with respect of £ gives that

Up( W Z/ {v +( 2icba ) —%}di\@(u). (D.9)

Since B is the estimator satisfying U p(fj\) =0 and B\ is the consistent estimator of 3 by
(D.8), to show the asymptotic distribution of /3, we consider the Taylor series expansion of
Up(f) around the true parameter fy:

0 = Up(B) = Un(fo) + aUPéﬂ(’)(ﬁ mw(jﬁ), (D.10)

yielding that

Vi) = () T Ly con. o

1
o5 ) e

To work out the asymptotic distribution of \/n <B — 50>, it suffices to determine the

asymptotic behavior of 8UP (5 © and Up(-). To this end, we proceed with the following two
steps.

Step 1: To examine the convergence of aUg—éﬁo), we first note that {N;(t) : t € [0,7]} is a

Glivenko-Cantelli class (van der Vaart and Wellner 1996, Example 2.4.2), which gives
that as n — oo,

% Xn: dN;(t) == dE {N;(t)}
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uniformly (van der Vaart 1998, Theorem 19.1). Then by (D.9) and the Uniform Law
of Large Numbers, we have that as n — oo,

—10Up(Bo)
1 n T 5(2)(u, 3o) S(l)(U,ﬁo) ®2 5. 0,
) Ezzl/o [{ S(O)(u’ 60) - (S(O)(U,ﬁ0)> - ( 0q><p quq ) dNZ<u>
A (D.12)

where Ap is given by (5.15).

Step 2: To determine the asymptotic distribution of Up(fy), we sort out the leading term
of Up(Bp) which can be expressed as a sum of i.i.d. random variables. By the similar
derivations for Theorem 2.1 of Lin and Wei (1989), we express

\/_ (Bo) = \/—Z‘D( K Zi, Vi Ai) + 0y(1), (D.13)

where

@ (X:7‘>’ZRC,i7Zi7}/;7Ai) (D].4:)

o i * S(l) (U, 50) EeBmO
- s (o )y
"exp (Vi1 Bo) I(Ai S u <Y v SW(u, o)
_/o SO (u, Bo) ( '

)mek
(D.15)

Since the ® (XZ-*, XR(M, Zi Y, Ai) are i.i.d. random functions, applying the Central
Limit Theorem yields that as n — oo,

%mmiwm@, (D.16)

where Bp = E (9£2) and ®; = ® (X Xrea Zi i, Ai>.

Finally, combining (D.12) and (D.16) with (D.11) and applying the Slutsky’s Theorem,
we conclude that as n — oo,

V(B — Bo) —% N (0, A5 Bp ALY .
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D.4 Proofs of the Theorems in Section 5.3

The derivations in this appendix are in principle analogous to those of Appendix D.3.
However, the technical details are a lot more complex than those of Appendix D.3, because
no infinite dimensional parameters are involved with the key estimating function Up(f) in
Appendix D.3 while such parameters are contained in the estimating function considered
here.

D.4.1 Proof of Theorem 5.3.1

Proof of Theorem 5.3.1 (1):
The proof is the same as that of Theorem 5.2.2 (2) except that Z"I‘g and kp are replaced by

* and k, respectively.

Proof of Theorem 5.3.1 (2):
To find the asymptotic distribution of E , we note that E solves U() = 0, where

o oty by,

U<ﬁ):86_86 95 (D.17)
Considering the Taylor series expansion of U (B) around [, gives that
~ oU 1
0= U = v + L G- )+, (2) (D.13)
or equivalently,
-1
Vil = o) = = (2200 (0 + o)

Analogous to the examination of (D.11) in Appendix D.3.2, we proceed with the fol-
lowing two steps, separately examining M and U(fy). By (D.17), we note that the

main difficulty here is caused by the 1nvolvement of the term Uy (5) = agf , while a—gf’ is
examined in Appendix D.3.2.
Step 1: To show the convergence of 8U 6 8U(Bo) , we first define
@) = [ exp {~Ro(w) exp(@] oo + 2 o) I ), (D.19)
0
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and we let j1; denote i(Z;, 2;) for ease of notation. By Theorem 5.2.1 and (D.5), we
conclude that fi; = p; as n — oo, where

i = (Troy, 2i) = / exp { —Ao(u) exp(Te ;Be0 + 2 Be0) JdH (u)
0

Noting that

8UM OUwn(Bo) _ Z 868BT o(as) exp (Z] B0 + 2/ Bz0)

1 a:uz 1 aﬁz @2
_Z{uzaﬂam_ﬁ(aﬁ }

we obtain, by Theorem 5.2.2 and the Law of Large Numbers, that as n — oo,

~10U(%)
n 00

where A = Ap + Ay, and Ap and Ay are given by (5.15) and (5.26), respectively.

5 A, (D.20)

Step 2: We now derive the asymptotic distribution of \/LRU (Bo). Since a sum of i.i.d. ran-
dom variables of %l% is established in (D.13) of Appendix D.3.2, it remains to examine

Un(5Bo) = % by (D.17). To this end, we make an important comment. Different
from the partial likelihood score function Up (/) which involves the parameter 5 only,
U (+) involves not only the parameter S but also the infinite dimensional parameter
Ao(+). The goal here is to sort out the key term in Uy, (fp) which can be expressed
as a sum of i.i.d. random functions.

Define

~ "9 .
Un(Bo) = =) zzMo(@)exp (V) 60) =) —
e ;05 ’ ( 0) Z,Uiaﬁ

n

A

= —g Uni,
i—1

and write the difference between Uy (o) and Uy (o) as

1

7 {UM(ﬁo) - ﬁM(ﬂo)} = U+ Uy, (D.21)
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where

-k i}t

and

B \FZ{

We first examine U;. Recall that N'(t) =

Then

(D.22)
RICLN D.23
P(A; =1, <t)andlet dN(t) = 1 3 dN(2)

Ao(%)} exp (0] Bo)

1 < [T 0 dN (u) dN (u) T
RV Z1/0 B { O (u, By) SO (u, By) } m(Beo) exp (3 Fo) I (u < a; < 7)
—dN'(u) | dN ()8 (u, By) — dN (u)S (u, Bo)
- Z/ a3 { s<o> (fo) SO(u, 60) SO (u, o) }
Xm(ﬁxo) exp( 1 Bo )[(u <a; <7)
[ d —dN dN (u 0) 0
B Z : §<o)><u 5o>( = {50 (ﬂo) S )(“’M]

xm(ﬁxg) exp (v B_)[(u <a; <7)+0,(1)

dN (u)

AN (WS (u, o)

_%;/o 9B | SO (u, o)
xI(u<a; <7)4o0,(1).
e (7)) 101

variables due to Condltlons (C3), (C

n
1
In addition, since - z_:

{80 (u, fo)} ] (Bl (2 )

(D.24)

7) is an average of i.i.d. random

A <7
4), and (C5),

we have that by the Law of Large
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Numbers, as n — o0,
1 & P
—Zexp (VJ ﬂ()) Iu<A; <7)
n ‘=
Ly FE {exp (\A/jTﬁ()) Iu < A; < T)}

_ /Z /0 fexp (57 0) I(u < a < 1)} dG(a, D),

or we write (e.g., Jiang 2010, p.61)

%;exp (‘AGT%) Iu<A;<7) = /_Z /OT {exp (37 Bo) I(u < a < 7)} dG(a, D)
1

+0, (%) . (D.25)

Therefore, combining (D.24) and (D.25) gives

_ 9 dN(u)  dN(u)S© (u, Bo) .
0= v [/ | { oy {8(0)(%60)}2} (o)

X exp (v 50) (u < a<7)dG(a, )} +0,(1)

_ T dNi(w) AN (u)exp (07T Bo) I(ai < u < yi)
B Z op [/ / { ) (u, (SO (u, By)}? }
<

X m(ﬁxo)exp (0 Bo) I (u<a )] dG(a,@) + 0p(1)

A

1 ~
_%Z\Ijl ($:7xRC,i7'Zini7ai> . (D26)
i=1

Next, we examine U,. By analogy with the derivations of (D.25), (D.23) can be
re-written as

o Ly (L L)
T V& \L 08 0B
_ 10m; 10y
= Ve Z(uyaﬁ Mj85>
_ 1op _1ou 5
- \/ﬁ/OO/O (ﬂaﬁ [Mw)dG(a 3) + 0,(1), (D.27)
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where 11 = (7, 2) and p = p(Tre, 2).

We now express /n(fi — i) as a sum of i.i.d. random functions. Since

Va@—p) = va { [ exp {-Ralw) exp(@T s+ 2760 a0
— /T exp {—Ao(u) exp(TreBe0 + zTﬂzo)}dH(u)}

= Vi [ fexp {~Ro(w exp(@csin + =75}
—exp { —Ao(u) exp(TpeBeo + 2 Bao) }] dH (u) + 0,(1), (D.28)

where the second equality is due to )?j = )N(Rcﬁj + 0,(1) and H(u) = H(u) + 0p(1)
(e.g., Wang 1991).

