
Higher-order Losses and Optimization
for

Low-level and Deep Segmentation

by

Dmitrii Marin

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Computer Science

Waterloo, Ontario, Canada, 2021

© Dmitrii Marin 2021



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Dr. Pascal Fua
Professor, School of Computer and Communication Science,
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Abstract

Regularized objectives are common in low-level and deep segmentation. Regularization
incorporates prior knowledge into objectives or losses. It represents constraints neces-
sary to address ill-posedness, data noise, outliers, lack of supervision,etc. However, such
constraints come at signi�cant costs. First, regularization priors may lead to unintended
biases, known or unknown. Since these can adversely a�ect speci�c applications, it is im-
portant to understand the causes & e�ects of these biases and to develop their solutions.
Second, common regularized objectives are highly non-convex and present challenges for
optimization. As known in low-level vision, �rst-order approaches like gradient descent are
signi�cantly weaker than more advanced algorithms. Yet, variants of the gradient descent
dominate optimization of the loss functions for deep neural networks due to their size and
complexity. Hence, standard segmentation networks still require an overwhelming amount
of precise pixel-level supervision for training.

This thesis addresses three related problems concerning higher-order objectives and
higher-order optimizers. First, we focus on a challenging application|unsupervised vas-
cular tree extraction in large 3D volumes containing complex \entanglements" of near-
capillary vessels. In the context of vasculature with unrestricted topology, we propose a
new general curvature-regularizing model for arbitrarily complex one-dimensional curvilin-
ear structures. In contrast, the standard surface regularization methods are impractical
for thin vessels due to strong shrinking bias or the complexity of Gaussian/min curvature
modeling for two-dimensional manifolds. In general, the shrinking bias is one well-known
example of bias in the standard regularization methods. The second contribution of this
thesis is a characterization of other new forms of biases in classical segmentation models
that were not understood in the past. We develop new theories establishing data density
biases in common pair-wise or graph-based clustering objectives, such as kernel K-means
and normalized cut. This theoretical understanding inspires our new segmentation algo-
rithms avoiding such biases. The third contribution of the thesis is a new optimization
algorithm addressing the limitations of gradient descent in the context of regularized losses
for deep learning. Our general trust-region algorithm can be seen as a high-order chain rule
for network training. It can use many standard low-level regularizers and their powerful
solvers. We improve the state-of-the-art in weakly-supervised semantic segmentation using
a well-motivated low-level regularization model and its graph-cut solver.
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Chapter 1

Introduction into Image
Segmentation

Computer vision is a �eld of study that enables computers to interpret images and videos.
As an interdisciplinary science, computer vision [88] uses geometry, physics, decision theory,
probability theory, machine learning, and other disciplines.

Computer vision includes many problems of a low and high-level understanding of
digital images and video. For example,image classi�cation aims to assign to an input
image a semantic label from a set speci�ed in advance.Edge detectionaims to discover
thin high-contrast regions of the image where the color changes more or less \abruptly".
Image segmentation�nds the partition of the image pixels into a few subsets that represent
di�erent objects or categories. Motion detection and optical 
ow aim to reconstruct the
pixel correspondence for a pair of images, hence determining the motion of the objects
or camera. A relatedstereo problem �nds pixel correspondence for a stereo pair, hence
determining the disparity (or parallax) and depth at each of the pixels. Stereo is a subtask
of 3D multi-view reconstruction, which aims to reconstruct 3D scenes from an array of
images taken from di�erent viewpoints. Computer vision also includes event detection,
video tracking, objects detection, 3D pose estimation, image restoration, and many others.

In the followingSection 1.1.1, we brie
y introduce the problem of interactive image
segmentation. This problem is a simple and illustrative example of a much broader area
of image segmentation, which is central to this thesis. This and later sections review
the basic tools in segmentation and general computer vision, as well as their limitations
addressed in this thesis. But �rst, we introduce some of our most commonmathematical
notations . Numerical sets are denoted by the blackboard bold typeface,e.g. R is the

1



(a) image from [240] (b) ground truth (c) log likelihood ratio (d) threshold (e) graph cut [31]

Figure 1.1: Image Segmentation: An original image(a) is to be partitioned into sets of
the object and background pixels, as in(b) . The ground truth segmentation is in(b) .
Given the color distribution for object and background, themaximum likelihood(c) gives
the optimal rule (1.4) classifying pixels into the object(d) and background. However, due
to the independent treatment of pixels, signi�cant noise is observed in(d) . Methods, such
as [31], exploit the correlation between pixels to produce a \smooth" result as in(e) .

set of real numbers. Sets are denoted by capital roman letters, such asA, B , X , etc.
Vectors (and 1D arrays) are denoted by lower case bold letters such asx , and all vectors
are assumed to be column vectors. The symbol \> " denotes the matrix transpose such as
x > , which is a row vector. Uppercase bold letters, such asM , denote matrices or other
multi-dimensional arrays such as images. An image is typically be denotedI 2 I whereI
is the set of all possible images.I p 2 R denotes scalar intensity of image pixelp. I p denotes
the multi-channel intensity vector of image pixelp. [P] is the Iverson bracket, which equals
1 if the argument P is true, and equals 0 otherwise. The dot-product between vectorsx
and y is denoted asx � y .

1.1 Low-level Models & Regularization

First, we introduce the problem ofinteractive image segmentation, which is a classic com-
puter vision problem. Optimization-based approaches dominate in segmentation. This
thesis mainly focuses on the discrete formulation of the problem. The following subsection
introduces the corresponding discrete optimization framework. Later, we brie
y review
alternative continuous representations in Section 1.1.2. Because of the di�erence in rep-
resentation, they result in di�erent numerical techniques, but the underlying models are
often closely related and produce similar solutions in practice.

2



1.1.1 Segmentation as Discrete Optimization Problem

Image segmentation is a common computer vision problem of partitioning the set of image
pixels into several subsets. In our example, we consider two subsets representing object
(foreground) and background, see Figure 1.1. Suppose we are given a pictureI consisting
of pixels I p for p 2 V where V is the set of pixels. The color intensity vectorI p 2 Rn

wheren is the dimensionallity of the color space (e.g. n = 3 for RGB images). The problem
is to partition the pixels into object S and background �S sets such thatV = S [ �S and
S \ �S = ; . Such partitioning in the context of computer vision is calledsegmentationand
setsS and �S are calledsegments. There is a label variablexp 2 L for each pixelp 2 V
where the label setL = f 0; 1g, and xp = [ p 2 S]. Let us de�ne the indicator variables

x l
p := [ xp = l]: (1.1)

Let us also de�ne vectorx p = ( x0
p; x1

p; : : : ; xjLj� 1
p )> .

As there is a multitude of di�erent partitions, the problem requires additional con-
straints to be well-posed. A common way of resolving the ambiguity is providing a special
function E(S) 2 R ranking partitions, then, the solution S� is found through optimization

S� = arg min
S

E(S): (1.2)

Motivated by physics, such functions are often calledenergies.

The statistical decision theory studies the choice of such objectives from the proba-
bilistic perspective. A common strategy is a maximum likelihood (ML) principle stating
that the unknown parameters should be chosen such that the probability of observed data
under the current model is maximized. In our case, the parameter is segmentationS.

In the following we temporarily assume the independence of pixel labels as well as
the knowledge of the probability distribution of color in object pixels Pr(I p j xp = 1) and
background pixels Pr(I p j xp = 0). The ML principle yields the rule:

S� = arg max
S

Pr(I j S) () x �
p = arg max

l2L
Pr(I p j xp = l): (1.3)

The above is equivalent to
x �

p = arg min
xp

u p � x p ; (1.4)

where
ul

p = � ln Pr( I p j xp = l): (1.5)

3



(a) (b) (c) (d) (e)

Figure 1.2: Interactive Image Segmentation: The original image(a) is to be partitioned
into the object and background. The blue and red scribbles in(b) denote the pixels
that must belong to the background and object segments correspondingly. In(c-e) the
black and white pixels code background and object segments correspondingly. The desired
ground-truth segmentation is shown in(c) . The solution given by (1.4) is shown in(d)
where color models are estimated from the user input(b) . (e) shows the regularized result
of (1.7) [31]. Note, that most of the noise is removed. However, some thin structures like
the bee's antennae almost disappear due to the shrinking bias.

The corresponding objective w.r.t. (1.2) is the sum of log-likelihoods

E(S) =
X

p2 V

� ln Pr( I p j xp) =
X

p2 V

X

l2L

ul
px l

p: (1.6)

Such energies that linearly depend on the segment indicator variablesf x l
pg are calledunary.

These terms measuring adherence of a data point (pixel) to a speci�c label are calleddata
terms or appearance models. We address the practical problem of unknown appearance
models momentarily, but let us �rst consider one common extension of unary energy (1.6).

Due to complex overlapping appearance models, the resulting segmentation tends to
have many mistakes as in Figure 1.1(d). The segmentation in Figure 1.1(d) is noisy,i.e.
it has many disconnected parts, each consisting of few pixels. Intuitively, the photographs
of typical objects should not result in such artifacts. This intuition, if incorporated into
decision rule (1.6), could avoid noisy solutions. For example, such noisy solutions have
many \discontinuities", i.e. transitions from object to background and vice versa. The
following energy [97, 26], extending (1.6), accounts for the number of discontinuities:

E(S) =
X

p2 V

X

l2L

ul
px l

p + 

X

q2 Gp

wpq [xp 6= xq] (1.7)
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where
 > 0, Gp is the set of neighboring pixels top, and each discontinuity is weighted by
wpq = exp( � � kI p� I qk2) based on color di�erencekI p� I qk and � � 1 = 1P

p jGp j

P
p2 V

P
q2 Gp

kI p�

I qk2. So, solutions with many discontinuities will be assigned a higher energy value and
likely not be chosen by optimization. Indeed, the optimal solution is much improved, see
Figure 1.1(e). In essence, we introduced abias to \smooth" solutions. Weights wpq penal-
ize less if boundary between object and background lies in the area of high contrast (large
color di�erence kI p � I qk). Thus, the model (1.7) also encouragesedge alignment.

