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Abstract

Understanding and efficiently estimating the effects of exposures on health outcomes
is a fundamental goal in public health research. The accuracy and efficiency of exposure
effect estimates are heavily influenced by study design and the statistical methodologies
employed for analyses. This thesis consists of three projects where statistical methods are
developed to address unique challenges in the estimation of exposure effects in diverse and
complex settings.

The first project concerns causal inference regarding the effects of multiple exposure
variables and their interactions which require modeling the joint distribution of exposures
given pertinent confounding variables. This modeling can be carried out via a second-
order regression model. Chapter 2 presents methodologies using regression adjustment
and inverse weighting to investigate the asymptotic bias of estimators when the dependence
model for the generalized propensity score incorrectly assumes conditional independence of
exposures or is based on a naive dependence model which does not accommodate the effect
of confounders on the conditional association of exposures. We also consider the problem
of a semi-continuous bivariate exposure that arises when the population is made up of a
sub-population of unexposed individuals and a sub-population of exposed individuals in
whom the level of exposure can be quantified. We propose a two-stage estimation technique
to study the effects of prenatal alcohol exposure, and specifically the effects of drinking
frequency and intensity on childhood cognition in Chapter 2.

The second project focuses on plasma donation, highlighting the importance of rigorous
device safety evaluations for donors. Complications arise from the fact that outcomes on
successive donations from the same donor are not independent, adverse event rates are
extremely rare, and there is substantial heterogeneity in the propensity for donors to donate
over time. Chapter 3 introduces a statistical framework for designing superiority and non-
inferiority trials to assess the safety of a new donation device compared to the standard one.
A unique feature is that the number of donations per donor varies substantially so some
individuals contribute more information and others less. Historical data on the donation
rate and variation in the donation rate (heterogeneity) across donors, the adverse event
rate, and the serial dependence in adverse events provide the necessary information to
plan for the duration of accrual and follow-up periods. Specifically the sample size formula
is derived to ensure power requirements are met when analyses are based on generalized
estimating equations and robust variance estimation. The complexity of recruiting donors
from a heterogeneous and dynamic population of donors means that it is challenging to
characterize the rate at which information is acquired on treatment effects over the course
of the study. Strategies for interim monitoring based on group sequential designs using
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alpha spending functions are developed based on a robust covariance matrix for estimates
of treatment effect over successive analyses. The design of a plasma donation study is
illustrated in Chapter 3 aiming to investigate the safety of a new device with the outcome
being serious hypotensive adverse events.

Many chronic diseases can be naturally characterized using multistate models. Longitu-
dinal cohorts and registry studies of chronic diseases typically recruit and follow individuals
to record data on the nature and timing of disease progression. In many cases the exact
transition times between disease states are not observed directly, but the state occupied
at each clinic visit is known. Such studies also routinely collect and store serum samples
at intermittent clinic visits. The final project explores the design and analysis of two-
phase studies for evaluating the effect of a biomarker of interest. We consider the design
of two-phase studies in Chapter 4 aimed at selecting individuals for biospecimens assays
to measure biomarkers of interest and estimate their association with disease progression
through intensity-based modeling. Likelihood-based and estimating function approaches
are developed and the efficiency gains from score residual-dependent sampling strategies
are investigated for joint models of the biomarker and disease progression processes. The
efficiency of these different frameworks is investigated, and the methods are applied to
a study investigating the association between the HLA-B27 marker and joint damage in
psoriatic arthritis patients.

The thesis concludes with some topics of future research in Chapter 5.
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Chapter 1

Introduction

1.1 Overview

One of the primary objectives in public health research is to understand and estimate
exposure effects on outcomes of interest. The validity and efficiency of exposure effect
estimation are influenced by the type of study design and accompanying analysis. This
thesis considers design and analysis methodology addressing three challenges in broad areas
of research:

(i) using generalized propensity scores for causal analysis with multiple exposures,

(ii) evaluating intervention effects administered repeatedly in randomized trials through
repeated significant testing with interim analyses, and

(iii) designing two-phase studies for the cost-effective assessment of a biomarker effect on
the disease process which is under intermittent observation.