Next, we examine the integrand of (D.28) with Zrc; and z; replaced by the corre-
sponding random variables. Applying the Taylor series expansion to

exp {—/A\O(u) exp(f(gcﬁjﬁwo + Z]-Tﬁzg)}
with respect to Ag(+), we obtain that
exp {—/A\o(u) exp()z;{—C,jﬁwO + ZJTBZO)} — exp {—Ao(u) eXP()?gc,jﬁxo + Z]-Tﬁzo)}
= —exp { ~Ao(w) exp(Xic oo + 2] Bz0) | {Rolw) = Ao(u) }

=~ 1
X exp <X[—{rc7jﬁx0 + Zj—rﬁzo) —+ Op (%) .

By the similar derivation in (D.24), we have
{Ro(r) = Ao()}

1 d./\f(u)exp( P Bao + 2 Bzo) (4 <u<Y)) m
N Z/ {8(0) (u, o) {SO(u, By)}” } -

+o,(1 (D.30)

(D.29)

Combining (D.29) and (D.30) with (D.28) gives
Vi = > lFrcs2) 40, (1), (D31)
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where 1;(Bo|Tre, ) is given by (5.24), and S(&|Trc, 2) = exp{—Ao(€) exp(TxaBeo +
2T B0)}
Therefore, combining (D.31) and (D.27) yields

v, = Ly (ia_ﬂj_i%)
S Vi \ 08w 0P

) 1op 10m 1@_1@) .
- il /(wﬁ w28 T uop  wop) @D ol

ANy }ZGD (a—Z—%)

)

dG(a,?) + 0,(1)

dG(a,v) + 0,(1)

o, S~ —

G(a,v) + o0p(1)

8
= L Z |:/oo T {%%@%(/BO 5RC, Z) - g—g%@h(ﬁ(ﬂgF{c,z)}] dG(a,ﬁ)

i=1 —o0 J0
+0,(1)
1 © .
S % Z \112 (I;k7 TRC,is %is Yi a‘i) . (D32>

i=1

Finally, combining (D.13), (D.21), (D.26) and (D.32) gives that

%Uw

where

NG {Up(Bo) + Unt(Bo) } \/— Z v < , Xrc, Zi, Vi, Ai) + 0p(1),

\Ij <X;7)?RC,’L'7 Zly}/ZaAl> == @ (ng’vaRC,i? ZZ7){L7A’L) - \Ill (X;(;)}:RC,% Zla}/zaAl>
+\I[2 (Xz*a )’\(/Rc,zﬁ Zia }/”U Az) - UM,i7

shown as in (5.25).
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By the Central Limit Theorem, we have that as n — oo,

1 d
—U — N (0,B D.33
\/ﬁ (BU) ( ) ) ) ( )
where B=F {\If®2 (X;*, )?Rc,i, Zi, As, Y;) } Therefore, using (D.20) and (D.33) and
applying the Slutsky’s Theorem yields that as n — oo,

V(B —B) -5 N (0, A BATY) .

D.4.2 Proof of Theorem 5.3.2

By Theorems 5.2.2 and 5.3.1, to prove that 5 is more efficient than E, it suffices to show
that for any non-zero column vector t,

T (Ap'BpAp! — AT BAT) t > 0.

Condition (C8) gives that Ay = A—Ap is positive definite, which yields that Ap'—A~!
is positive definite.

Let
@ = /OT{UE E“ ﬁo; (E;ff" )}dN,-(u)
_/0 exp(v*T‘f?O))éfB;u<Y) {V}* %}ME{N( "
and

-l @ (TR < u <)
op s<0> (u Bo) {SO(u, Bo)}*
x exp (D' Bo) ] (u <a<71)dG(a,0)}

[/ / { ~=i(BolTre, 2) — g—g%%(ﬁoﬁf{c,z)}dG(aﬁ)

1 0

m(ﬂxo)
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Define Bp = £ (aa”), B=E {(a —b) (a — )" } and By = E (ab” +ba’ — bbT). Then
it is immediate that B = Bp — B); . Representing the asymptotic covariance matrix related
to Up(+) in (D.9), Bp is a positive definite matrix. Since B is the asymptotic covariance

matrix related to the function U(-) in (D.17), B is a positive definite matrix. Hence, for
any vector t, t' Bt =t' (Bp — By)t > 0, or equivalently, t"Bpt — t" Byt > 0.

Finally, for any ¢ # 0,

t" {Ap' BpApt — AT BAT

tT {AR Bp AL — A (Bp — By) A7}

t" {Ap'BpAp' — A Bp AT + AT By ATt
{4 = A7) Bp (AR = A7) + AT By AT o
0,

VoWV

where the last inequality comes from the fact that (A" — A_l)TBp (At — A7) is a
positive definite matrix. Hence, the conclusion follows. 0

D.5 Proofs of the Theorems in Section 5.4

The proofs in this appendix are more complicated than those derivations of Appendices D.3
and D.4, because the parameters in the measurement error model have to be estimated
from validation data and the induced variability must be incorporated when establishing
asymptotic results.

D.5.1 Proof of Theorem 5.4.1

Proof of Theorem 5.4.1 (1):

Since 7 is a consistent estimator of 7, consistency of Eml can be established following the
proof of Theorem 5.2.2 (1) in Appendix D.3.
Proof of Theorem 5.4.1 (2):

To derive the asymptotic distribution of Bval, we begin with examining the estimator 7.
By the Taylor series expansion of (5.28) with respect to 7, we obtain that

Vi E =) = YOS (X5 - X) + 0,(0) (D.34)

i€y
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Next, we define

Poal = Z/ [N*Tﬁ + BTE B — log {Z exp(V; T B)I(a; < u < yj)}] dN;(u)(D.35)

T ~ ~
and v} = ((:L‘;k -9 " ,zj) . Similar to Lemma D.2.1, we can show that (¢, ,,; = (b, +
Z}}}wl and that Z}},ml is ancillary, and thus inference about 3 based on Z*le is equivalent

to that based on l?*PMZ.

Let Upypa(8) = 8%’[;“‘. Since Bml solves Upya () = 0, then by the Taylor series

expansion of Up,q.(f) around fy, we have that

-1

10

1
85 X _UP,val (ﬂo) + Op(l)' (D36)

ﬂ(@m-ﬁo) :_{ NG

~=UPval (50)}

Analogous to the derivation of (D.9) in Appendix D.3.2, we proceed with the following
two steps by examining %U poal(Bo) and Upya(Bo), respectively. The main difference here
is the involvement of estimators in measurement error model.

Step 1: By the consistency of 7, we have ¥ = v + 0,(1). By the similar derivations of
(D.12), we have that as n — oo,

-10

n aBUPval (BO) —> APvah (D37)

where Ap,q is determined by (5.37).
Step 2: By (D.35) and that Up,q (8) = BE*P’”‘”, we have that

oB
ZUna (i) = =3 [ {( )+2 o — %}dm ) (D39)
ieEM y K0
where
S8 (u; By) = %,;:4 < x;k';a )®kexp{( x:; ) ( gﬁg ) (a; <u< yi)}
for k = 0,1
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Since (D.38) involves the estimators 7 and i, so by adding and subtracting v and ¥,
(D.38) can be re-written as

\}_UPW(B)

) ) R e e o IEXE
B L7 ) s e o

S S A B G R I ECER T e
o 3= 0 200 + 50

AR O ) o (- Sl v
+\/\/”11i”ze%:w@ (27, Frcs 26 Uir 0:) + 0p(1), (D.39)

where ® (z}, Trey, 2i, Yi, a;) is given by (D.14), and ¢; is a indicator that ¢; = 1 if i € M
and (; =0if i € V.

We now examine the integral in (D.39), which is done by evaluating each term in the
integrand separately.

Since

A2 -(757) e

ieEM

- ”Xﬁi;/o dNi(U)X(;?gfy)

= v (77 ) o, (.40)
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by (D.34), we re-write (D.40) as

A7)

zEM
_ _F;E{Ni(ﬂ} ( X@'*O_XZ’ ) + 0,(1)

_ _leﬂ’w S (1-G)E{N(r )}(Xi*O_Xi ) Lop(1). (DAL
iEMUY

We next derive \/iﬁ Z fOT <§]6 — Ee> BrodN;(u) as follows:
f > / ) BradNi(u)
= ( e e) ﬁxO%ZNi(T)

_ \/ﬁ@—ze)ﬁxo[ ZN — E{Ni( )}]
+v/n (i — ZE> BroE {Ni(7)}

= VnE{N;(1)} {ﬁ Z (X=X = (X =X —7)" - Ee} Bro + 0p(1)
= VnE{Ny(7)} {ﬁ Z (X=X =N (X, = Xi—7)" — Ze} Bro + 0p(1)
_ E;Ni(?}\/ﬁz feiel — (m — 1)S} Bao + 0p(1)

=
mE{N;(T)} vi+p 1 3
m—1 pVntm iEMUY
+0,(1), (D.42)

(1-G) {GiEiT —(m — 1)Ze} Buo

where the third equality is due to /7 (i - 26) Bro [% S Ny(r) — E{Ni(7)}| = o,(1),
ieM
and the fourth equality is due to the consistency of 7.
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Finally,

/) {g o

ieEM

)
Bo)
W (4: By) SO
_ ﬁ{s (u; o) S E

SO) (u; ) SO

SO (u; By)  SY (u; 8)
n { SO (i B) SO (u; Bo) } E{N;(1)}
- n S (u; Bo) SO (u; Bo) . )
-V { SO (u; Bo) SO (u; Bo) } E{N;i(7)} + 0p(1)

) (s By) — SO (u: fi
_ E{NM}%{S S I >}+op<1>

E{N;(1)} oS (u; Bo)

= SO VA=) o)
E{Ni(7)} 98 (u; o)

= SO (i) oy vV (F =) +op(1)

_ B{Ni(r)} SW (u; By) v )

- SO (wh) O ; (X=X +opl1)

E{N;(1)} 08 (u; o) VI + p Y«
S©) (u; ﬁo) 87 P Vi +m ie MUy

) (X7 — X3) + 0,(1), (D.43)

where the second equality is due to y/n { gf;;gzgg; 32); Zgg% } [ Z Ni(1) — E{N;(7)}

0p(1), the third equality is due to the consistency of 7, and the fourth equality comes from
applying the Mean Value Theorem to S™ (u; 3y) with respect to 7.