In Bayesian statistics, approaches like (1.7) correspond to amaximum a posteriori
probability (MAP) estimate for parameter S [97]. MAP is closely related to ML but
incorporates aprior distribution gprior (S) over the unknown parameterS:

S� = arg max
S

Pr(SjI ) = arg max
S

Pr(I jS) gprior (S): (1.8)

In (1.7), gprior (S) is a second orderMarkov Random Field(MRF):

gprior (S) =
1
Z

Y

(p;q)2 G

 pq(xp; xq) and  pq(xp; xq) / exp(� 
 w pq [xp 6= xq]) (1.9)

whereZ is a normalization constant. In the literature, such approaches are calledMarkov
Random Field (MRF) regularization [97] or Conditional Random Field (CRF) regulariza-
tion [160], which is formally introduced in Section 1.2.1.

While MRF regularization is an important tool dealing with de�ciencies of the appear-
ance models, it must be used with caution as it inevitably introduces assumptions about
the segment shape. For example, pairwise prior in (1.7) is known to be proportional to
the length of segments boundary (assumingwpq = 1) and thus has a shrinking bias [26],
see Figure 1.2(e). While this prior may be appropriate for compact objects with relatively
short boundaries, it is not suited for other common types of objects such as thin structures
in Figure 1.2 and 1.3. The prevalence and practical signi�cance of objects of such \non-
compact" shapes motivate research in developing new tailored MRF/CRF regularization
models incorporating the knowledge about such objects. Also, understanding the biases in
the new and old regularization models is equally important to understand their limitations.

1.1.2 Continuous Formulations of Segmentation

The discrete/continuous classi�cation of segmentation methods is based on the types of two
important sets de�ning the segmentation problem, namely the set of segmentation variables
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leaf vessels* blood vessels neurons** river bed*** tree branches

Figure 1.3: Examples of thin structures in nature. *DanieladeGol, CC BY 4.0, via Wiki-
media Commons; **Leterrier, NeuroCyto Lab, INP, Marseille, France CC BY 2.0, via

ickr.com; ***Google Map Data © 2021.

and the set of their possible values. For example, in Section 1.1.1 both the set of variables
X = f xp 2 L j p 2 Vg and the set of their valuesL (labels) are discrete (and �nite). Such
formulations are often referred to asdiscrete-discreteor simply discrete. Besides that,
some formulations use discreteX & continuous labelsL and continuousX & continuous
L . They are calleddiscrete-continuousand continuous-continuouscorrespondingly. Below,
we brie
y introduce two types of representation, namely active contours and level sets.
Both are initially formulated as continuous-continuous. However, to devise a practical
optimization, the domain is often discretized yielding discrete-continuous formulations.

Active Contours (discrete-continuous)

There are well-known examples of discrete-continuous methodologies in segmentation in-
cluding active contours (a.k.a. snakes) [138, 41, 313] andrandom walker [108, 63]. For
shortness, we review the �rst one as the earlier of the two.

In Section 1.1.1, we described segmentation in terms of pixel-level discrete segmentation
variables. Another approach is toexplicitly model the segments' boundaries. Such explicit
boundary model and the corresponding optimization are often called \active contours", also
known assnakes[138, 41, 313]. The snake model is motivated by the standard continuous
contour representation in 2D via functionf : [0; 1] ! R2 parameterized by argument
s 2 [0; 1]: f (s) = ( x(s); y(s)) where x and y correspond to image coordinates. The
optimization functional E(f j I ) can be designed to attract a smooth or regular contour
to image edges. The functional typically consists of two components,i.e. the image-based
term E image (f jI ) ensuring that the contour is aligned with the salient features of imageI
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such as lines and edges; and the regularization termE int (f ) ensuring the spline is smooth:

E(f j I ) = Eedge(f j I ) + E int (f ) (1.10)

E image (f j I ) =
Z 1

0
�kr I (f (s))k2 ds (1.11)

E int (f ) =
Z 1

0
� (s)kf s(s)k2 + � (s)kf ss(s)k2 ds (1.12)

where r I (f (s)) is the image gradient at point f (s), f s and f ss are the �rst and second
order derivatives with respect tos, � (s) and � (s) control the relative weight between the
�rst and second order smoothness.

The question is how to optimize such continuous functionals. The actual active contour
models or snakes discretize the domain of the contour parameters resulting in a discrete-
continuous optimization problem overp : V ! R2:

E image (f p i g j I ) =
X

i 2 V

�kr I (p i )k2 (1.13)

E int (f p i g) =
X

i

� (i )kp i +1 � ppk2=h2 + � (i )kp i +1 � 2p i + p i � 1k2=h4 (1.14)

whereV = f 1; : : : ; Ng and p i = f (si ) for uniformly sampled 0 = s1 < s 2 < : : : < s N = 1,
and h = si � si � 1. There are many extensions to the model above that incorporate di�erent
application-speci�c terms in (1.13) or propose a better optimization [272].

As before, the regularization priorE int (f p i g) corresponds to an MRF ensuring that the
adjacent snake control pointsf p i g do not vary too much. This MRF model incorporates
the �rst and second-order priors corresponding to thelength and curvature of the contour.
Such a combination is calledelastic prior. It is known that simple snake models tend to
shrink, so it is recommended to initialize the snake outside of an object [272].

It is possible to de�ne complex snakes. For example, a snake can consist of several
disconnected splines which could be either open or closed. One can also incorporate ad-
ditional constraints requiring intersection or touching of the splines, which can be used to
model vessel bifurcations. However, a signi�cant limitation of snakes is the �xed topology.
In the example of vessels, this would require knowing all the bifurcations of the tree, which
is impractical in large-scale problems.
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Level-set Methods (continuous-continuous)

The explicit contour representation has its drawbacks, for example, it is challenging to
change the topology of the curve or new reparameterization may be required if the shape
changes dramatically [272].Level sets[294, 285, 66] is an alternative representation of a
closed contour where the curve is de�ned as zero crossing of a specialembeddingfunction
� (p; t) : R2 � R ! R where p 2 R2 is the spatial coordinates andt 2 R is time. For
many desired contour properties (objective functions), one can straightforwardly express
them in terms of � . For example, the gradient descend for the standard contour length
regularization objective, known ascurvature 
ow, gives the following PDE for the implicit
embedding function� [272]:

d�
dt

= g(I )jr � j div
�

r �
kr � k

�
+ r g(I ) � r � (1.15)

where g(I ) is a generalized image edge potential such as (1.11). The �rst term (regu-
larization) pushes the curve in the direction of its curvature. The second term pushes
the boundary to the minimum of potential g(I ). Though level sets can easily change the
topology of the contour, they still tend to su�er from local minima as they are based on
local measures such as gradients, texture, color,etc.

1.1.3 Types of Image Segmentation

De�nitions, such as (1.6) and (1.7), are incomplete as the color probability distributions
Pr(I p j xp) or Pr(xp j I p) are unknown in practice. To make the problem well de�ned,
additional constraints are required. Depending on the type of these constraints, the image
segmentation can be further classi�ed as follows.

Interactive image segmentation: For any particular image that needs to be seg-
mented, the user provides a supervision input, such as partial labeling [172] as in Fig-
ure 1.2(b) or bounding boxes [240]. Labeled pixels allow statistical estimation of probabil-
ities Pr(I p j xp). We denote such estimates (models) asP(I p j xp). Such estimates can be
used in (1.6) as in [31].

Unsupervised segmentation: In unsupervised segmentation, the user's input is mini-
mized. For example, the user may only specify the number of segments. The goal of the
system then is to partition the pixels of the image(s) into several segments. Like clustering,
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these methods rely on carefully designed objective functions incorporating low-level cues,
such as colors and edge contrast [97, 195, 296, 253, 6].

Specialized methods detecting certain object types are common. For example, the ob-
jects of interest in medical images can often be characterized by the brightness or intensity
of the pixels,e.g. contrast CT. In these cases, simple thresholding methods are often em-
ployed [219, 304]. Another example is vessel segmentation, where the shape of vessels is
a key feature in various detection methods. For example, Frangi et al. [90] proposed an
unsupervised method of tubular structure detection based on hessian eigenvector analysis.

Since there is no access to supervision about segments (like in the interactive segmen-
tation) for generic images, the unsupervised methods rely on the image data and low-level
cues to group pixels into segments. In this setting, the segmentation is cast as a clustering
problem. For example, the standard K-means can be formulated in terms of (1.6):

ul
p = ul

p(S) = kI p � � lk2

where the cluster mean for labell is � l =
P

q I qx l
q

. P
q x l

q. Note, the corresponding

energy as a function of segments is not unary as coe�cientsul
p depend on the current

segmentationS.

Semantic segmentation (fully-supervised): The goal is to train a system that would
assign a semantic label from a �xed set to any pixel of an unseen image. The set of semantic
classes is application-speci�c. For example, for common images, it can include classes such
as person, tv, char, dog, etc. In medical images, it can becancerousvs normal tissue.

In order to build such a system, it is often assumed that a dataset of labeled images
is provided such that for each pixelp 2 V of each imageI of the dataset, a ground
truth semantic label yp(I ) is provided, see Figure 1.4. Given such a dataset, one is to
create a system� p : I ! � L , via machine learning [157, 7, 176], that for each pixel on
a new imageI 2 I outputs a semantic label. We assume that such systems output a
categorical distribution � p(I ) 2 � jLj over labels at each pixelp 2 V. Such distributions
could be though as probability estimates� l

p(I ) � Pr(yp(I ) = l j I ) corresponding1 to
ul

p = � log� l
p(I ) in (1.5). The common cross-entropy (or negative log-likelihood) loss is:

X

p

X

l

� yl
p log� l

p ! min
� 2F

(1.16)

1Unlike (1.5) and (1.8), here we make a di�erent assumption: Pr(SjI ) = 1
Z

Q
p2 V Pr(xp jI )gprior (S).
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I = f I pg f ypg

Figure 1.4: Example of semantic segmentation data [84]. The original image on the left is
to be partitioned into semantic segments on the right. The semantic labels are color-coded.
Black corresponds to the background, pink represents person label, cyan is motorbike.

where for simplicity we omitted explicit dependence ofx l
p and � l

p on I and only consider
single imageI . In theory, the above equation is summed over all images in the dataset.
Minimization is often taken over a parametric familyF = f � (� )g where � is a set of
parameters resulting in the following optimization problem:

X

p

X

l

� yl
p log� l

p(� ) ! min
�

: (1.17)

Having found the optimal � � , one segments any new imageI 2 I via

xp = arg max
l

� l
p(I ; � � ): (1.18)

See the details on the standard optimization methods (for neural networks) in Section 1.5.3.

Weakly supervised semantic segmentation: In this setting, instead of labels for each
pixel in a dataset, partial labeling [172, 279, 187] or even image-level tags [259, 327, 14,
217, 148] are only available, see Figure 1.5. With less supervision, systems trained on
such datasets typically underperform their fully supervised counterparts. An advantage,
however, is that the dataset acquisition process is much cheaper.