In Section 1.2 to 1.4 a brief overview is provided of the statistical methods developed
in this thesis and three motivating problems. The details regarding the statistical research
are developed and discussed in Chapters 2 to 4 respectively.
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1.2 Generalized Propensity Scores

1.2.1 Causal Inference with Multiple Exposures

Estimation of exposure effects is a common and scientifically important aim in many epi-
demiology studies, but it is challenging in observational research due to the complex nature
of the observational data and the effect of confounding. Rosenbaum and Rubin (1983) intro-
duced the idea and described the utility of propensity scores for causal analysis in order to
mitigate the impact of confounding variables. The propensity score was initially presented
in the context of a binary exposure variable in which case it is defined as the conditional
probability of being exposed given a set of covariates. Through matching (Rosenbaum
and Rubin, 1983, 1985), stratification (Rosenbaum and Rubin, 1984; Cochran, 1968), re-
gression adjustment (Haukoos and Lewis, 2015) and inverse probability weighting (IPW)
(Rosenbaum, 1987; Lunceford and Davidian, 2004) the estimated propensity score can be
shown to mitigate the effect of confounding variables. In settings where randomized con-
trolled trials (RCTs) are impractical or unethical this enables researchers across various
disciplines (e.g. social sciences, economics and epidemiology) to account for the imbalance
in the observed characteristics across treated and untreated individuals to improve the
assessment of causal effects. Throughout the thesis the words treatment and exposure are
used interchangeably.

The concept of a generalized propensity score was developed to deal with settings where
the exposure variable is continuous (Imbens, 2000; Hirano and Imbens, 2004). For example
we might be interested in the dosage of a new drug on reducing the risk of hypertension.
Meanwhile the complex etiology of many chronic conditions motivates joint consideration
of multiple exposure variables and their possible interacting effects (Dominici et al, 2010).
Examples include the study of smoking and alcohol consumption on pancreatic cancer (Du-
ell, 2012), the interacting effect of smoking and drinking on dietary intake of antioxidants
on oral, pharyngeal or laryngeal squamous cell carcinoma (Suzuki et al, 2006), and environ-
mental studies of several different air pollutants and their effect on lung cancer risk (Beelen
et al, 2008). Oftentimes the exposure variable is semi-continuous, meaning that the data
includes a substantial proportion of individuals with no exposure at all (Akkaya Hocagil
et al, 2021). Figure 1.1 shows an example of a bivariate semi-continuous exposure from
our motivating study in Section 1.2.2 where the prenatal alcohol drinking intensity (x-axis)
and drinking frequency (y-axis) for pregnant women in the study cohort are presented. For
mothers with no prenatal alcohol consumption, both drinking intensity and frequency are
zero, which leads to the zero-inflated exposure variables in the study data. We are then
interested in assessing the effect of the number of drinking occasions per month (drinking
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Figure 1.1: An illustration of the distribution of a bivariate semi-continuous exposure.

frequency), daily ounces of alcohol intake (drinking intensity), and the interaction between
these factors on their children’s cognitive outcomes. When the joint effects of multiple
exposures are under consideration, multivariate propensity scores can play a useful role.
Vegetabile et al (2020) describe a joint model for multivariate binary exposures through
the specification of a model for a latent multidimensional Gaussian variable. Williams and
Crespi (2020) develop a generalized propensity score and use it to construct inverse mul-
tivariate density weighted estimating functions. Chen and Zhou (2023) propose the use of
entropy balancing for multiple continuous treatments as a framework for causal analysis;
this approach is best suited for settings in which the dimensions of the exposure and con-
founding variables are modest. Based on prior work on the generalized propensity score
we develop methods to evaluate the causal effects of multiple exposures and their interac-
tions on the outcome of interest. We consider various types of exposures including binary,
continuous, and semi-continuous forms. The implications of misspecifying the association
between exposures are explored in Chapter 2.
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1.2.2 Prenatal Alcohol Exposure and Childhood Cognition