As a consequence we combine (D. 39) (D.41), (D.42), and (D.43) and obtain that

Pval( O vall,i p ( . )
ZEMUV

\/_

where B4, is given by (5.35).

By the Central Limit Theorem, we conclude that as n — oo,

1
%URval(ﬁo) i> N (07 BP,Ual) ) (D45)
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where Bpyu = E {(Bvall,i)®2}‘

Finally, combining (D.36), (D.37) and (D.45) and applying the Slutsky’s Theorem, we
have that as n — oo,

\/ﬁ (B\ — ﬁ(]) i} N (0, A;’lvalBP,valA]_D,lval) ’

D.5.2 Proof of Theorem 5.4.2

Proof of Theorem 5.4.2 (1):
This can be done by following the proof of Theorem 5.3.1 in Appendix D.4.
Proof of Theorem 5.4.2 (2) :

or e .
Let UP,val(ﬁ) == ggal’ UM,UU,I(B) - Iggala and Uval(ﬁ) = UP,val (B) + UM,Ual(B)' SIHCG

Eval solves Uy,q (B) = 0, then by the Taylor series expansion of U, (3) around /3, we have

10

vn <Bval — 50) =— {E%Uval (50)}_1 X LUval (Bo) + 0p(1). (D.46)

Jn

Analogous to the proof of Theorem 5.4.1 (2) in Appendix D.5.1, we now examine the
asymptotic behaviours of %Uml (Bo) and Uye (Bo)-

First, by the derivations of (D.20) and (D.37), we have that as n — oo,

-1 0 »
——U,a — Ayl D.47
= 5Vt () > A (D.47)
where A, is given by (5.39). So the remaining part is to examine U,y (y). The additional
difficulty here is to deal with Upspa(5o) that is involved in U,q (o) since the derivation of
Upva(B) is done in Appendix D.5.1.

To study Uns e (), similar to the idea of (D.21), we define

Untva(B0) = — Z %Ao(z‘li) exp <‘7iT610> B Z - 1l | apg;z,i
,LGM val,r

= - Z ijM,val,i (D48)
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and write

% Z {UMWGZ(@O) - ﬁM,val(ﬁO)} = Uval,l(ﬁ[}) + Uval,Z(ﬁO), (D49)
ieEM

where

Uval,l(ﬁ[)) = Z a/BKD eXP {X Bx(] + Z 520}

f Z gl e { XicaBeo + 2] Buo}f

1 aAva A 1 a val,t
Uval2 BO Z{ /3517 - ] /éﬁl’ }7

M Hoal i Hoal i

ﬁval,i - ﬁ(/x\val,ia Zi) = / €xXp {_KO( ) €xXp ( Tyal Zﬁx[) + Z; /BZO)} dj—:rval (U),
0
and Myali = ,u(ch,z', Zi)-

Now we carry out the following steps to examine each term of (D.49).
Step 1: We first analyze Uyq1(5o).
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By the similar derivations of (D.21) and (D.22), we express

Uval,l(ﬂO) = eXp {XTﬁxO + ZTBZO}

SRS
\/_Z_AO ) exp {XRclﬁxo—i-Z ﬁzo}
- \_/l Z a@/ (u 50 m(fBy0) exp {XTﬁz0+ZTBZ0} I(u<a; <7)

\/— Z 85/ N (u ; (B0) exp {XRCzﬂ.IO + Z; 5,30} I(u<a; <7)
(

- [fzaﬁ/

n Z 93 0)(q,- exp )?gc,iﬁxo + Z B¢ I(u<a; <7)| m(Buo)
Vn ~ 98 Jo S( ) (u; Bo)

P{)A(,'Tﬁxo +Z;ﬁzo}1(u <a; <7)

[\/_285/ eP{XRczﬁo:O‘i‘Z 620} I(u<a; <71)
Z 55 / eXP {XRCz/BﬂCO + Z; @0} Iu<a; < 7')] m(Beo)
= Tt T2- (D.50)
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For T} in (D.50), we have
1
ho= g\; 55/ {S<0) (u; ﬁo) (u; Bo) } (o)
xexp { Xic. b + Z, ﬁzo} I(u< A < T> +0,(1)
—1 (U 50)

N Zé’ﬁ/ uﬂo>}

X exp {XRC Lo+ Z; ﬁzo} Iu < A; <7) +0,(1)
(0) . ~
P 6 et { K + 2] B

- ‘Zaﬁf ) S0 s )

xI(u < A; < T)\/_('y - 'y) +0p(1)
88(0)(U7 BO)m(ﬁa:O) exp {)Zf—{rc,iﬂcco +Z /BzO}

0 /T 1
= F|— dN (u
5. M Sy o
WI(u < A; < 7) \FZ X! — X))+ 0,(1)
1Y
1 vi+p
2 Eu 1— )X — X5) +o0,(1), D.51
1 \/m 0 ie%;y( )( ) p( ) ( )
where the first equality comes from using the Mean Value Theorem on S© (u;/3) with
respect to -, the third equality is by (D.34), and the Law of Large Numbers.
Ty in (D.50) is exactly the form in (D.24). Therefore, we directly have
1 0 [T dN (u) exp (VT By) I(A; <u <Y
I = ——— Z 98 / / (0) ( ) ( 0) ( 2 ) m(ﬁwO)
\/ﬁ ieM 85 —o00 J0 S {8(0) (’LL, Bo)}
X exp (0" B0)I(u < a <7)]dG(a,D) + 0,(1)
(D.52)

(1>

\/— Z ‘IJMl (Xl 7XRC ) Zla}/laA ) + OP<1)

16/\/1
\IJMl (XZ )XRCHZM}/;vA ) + Op( )

I+p

v 1EMUY
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Therefore, combining (D.50), (D. 51) and (D.52) gives

Z Bval? ) + Op (D53)

Uval 1 (BO /—
1€MUV

where B,q2; is given by (5.36).
Step 2: We next examine Uyq2(5p)-

Similar to the derivations in (D.27), we have

- 1 aﬁval,i 1 aﬂval,i
Uval,2(ﬁ0) - \/— Z ( 05 - ] 86 )

Hoal,i Hoal,i

= 1 Ofipar 1 Opvar R
— Jﬁ/_m/o (ﬁwl 95 no 08 )dG(a,v)—i—op(l). (D.54)

Similar to the derivations of Theorem 5.3.1 (2) in Appendix D.4, we first derive v/n(fiya —
Mval)y where ﬁval = l/z(&:\valy Z) and Hyal = /L(EERCa Z)‘
Note that

Vit = o) = it [ [exp {~Ro(w) expl@icsin + =7 )}
—exp {—Ao(u) exp(TpeBeo + ZTBZ())H dH (u) + 0,(1). (D.55)
On the other hand, the difference Ag(7) — Ag(7) can be expressed as
Ro(7) = Ao(7)

_[T) dN(@)  dN() -
B /0{ SO)(t; Bo) 3(0)(t;ﬁo)} (Ba0)

_ ! N(t) . dN(t) m T dN(t) B dN(t) .
- /0{ ©)(t; By) 5(0)(t;50>} (ﬁxo)+/0 {5(0)(15;50) 3(0)@;50)} (Ba0)

A+ B. (D.56)

>

By the Mean Value Theorem on S (¢; ) with respect to 7 in A, we have

[T —dN(1) 05O (t; By) - ~
A = )}2{ } (Bz0) (7 =)

o {SO(t; 5 0
_ —dN (t) S (t; o) ~ o
- / o { T a6+ (1)
= fy Py)—i—op(l) (D.57)
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Moreover, B in (D.56) is equal to (D.30), so we obtain that

N;(t) dN (t) exp { X*—’y)Tﬁxo+ZTﬁzo}1A <u<Y;)
B = = Z/ 0)(
><m BxO
I > Bi+0,(1). (D.58)
n 1eEM
Therefore, combining (D.57) and (D.58) with (D.56) yields
No(7) = Ao(7) = { Z B, } + 0,(1 (D.59)
zEM