1.1.4 Objectives: Energies, Losses, Criteria, etc .

The literature uses a variety of terms referring to various objectives. These terms include
energy, loss, criterion, cost, error, �tness measure, quality, accuracy, etc. In essence, all
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grass,
skyg

original image full annotation scribbles tags

Figure 1.5: Example of a weakly supervised semantic segmentation data. Figures from
[172]© 2016 IEEE.

of these refer to an objective function or functional of some optimization problem. The
particular use of the terminology is mostly historical and determined by the common
practice of the respective scienti�c �elds. For example, in MRF/CRF optimization such
objectives are often called \energies" due to the link to Gibbs distribution and physics
[97]. In machine learning, such objectives are often called \losses", which have roots in
statistical theory [301]. Clustering analysis often refers to \criteria".

The contributions of this thesis are placed in the intersection of several �elds, hence we
use these terms interchangeably.
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1.2 MRF/CRF Regularization Objectives

The body of research on regularization and its applications is vast. In the early days of
computer vision (the 1960s { 1980s), approaches relied on raw data processing without
any regularization. For example, in the optical 
ow and stereo problems, the research
used simple techniques such as matching patches of an image [234], analyzing the image
gradients [178] and phase correlation [156]. Simple �ltering methods were developed for
edge detection including Sobel [261], Prewitt [233] �lters, and Canny [39].

In the context of image segmentation, motivated by biological visual systems, many
early image segmentation approaches were based on contrast edges. The fundamental
problem with the edges is that they rarely form closed boundaries. Thus, the continuation
of the edges was required to obtain a segmentation. In addition, edges often led to spuri-
ous boundaries that needed to be removed. Both edge continuation and false boundaries
elimination were addressed via heuristic search and dynamic programming [94], relaxations
techniques [238] or curve �tting via extensions of the Hough transform [79].

Another group of early approaches to segmentation relied on thresholding techniques,
such as (1.4), with application in medical [304, 219, 94] and natural scenes [208, 94]. Clus-
tering of pixels can be seen as a generalization of thresholding methods. In the context of
image segmentation, data points are pixels and feature vectors are multiple image chan-
nels that can include pixels' intensity, color, texture,etc. [299, 59, 94]. Such methods
used heuristic post-processing ensuring robustness to noise and adherence of the object or
segment boundaries to the image edges.

The researchers realized early that the object segmentation would \be impossible . . .
without considerable analysis of shape and surface properties" [222]. These methods were
based on region grouping heuristics where regions with similar properties merged [196, 35,
80]. However, these methods assumed simplistic scenes composed of only combinations of
a small number of simple geometric shapes, such as polyhedra and cylinders.

The next period (the 1980s { 2012) is characterized by using MRF/CRF regularization
as a formal mathematical framework incorporating prior knowledge about the application
domain. In the following period, the approaches based on deep arti�cial neural networks
have gradually begun to dominate the computer vision �eld. The next section reviews a
generic concept of MRF/CRF regularization as well as its several applications.
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1.2.1 Markov Random Fields Basics

An in
uential work of Geman and Geman [97] showed that many computer vision objec-
tives, including (1.7) as well as spline/mesh �tting, texture modeling, images restoration
and segmentation, have natural probabilistic interpretation via Gibbs distribution

Pr / exp(� E=T) (1.19)

whereE is an energy function, such as (1.7), and constantT is a temperature parameter of
the Gibbs distribution. Thus, Geman and Geman showed that by optimizing such models
one inevitably makes certain probabilistic assumptions.

Speci�cally, let V = f 1; 2; : : : ; Ng be a set ofsites. Depending on the application,
sites V can refer to indices of pixels, voxels, or data points in general. We assume that
there is a symmetric irre
exive neighborhood relationship between sitesN � V � V. Let
G = f Gp j p 2 Vg such that Gp = f q j (p; q) 2 N g. Note that the pair (V; N) (or
equivalently (V; G)) is an undirected graph.

Let X = f X p j p 2 Vg denote a set of random variables with valuesX p 2 L . In this
thesis, we focus on the case of discreteL . In that case, L is called the set of labels. Let

 = f x = ( x1; : : : ; xN ) j xp 2 L ; p 2 Vg be a set of all con�gurations of random variables
X . Such con�guration x 2 
 is called labeling. A set C � V is called aclique if all pairs
of sites inC are neighbors inG. Let C denote the set of all cliques.

De�nition: X is an MRF with respect to G if

Pr(X = x ) > 0 for all x 2 
, and (1.20)

Pr(X p = xp j X q = xq; q 6= p) = Pr( X p = xp j X q = xq; q 2 Gp) for all p 2 V: (1.21)

The functions Pr(X p = xp j X q = xq; q 2 Gp) are called local characteristicsof the MRF,
which uniquely de�ne joint probability Pr( X = x ). Equation 1.21 describes local property
of the MRF. It informally states that any site depends on its neighbors only.

Now, the Gibbs distribution relative to G is a probability measure� on 
 such that

� (x ) =
1
Z

exp(� E(x )=T) and E(x ) =
X

C2C

EC (x C ) (1.22)

whereZ is the normalization constant,E(x ) is the energy function corresponding to dis-
tribution � , and x C = ( xp j p 2 C) is a restriction of x on clique C � V, and EC is a
general MRF energypotential de�ned on cliqueC.
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Theorem 1.1 (Cli�ord and Hammersley [57]). X is a Markov Random Field with respect
to G if and only if � (x) = Pr( X = w) is a Gibbs distribution with respect toG.

The order of the MRF X is de�ned as the maximal clique size maxC2C jCj.

Many problems in compute vision are formulated as the estimation of distribution
parameters. For example, given observed variablesI (e.g. RGB image pixels or voxel
intensities in computer tomography), themaximum likelihood estimator(MLE) states that
the unknown parametersX should be chosen to maximize the likelihood function

x � = arg max
x

Pr(I j X = x ) (1.23)

whereX are parameters of distribution (e.g. pixel labeling in case of segmentation).

In Bayesian statistics themaximum a posteriori (MAP) parameter estimates are the
parameters maximizing the a posteriori distribution of the parameters

arg max
x

Pr(X = x j I ) = arg max
x

Pr(I j X = x ) Pr( X = x ) (1.24)

where a prior distribution Pr(X = x ) is often chosen to be an MRF.

The term Pr(I j X = x ) measures the adherence of the observed data to their model. In
the following, we refer to Pr(I j X = x ) and corresponding Gibbs energy term as thedata
(�delity) model or term . The distribution Pr( X = x ) and the corresponding Gibbs energy
terms re
ect the prior knowledge about labelingx and are referred to asregularization.

As noted above, an MRF regularization imposes certain probabilistic assumptions on
the hidden variables. Such assumptions signi�cantly a�ect the result of energy minimiza-
tion and may or may not be appropriate for a particular application. It is important
that users of MRF regularization understand these assumptions and associated biases. It
is possible to theoretically describe these biases in some cases. Additionally, one may
generate samples from the corresponding prior distribution to \intuit" the e�ect of the
MRF prior. Figure 1.6 shows samples from two di�erent priors demonstrating drastically
di�erent behavior a�ecting the choice of regularization, depending on the application.

Conditional Random Fields: The term Conditional Random Field (CRF) [160] ac-
counts for the fact that the exact values of unaryup and pairwisewpq in (1.7) depend on
the imageI itself. If the image I is treated as observed random variables and the labeling
X are considered as hidden random variables, then the exact formulation of a markovian
property requires conditional probability. Formally, the pair of variables (I ; X ) is called
a CRF if the conditional probability Pr( X j I ) is an MRF. While the di�erence between
MRF and CRF may be technically important, we use those terms interchangeably in this
thesis. In all such cases, the exact meaning of the �eld will be clear from the context.
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(a) Potts model of [31] (b) curvature model of [206]

Figure 1.6: Samples from di�erent segmentation shape priors obtained via the Gibbs sam-
pler [97] from the Gibbs distribution (1.22). The Potts model [97, 31] shown in (a) tends
to produce compact objects with short boundaries. The curvature model [206] shown in
(b) produces elongated objects with low curvature of the boundary.
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1.2.2 Applications of MRF Regularization

Image Segmentation

Boykov and Jolly [31] demonstrated that the interactive image segmentation problem, see
Figure 1.2, with Potts potential (1.37) andL = 2 classes can be solved exactly viagraph
cut. They assumed that a subset of pixelsVl � V is labeled (by a user). We denote these
pixel labels aslp 2 L for p 2 Vl . Their optimization objective (energy) is

8
<

:

min
x

X

p2 V

X

l2L

� x l
p ln ~q(I p j X p = l) +

X

q2 Gp

wpq[xp 6= xq] such that

xp = lp for all p 2 Vl

(1.25)

wherewpq = exp(kI p � I qk2=~� 2) with ~� 2 = 1
jV j

P
p2 V kI p � I qk2, and ~q(c j l) is the estimate

of the distribution of color intensities c 2 R3 inside segment with labell 2 L , which is
estimated from the labeled pixels setVl . In case of the multiple labelsL > 2, one can use
� -expansion [29], TRW-S [152],etc., see Section 1.2.4.

The popularity of the Potts prior in the literature necessitates understanding its prop-
erties and, hence, possible shortcoming or limitations on the applications. As noted in the
Section 1.1.1, the term

P
q2 Gp

wpq[xp 6= xq] with positive wpq > 0 penalizes the number of
discontinuities, i.e. places where neighboring sites have di�erent labels, e�ectively shifting
the preference toward \smoother" solutions. In other words, the Potts prior has a bias to
compact objects with short boundaries, also known as shrinking bias [152] demonstrated
in Figure 1.2(e). While in many cases such property is appropriate, there are many vi-
sion applications where Potts prior is ill-suited, particularly in the area of thin structures
detection such as neurons, blood vessels, edges detection,etc., see Figure 1.3.

Instead of the Potts model, the works of [246, 265, 117, 82, 213, 252, 206] used the
curvature of the boundary as regularization for binary segmentation problems. Employ-
ing curvature helped to alleviate the shrinking bias and enable interesting applications
such as thin objects segmentation and inpainting. However, these methods often require
computationally expensive optimization and/or su�er from discretization artifacts.