Fetal alcohol spectrum disorders (FASD) are the most common preventable cause of neu-
rodevelopmental disabilities. The prevalence estimates of FASD is 2–5% among live births
in North America (May et al, 2009), and the estimates can be as high as 20% among
live births in endemic communities such as the Western Cape Province of South Africa
(May et al, 2013). Fetal alcohol syndrome (FAS) is the most severe form of FASD and
is characterized by distinctive craniofacial dysmorphology, microcephaly and growth re-
tardation (Stratton et al, 1996; Hoyme et al, 2005). Milder variants include a) partial
FAS (PFAS), diagnosed when there is facial dysmorphology, a history of prenatal alcohol
exposure (PAE), and either growth retardation, microcephaly, or central nervous system
(CNS) impairment, and b) alcohol-related neurodevelopmental disorder (ARND), diag-
nosed following PAE when there is cognitive and/or behavioural impairment but no facial
dysmorphology. A broad range of cognitive and behavioral deficits occur in children with
FASD including decreased IQ (Jacobson et al, 2004), lower verbal, learning, and mem-
ory skills (Lewis et al, 2015), and poorer executive function (Kodituwakku, 2007). Social
problems, attention deficits, and aggressive behaviours have been noted (Carmichael Olson
et al, 1998; Jacobson et al, 2006; Day et al, 2013), as has attention deficit hyperactivity
disorder (Coles et al, 1997; Jacobson et al, 2011).

Even though previous studies show that high levels of prenatal alcohol exposure (PAE)
can cause serious developmental problems in children (Jacobson et al, 2004; Kodituwakku,
2007; Lewis et al, 2015; Jacobson et al, 2011), the impact of low levels of exposure is not
well-understood. Still less is known about the impact of “dose rate” which refers to the
possibility that infants exposed to the same total volume of alcohol over the course of
a pregnancy may have very different cognitive deficits depending on whether the mother
drinks small amounts relatively frequently, or whether she drinks large amounts but less
frequently (chronic versus binge drinking). This motivates the development and study of
the methods in Chapter 2 to better understand possible complex causal effects of prenatal
alcohol exposure on cognition outcomes of their children.

1.3 Interim Analysis of Marked Point Processes

1.3.1 Group Sequential Analyses

It is often ethically essential to conduct interim analyses during the course of large clinical
trials to allow for the potential early termination and more rapid dissemination of study
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results to individuals who can benefit from it. In the event of either a clear advantage
or the emergence of harmful side effects, early termination should be considered. This is
crucial not only to benefit future patients as soon as possible but, more importantly, to
prevent the harmful exposure to others. In addition to ethical reasons, there are budgetary
considerations for planning interim analyses as the costs associated with conducting a trial
can be minimized for the possible early termination.
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Figure 1.2: An illustration of the recruitment process and repeated measurements in a
randomized controlled trial with planned interim analyses at study times t1, t2 and t3.

When evaluating the exposure effect through repeated significance testing during the
accumulation of data, researchers need to adjust for the inflation of the type I error to
maintain the overall significance level (Armitage et al, 1969). Pocock (1977) suggested
using one conservative critical value based on the work by Armitage et al (1969), as a
means to control the type I error. Alternatively, methods proposed by O’Brien and Fleming
(1979) and Slud and Wei (1982) provide a way to construct a different critical value for each
interim analysis. These methods all require a predetermined number of interim analyses.
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Lan and DeMets (1983) proposed the use of an alpha spending function which enables
a more flexible way to compute the critical values. For studies where each subject is
assessed with a single measurement, the sequentially computed test statistics would have
an independent increment structure if we assume the independence between subjects. This
independent increment structure allows for a simplified computation of critical values or
group sequential boundaries for the test statistics by implementing recursive univariate
integration (Armitage et al, 1969; Reboussin et al, 2000) using the approach of Lan and
DeMets (1983). However in longitudinal studies where the responses of a subject are
measured repeatedly over time, the independent increment structure of the response or
test statistics may not hold due to the correlation within each subject. In such cases
the method proposed by Lee and Demets (1991) based on random-effects models can be
applied for continuous responses. Additionally, Wei et al (1990) and Lee et al (1996) have
presented an approach based on generalized estimating equations (GEE) (Liang and Zeger,
1986) that is applicable to a broader range of data types.