Applying the Taylor series expansion to exp {—/A\O(u) exp (chﬁxo + ZTﬂZ())} with
respect to Ag(+) gives

exp { ~Ro(u) exp (Koo + 27 o) b = exp { ~Ao(w) exp (Koo + 27 B0 |
— _exp {—Ao(u) exp ()?gcﬁxo + ZTBZ(])} {Ko(u) . Ao(u)}
X exp ()?gcﬁxo + ZT620> + o (L

=)
Therefore, combining (D.59) and (D.60) with (D.55) yields

V1 (Boal = float) = \/ﬁ/O S(v|Tre, 2) {A =7+ % Z Bi} exp (TheBo + 2 Be0)

ieM

(D.60)

xdH(v) + op(l)
= \/Fﬁ Z (X; - Xi)/o S(v|Tre, 2)A exp (§E{Cﬁx0 + ZT/BzO) dH (v)

+%§waﬁo\’f}{c,z> +0,(1)

= \/nlJrimZ { Sl /{SV|$RC,

e MUY

x exp (TpeBeo + 2! Bao) dH (V) } + /1 + pthi(Bo|Tre, 2) ] + 0p(1)

1
Z Pual,i + Op(]-)- (D61)
n+ e MUY

lI>

13
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Similar to the derivations for (D.32), combining (D.54) and (D.61) gives

AT 1 Oy 1 Oy 1 Oy 1 Oy R
Uval,?(ﬂO) - \/ﬁ/ / (}/I a L a l+ B L H l)dG((l,U)
—00 J0
—l—op

al aﬁ Hoal aﬁ Hoal 66 Hoal aﬁ

L 90 Ot 1 R
= \/_/ / { 6_ ILL'U(Il /Lval) — Hval (Hval ,ufual)}dG(a,U)

Hoal 85 val
—l—op
a,uval 1 }:| ~
= val,i — val,i dG a,v
W;V [/ / {umlaﬁ@ g e, P | 40D
+0p( )
é /— Z Bval3z+0p ) (D62)
’LEMUV

To summarize, combining (D.44), (D.48), (D.49), (D.53) and (D.62) yields

1 1 ~
_Uva = <Bva i Bva i Bva i 1 ZU va z) 1).
N 1(Bo) mie%;v 1, + Boaizi + Boaisi + /14 pGUntpari ) + 0p(1)
Finally, by the Central Limit Theorem, we have that as n — oo,
1
7 Uua(B0) L N0, Boa) , (D.63)

where B, is given by (5.38). Therefore, combining (D.47) and (D.63) with (D.46) and
applying the Slutsky’s Theorem give that as n — oo,

v <§val - 50) N (0, A BoatA ) -

D.5.3 Proof of Theorem 5.4.3

This is done by the similar derivations in Appendix D.4.2. O
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D.6 Proofs of the Theorems in Section 5.6

D.6.1 Proof of Theorem 5.6.1

Proof of Theorem 5.6.1 (1):
The proof of this theorem is similar to the proof of Theorem 5.3.1 (1) except for the
inference of function dH (a).
Proof of Theorem 5.6.1 (2):
The proof of this theorem can be done by modifying the proof of Theorem 5.3.1 (2) and
that of Huang et al. (2012) who developed asymptotic normality under the length-biased
sampling setting. 0
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Appendix E

Proofs for the Results in Chapter 6

E.1 Regularity Conditions

C1l) © is a compact set, and the true parameter value (3, is an interior point of ©.

C2) [] Xo(t)dt < oo, where 7 is the finite maximum support of the failure time.

C4

(C1)
(C2)
(C3) The {N;(t),Yi(t), Z;, X} are independent and identically distributed fori = 1,--- ,n.
(C4) The covariates Z and X* are bounded.

5) Conditional on N, N, ,N are independent o A.
Cb5) Cond 1 vV, (T,C,V d d fA

(C6) Censoring time is non-informative. That is, the failure time and the censoring time
are independent, given the covariate.

Condition (C1) is the basic condition that is used to the derivation of the maximizer from
the target function. (C2) to (C6) are standard conditions for survival analysis, which
allows us to obtain the sum of i.i.d. random variables and hence to derive the asymptotic
properties of the estimators.
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E.2 Proofs for the Results in Section 6.3

E.2.1 Proof of Lemma 6.3.1

For any given candidate model S, we have that
* * T
Yixy = E{(Xs — xz) (X5 — bxz) }
= F {(WSX* — mgpx~) (Mg X* — Ws/LX*)T}

= mB{(X" ) (X" = o)l

-
= WSEX*W[SU

which yields that /|s|x)s| = Xxz - 2)}% = mgNx+T& - E)}l;, provided E;(lg exists. Multiplying
ms on both sides gives

WSZX*W;— : Z)_(%TFS =Tg
or Tg (Eerg . E;(léﬂ'g — [|5|X‘S‘> = 0, which implies that

T y—1
ZX*WS 'EX*TFS = [st,
S
or equivalently,
T y—1_ _ y—1
Tg Ly Ms = Xix,

and this proof is completed. 0

E.2.2 Proof of Lemma 6.3.2

Proof of (a):
First, for any candidate model S, we denote

6 w0 =3 s (4 e { (") ()} w)
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Let

(1)
e (Gi)

where

G (u, BarB) | o L[ o Ba
(G.(zl)(wﬁz,ﬁz) 20 () rwen (7))}

and

Y (u, B, ) = %Z ( j )®2n(u>exp{(mf,zi) ( gj )}

i=1
where a®2 = aa' for any vector a.

Then setting (5, 5.) = (0, 8,) gives

G(Sl) (u,0,8.) = %iﬂs ( ?k > Yi(u) eXP{(<7TSI;<)TinT>
0

= HsG (u, 0, 52) .
Similarly, from (6.10) and (6.20), one has

Gg)) (u,0,8,) = —ZY exp{ ﬂng)TOjinTﬁz}
= — ZY exp 2 ﬁz)
- - ; Yi(u) exp (:E;JO + ZZTBZ>

= GO (u,0,8.).
Therefore, for any £, and j = 0,1, we have
GY (u,0,5.) = FGY) (u,0,8.),
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where A®? = [, and A®! = A for any matrix A.

Consequently, direct calculations show that

0

Ups (Br.s: Bzs) = 8—@?*13,5(55)
' ’-‘ 5 Gy (u, fus. Bs)
— I xz; ) ( Wszeﬂsﬁx,s ) Y5 s Mx, Sy Pz,S dNZ ’
Zl/o { S< 2 ) 0 GY (u, Ba.s. B.5) )
and

0
UP(ﬁxaﬁz) = %g}(ﬁ)

-2 [{(5) () -FhEaee. e

o T T T T
Thus, plugging in (8, 5]) = (07,8)) and (8/s,8]s) = (07,8)) toUprs(Bus,B:s)
and Up (B, B.), respectively, gives

Ups (0, Bz0) = LsUp (0, Bao) -

Proof of (b):
We first show the relationship between 7, ¢ and Z;, the quantities defined by (6.14) and
(6.21) in Section 6.2.2. Applying X% = m¢X™ to (6.14), we have

Tis = Tshx++ (I\S|><|S| - m&wﬁ}%) (275 — ixs)
= mslix + (1\S|x|8| - W526W§§}1;> s (w7 — ix-)
= mglx+ + <7r5 — WSEeﬂgiigﬂLq) (xF — fix+)

— g {ﬁX* + (Ipxp - Eewgiygws> (€% — Tix~ )}
= s {iic + (Ip — 2851 () = fix-) }
= o {ie + (B - 2) S -}

= T8y,
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where the second identity is due to ﬁxg = 7siix+, and the third last step is due to
Lemma 6.3.1.

To prove Ups s (0, B.0) = HgUps (0, B0), we first examine the partial derivative of E‘w g

*
Note that we can express EMS = €M1,s — 32,5, Where

i = 32 [tog { (a0} — Rosten) exp (2T + 27 2]

=1

and

A}ﬁm’s _ Zlog/o exp {—/AXO’S( ) exp ( T, Sﬁx + 2 Tﬁz)}dﬁs(u).
i=1

.
Let A = ( ms2ems Olsixg ) and (g = ( Br.s ) Then direct calculations give us
0qX\SI 0454 /8275

Urs (Bas, Ba.s)

O ~
= 3_55 *Ml,S (BS)

= 8iﬁg (i [log{dﬁg(ai)} AOS<az) exp( zSﬁxS+Z ﬁzs)])

- _ ; 3i55 {/A\o,s(ai) exp (@TSBLS + z:ﬁzs)}

i dN;(u)

n P ; &
- _;a_ﬁs A (BIS)Gg (Uaﬁx,SHﬁz,S) exp( Sﬁxs—i_z BZS)

3=

where the fourth equality is due to the estimator (6.9). Note that

omg' (bos) O —1gr I
T 0ps 0B P\ g Pes e Pas
= 25 exp (753 Aﬂs)

- _Aﬁsmgl (ﬁx,S) s

where mg (8,,5) is defined by exp (3 ;SWSEJ;B%S) in Section 6.2.1.
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Then plugging in £, ¢ = 0 and 8,5 = .0 to Uni,s (Bes, Bzs) gives

n a; % i dN] (U) HSG(I) (U, Oa /BZO)
U 4 - - = T 2
m1,s (0, Bz0) ;1 /O (GO (U,O,ﬁzo)}2 exp {Zz B 0}

N %,
+Ao (a;) g ( . ) exp {zjﬁzo}]
- HSUMI (u707620) )
where the last step is due to (E.4) and that mg'(0) = 1.