Optical Flow

In the optical 
ow, the method of Horn and Schunck [124] introduced a smoothness term
R, which can be considered as a (continuous) MRF regularization, into their objective.
AssumingI : R3 ! R is a (continuous) 3D image with the third dimension corresponding to
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time, the unknown optical 
ow ~V = [ u(x; y; t ); v(x; y; t )] is de�ned for each image location
(x; y) at time t. Speci�cally, their objective is

E(u; v) = `(u; v; I ) + � R (u; v); (1.26)

`(u; v; I ) =
ZZ �

@I
@x

u +
@I
@y

v +
@I
@t

� 2

dx dy; (1.27)

R(u; v) =
ZZ

kr uk2 + kr vk2 dx dy; (1.28)

where � is a smoothness parameter andr = @=@x+ @=@yis the spatial gradient opera-
tor. Term R(u; v) encourages a \smooth" optical 
ow that does not change much between
neighbor points. This assumption is reasonable for compact objects with relatively short
boundaries and moving in almost rigid fashion. Thus, the termR(u; v) incorporates the
prior knowledge of the particular application domain. The algorithm solves the minimiza-
tion problem via Euler-Lagrange equations and then devises a discretized iterative scheme.

The smoothness priorR above tends to \over-smooth" the result, particularly at discon-
tinuities where moving objects have a boundary. Instead of desired sharp change in optical

ow value, the method yields smooth \slow" transitions. To address this smoothing bias,
a simple modi�cation was proposed [21, 20] where the regularization (1.28) becomes

ZZ
� (kr uk) + � (kr vk) dx dy (1.29)

such that � is a robust potential,e.g. � (� ) = min( � 2; � ) for � > 0. Black and Anandan [20]
show that such modi�cation corresponds to the line process of Geman and Geman [97] for
discontinuity detection. Once the change of the optical 
ow reaches a plateau of robust
potential, it is considered a discontinuity with a �xed penalty. Thus, the robust potential
does not over-penalize the discontinuities and does not force the solution where the data
strongly suggests otherwise.

Stereo Correspondence and 3D Surface Estimation

Stereo correspondence is similar to the optical 
ow problem. In stereo, we are given a
pair of images obtained by cameras from two di�erent viewpoints. Because of the camera
displacement, the objects on the image are also displaced such that close objects are dis-
placed more than distant ones. This e�ect is called parallax. The task is to determine the
displacement of corresponding pixels in the image pair and, hence, determine the distance
to the objects. It is often assumed that the displacement is restricted to the horizontal
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direction. Stereo correspondence mimics the way humans perceive depth. Stereo is an
important building block in 3D reconstruction.

As the other problems we discussed above, stereo is typically formulated as an opti-
mization problem as well. The objective is similarly often composed of two terms,i.e. the
data term and regularization. The data term relies on the assumption that corresponding
pixels (patches) in the two images have a similar appearance (color, texture,etc.). The
regularization term ensures that neighboring pixels are displaced similarly. The displace-
ment or disparity is denoted bydp 2 Z2 for each pixelp 2 V, and the coordinates of pixel
p are denoted by boldfacep 2 Z2. Then, the basic energy can be formulated as follows

E(f dpg j I L ; I R) =
X

p

(I L (p) � I R(p + dp))2 +
X

q2 Gp

wpq [dp 6= dq] (1.30)

where I L and I R are the stereo pair of images. The extensions include handling of oc-
clusions, providing symmetric constraints to both left and right images, using a convex
regularization term (e.g. total variation) [131], or robust regularization [20],etc., see [272].

If the neighborhood structureG only contains horizontal edges (scanlines), that is the
pixels in di�erent rows do not interact with each other, then a simple dynamic programming
approach can globally minimize the energy [127] such as (1.30). Moreover, ifG is a tree
(a graph without loops) then the dynamic programming can also give the global minimum
[292]. In general, the problem of (1.30) is NP-hard and approximate methods are typically
used, for example, graph cuts [28, 150].

Solving stereo correspondence allows perceiving the depth at each pixel on the image.
This is a form of 3D vision or reconstruction. One of the applications of (multi-view) stereo
is estimating globally consistent 3D models from images obtained from known viewpoints.
This is an old computer vision problem with a rich body of research, see [272] for a review.
One important aspect of those reconstruction algorithms is the employed shape prior,
which allows obtaining smooth and denoised surfaces in 3D. One popular optimization
technique used in [260, 297, 118,etc. ], graph cut, results in object surfaces that tend
to shrink inwards [272]. Due to the equivalence of graph cut to the binary Potts model
and close relation to the minimal surfaces [151, 152], this is an example of the shrinking
bias phenomenon. Olsson and Boykov [211] in the context oftangential approximation of
surfacesfrom a point cloud proposed a new optimization framework that includes accurate
integral absolute and squared curvature estimation and regularization. The advantage of
this approach is the absence of shrinking bias.
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(a) supervised learning (b) semi-supervised learning (c) unsupervised learning

Figure 1.7: Three Levels of Supervision: In the supervised setting (a), the data point
marked with the question mark would be classi�ed as negative class (red). On the other
hand, the presence of unlabeled data points (black dots) in (b) reveals a non-linear structure
of data, which may change the prediction for the questioned point. In an unsupervised
setting (c) one is to separate the data points into disjoint clusters based on some grouping
criteria. Hence, the problem is to determine if the two questioned points belong to the
same cluster.

Semi-supervised Learning

Often, it is convenient to cast computer vision problems in terms of machine learning.

Let us consider asemi-supervisedclassi�cation problem. Given a labeled data set
Fl = f f p j p 2 Vlg, Y = f yp j p 2 Vlg and an unlabelled datasetFu = f f p j p 2 Vug where
f p 2 Rn is the feature vector of data pointp 2 Vl [ Vu and yp 2 L is the ground truth label
of data point p 2 Vl , the problem is to �nd a decision functiong 2 G from a hypothesis
spaceG � f g : Rn ! RjLj g according to a givenloss function `semi:

arg min
g2G

`semi
�
g; Fl ; L; F u) (1.31)

For a hypothesisg, also known asscoring function, a prediction ŷ for a feature vectorf is

ŷ = arg max
l2L

[g(f )]l (1.32)

where [v]l is the l-th component of some vectorv 2 RjLj .

Note, that if Tu = ; the problem reduces tosupervisedlearning. On the other hand, if
Tl = ; the problem reduces tounsupervisedlearning. The comparison of di�erent learning
settings is illustrated in Figure 1.7.

The design of the loss function ensures that the optimal scoring function evaluated
on training set inputs Fl predicts consistently with the training set labelsY. In addi-
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tion, the availability of unlabeled datasetFu may provide new information about the data
distribution that can improve the performance of the resulting classi�er.

Often, the semi-supervised loss can be decomposed into supervised part`s dealing with
the labeled setT and the unsupervised part̀ u dealing with unlabeled dataF = Fl [ Fu:

`semi
�
g; Fl ; L; F u) = `s(g; Fl ; Y) + `u(g; F) (1.33)

This approach closely resembles the maximuma posteriori principle discussed in Sec-
tion 1.1.1. Therefore, one can use an MRF probability prior� to construct the unsuper-
vised term of the loss:

`u(g; F) / � ln Pr(X = g(F )) = � ln � (g(F )) (1.34)

whereX is the set of random variables denoting the labeling of data points.

1.2.3 Properties of Pair-wise and Higher-order MRF Models

Potts Model

Let us consider a few typical examples of MRFs. The Ising [132] model is common in
physics and explains the properties of ferromagnetism. The energy of the system is

X

p2 V

X

q2 Gp

Jpqxpxq +
X

p2 V

upxp (1.35)

where each sitep has an unknown spin labelxp 2 f +1; � 1g, the sign ofJpq 2 R corresponds
to magnetic properties of the material, andup 2 R describes the interaction of the spin with
an external magnetic �eld at sitep 2 V. Gp corresponds to nearest neighbors;e.g. in 2D a
site with coordinates (p; q) may have neighborsf (p + 1; q); (p � 1; q); (p; q+ 1) ; (p; q� 1)g.

A generalpair-wise energy can be de�ne as follows:
X

p2 V

X

q2 Gp

 pq(l; k)x l
pxk

q +
X

p2 V

ul
px l

p (1.36)

where each sitep 2 V has a labelxp 2 L = f 0; 1; : : : ; L � 1g, unary potentials ul
p 2 R,

pair-wise potentials  pq(l; k) 2 R, and indicator variablesx l
p = [ xp = l]. Such energy is

non-submodular and the corresponding minimization problem is NP-hard.
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The Potts model is a special case of pair-wise energy and a generalization of the Ising
model to multiple spin labels. It corresponds to pq(l; k) = wpq[l 6= k]. The energy is

X

p2 V

X

q2 Gp

wpq[xp 6= xq] +
X

p2 V

X

l2L

ul
px l

p (1.37)

where wpq � 0 is the constant penalty (weight) for discontinuity of labeling o f the pair
(xp; xq). The Potts energy (1.37) is still non-submodular and the optimization is NP-hard.
However, in the case ofjLj = 2 the Potts model is submodular (and can be optimized by
graph cuts) [159, 31, 152]. This follows from the equivalent submodularity criterion [152]:

8p 2 V 8q 2 Gp : Epq(0; 0) + Epq(1; 1)
| {z }

= 0

� Epq(0; 1) + Epq(1; 0)
| {z }

= 2 wpq � 0

(1.38)

where we de�nedEpq(xp; xq) = wpq[xp 6= xq].

The Potts model has many applications in signal processing and computer vision, in-
cluding image segmentation [31, 240] as in (1.7), correspondence [28, 29], semantic seg-
mentation [153, 52], image restoration [97], geometric model �tting [129],etc.

The Potts model has an insightful interpretation in the context of segmentation prob-
lems. Let segment Sl be the set of pixels that have labell : Sl = f p 2 V j xp = lg:
Assuming the standard grid nearest neighborhood systemG, the Potts term can be seen
as an approximation of the length of the boundary between segmentsf Slg [26]:

X

p2 V

X

q2 Gp

[xp 6= xq] �
X

l2L

j@Sl j (1.39)

where @Sl is the set of boundary points of segmentSl . To establish this connection,
Boykov and Kolmogorov [26] used the Cauchy-Crofton formula from integral geometry
relating the length of a curve with the number of its intersections by a random line. An
immediate consequence is that Potts energy prefers segments with shorter boundaries. This
phenomenon is calledshrinking bias as it often treats thin details as noise and tends to
shrink object boundary, see illustrations in Figure 1.2(e) and Figure 1.6.