In blood transfusion research there are two streams of research where information is
acquired about the effect of an intervention according to a marked point process. In blood
donation research individuals donate blood repeatedly over time and interest may lie in
studying the occurrence of adverse events upon blood donation - in particular in comparing
whether two methods of blood collection lead to similar adverse event rates. Figure 1.2
illustrates a donation study with an accrual period of six months (0.5 years) and one year
of follow-up planned for each recruited donor. The horizontal axis records the time since
the start of the study and the vertical axis records the time on study for recruited donors.
The 45

◦
lines emanating from the x-axis represent the passage of calendar time and study

follow-up time for each recruited individual. The dots on the lines represent the times of
donations, and the response of interest is recorded at such times. Three interim analyses
are planned at calendar time t1, t2, and t3 with a final analysis planned at the end of the
study (represented by vertical dashed lines). The propensity to donate will vary across
individuals and may also be associated with the time of recruitment. Our interest is in
assessing the safety of using different blood collection devices through interim monitoring.
The second setting where marked point processes arise in transfusion research is in the
treatment of patients with anemia or thrombocytopenia and other chronic conditions.
Here patients need for blood products (red blood cells and platelets respectively) will vary
across individuals according to the severity of their underlying condition. Interest will
often lie in comparing the therapeutic effect of different blood products (i.e. pathogen
inactivated blood products versus standard blood products) on short-term outcomes in
patients (i.e. hemoglobin or platelet levels). Here we focus our discussion primarily on
the former transfusion setting in the blood donation study but the methods discussed are
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equally motivated by and applicable to problems in transfusion medicine research.

1.3.2 The IMPACT Trial in Blood Donation Research

Source plasma is crucial in life-saving treatments for various medical conditions and the
demand for it has consistently exceeded its supply, especially during the COVID-19 pan-
demic (Covington et al, 2023). For a potential increase in average plasma collection vol-
ume, the trial named IMPACT (IMproving PlasmA CollecTion) (Hartmann et al, 2021)
was conducted between January 6 and March 26, 2020 at three plasma collection centers
(i.e. Charlotte, NC; Spokane, WA; Wichita, KS) in the United States. It is a randomized
controlled trial to assess the non-inferiority of a novel percent plasma nomogram (PPN)
compared to the current simplified 1992 nomogram in terms of the significant hypotensive
adverse events among donors, with a predefined margin of 0.15%. A total of 3443 donors
were enrolled across three sites and were randomly assigned to either the experimental arm
utilizing the PPN with personalized target volume calculation for the plasma donation, or
the control arm using the standard nomogram. The primary endpoint is the incidence
rate of significant hypotensive adverse event which is defined based on the modified IQPP
classification (see supporting information in Hartmann et al (2021)), and the secondary
endpoint is the total plasma volume (TPV) collected in the study.

We consider the design of plasma donation trials in Chapter 3 where the goal is to assess
the safety of a new device on the response to transfusions compared to the standard device.
Strategies for interim monitoring based on group sequential designs using alpha spending
functions (Lan and DeMets, 1983) are then developed based on a robust covariance matrix
for estimates of treatment effect over successive analyses.

1.4 Biomarker Study of Progressive Disease Processes

1.4.1 Two-Phase Designs

In many modern cohort studies the biobanks have been established for the collection and
storage of various biospecimens, including tissue samples and serum. However it might
not be economically feasible to assess biospecimens for all individuals given the substantial
costs associated with the biomarker assays. In cases where the interest is in the associa-
tion between an expensive biomarker and the disease outcome, a two-phase study design
provides a cost-efficient way to estimate the biomarker effect. The first phase (phase I)
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of the two-phase study contains the inexpensive covariates and outcomes available for all
subjects in the study. Subsequently, the second phase (phase II) focuses on the assessment
of the expensive variable of interest, but this is only conducted for the selected subjects
due to budgetary constraints.

The information in phase I can be used for the subsample selection in phase II. Many
studies have an extreme-outcome sampling design, selecting subjects with the highest or
lowest values of a continuous outcome; see Chen and Li (2011); Li et al (2011); Lin et al
(2013). For failure time outcomes, Ding et al (2014) suggested selecting cases with the
largest or smallest values of failure times and Lawless (2018) suggested to select the subjects
with the smallest failure times or largest censored times. Tao et al (2020) introduced
an efficient two-phase design for continuous, discrete or censored outcomes which selects
the subjects with extreme values of a score-type residual. Challenges arise when our
interest is in the effect of an expensive biomarker on the disease progression, especially
when exact transition times between disease states are not directly observed. Oftentimes
only the state occupied at each clinic visit is known, and biospecimens are also routinely
collected and stored at these clinic visits. For this setting with intermittent observations
Kalbfleisch and Lawless (1985) proposed a scoring procedure to obtain estimates under a
time-homogeneous Markov model. We consider the design of two-phase studies in Chapter
4 where the objective is to select the biospecimens to assay in order to efficiently measure
the biomarker effect on the disease progression.