~

Similarly, we examine Upa.s (Bz.s, B2.8) = %ﬁm,s and plug in 8, s = 0 and B, 5 = B.0o
to Upe,s and apply Lemma 6.3.1, yielding

1
Jy exp {—KO (u) exp (z;ﬁzo)} dﬁg(u)

X /OT exp {—7\0 (u) exp (zfﬁzo)} {HS (%7\0 (u)) exp (' Be0)

~

Unms,s (0, 80) =

") e (T fafisto

7

+ Ay (u)HS(

= HS% log/0 exp {—KO (u) exp (E:/Bx + ZZTBZ)} dﬁs(u)

- HSUMQ (U, 07 /BZO) .

Thus, we complete the proof. 0

szoyﬁz:Bzo

E.2.3 Proof of Theorem 6.3.1

Proof of (a): The proof consists of the following two steps.
Step 1:

Let UP(/BJH/BZ) = %l%) UM(ﬂxaBz) - 3;_2‘\3/, and U(Ba:;ﬁz) = UP(Ba:aﬁz) + UM(/BQHBZ)?
where 8 = ( J,ﬁZ)T, and (} and Z*M are given by (6.23) and (6.18), respectively. Ap-

plying the Taylor expansion of U (Bz, BZ> and U <\/iﬁ, @0) around (3, 6J)T = (0, ,BZTO)T,
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respectively, gives

N oU (0, 80) { Ba—0 1
0= 0 (B ) = U (0,80) + 22 ( ) ) o, (—n> (E.6)
and
oU (0, B, L 1
U (%,ﬁm) — U (0, Buo) + % ( % ) +0, (%) : (B.7)

Combining (E.6) and (E.7) gives

o oU (0, B.o) Ba oU (0, o) [ L 1
=0 (fhoe) 25 (1.2, ) - B (F) oo () oo

and re-scaling (E.8) yields

(57 ) (Y () (5) o0 e

Let

~

G (B Be) = / esxp {Ro () exp (2 8, + = 5.) Y dfl (). (E.10)

Since Jix~ = px + 0,(1) and Sy = Oy + 0p(1), we obtain that X; = Xreai + 0p(1) by the
Law of Large Numbers, where

Xrei = E(Xi|X7)
= x4 (Exe = ) S (X — pxe)-

Since the indicator functions
{I(A<t<Y):tel0,7]} and {I[(Y <t):te|0,7]}

are Glivanko-Cantelli classes (van der Vaart and Wellner 1996, Example 2.4.2), by Uni-
formly Strong Law of Large Numbers, we have that as n — oo,

G(k) (U, 617 ﬁz) ﬁ) g(k) (u7 5% 52)
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uniformly at u, where

X\
®)(u, By, B.) = E {( p ) exp(X* B, + ZTB)I(A<u< Y)} (E.11)

for £ =0,1,2. By the similar proof of Theorem 5.2.1, we have that as n — oo,

sup  |Ao(t) — AL(t)] <3 0, (E.12)
BeO, tel0,7]
where
=1Y <u)
E.13
/ m- 5900 g(0)<u /BIO /BZO) ( )

In addition, by the similar derivations of Lemma 4.2 in Wang (1991), we have that as
n — 0o,

H(u) 25 H(u) (E.14)
uniformly. Combining (E.12) and (E.14) yields that as n — oo,
EZ* (ﬁmﬁz) % C: (ﬁz7ﬁz) )

where

¢ (B ) = / exp {— A3 () exp (T Bs + 27 B) } dH (1)

Noting that by (E.5) and Uy = % together with (6.18), we obtain that

—1 aU( 620)

n ap
- (aUP( /BZO) + 8UM( 520))
on ap

: 73552/ () (%) -Goiiipmee

0 {Rofa) exp (B 8. + 2 5.)}

(/Bz 7,82 ) = (0,5z0)

Z
8 op
n 0f 4 (Bz,82)=(0,Bz0)

—i—lﬁ . % [foT exp {—Ao(u) exp (fc’\Tﬁm + ZTﬁz) }dﬁ(u)} (E.15)
nOB gy exp {~Ralwy e (5] 8 + 20 52 Jal ) |

(Bz ,52):(0,5z0)-
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Then exchanging the order of differentiation and summation and plugging (E.10) to (E.15)
with (8,, f,) evaluated at (0, f,0), yields

—1 aU( 520)
n
_ G(Q) u, 0 /BzO) G(U(u’o’ﬁzo) ®2 S
- —Z/ {G(O (u,0, B.0) (G(O)(U,O,ﬁzo)) B ( 0yxp OZXZ ) dN;(u)
_Z aﬁ@ﬁT {Ao az) exp( T()_|_Z 5Z0>}

1< [1 e 1 (a\”
> g_;aﬁaﬁT_@)z<85> ’

=1

where G*+D (u, B,, B.) = %G('“) (u, Be, B.) for k= 0,1, and Z{k = Ez* (0, B.0)-
We conclude that by the Law of Large Numbers, as n — oo,

—1 aU( ﬂzO) L>

o8 A, (E.16)

where

A= [1]6200.80) (G0 (w,0.5.0)\* S 0,
B /O g(o)(ua()?BzO) a (g(o)(uvoaﬁz[))) B < OqXP O )
0? e\ ©2
+E {8ﬂ8ﬁT o(A)exp <X1—>[00 - ZTﬂzo> +(¢*)? (C ((925) ((;ﬁ) ) }

with G (-) is given by (E.11) for k = 0, 1,2, and

dE {Ni(u)}

= /OT exp { —Af (u) exp (%gc() + ZTﬂzo)} dH (u)

Step 2:

Since U <\/iﬁ, BZ()) contains the sample size n, it cannot be directly expressed as a sum
of i.i.d. random functions. We now want to re-express it in order to derive a sum of i.i.d.

random functions. Since exp (x*T\/iﬁ) = ’“f/;” + O, (1), then by (6.20) and (E.2),

A n 1 ~,. .
GU) <u, %, ﬂz> = %G(]) (u,m, B.) + O, (1) for j =0,1, (E.17)
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where

n + \ ®J
G (u,n, B,) = %Z ( T ) Yi(u)exp (2 8,) 2} " (E.18)

Zi
i=1
which is a sum of i.i.d. random variables for j = 0, 1.

Combining (E.17) and U (\/iﬁ, ﬂz()) gives

(1 )
ﬁu( ﬁﬁ) =0 (0.8) + (1), (E.19)

where
[7 (777 /BZO) = ij (?77 /BZO) + ij (na BZO) ) (E20)
7 N[ S\ GO w8 | oy
Up (n: Beo) = ;/0 { ( Zi ) i < 0 ) G (u,n,5,) } N (w)
and
. Iy dN)
o~ 0 “ ! T o \aT
U . = — — — X ! BT
ar (0, Beo) ; 35 /O ESISET- M (= )%

"9 T ~ N
-y =1 xp 4 —A xp (2! B.o) T n vdH (u). E.21
;85 og/oep{ o(u)e p(zzﬂo)fcln} (w).  (E.21)

(E.19) suggests that to study the asymptotic behavior of \/LEU (\/iﬁ, ﬁzo) , it suffices to study

\/Lﬁfj (n, B.0) by expressing it as a sum of i.i.d. random functions. To this end, by (E.20),

we separately examine Up (1, B»0) and Unr (1, B20). First, using the arguments similar to
the derivations in Theorem 2.1 of Lin and Wei (1989), we derive

1 ~ 1 &
%UP (1, Bz0) = 7 ; Wy +0,(1), (E.22)
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where
e\ GW(u,n, Bo) ( Sen )
QI i — I'Z - = N deL
' /0 {( Zi ) Q(O)(U,'fhﬁzo) i 0, (U)

[ (=) o nl(A S u < V) {( 7 > G, Bo) } 4B {N(w)}

GO (u, 1, o) w0/ GO, Bu)
(E.23)
with
o x* O\ %7
GY(u,n, B) = E {( p ) Y (u)exp (2 ) X*Tn} for j =0,1.
Next, we examine Ut (1, B.0). Let
¢ (Tre, 2) = / exp {—Ag(u) eXp(zTﬁzo)i?}T{Cn}dH(u), (E.24)
0
XRC = Ux + (Ex* — ZE)T E)_(£ (X* — MX*)
and
£@9) = [ exp {~Rolw) exp(eB0)2 0} (), (E.25)
0

To derive a sum of i.i.d. random functions and study the asymptotic behavior of U v (1, Br0),
we further define