Dense Potts Model

One feature of the Potts model|and MRF models in general|is its locality, i.e. conditional
independence of non-neighboring pixels, see Figure 1.8(a). This property makes evaluation
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p q

(a) 4-Grid Connectivity (b) Dense Connectivity

Figure 1.8: Graphical model illustration. The sites are represented by circles/nodes. The
edge between too nodes connects neighbors in the corresponding CRF/MRF. Each edge
connecting nodesp and q 2 Gp corresponds towpq[xp 6= xq] in (1.37). (a) : Grid CRF such
as in [31, 29, 97, 240, etc].(b) Dense CRF from [153, 53].

and (approximate) inference in such models tractable. IndenseCRF Potts models each
site is interacting with all other pixels, see Figure 1.8(b):

X

(p;q)2 V � V

wpq[xp 6= xq] +
X

p2 V

X

l2L

ul
px l

p: (1.40)

If the pair-wise potential wpq has a certain property, then the e�cient approximate infer-
ence,i.e. mean-�eld approximation, is possible in dense MRF models [153]. In particular,
the pair-wise potential is required to be a Gaussian potential of the form

wpq =
KX

m=1

w(m)k(m)(f p; f q) (1.41)

wherew(m) are linear combination weights,k(m)(f p; f q) = exp( � 1
2(f p � f q)> � (m)(f p � f q))

is a Gaussian kernel,f p is a feature vector for each pixelp 2 V, and � (m) is a symmetric,
positive-de�nite precision matrix, which de�nes the shape of kernelk(m) . In [153], the
feature vectorsf p are composed of RGB color channelscp and 2D coordinatespp.

Despite the \dense" nature of dense CRFs, one may approximate local property by in-
cluding the pixel coordinates into the feature vectors and designing matrices� (m) such that
the strength of the interaction between pixels decreases exponentially with the distance.
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Veksler [293] noted that for large neighborhoods the dense Potts model approaches the
cardinality potential, which only considers the volumes of the segments, suggesting weaker
regularization properties than the regular sparse (nearest neighbor) Potts model. Indeed,
our experiments show in Chapter 4 that dense CRFs are weaker regularizers compared to
the regular (sparse) Potts model (1.37). The advantage of the dense CRFs is a smother
energy surface pro�le and, hence, easier optimization. We show that with a new more
advanced optimization, the regular Potts model may outperform dense CRFs.

Convex Pairwise Model

The Potts model (1.37) penalizes pairs of sites with di�erent labels. The penalty does not
depend on the labels but only on the fact that they are di�erent:

X

p2 V

X

q2 Gp

wpq[xp 6= xq] for wpq � 0: (1.42)

A more general model allows accounting for a more complex interaction between labels:
X

p2 V

X

q2 Gp

wpq (xp; xq) for wpq � 0: (1.43)

The optimization of the general pairwise potential (1.43) is NP-hard.

One important example is the case when the set of labelsL is ordered and the pairwise
potential has the form:

 (xp; xq) =  ̂ (� (xp) � � (xq)) (1.44)

where  ̂ is a convex function and�(x) is the index of labelx 2 L . The pairwise potential
 (xp; xq) only depends on the di�erence of labels' indices. Ishikawa [131] showed that such
potentials can be optimized globally by a graph cut.

Curvature Regularization

It is widely known [123, 266, 70, 245, 265, 246, 32, 117, 213, 206] that curvature is a
high-order regularization criterion that addresses many limitations of length as a pairwise
regularizer, see Figure 1.6(b). Localcurvature at point P on a curve is de�ned as the
reciprocal of the radius of the osculating circle atP, a circle that most closely approximates
the curve at P [146]. The local curvature of a straight line is zero.
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Absolute curvature of curveC is the curvilinear integral of absolute local curvature�

K =
Z

C
j� jds:

Analogously,squared curvature of curveC is

K2 =
Z

C
� 2ds:

Curvature is a high-order functional. Indeed, to estimate local curvature one needs to
know three in�nitesimally close points on a curve required to �t an osculating circle. This
suggests that cliques of the size of at least three are needed for regularization.

S T

The curvature of the segment's boundary is not submodu-
lar. According to the de�nition of submodular set functions, it
is enough to show that there exist segmentsS; T � 
 such that
E(S) + E(T) < E (S \ T) + E(S [ T). Consider the example on
the right. Since bothS and T are convex, the left hand side is 4� ,
while on the right hand sideE(S \ T) = 2 � and E(S [ T) > 2� .
Therefore, the curvature cannot be optimized with standard meth-
ods for submodular functions.

Curvature is a natural regularizer for complex objects and it has been widely explored
in the past. In the context of image segmentationwith second-order smoothness, it was
studied by [245, 82, 265, 252, 246, 32, 117, 213, 206]. In these prior works, the segmentation
problem with curvature regularization is formulated as minimization of energy

E(x ) =
X

p2 V

Up(xp) +
Z

@x
j� j � ds (1.45)

where the set of pixelsV is to be partitioned into two segments (S; �S = V n S) that are
encoded via the indicator variablesx = ( xp j p 2 V) such that xp = [ p 2 S]. The border
(curve) between the segments is denoted@x and � is either 1 or 2 for absolute or squared
curvature respectively. The �rst term in (1.45) is equivalent to the linear term in (1.37).
The second term approximates the curvature integrals. Approximation of the integral
curvature of the binary mask boundary is generally a hard problem. The aforementioned
works study di�erent ways to approximate the curvature integrals and to optimize them.

Curvature is also a popular prior instereoor multi-view reconstruction [168, 212, 306].
Curvature has been used inside connectivity measures for analysis of di�usion MRI [198].
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Figure 1.9: Squared curvature model of [206]. The term is designed to penalize cliques
con�guration 0-1-0 (segments on the left) and 1-0-1 (segments on the right). Where con-
�guration 0-1-0 corresponds to positive curvature of the boundary of segmentS and 1-0-1
corresponds to negative curvature. Figure from [206]© 2014 IEEE.

Curvature is also widely used forinpainting [4, 46, 206] and edge completion [113, 305, 3].
For example,stochastic completion �eldtechnique in [305, 198] estimates the probability
that a completed/extrapolated curve passes any given point assuming it is a random walk
with a bias to straight paths. Note that common edge completion methods use existing
edge detectors as an input for the algorithm.

All of the mentioned works use discrete curvature except [212]. In [211, 212] Olsson
et al. proposed a real-valued curvature model that is suitable for absolute and squared
curvature estimation.

The model of [206] uses integral geometry to estimate curvature of segments bound-
aries using cliques of order three. The paper introduced the following energy term that
approximates the squared curvature integral:

X

(w;t;v )2 N

[xw = xv][xw 6= x t ] =
X

(w;t;v )2 N

xw(1 � x t )xv + (1 � xw)x t (1 � xv) (1.46)

where w; t and v are image pixels,xp 2 f 0; 1g is the binary segmentation variable, and
N � V 3 is the special set of triple cliques (w; t; v) that satisfy pt � pw = pv � pt where
pp is the 2D position vector of pixelp 2 V. Moreover, for all (w; t; v) 2 N the distance
kpw � qvk is approximately the same (up to the discretization accuracy of the grid). The
term is designed to penalize clique con�gurations 0-1-0 and 1-0-1, see Figure 1.9.
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Despite being written as triple interaction, the curvature model (1.46) is equivalent to
X

(w;t;v )2 N

x t + xwxv � xwx t � xvx t ; (1.47)

which is a pairwise non-submodular term.

Optimization of curvature is an important and challenging problem. Even though there
is a lot of works on curvature regularization for segmentation, there are many issues that
have to be addressed. One group of issues is related to the imperfectness of the model (poor
approximations of the curvature integrals). Other approaches,e.g. [82, 117, 246, 252], su�er
from discretization artifacts. For example, [82] has very limited angular resolution while
[117, 246, 252] are restricted to speci�c grid complexes. Proposed algorithms are often
computationally expensive [117, 246, 252, 265, 206].

Due to the bias to straight lines, see Figure 1.6, the curvature is a natural regularizer for
thin structures. One of the contributions of this thesis is a new thin structures detection
approach employing curvature regularization, see Chapter 2.

Convexity Regularization

Convexity has been identi�ed as an important prior in human vision as well as in computer
vision. Images of many natural objects have nearly convex shapes or silhouettes. Convex
shapes are common in medical images. See [105, 106, 130, 175, 181]. Gorelicket al. [106]
proposed convexity prior for discrete energy as follows

X

l2 L

X

f w;t;v g� l
w<t<v

xw(1 � x t )xv (1.48)

where L is the set of all lines that pass through at least three pixels on the image, and
symbol l 2 L is the set of pixels belonging to such line,w < t < v means that pixelpt is
between pixelspw and pv. The term penalizes 1-0-1 con�guration for each clique.

S T

Similarly to the curvature, one can use the same example on
the right to show that the convexity prior is not submodular. Let
E(A) = [ A is convex] be the indicator of the convexity of a setA.
Then segmentsS; T yield E(S) + E(T) < E (S \ T) + E(S [ T),
which contradicts the de�nition of submodularity.

Convexity prior (1.48) has O(n2) terms where n is the number of pixels in the im-
age. This makes even the evaluation of this term a computationally expensive operation,
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let alone the optimization. However, it is possible to use the structure of setL and em-
ploy dynamic programming enabling e�cient computation of term (1.48) and its deriva-
tives [105, 106].

1.2.4 Combinatorial Optimization for MRF

Exact Optimization

Edmonds in [81] discovered the importance of so-calledsubmodularbinary energies. The
notion of submodularity in combinatorial optimization is analogous to the notion of con-
vexity in continuous optimization.

Let (L; ^ ; _) be a lattice. Function F : L ! R is calledsubmodularif for any S; T 2 L

F (S ^ T) + F (S _ T) � F (S) + F (T):

An important example of a lattice is a set with the intersection and union operations.
Thus, set function F : 2V ! R is submodular if for anyS; T � 


F (S [ T) + F (S \ T) � F (S) + F (T): (1.49)

Energy (1.22) is an example of a set functions. Indeed, any labelingx de�nes set
S = f p j p 2 V & xp = 1g, and (1.22) can be expressed as a function ofS

E(S) = E(x ):

Unfortunately, the proposed general polynomial algorithm for high order energies [110]
have a prohibitive complexity for any real-word images.

Boykov [29, 31] popularized in the computer vision community the fact that submodular
pairwise binary energies like (1.7) can be e�ciently optimized via minimum graph cut, see
Figure 1.10. Kolmogorov and Zabin [152] described a general class of energies that can
also be optimized by graph cuts. This class includes up to third-order energies.