1.4.2 Joint Damage in Psoriatic Arthritis

Chapter 4 is motivated by the aim to evaluate the biomarker effect associated with the
development of joint damage in a two-phase study design. Psoriatic arthritis (PsA) is a
chronic immunological disease where the immune system mistakenly attacks healthy joints
leading to joint inflammation and potentially joint damage. The University of Toronto
Psoriatic Arthritis Clinic was established in 1978 at the Centre for Prognosis Studies in
Rheumatic Disease at the Toronto Western Hospital (Gladman and Chandran, 2011). Pa-
tients diagnosed with psoriatic arthritis were recruited in the PsA cohort and evaluated
upon entry into the study, with subsequent radiographic examinations conducted every six
months (Gladman et al, 1987). Patients had assessments across 64 joints of the hands and
feet. One way to determine the disease states is based on the number of damaged joints
where a damaged joint is identified as deformed, ankylosed, flail, or surgically treated.
Based on the number of damaged joints, patients can be classified as having very mild
disease (0 damaged joint), oligoarthritis (1-4 damaged joints), polyarthritis (5-9 damaged
joints) and severe polyarthritis (> 9 damaged joints). The disease process regarding the
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number of damaged joints is shown in Figure 1.3. We consider the design of two-phase
studies in Chapter 4 aimed at selecting biospecimens for assay in order to efficiently mea-
sure the biomarker effect on the transition intensities in progressive disease processes under
intermittent observation. The methods are applied to this motivating study to assess the
relationship between the HLA-B27 marker and the progression of joint damage in PsA
patients.

Mild

0 1 2

Oligoarthritis Polyarthritis

3

Severe Polyarthritis

0
Number of
damaged joints 1 - 4 5 - 9 ≥10

Figure 1.3: Disease progression in terms of the number of damaged joints for patients with
psoriatic arthritis.

1.5 Outline of Thesis

The remainder of the thesis is organized as follows. In Chapter 2, our interest lies in causal
analysis of the effects of multiple exposures and their interaction on an outcome. We use
generalized propensity scores through the joint modeling of exposures for causal analysis
via regression adjustment and inverse weighting. In both frameworks, we investigate the
empirical bias and efficiency of estimators when the dependence model for the generalized
propensity score incorrectly assumes conditional independence of exposures or is based on a
naive dependence model which does not accommodate the effect of confounders on the con-
ditional association of exposures. The cases of binary bivariate, continuous bivariate, and
semi-continuous bivariate exposure are considered and a two-stage estimation technique
is proposed to study the effects of prenatal alcohol exposure, and the effects of drinking
frequency and intensity on childhood cognition. This chapter contains a summary of work
appearing in Li et al (2024a).

Chapter 3 is motivated by studies of blood donation processes where the aim is to
show that a new donation process does not lead to an increased risk of adverse events as
introduced in Section 1.3.2 where the participants have blood donations repeatedly. Here
a binary response is at the level of the transfusion and indicates whether an adverse event
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was observed. Our interest is in study design (i.e. sample size calculations) as well as how
to conduct interim analyses in order to assess the safety of the device on the response to
transfusions. For blood donation the rate of serious hypotensive adverse events is very low
so the log links are considered in the derivations of this chapter. The joint distribution of
sequential test statistics for assessing the treatment effect over successive interim analyses
is derived based on the method proposed by Lee and Demets (1991) for longitudinal data
using generalized estimating equations and robust variance estimation. The number of
repeated measurements is modelled using a zero-truncated negative binomial model with
dependency on the recruitment time. We consider different alpha spending functions to
determine the critical values of the test statistic for each interim analysis. Sample size
formula is developed for the study design with planned interim analyses to ensure power
requirements are met for the treatment effect on the binary response. We then conduct
simulations to evaluate the empirical rejection rates for both the superiority trial design
and the non-inferiority trial design. The research work of this chapter is summarized in Li
and Cook (2024b) and Li and Cook (2024c).