~ n 0 " -~ 1 8( (fRCi Zi)
Uy (1, Ba) = — ——A¥(a;) exp (2] Bao) Tpoin — — =~ (E.26
v (1, B20) ; 88 ola;) P( 5 0) RC,i"] ; c (QJRC,i,Zz') 88 ( )
Then by (E.21) and (E.26), the difference between Uy and U3, can be written as
1 (~ o~ L
= {UM - UM} — U, + O, (E.27)

where
U, = 7 Z 5 {Ao(ai) — Ao(ai)} exp (2 B.0) Thein
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and

5 L\ L 3C(@ =) 1 9 (Frei )
=T = — = : : E.
. 2 {C(?U\i» z) OB ¢ (@reuz) OB } (E-28)

To study the asymptotic behaviour of (E.27), we examine U, and U, individually. First,
let N(t) = P(A=1,Y <t)and dN(t) = 2 > dN;(t). Then by (6.19) and (E.13),
i=1

n

r7 1 d 0N * T ~T
U = _ﬁ 121 % {Ao(ai) - Ao(a')} exp (Zz 520) Tre,M
= u) — = AN (u) TY.n) exp (2 0
Z/ aﬂ { u n, ﬁzo) g(o)(u’mﬁzo)} (77 677) p( i Bz )

><xRC (v <a; <71)
_ Z/ {dN — dN(u) dN(U)é(NO’(w 1, Bz0) —NdN(U)CN?(“)(u, 1, Bz0) }
SV RE (u, 7, B-0) GO (u,n, B0) GO (u, n, B0)
X (1" Sen) exp (2 Ba0) Trenl (u < a; < 7). (E.29)

n

Since & Z exp (2 Bz0) The I (u < a; < 7) is an average of i.i.d. random variables due
=1

to Conditions (C3), (C4) and (C5). Then by the Law of Large Numbers, we have that as
n — 0o,

%zn: exp (= o) Fho I (u < a; < 7)
Ly B {exp (2" Bu0) XgenI(u < A < T)}
/ /0 exp (27 Buo) FhenI (u < a < 7)dQ(a, D),
i.e.,

— Z exp (2 Ba0) Tpend (u < a; < 7)

/ / exp (2 B.0) Tpein! (v < a < 7)dQ(a,0) + O, (L (E.30)
—o0 J0

)
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(e.g., Jiang 2010, p.61), where Q(a,?) is the joint density function of (A, ‘A/) with V =
()?RC, Z).
Then plugging (E.30) into (E.29) gives

. dN (u) = dN(u) | dN ()G (u, 1, Bo) — AN (u)G (u, 7, Beo)
\/_/ / 86 { U n, ﬁzo) - GV(O) <u7 m, ﬁzo)é(o) (u7 7, ﬁzo) }
x (n"Zen) exp (27 B0) xRCnI(u <a < 71)dQ(a,v)+ 0,(1), (E.31)

where the order term is determined by y/n X 0,(1) x O, <\/Lﬁ> = 0,(1).

Furthermore, noting that by the Uniformly Strong Law of Large Numbers,
dN(t) =% dN(t)
and

GO (u,m, B0) =2 GO (u, 1, Buo)

uniformly as n — co. That is,

dN(t) = dN(t) + op(1) (E.32)
and
é(o)(uaﬁ,ﬁzo) = 5(0)(U,77, B0) + 0p(1). (E.33)
Then we obtain that
= —dN(u) | dN ()G (u,n, B.) — AN ()G (u, n, B.)
hT f/ / e { GO, B GO (u, 9, B0) GO (u, 1, Buo) }

(77 Zgn) exp ( /Bzo) :ERCn](u <a <7)dQ(a,v)+ oy(1)

_ O | dN(u) — dN (u) AN (u) =000,
R \/_/ / Q(0> (u, 1, Bz0) ' {5(0)(%77’@20)}2 {g( (1,17, Bz0)

=GO, B) }| X (07 Sem) exp (7 Buo) Trenl (u < a < 7)dQ(a,7) + 0,(1),
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where we apply (E.32) and (E.33) to the numerator and denominator of the second term,
respectively. Then by definition of dN(t) and (E.18), we obtain that

. N ()G (u, 1, B.0)
5 o_ _dAN(w) 2 ("=
/ / B g(0> (u,mn, Bzo) {Ej(m(u,n,ﬁzo)} o

x exp (2" Ba0) Zrenl (v < a < 7)dQ(a, D) + 0,(1)

_ B dN (u) exp (ZiTﬁzo) zi Tl (a; < u <y
\/_ Z aﬁ / / g(o U » 17, 620) {5(0) (u) n, 520)}2

x (n"Sen) exp (2" Bo) Tpenl (u < a < 7)] dQ(a, D) + 0,(1). (E.34)

We next examine Us. To do so, we first derive the asymptotic result of
Vi {C(@ 2) = C (Fno.2) |

Since fix+ = px + 0p(1) and Sx- = Yy« + 0,(1), we obtain that X; = Xpa; + 0,(1) by the
Law of Large Numbers. Hence,

—/AXO(u) exp(zTﬁzg)ﬁz\Tn + Aj(u) exp(zTﬁzo)fgcn
= — {Ko(u) — Ag(u)} exp (ZTBZO) Tren + 0p(1)

_ Z/ _ AN (u) exp (2 Bo) 2 0l (a; < u < y;)
g(O u 7R ﬁzo) {gN(O)(uﬂ%ﬁzo)}g
x (n'Zen) exp (2" B.0) Then + 0p(1), (E.35)

where the last equality is due to the expression of Ag(u) — A%(u) in (E.29).

Applying the Taylor expansion to exp {_7\0 (u) exp (zTﬁzo) fgcn} with respect to Ag(+)
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yields
exp { ~Ra(u) exp (27 Bo) Fon } — exp { ~Aj(u) exp (27 Buo) Fhen)
— —exp {—Aj(uw) exp (27 Ba0) Fhon) {Ao AS(U)} exp (2" Bs0) Tren + 0, <
= exp{—Aj(u)exp (2" B.0) Then}

o1 B dN(U) €xp (zi—rﬁ,ZO) xan[(az S u S yl) TZ
Z/ { u ., ﬁzO) {g(o)(uanvﬁzo)}Q } (77 677)

)

~ 1
x exp (2" B0) Tpen + 0p <%>
= S(U,T],BzngC,Z)

AN (u) exp (2 Bo) 27 'nI(a; < u < ;) -
X — - 7 (7' Sen)
Z/ { U naﬁzﬂ) {g( (uﬂ%ﬁzo)} }

~ 1
X exp (ZTﬁzo) Tratl + 0p <%> , (E.36)
where the second equality is due to (E.35), and
S(u,n, B0lTro, 2) = exp {=Aj(u) exp (27 B.0) Tren}-

Finally, using (E.24) and (E.25) in combination with (E.14) and (E.36), we obtain that
~ 1 < ~
Vi{C(E2) = o2 p = o D Bl 2 + 0, (1) (E.37)

where

6ZO‘$RC7 )

/ / f 7, /BzO| RC) < ){5(0)(%77’520)

_dN(u) exp (2 B:0) f 'nl(a; < u < y;)
{5(0) (U, n, Bz0>}2

} X (nTZEn) exp (ZTBzO) igcndf.
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Then by (E.28) and similar to the derivations of (E.31), we obtain that

~

i -1y 1 (F,2) 1 XK(Frey: )
((Fj,2) OB C(Tre s 25) op

_ l - 1 82”(@,2]-) . 1 8C(ERCJ,2J»)
= n X n Z { A(i.\ﬁ Zj) 86 C(%/RCJW Zj) 5,3 }

Y o(,2) 1 9((Fre.2) o
a \/—/_oo/o {A@Z) BE; C(ro,2) OB }dQ(, )+ 0,(1). (E.38)

To sort out a sum of i.i.d. random functions from (E.38), we add and subtract the term

C(Eéc,z) aé(%z) and then regroup the differences, yielding
. 1 ag (7, 2) 1 (T, 2) 1 (3, 2)
U, = — — = + ==
i f/ / { ((Frc.z) 08 ((Frc,2) 0P
1 3C($Rc, )

C oo, 2 95 } dQ(a,v) + o0,(1)

_ —\/_/ / [ L {&:;z)_ac@a%c,z)}

(7, 2) [ (T, 2) — ((Fro, 2) P
8 { C(x Z)C(ch, z) }] Q(a,v) +o0p(1)

- -2 [ gt ol

¢ (Tre, 2) 1 N R
_ aﬁ CQ(fRC’Z)¢i(n7ﬂz0|$RC72)}:| dQ(CL,U) —|—0p(1)7 (E39)

where the second equality is due to E (7, 2) =  (Tre, 2) +0,(1), and the last step is due to
(E.37).