If the set of cliquesC is a graph on verticesV without loops, the corresponding pairwise
multi-label energy can be globally optimized bydynamic programming [229]. Ishikawa
in [131] de�ned a class of pairwise multi-label energies that can be globally optimized by
a minimum graph cut algorithm. In [71] it was shown that certain multi-label problems
with inclusion constraints can be globally optimized via graph cuts.
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wpS = K
wpT = 0 p 2 O
wpS = 0
wpT = K p 2 B
wpS = u1

p

wpT = u0
p otherwise

Figure 1.10: Graph construction for binary image segmentation of [31]. The �gure shows
a simple 3� 3 image. The user input provides what pixel marked by \B" is part of the
background segment, and pixel marked by \O" belongs to the object segment, see the image
on the left. Each pixel corresponds to a graph node, see the middle left image. Neighboring
pixel nodes are connected with weights as in (1.7). Two additional nodes, \T" and \S",
are added to the graph and connected to each of the pixel nodes. The weights of edges
connecting the terminal nodes are de�ned in the table on the right.K is a su�ciently
large constant. The thickness of the edges on the image corresponds to their weight. One
can verify, that any graph cut separating the nodes into setsf p 2 V; xp = 1g [ f Sg and
f p 2 V; xp = 0g [ f Tg is equal to binary Potts energy (1.7). Thus, the min-cut delivers
the global optimum of the energy. Figures from [31]© 2001 IEEE.

28



Approximate Combinatorial Optimization

Geman and Geman [97] optimized energy usingMonte-Carlo Markov Chain (MCMC) [19]
approach. In particular, they usedthe Gibbs samplerwith annealing.

A large amount of work is devoted to approximate (multi-label) optimization with-
out relying on the Monte Carlo (probabilistic) methods. Alpha-expansion [29] algorithm
was proposed for a wide class of pairwise energies, which resulted in a variety of di�erent
extensions includinglabel costs[72], auxiliary cuts [15], local submodular approximations
[104], PBO [276]. General-purpose approximate pairwise optimization methods were pro-
posed, namely LBP [229], TRW-S [149], QPBO [22], and others. For a detailed review and
comparison please refer to [273, 137].

1.2.5 Continuous Optimization and Relaxations for MRF

Continuous relaxations of a discrete model enable continuous optimizations. A continuous
function f : [0; 1]jV j ! R that coincides with the original discrete objectiveF : f 0; 1gjV j !
R at all points of its discrete domain is called arelaxation. It holds that

min
x 2 [0;1]j V j

f (x ) � min
x 2f 0;1gj V j

F (x ):

There is a continuum of di�erent ways to relax a discrete model de�ned on �nite domain
f 0; 1gjV j to the continuous simplex [0; 1]jV j . Two properties of relaxations are important,
that is convexity and tightness.

Basic Relaxations of Potts Model

Examples ofconvex relaxations of the Potts term [x l
p 6= x l

q] in (1.37) are

ˆ square relaxation: X

l

(x l
p � x l

q)
2; (1.50)

ˆ total variation (TV) relaxation:
X

l

jx l
p � x l

qj (1.51)
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x(1 � y) + (1 � x)y (x � y)2 jx � yj

Figure 1.11: Di�erent relaxations of Potts potential [x 6= y] (binary case). LEFT: bilinear
relaxation is tight and encourages discrete solutions, either (0; 0) or (1; 1). MIDDLE:
square relaxation over smooths the labeling. RIGHT: total variation (TV) relaxation.
Both square and TV relaxations are convex, while also equally satis�ed whenx = y even
at fractional values resulting in non-discrete solutions withintegrality gap. The plots are
obtained using Wolfram Alpha LLC. 2021. WolframjAlpha.

where the summation is over the set of labelsL . Convex relaxations are important in gen-
eral optimization theory as they allow e�cient global optimization. However, the solution
of a convex relaxed problem is often signi�cantly di�erent from the solution of the original
discrete problem. This di�erence is called theintegrality gap. If the value of objective
at the global solution of the relaxed problem is equal to the value of the objective (the
integrality gap is zero) then the relaxation is calledtight.

The solution to square relaxation can be interpreted as a solution toa random walker
problem [108]. Both square and TV relaxation are convex but not tight. The exception is
the TV relaxation in the case of binary labels,i.e. jLj = 2.

The following relaxation is tight:

ˆ bilinear relaxation: X

l

x l
p(1 � x l

q) = 1 �
X

l

x l
px l

q (1.52)

where we assumed
P

l x l
p = 1 for all p 2 V.
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Ravikumar and La�erty [235] showed that the following discrete quadratic problem
X

p2 V

X

k

� p;k [xp = k] +
X

(p;q)2 N

X

k;l

� p;q;k;l [xp = k & xq = l] ! max
x2f 0;1gj V j

(1.53)

has atight quadratic relaxation
X

p2 V

X

k

� p;kxk
p +

X

(p;q)2 N

X

k;l

� p;q;k;lxk
px l

q ! max
x2 [0;1]j V j

subject to

X

k

xk
p = 1 8p 2 V:

The Potts model is a special case of the quadratic problem (1.53). Therefore, the bilinear
relaxation (1.52) is tight as well. However, it is not convex.

Figure 1.11 illustrates these relaxations in the binary case.

Linear Programming

Consider general pair-wise minimization problem (1.36), which can be rewritten as
X

p2 V

X

q2 Gp

 pq(l; k)xpq;lk +
X

p2 V

ul
px l

p ! min
x

subject to (1.54)

x l
p =

X

k2L

xpq;lk p 2 V; q2 Gp; l 2 L ; (1.55)

xk
q =

X

l2L

xpq;lk p 2 V; q2 Gp; k 2 L ; (1.56)

xpq;lk ; x l
p 2 f 0; 1g p 2 V; q2 Gp; l; k 2 L ; (1.57)

Note, that xpq;lk = x l
pxk

q. This is an integer linear programming (LP) problem. An obvious
linear relaxation problem is to relax discrete condition (1.57) to

xpq;lk ; x l
p 2 [0; 1]: (1.58)

One can show that the global optimum of such LP relaxation is a lower bound on the
original energy (1.36). Though the LP solution can be much di�erent from the solution
of the original problem, it works well for some applications [272, 149]. This LP relaxation
has been studied extensively, for an overview of methods, see [273]. In computer vision
applications, the size of the problems poses the question of e�cient solvers. Most iterative
methods solve the dual problem, that is, they formulate a lower bound and then maximize
it. For example, such problem can be formulated as a convex relaxation on trees [149, 300].
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Variational Inference and Mean-�eld Approximation

Consider a Gibbs distribution corresponding to an MRF as in (1.19):

P(I ; X ) =
1
Z

exp (� E(I ; X )) (1.59)

where Z is a normalization constant andI is the image. HereI are visible (observed)
variables, variablesX are hidden (unobserved) ones. The goal is to approximate the
posterior distribution P(X jI ) of hidden variablesX given the observed imageI . The
problem of approximating the posterior distribution has been extensively studied and is
known asvariational inference [19].

Variational inference is based on the decomposition

ln P(I ) = `(q) + KL( qkp) (1.60)

where lnP(I ) is the probability of observed variables calledevidence, q(X ) is some distri-
bution over the hidden variables,p(X ) = P(X jI ) is the desired posterior distribution,

`(q) =
X

x

q(x ) ln
�

P(I ; x )
q(x )

�
; (1.61)

KL( qkp) = �
X

x

q(x ) ln
�

P(x jI )
q(x )

�
(1.62)

where the summations run over all possible values of variablesX .

Since the KL (Kullback{Leibler) divergence is always non-negative, the functional`(q)
is a lower bound for the evidence lnP(I ). One of the main properties of this decomposition
is that the global maximum of lower bound̀ coincides with the global minimum of KL(qkp)
and optimal q� = arg maxq `(q) is equal to the true posteriorP(X jI ) [19].

Generally, (1.61) cannot be optimized exactly. To make optimization tractable, in
variational inference, one often assumes thatq belongs to a family of suitable distributions.
The mean �eld theory [224] (approximation) assumes thatq is a factorized distribution:

q(x ) =
Y

C2C

qC (x C ) (1.63)

where C is a subset of the power set of the hidden variablesX . In particular, if each C
corresponds to only one hidden variablexp 2 X , then

q(x ) =
Y

p2 V

qp(xp); (1.64)
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Suppose further, that the energy functionE is the pair-wise Potts model, see (1.37).
Then, ` can be simpli�ed as follows:

`(q) =
X

(p;q)2 N

X

l6= k2L

wpqqp(l )qq(k) +
X

p

X

l2L

ul
pqp(l ) �

X

p

X

l2L

qp(l ) ln qp(l ) = (1.65)

=
X

(p;q)2 N

wpq

 

1 �
X

l2L

qp(l )qq(l )

!

+
X

p

X

l2L

ul
pqp(l )

| {z }
relaxation of E

�
X

p

X

l2L

qp(l ) ln qp(l )

| {z }
entropy of q

: (1.66)

That is, the lower bound` is the sum of two components. The �rst one is the relaxation of
energyE where each variablexp representing categorical random variable is replaced by a
real-valued point (qp(l )) l2L 2 � L . The second one is the entropy of distributionq.

The optimization `(q) can be done by the coordinate descent [19]. The optimalq�
p is

found from the equation

ln q�
p(l ) = �

X

q:(p;q)2 N

X

l02L

wpq[l 6= l0]qq(l0) � ul
p + const: (1.67)

The constant in expression (1.67) does not depend onxp and thus can be determined
from the normalization equation

P
l q�

p(l ) = 1 :

Once the optimal approximationq� is found a simple rounding technique is typically
employed to obtain a discrete solution:

x �
p = arg max

l2L
q�

p(l ):

Despite the attractive properties of such approximation, the found solution often not
only fails to correspond to a minimum ofE but often has relatively high energy. Neverthe-
less, in the case of strong unary potentials, the mean-�led approximation o�ers a simple
optimization alternative. Krahenbuhl and Koltun [153] used permutohedral lattice [1] to
e�ciently approximate the mean-�eld inference for the case of potentialswpq expressed as
a linear combination of Gaussian kernels. That is

wpq =
X

k

� (k) exp
�

�
1
2

(f p � f q)> � (k)(f p � f q)
�

(1.68)

where � k is the linear combination coe�cients, f p 2 Rn is the feature vector of pixelp,
which can incorporate the pixel's color intensities and position, and� (k) is a symmetric,
positive-de�nite precision matrix de�ning the shape of the corresponding kernel.
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1.3 Clustering Criteria

As we note in the preamble of Section 1.2, image segmentation can be seen as pixel clus-
tering, often regularized. The standard clustering criteria are often used as components
of image segmentation objectives. This section brie
y reviews the standard clustering
objectives and their known biases.