Combining (E.27), (E.34) and (E.39) gives

7 v (1, Buo) = \/—Z‘Ilzﬁop (E.40)
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where

O (u,n, B20) {§(O>(u,n,ﬁzo)}2
(n"Sen) exp (2 Tﬁz) xRCnI(u <a<7)]dQ(a,)

[/ /{ ¢ (Tre, 2 5¢(;520|5Rc,z)

/ / Ni(u) dN (u) exp (2 8:) o "0l (a; < u < yi)
B g(

8C xRCa ) 1 o~
o) e e, )| dQ(a )]
0 _ 1 0
_%Aé(ai) exp (ZZTBZ) SB;{CJO] - maﬂg (Trey, 2i) - (E.41)

Therefore, using (E.19), (E.20), (E.22) and (E.40) and applying the Central Limit Theorem,
we obtain that as n — oo,

%U (% 520) 4 N(0,B), (E.42)

where B = E(\If‘im) with W; = Uy; + Uy;, and Vy; and Wy, are given by (E.23) and (E.41),
respectively.

Finally, applying Slutsky’s Theorem in combination with (E.9), (E.16) and (E.42), we
obtain that as n — oo,

Gl 55,) 4 v ((3)aea)
Proof of (b):

We first re-scale (E.7), which gives

0050 = =0 (Lp) - 1P (W) ). ma)

Combining (E.16), (E.42) and (E.43) and applying Slutsky’s Theorem, we obtain that as
n — 0o,

%U (0, Bg) —5 N <A ( ! ) ,B) . (E.44)
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Now we consider any candidate model S. Applying the Taylor expansion to Ug (B\:c S, B\z,S)
around (0, 5,9) gives

_ 2 2\ _ Us (0, B20) B\x,S 1

yielding that

B, s B 10Us (0,8:0)\ " 1
a(300.) = () oo
10Us (0, 8.0)\ " 1
_ Q%) JRIU (0.5.0) + 0, (1)
i> A§1H5N<A<g)’8) as n — oo,

where the second identity is from Lemma 6.3.2 and the third step is due to (E.44). Thus,

62’,5 - /BZO
where Bg = TIgBII{ . O

\/ﬁ< _ e ) 4 N (AglﬂgA( g ) ,AngsAgl) as n — 00,

E.2.4 Proof of Theorem 6.3.2

The proof consists of the following three steps.
Step 1:

For a given candidate model S, by (6.9), we have

R T R R

where
t %idNZ(U) t %isz< )
A _ \/ﬁ / Z=1O _/ =1 (E 45)
0 m5! (Bes)GS (w,Brs, Bus) o m A (Z)GO) (u, 2, Buo)
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and

Step 2:

ms(Be,s)

We first examine A. Applying the Taylor expansion to T OR A and =0 (u

respectively, around (0, /3,0), we have

mS(BJ?,S)

GEqO) (U, Ba.s, @,s)

= 1 1 Ga(cl,)s (u, 0, Bz0) : R Bx,s
Ggo) (1,0, B20) {G(SO) (u,0, 620)}2 G,(zlg‘ (u,0, B20) B,s — B0

1
+0p (%) (E.46)
and
m(7=) _ 1 B GV (u,0, B.0) oL, <L> (B.47)
GO (w2 50) GV W0B0) (GO (w0, 0))" Vi T\
where
0
Ga(us s, Beis) = 55— G810, s Bus)
and
(1) d (0)
Gz,S(u75x,S7ﬁz,S) = 86 SGS (uv /8213,5762,5>‘

Since (E.4) with j = 0 gives Gg)) (1,0, B0) = GO (u,0, B), so we combine (E.46) and
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(E.47) and obtain that

mS(Bz,S) _
Gy (% @,&@,s) GO (% %ﬂm)

_ ~1 ( G
- 2 1)
{GA(S('J) (u7 07 /BZO)} GZ’S

GC(EI) (U, 07 /Bz()) n 1
+{G(O) (1,0, B0)}> V1 o (_”> '

Hence, applying (E.45) gives that
1v T ~
tor MG 0,0, 8.) s
A = - 0) 2 Gy(ci) \/ﬁ B _76
0 {G(s (u,0 ﬁzo)} 2,8 %S — P20
1

, (uvoaﬁz(])
32 AN ()G (4,0, ug)
n+ o,(1). (E.48)

+/ot ERTETITRNE

Now we examine the terms in (E.48) separately. Since {Y;(t) : ¢t € [0, 7]} and {N;(t)
t € [0,7]} are Glivenko-Cantelli class (van der Vaart and Wellner 1996, Theorems 2.4.1

and 2.7.5), then we have as that n — oo,

Ly ann =5 B ().

and
G (1,0, f0) “% G (1,0, o) for k=0,1

uniformly at ¢, where G(O)(-) and Gg)(-) are given by (6.10) and (E.1), respectively, and

me X\
Y (u, By, B.) = E {( ° ) exp((msX*)' Be + ZTB)I(A < u < Y)} .
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Therefore, as n — oo,

n

LS~ an;
- 5T ( G (4,0, B0 ) = (Tt ) (B.49)
0 {Gg«)) (u, O, /620)} GZ,S (U, Ou /820) Fz(t)

uniformly at ¢, where

[ E(dN; ()8 (1,0, B.0)
F,s(t) = /0 {ggo) (u,O,ﬁzo)}Q

and

[P E(dN; ()G (4,0, Beo)
Fz(t)—/o G0 (w0

Regarding the term +/n 3 2 ’”’Sﬂ
z,S = Mz0

let Wg be a random vector whose distribution is the same as the limiting distribution of
B\x S .
vl ~ 7" ,i.e.,
/BZ,S - 620

\/ﬁ<A Bas )iH/VSasn—)oo. (E.50)

in (E.48), we apply Theorem 6.3.1 (b) and

Bz,S - 620

Then applying Slutsky’s Theorem to (E.48) in combination with (E.49) and (E.50), we
have that as n — oo,

AL ( };S(g) ) Ws + F,(t)n. (E.51)

Step 3:

n

Finally, we examine the asymptotic behavior of B. Noting that exp <"T25’7> = ”Tfen +
O(1) and % =0 (\/Lﬁ), by the arguments similar to Appendix A.4 of Lin et al. (2000), we
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have

()L 32 dviw)
B = vn /0 =1 — dAo(u)

( T n
[
= n =

0 \/LHG(O) (U, m, 620)
\
( n

t
- i=1 .
B ﬁ/ﬁ GO oy ool

— do(u) § + 0(1)

\
( N n
] . ;nTZendNi(u) — ; Yi(u) exp (z:ﬂzo) (ijn)dAo(t)

\/ﬁ 0 G(O) (u7 7, /820)

\

L | 2 TSN ) = Vi) exp (] Bua) (07 Tm)do(w)}
B % /0 5(0) (U, U BzO) " Op(l)

+ 0p(1)

1 n n"SendN;(u) — Y;(u) exp (ZZT/BZO) (zx"n)dAo(u) )
- \/ﬁzl/o { GO (u,, o) }+ 0

[I>

2= ) +o,(0),

where the second equality is due to (E.17) and m(-L) = % + O(1), the fourth equality
3).

Ui
un
is due to (E.18), and the fifth equality is due to (E.3

By (E.32) and (E.33), E (% > ®;(t) )| = 0. Then by Condition (C3), the ®;(¢) are i.i.d.
=1

1=
with mean zero, and hence, by the Central Limit Theorem, we conclude that

B-% V(t) as n — oo, (E.52)
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where V(t) is the Gaussian process with mean zero and covariance function E {®;(t)®;(s)}.

Finally, combining (E.51) and (E.52) gives that as n — oo,

(Rt = i) 900 - () ) o

which completes the proof. 0

E.2.5 Proof of Theorem 6.3.3

For ease of exposition, we simply write 6)(/[3) 520 and 8% s B0 qg On and 5 respectively.

0Bz,s
Proof of (a):
The proof consists of the following two steps.
Step 1:

Let ( ]\{[ ) be a random vector whose distribution is N (0,5), where J is a p x 1
. Js J
random vector and M is a ¢ x 1 random vector. Define v = g Yk Then

( Is ) is a random vector whose distribution is N (0, Bs). Let

M
Wsz<gz>:A§1{H5A<g)+<}(j)} (E.53)

BmS

ﬁz S 520
where Cs and Dy, respectively, have the distribution identical to the asymptotic distribu-

tions of \/_Bxg and \/_(ﬁz s — B0)-

Furthermore, we express A as
Axx Aiz
A= ( A A >
by making the block matrices A,,, A,., A., and A,, be of dimensions p X p, p X q, ¢ X p
and ¢ x g, respectively. Similarly, the inverse matrix of A, Ag and Ag' are expressed as

B Azx sz Axw Aa:z Aa:xS szS '
Al = ( Az A7 )7 ( Azxj Azzj ) and < pzaS geeS > , respectively.
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Consequently, by (E.53), we write
Cs = (A" g Aue + A5 AL,) n+ A5 Jg + A M (E.54)
and

DS — (AzzSﬂ_SAmr € AZZSAzm) n T AzmSﬂ_SJ 4 AZZSM'
To continue the proof, we need the following lemma.

Lemma E.2.1 Under regularity conditions in Appendix E.1, we have
Ag = TIgAILL,

where A and Ags are the asymptotic covariances matrices in Theorem 6.3.1.