1.3.1 Parametric Models

Consider the classick-means clustering objective:

E(x ; � l ) =
X

l2L

X

p2 V

x l
pkf p � � lk2 (1.69)

whereV is the set of data points, featuresf p 2 Rn , x l
p 2 f 0; 1g is the cluster assignment, the

set of labelsL = f 1; 2; : : : ; K g, and � = f � pg is the set of cluster centers (means). In the
context of segmentation,V is the set of image pixels, featuresf p may correspond to pixel
color intensities and/or coordinates,x l

p corresponds to segmentation indicator variables.

The clustering is obtained by joint minimization of (1.69) with respect to bothx and
� , that is E(x ; � ) ! minx ;� l . As a function of the cluster assignment (segmentation), the
k-means objective is a high-order energy:

E(x ) = min
�

E(x ; � ) = E(x ; � �
l (x )) and � �

l (x ) =

P
p x l

pf p
P

p x l
p

: (1.70)

We can equivalently rewrite the energy (1.69) (up to an additive constant) in terms of
negative log-likelihoodsof the Gaussian distribution:

E(x ; � ; � ) =
X

l2L

X

p2 V

� x l
p ln N

�
f p j � ; �

�
(1.71)

where N
�
f p j � ; �

�
is the Gaussian density with mean� and positive de�nite covariance

matrix � � 1. The Gaussian distribution above is often inadequate to represent the com-
plexity of color or feature variation in many applications including segmentation of natural
images. The distribution of f p can be modeled by a more complex probability estimate
P

�
f p j � l

�
with parameter vector � l , l 2 L such as Gaussian mixture models (GMM),

histograms, or neural networks:

E(x ; � ) =
X

l2L

X

p2 V

� x l
p ln P

�
f p j � l

�
: (1.72)
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Such general formulation is calledprobabilistic k-means. Note, that our earlier example
(1.6) corresponds to the probabilistick-means with �xed and give parameters� .

The probabilistic k-means (1.72) has been studied by Kearns, Mansour and Ng [139].
The authors �rst assume that data in each clusterSl are modeled by a probability density
Pl (f ) = P(f j � l ) over f 2 Rn . Note, that Pl should be thought of as models rather than
the true probability density of data. Then, the clustering is de�ned by a non-deterministic
assigning functionF : Rn ! L . Note, that F is de�ned2 by f Plg. Then, they assume
the data points f f pg are drawn from a �xed probability density Q(f ) over Rn . Then, the
expectation of the probabilistick means loss is

E
�

� ln PF (f )(f )
�

(1.73)

where expectation is taken over the true distribution of dataQ. Now, for any l 2 L and
�xed F , we de�ne the volume ratioswl = Pr[ F (f ) = l]. The cluster true density is
Ql (f ) = Q(f ) Pr[F (f ) = l j f ]=wl where the probability is taken over randomness inF , so

E
�

� ln PF (f )(f )
�

=
X

l2L

wp KL( QlkPl ) + H (QjF ) (1.74)

where KL is the Kullback{Leibler divergence andH is the (cross-)entropy. The �rst term
measures how close the modelsPl are to the true data densitiesQl . The second term,
cross-entropyH (QjF ), measures theinformativenessof partition F de�ned by f Plg:

H (QjF ) = H (Q) �
�
H (f wlg) � H (F (f )jf )

�
where (1.75)

H (f wlg) = �
X

l2L

wl ln(wl ): (1.76)

That is, the cross-entropyH (QjF ) measures how much uncertainty (entropy) is reduced
by partition F . The �rst term H (Q) does not depend on modelsf Ppg, the last term
H (F (f )jf ) is the uncertainty of any randomness inF .

Consider the negative entropy term� H (f wlg) in (1.75). The case ofjLj = 2 is shown
in the �gure on the right. Note that entropy reaches its maximum (the minimum of
the negative entropy) at uniform distribution of volume ratios f wlg, that is w�

l = 1
�

jLj .
Hence, the probabilistick means clustering objectives3, e.g. used in [204, 330, 240, 72],

2In clustering there is typically no randomness in assigning the cluster label based on featuresf .
However, in addition to clustering criteria, there is often a regularization term in vision. This makes F
depend also on regularization. This dependence may be factored out by introducing \randomness" inF .

3Including the standard k means (3.2)
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have a volumetric bias to clusters of equal size. Due to prevalence of such probabilistic
appearance models in the computer vision literature and applications, this property of
probabilistic clustering may have signi�cant consequences that one may need to be aware
or adjust [72, 275, 30].

1.3.2 Non-parametric (kernel) Models

Probability-based methods described in the previous sections de�ne the adherence measure
of featuresf p of a data pointp 2 V as a likelihoodP(f p j � l ) whereP(� j � l ) is the probability
model of features generated by labell 2 L . Instead of measuring the �tness of pixel features
to probabilistic parameterized models, which are usually unknown and require estimation,
one may measure the \likelihood" of two pixels belonging to the same segment. Such a
measure between any two pixelsf p; qg � V is called anassociationapq 2 R.

A simple graph-based clustering criterion, calledcut, requires minimization of the total
inter-clusters association (or equivalently maximization the total intra-cluster association):

X

f p;qg� V

apq[xp 6= xq] =
X

l2L

(1 � x l )> Ax l =
X

l2L

� (x l )> Ax l + const (1.77)

where vectorx l = ( x l
p)p2 V and x l

p = [ xp = l], matrix A = [ apq]p;q2 V . The matrix A is
called the association matrix. Shi and Malik [253] noted in the context of two clusters
that the cut criterion tends to produce one of the clusters consisting only of the most
\disconnected" data point. \Disconnected" means low association of the point with the
rest of the dataset4. Therefore, they argue that (1.77) is a poor clustering criterion. To
address this bias of the cut, Shi and Malik proposed volume normalization.

4Note, that the bias of the cut objective observed by Shi and Malik [253] is a case ofshrinking bias of
the Potts model, see Figure 1.6, Section 1.2.3 and [26].
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In total, they considered a few clustering criteria:
X

l2L

(1 � x l )> Ax l cut (Potts equivalent); (1.78)

X

l2L

�
(x l )> Ax l

x l � 1
average association (kernel k-means [76]); (1.79)

X

l2L

(1 � x l )> Ax l

x l � 1
ratio cut [114], equivalent to (1.79), (1.80)

X

l2L

�
(x l )> Ax l

(x l )> A 1
normalized cut (1.81)

wherex l � 1 = jSl j is the size of segmentSl , and 1 is the vector of all ones. Shi and Malik
[253] used spectral methods to solve the relaxed version of the normalized cut (1.81) and
average association (1.79).

In addition, one may consider the following clustering objective:

X

l2L

(1 � x l )> Ax l

min(x l � 1; jV j � x l � 1)
Cheeger cut [37]. (1.82)

Although an extreme case, one can express both the average association (1.79) and
normalized cut (1.81) criteria as energy function of an MRF with one clique of the size of
the whole graph, thus, satisfying Theorem 1.1.

Both the normalized cut and other MRF regularization have been popular in computer
vision as well as in other areas of research. Recently, Tang et al. [281] combined the
graph-based clustering objectives with the classic MRF regularization, bene�ting from the
normalization properties and long connections of the graph clustering together with local
properties of MRFs.

Graph-based clustering criteria have di�erent biases. As noted above the cut tends
to isolate points. Shi and Malik noted that the average association criterion tries to �nd
\tight" clusters while the normalized cut produces balanced partitioning. The \tightness"
of the average association results has been noted empirically but never understood theoret-
ically. In this thesis we analyze theoretically these biases and propose a method of kernel
or association matrix construction that addresses the biases, see Chapter 3.
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1.4 Uni�ed View on CRF/MRF and
Clustering Objectives

Section 1.2 and Section 1.3 provide an overview of MRF/CRF and clustering-based low-
level models for image segmentation. The classi�cation of these models into MRF/CRF
and clustering is due to the motivation and origin of the corresponding models. From the
point of view of the segmentation problem, this distinction is super�cial as they all aim to
solve the same problem. In the rest of the thesis, we do not distinguish those groups of
methods but treat them as di�erent instances of segmentation regularization.

1.4.1 Regularized Parametric Models

In addition to MRF priors, introduced in Section 1.2, the optimization objectives in com-
puter vision include data �delity or appearance models. Mumford and Shah [204] proposed
the following functional to attain image segmentation:

E(f Slg; f j g) =
X

l2L

�
� � 2

ZZ

Sl

(f � g)2 dA +
ZZ

Sl

kr f k2 dx dy + � j@Sl j
�

(1.83)

where �; � > 0 are constants, dA is the in�nitesimal area element, j@Sl j is the length
of the boundary of continuous segmentSl � R2 for l 2 L = f 0; 1; : : : ; L � 1g, g(x; y)
is a continuous representation of the intensity of a 2D image, andf (x; y) 2 R is an
unknown data model of the image. Note thatf is allowed to be discontinues on the
segment boundaries@Sl . The �rst term ensures that f is a good approximation ofg. The
second term requires thatf does not vary much on segmentSl , l 2 L . Note, that this
implies that g is not varying much within eachSl either. The third term is a continuous
version of Potts regularization [26] ensuring as short segment boundary as possible.

Importantly, the color models f in (1.83) are treated as argument of the energy and
optimized simultaneously with segmentationf Sl j l 2 Lg .

Supposef is a constant within each of the segments,i.e. f (p) = � l for p 2 Sl , then5

E(f Slg; f � lg j g) =
X

l2L

�
� � 2

ZZ

Sl

(� l � g)2 dA + � j@Sl j
�

(1.84)

5This models has also been studied in [46].
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where we can �nd a closed-form solution for optimal� �
l (Sl ) =

RR
Sl

gdx dy
.

area(Sl ). This

case has been studied by Chan and Vese in [46].

Consider a discrete version of (1.84):

E(f Slg; f � lg j g) = � � 2
X

l2L

X

p2 V

xk
pkgp � � lk2

| {z }
k-means

+ �
X

p2 V

X

q2 Gp

[xp 6= xq]

| {z }
Potts model (1.37)

(1.85)

Note, the data term in (1.85) is exactly the 1Dk-means objective (1.69), and the second
term is the Potts model (1.37). Hence, the approach of Mumford and Shah [204] can be
seen as regularized clustering where segmentsSl are clusters and segmentation variables
x l

p are cluster assignments.