By Lemma E.2.1, we have
AMCS = (Ax:cS - szSAz_zlsAsz)il
— (WSAMWE — WsAxZA;;Azx’iTg) -

= {WS (Amc - szAz_zlAzz) ﬂ-;—}_l

= {ms(A™) ri} ! (E.55)
and
szS — _AachAxZSAZ—ZlS
= —A"5A,.sA L. (E.56)

Then combining (E.54), (E.55) and (E.56) gives

Cs = (A™meApy — AT ApugAJgAse) 4 AT Jg — AT A g A G M
= A:L“xSﬂ-S (Axx — A:rzAzzlsAzx) n+ AszJS i AIISA:J:ZSA;;SM
= AmSWS(Am)_ln + AMSWSJ i AMSWSAMAZ_ZIM
= Aa:xSﬂ_S(Axm)fl (77 + AT AMAIZA;M)
£ AT (AT + W), (E57)
where the third equality is due to Jg = mgJ and A™ = (A,, — A, A} Azx)il,

W = A™J — A™ A, AZIM, (E.58)
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and (A**)~! stands for the inverse of matrix A%,

Similarly,
_ —1
AZZS = {Azz - Azxﬂ,—s‘r (WSAxxﬂ—g) ’/TSsz}
_ A7 (E.59)
and
Asz’ — AZZSAZISAg;xS
= —ATA,miA L. (E.60)

Thus, using (E.59) and (E.60), and direct calculations give

Dg = lAzx { pXD WgA”SﬂS (A™)™ } n+ A 1]\4 A IAZQJTS (WSAMWS)_I msJ
+ AT AL mE (Ages) g A AZIM
— A lAzx [ o (A;m;)l/2<A:m 1/2 T {71‘ Aac:c 1 } Aac:c 1/2(sz)—1/2} n
FAZIM — A A wd {rg(A™) iy g () — AxZA‘lM)
— A 1Azx [ oxp — (Axx)1/2<sz 1/2 {7T Aa:x 1 } Aa:x 1/2(Azx)—1/2} n
_|_A71M . |:A 1A (Aa:x)l/Q(Axx 1/2 T {71' Azx 1 }*
X T (AII) I/Z(Aza: —1/2 {AzzJ Az:vAxZA }}
1AZ:E {Ipxp Azx)1/2H (Axac 1/2} n+ A lM
— AT AL (AT 2H g (A2, (E.61)

lI>

where the second equality is due to (E.55), and

H (Axx) 1/2 T {7T Amc 1 } Azx 1/2‘

Step 2:
Applying the Taylor expansion to fig and 4. around (0, 3.9), respectively, gives

o\ o \' /4
fis — 1 (0, Bz0) = (ﬁ) Br,s + (3ﬁus) <ﬁz,3 - 53()) + 0, <%> , (E.62)
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Ly —/L(O BO) = ( M) —;—1‘0 <_> (563)
e e 86‘,[ \/ﬁ \/ﬁ

Combining (£.62) and (E.63) gives
\/ﬁ (ﬁS - Utrue)

(3” )Tm +(a“ )Tmé —B)—(aM)T o)
0Bas S NGTA =800\ g, ) T

. o T o T o T
LN (aﬂx,5> CS+<8/BZ,S) DS—(aﬁm) n as n — oo. (E.64)

Then plugging in expressions (E.57) and (E.61) to (£.64) and applying £LS = 71'5(%1 and
ou ’
aﬂz,s

= aa_éi yield that as n — oo,

\/_ ,utrue)

ou o \ ' o\ "
aﬂm,S) Cs+<aﬁz,5) DS_(aﬂm) 7

A

o T ol T
o\ " o\ "
| 2 -1 zz\1/2 zx\—1/2 .
(85) A A s - ()
au\ "
X 8,“ T lA { N Amx I/QH (A:c.r 1/2} + 8# TA_IM
95 A o5.) =
op ' -1 xz\1/2 zz\—1/2 8#
~(55) AR Autaemp sy - () (E.65)
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where (E.57) and (E.61) are used in the third equality, and the last equality is obtained by
using the formulation of Hg. Then combining common terms together, the last expression
of (E.65) can be re-written as

T
() s0-(2) e

(55
(55
-5
- (6’ﬂz

0 Lop\ ' - .
+ <ag - A::'l—a:Azzl ag ) [{IPXP - (A )1/2HS(A ) 1/2} n
. {Ipxp sz)l/QH (A:v:v 1/2} W]

lAzx{ oxp — sz)l/QH (Aacm 1/2}77

T

1Azx{ A:ca: 1/2H (Azx 1/2}W

)
) {(A™)! /P Hg(A™) 2} W
>

T

A (aag > Az_le + WT {77 i (Ama:)l/QHS(Amw)—l/Qu} 7

where w = — AT A1 and U = n+ W, which completes the proof.
zx* "2z 0, 7]

Proof of (b):

The proof for (b) is similar to that of (a); the only difference is to include Ay(+) and its
estimator in the derivations, and we view Ag(:) as a parameter in the same way as we do
for 5, and $3, in (a). In this case, the Taylor expansion becomes

s — e = (—‘9" )TB +( O )T(ﬁ - ) (E.66)
Hs Htrue 86;5 g z,S 86275 z,S 20 .

ol 3 A o i n 1
o, (s = °>_(8ﬁx) %“”(%)'

Multiplying v/n on both sides and plugging in the results of Theorems 6.3.1 and 6.3.2
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to (E.66) give that as n — oo,

ﬁ(ﬁs_ﬂtrue)
T T
* (o) o+ (o) 2o

0B:, 0B
o S S Bu\T
oo V0~ (st} Os — (R0} Ds + {Fe(0)} n] - <aﬁ ) )
O o o T on op S
- a0t {aﬁz,s v %S“)} Cs + { 5 a—AOFZ<t>} Ds

ol ol T

Similar to the proof of (a), we derive that as n — oo,

.~ 0, o on _ onp N
\/E(MS Htrue) — aAUV(t) + {aﬁz aAOFZ(t)} Azz M

+(w+r) {n— (A™)*Hg(A™) U},

where w = (%1 — A;A;;% and Kk = ;—&Fm(t) — AszA;;g—/ﬁ)Fz(t), which completes the

proof.
O

E.2.6 Proof of Theorem 6.3.4

Proof of (a):

Recall that jig,,. = > w(S|n)pis with weights w(S|n) satisfying conditions in Sec-
Ses

tion 6.3.4. Since 1 = ﬁ@, then by Theorem 6.3.1 (a), we have that as n — oo,
7= VB
B\x full
= (Lup,0)vn| ~ ™
rp ﬁz,full - ﬁzO

d n a4 J
—  (Ipxp,0) o)t A v

= n+W

= U. (E.67)
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Therefore, let w(S|U) denote the weight to which w(S|7) converges.
Then by the result of Theorem 6.3.3 (a) and (E.67), we have that as n — oo,

\/ﬁ (ﬂave - ;utrue) = Z w(SVI\) {\/E (ZZS - Mtrue)}

Ses

5 Y w(S)

Ses

) (8M> ACIM 4T QU =37 w(SU) (A7) P (A7) U 5
0B ses

( ) AZIM + W™ {U — (A™)Hg(A™) 2

Proof of (b):
Similar to (a), using figwe = Y, w(S|N)its with > w(S|n) = 1 and applying Theo-

Ses Ses
rem 6.3.3 (b) give that as n — oo,

\/ﬁ (ﬁave - Mtrue) = Z W(S‘ﬁ) {\/ﬁ(ﬁs o Mtrue)}

SeS
L ST w(SIU) | vt + On | O p Aty
2 8A0 98, " A =

+ (w + H)T {u o (A$$>1/2HS(A$$)—1/2u}i|

_ Mg {au+a F()}TA;;M

0\ d8, 0\
(w + /{ {u Z S|Ll Axx 1/2H (Axw) 1/2u}
Ses
Therefore, the proof of Theorem 6.3.4 is completed. U

E.2.7 Proof of Lemma 6.3.3

By an argument similar to (E.56), we have A% = —A™ A, A}

zz

or equivalently,

(A;tz)—lAaxz — _AmzAz_zl
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We re-write (E.58) as

W = A™J— A" A AZM
= A" (J - A, A M)
= A" {J+ (A")TA" M} (E.68)

Write B as the block matrix ( g“::" gf:j

pXDp,pXq qxpand g X g, respectively. Noting that A~! is a symmetric matrix, then
(A7)T = A7 (A*2)T = A*® (A**)T = A%* and (A**)T = A**. From (E.68), the variance
of W can be expressed as

> where B, B.., B., and B,, of dimensions

var(W) = A%var {J + (A™) 1AM} A™
=  A%var (J) AT Awa)(AIZ’)—lAa)zvar (M) Azx(Axac)—lez
+ AT cov { J, (A™) LA M} AT + A% cov {(AT)TLATM, T} AT
= A*™B, A™ + A% B, A
+A$$B$ZAZ$(A1$)_1A$$ 4 Ama:(sz>—1Aa:szxAm:c
= A" B A" + AV B A + A" B, AT + A" B, A

On the other hand, directly calculations give

-1 -1 xx xz

leading to the upper left block matrix o,, = A*™B,,A™ + A% B, A" + A™B,, A** +
A**B,, A** which is var (W); the proof is then completed. O
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