In a more general case studied by Zhu and Yuille [330], each pixelp 2 V of an im-
age can be represented byn-dimensional featuresf p 2 Rn such as combinations of RGB
values, texture features, pixel coordinates,etc. The Gaussian distribution is not adequate
to represent the complexity of color or feature variation in many applications including
segmentation of natural images. The distribution off p can be modeled by a more complex
probability estimate P

�
f p j � l

�
with parameter vector � l , l 2 L such as Gaussian mixture

models (GMM), histograms, or neural networks:

E(f x l
pg; f � lg j f f pg) =

X

l2L

X

p2 V

� ln P
�
f p j � l

�
x l

p

| {z }
probabilistic k means

+ �
X

p2 V

X

q2 Gp

[xp 6= xq]: (1.86)

GMMs as an appearance (color) data model were used in GrabCut [240] for interactive
image foreground/background segmentation where RGB colorcp was used as features of
pixel p 2 V, that is f p = cp. In addition, they introduced a new interaction interface,
i.e. bounding boxes, to set the initial values of segmentsf Slg. Their optimization iterates
GMM �tting and graph cut [31] to re-estimate the segments and GMM models.

Consider the case of histograms as in [31, 295]. For discrete6 f p, the data term of (1.86)

X

l2L

X

p2 V

� ln P
�
f p j � l

�
x l

p =
X

l2L

X

p2 V

� ln
n(f p j Sl )

jSl j
x l

p (1.87)

6This assumption is not critical as any features histogram de�nes the bin index as a new discrete feature.
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where n(f j Sl ) =
P

p2 Sl
[f p = f ] is the number of pixels with featuresf in segmentSl ,

and jSl j =
P

f n(f j Sl ) is the number of pixels in segmentSl . Then,

X

l2L

X

p2 V

� ln P
�
f p j � l

�
x l

p =
X

l2L

X

f p

� n(f p j Sl ) ln n(f p j Sl )

| {z }
concave cardinality potential

+
X

l2L

jSl j ln jSl j

| {z }
volumetric term

(1.88)

The volumetric term above is proportional to the negative entropy of partitioning. There-
fore, it corresponds to the volumetric bias, as its optimal (lowest) value corresponds to
segments of equal sizejSl j = jV j

�
jLj . Tang et al. [275] argued that the appropriateness

of the volumetric bias is highly application speci�c. One may need to use the bias to
speci�c volumes or remove the bias at all. The cardinality potential is a concave function
of segments cardinality and hence could be minimized exactly by a graph cut [275, 147].

1.4.2 Regularized Non-parametric (kernel) Models

In our previous work of Tang et al. [277, 278, 281], we showed that a combination of
MRF/CRF and clustering objectives give better segmentation. Speci�cally, [277] combines
normalized cut (1.81) and MRF/CRF regularization:

E(s) = �
X

l2L

e(sl )

| {z }
normalized cut

+ 

X

C2C

EC (sC )

| {z }
MRF/CRF

and e(x ) =
x > Ax

x > A ~1
(1.89)

whereEC is a general CRF/MRF potential (1.22). We introduced auxiliary functions by
linearizing the normalized cut term:

a(t )(s) =
X

l2L

r e(sl
(t ))

> (sl � sl
(t ))

| {z }
unary term

+ 

X

C2C

EC (sC ) (1.90)

wheret is the iteration index and the normalized cut gradient7

r e(x ) = A ~1
x > Ax

(x > A ~1)2
�

2Ax

x > A ~1
: (1.91)

7Note, we reinterpreted e(s) as a function of continuouss.
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Iterations s(t+1)  mins a(t )(s) guarantee non-decreasing series of energy valuesE(s(t )) in
the case of positive-de�nite8 A .

Note, the auxiliary functions at (s) only add unary terms to the MRF/CRF energy.
Therefore, the complexity of the inference in the MRF/CRF model does not generally
increase as most low-level solvers are capable of incorporating additional unary terms.
So, one may use standard low-level MRF/CRF solvers to optimize joint objective (1.89)
combining the normalized cut and MRF/CRF regularization. The follow-up work [281]
extended (1.89) to other spectral and kernel clustering objectives reviewed in Section 1.3.2.

See a summary of reviewed segmentation objectives in Table 1.1.

8If A is not positive-de�nite, the diagonal shift A  A + � diag(A ~1) for some large � guarantees
positive-de�niteness without a�ecting the optima of min s E(s) [281, 239].
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Class Model Objective Assumptions/Bias

sparse Potts (1.37)
[97, 31]

X

(p;q)2 N

wpq[sp 6= sq] shrinking bias [26]

dense Potts (1.40)
[153]

X

(p;q)2 V � V

wpq[sp 6= sq]
equal volume bias

[293]

curvature (1.46) [206],
Chapter 2

X

(w;t;v )2 N l

[sw = sv][sw 6= st ]
bias to straight-line

boundaries [206, 211]

C
R

F
/M

R
F

convexity (1.48) [105]
X

line `

X

f w;t;v g� `
w<t<v

sw(1 � st )sv
bias to convex

boundaries [105]

k-means (1.69) min
�

X

l2 L

X

p2 V

sl
pkf p � � lk2 equal volume bias

[140, 30]

average association
(kernel k-means)

(1.79) [253]

X

l2 L

�
(sl )> As

sl � ~1
density mode bias

Chapter 3

C
lu

st
er

in
g

normalized cut (1.81)
[253]

ENC (s) =
X

l2 L

�
(sl )> As

(sl )> A ~1
sparse subset bias

Chapter 3

m
ix

ed kernel-cut (1.89) [281] ENC (s) + 

X

C2C

EC (sC )
inherited from

normalized cut and
MRF EC (1.22)

Table 1.1: Summary of some low-level objectives for segmentation.
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1.5 From Low-level to Semantic Segmentation

In the previous sections, we have only considered low-level segmentation problems, such
as interactive segmentation. These problems can be formulated as di�erent forms of (reg-
ularized) clustering which is based on low-level pixel features, such as intensity, colors,xy
coordinates, and others, see Section 1.4.Semantic segmentationis the problem of parti-
tioning the image intosemanticsegments such that each segment corresponds to a semantic
class. The set of classes is typically given in advance together with a dataset of annotated
images. For example, VOC dataset [84] de�nes the following classes:background, aero-
plane, bicycle, bird, boat bottle, bus, car, cat, etc. The task of semantic segmentation is
solved by employing supervised machine learning techniques.

Machine learning generally refers to the set of general-purpose models and algorithms al-
lowing automatic (or semi-automatic) recognition of patterns in large datasets. Compared
to traditional learning/analysis, machine learning aims to e�ciently solve a particular task
without relying on speci�c human-designed instructions, but rather extracting patterns
from just looking into data. The classical examples of tasks studied in machine learning
include classi�cation, tracking, detection, clustering,etc.

The simplistic low-level features are insu�cient to enable the basic ML methods to
solve semantic segmentation (or classi�cation). The literature suggests many handcrafted
features and representations that can improve the recognition task, including SIFT [177],
HoG [69], textons [166, 180] and ways of features encoding [48].

Another, and more successful, approach is to design a learning system that can \learn"
the best features for a particular task. Ultimately, such an approach prevailed in many
ML applications using deep learning. Due to the abundance of (annotated) data and
computational resources and new optimization heuristics [121, 154], the machine learning
community has developed a family ofdeep neural networks(DNN), see overview in [163],
that revolutionized almost all traditional arti�cial intelligence applications. Starting with
[154] deep learning systems have surpassed previous state-of-the-art methods in computer
vision [154, 176, 100, 115], speech recognition [120], classic games such as chess and go
[256], automatic text processing and translation [17, 13],etc. In some cases, deep learning
systems outperform human annotators [115].

The next sections review deep learning models for classi�cation and semantic segmen-
tation problems.
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1.5.1 Classi�cation Neural Networks and Deep Features

One of the earliest arti�cial neural networks isperceptron [237]. Perceptron is a linear
binary classi�er. Perceptron is a function

� : Rn ! f� 1; 1g s.t. � (x ) = sign(w � x ) (1.92)

wherex 2 Rn is the input vector, w 2 Rn is a row-vector of weights. Perceptron is a linear
classi�er. Multilayer perceptron (MLP) is a generalization:

� : Rn ! RL s.t. � (x ) = � K (� (� � � � 2(� (� 1(x ))) � � � )) (1.93)

whereK is the number of layers,L is the prede�ned number of classes,8k 2 f 1; : : : ; K g
� k(x ) = W kx , weight matrix W k : Rn l ! Rn l +1 such that n1 = n and nK +1 = L, and �
is an element-wise non-linearactivation function. Functions � k are called layers and the
intermediate valuesf k = � k(� (� � � � 2(� (� 1(x ))) � � � )) are called(deep) featuresat layer k.

The exploding literature on deep learning has proposed a multitude of various designs
of layer functions � k , to the point that it becomes di�cult to adequately de�ne the class
of deep neural network functions. It may seem that the de�ning property is that DNN is a
composition of di�erentiable functions9. However, it is obvious that di�erentiability is not
required due to the existence of a wide class of binary or quantized networks,e.g. [64].

In the following, we use aK -layers feed-forward neural networksof the form:

� : Rn ! RL s.t. � (x ) = � K (� � � � 2(� 1(x ))) � � � )) (1.94)

where � k is some (di�erentiable) function Rnk ! Rnk +1 . Note, we removed explicit acti-
vation functions � , which could be represented by functions� k . Each layer function � k is
assumed to be parameterized by a vector� l . To explicitly denote the dependence on the
parameters we write� k(f j� l ) and � (x j� ) where � is the concatenation of all parameter
vectors � l .

A DNN can include the following layers:

ˆ Linear (fully-connected) layer� k(f jW ) = W f whereW is a weight matrix.

ˆ Element-wise activation layer� k(f ) = � (f ) where oi = � (f i ), oi 2 R and f i 2 R are
elements of vectorso = � (f ) and f correspondingly fori 2 f 1; : : : ; dim(f )g.

9Leading to even new terms such asDi�erentiable Programming . See\Deep Learning est mort. Vive Dif-
ferentiable Programming!" https://www.facebook.com/yann.lecun/posts/10155003011462143 . Face-
book post by Yann LeCun, Jan 2018.
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