In Chapter 4 we consider the design and analysis of two-phase studies aiming to as-
sess the relationship between a biomarker and the disease progression under intermittent
observations. We propose designs based on sub-sampling individuals with extreme score
statistics which is initially introduced by Tao et al (2020) for continuous, discrete, or cen-
sored outcomes. Likelihood and estimating function approaches are developed and the
expectation-maximization algorithm is used for the estimation of parameters. We conduct
simulation studies to investigate the robustness and efficiency of the score-based residual
sampling strategies for joint models of the marker and disease progression processes. An
application is given to the study of patients with psoriatic arthritis as introduced in Section
1.4.2. The aim is to select individuals for the expensive measurements of the genetic marker
HLA-B27 with the proposed selection strategy and evaluate the effect of this marker on
the development of damaged joints which are measured at each clinical visit. This chap-
ter contains a summary of work that has been prepared as a manuscript in Li and Cook
(2024d).
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Chapter 2

Generalized Propensity Scores for
Assessing Effects of Multiple
Exposures

2.1 Introduction

Causal analysis is concerned with mitigating the effect of confounding variables on in-
ferences regarding the exposure-disease relationship. With binary exposures, propensity
scores capturing the association between confounders and the exposure of interest can be
used for matching, stratification, or regression adjustment (Rosenbaum and Rubin, 1983).
Inverse probability of exposure weighting offers another framework for the estimation of
causal effects. For continuous exposure variables, generalized propensity scores have been
developed (Imbens, 2000; Hirano and Imbens, 2004).

In settings with a single toxin, interest may lie in the causal effect of different exposure
patterns defined in terms of the frequency of exposure, the dose of exposure on exposure
occasions, and their interaction. Di Credico et al (2019) for example, study the effect of the
duration and intensity of smoking on the risk of head and neck cancers. This is the setting
of our motivating study described in Section 1.2.2 assessing the effect of both maternal
drinking frequency and drinking intensity on childhood cognition.

When considering confounding in the causal analysis of multiple exposures, the effect
of confounders is usually modeled on each marginal exposure variable with dependencies
accommodated between the exposures through joint models - conditional associations are
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typically assumed to be functionally independent of any confounders. We consider a more
general framework in which confounders may affect second moments (i.e., the relation
between different features of exposures to a single toxin). Specifically, we develop methods
to study the joint effect of the frequency of drinking and the dose of alcohol per drinking
occasion in expectant mothers on the cognitive development of their child (Jacobson et al,
1993); we then apply the methods we develop to the motivating study.

The remainder of Chapter 2 is as follows. In Section 2.2, we define a response model
involving the main effects of two binary exposures and their interaction, along with a
generalized propensity score. We formulate a general model for the exposures in which
confounders affect the first and second-order moments so that they explain how the two
aspects of exposure vary together. We then describe how this can be used for regression
adjustment and inverse weighting. The importance of modeling the effect of confounders
on the association between exposures is investigated in Section 2.3 by evaluating the bias of
causal estimands from regression adjustment and inverse probability of exposure weighting
when naive propensity scores only deal with the marginal effects of confounders. In Section
2.4, we consider the case of continuous exposures including semi-continuous exposures,
and carry out an analogous investigation for analyses based on regression adjustment and
inverse density weighting for estimating causal effects. A two-stage approach for estimating
the causal effects of semi-continuous exposures is proposed in Section 2.5. An application
to the Detroit Cohort Study (Jacobson et al, 2004) is given in Section 2.6 and concluding
remarks are given in Section 2.7. We focus on the case of a bivariate exposure but as
suggested by the notation in Section 2.2.1, the methods can be naturally generalized to
accommodate higher dimensional exposures.

2.2 Causal Analysis with Multiple Exposures

2.2.1 Specification of the Full Model

Let Y denote a continuous response variable of interest, A = (A1, . . . , Ap)
′ a p×1 vector of

exposure variables with p ≥ 2, and B = (A1A2, . . . , Ap−1Ap)
′ a q× 1 vector of all pairwise

products where q = p(p−1)/2. Higher order interaction terms can be considered, but here
we focus on two-way interactions and so let X = (A′,B′)′ contain the exposure data of
interest. Furthermore, let Z = (Z1, . . . , Zr)

′ be an r × 1 vector of confounding variables
obscuring the effects of X on the response Y . The data generating model for the response
is taken to have the form

Y =X ′θ +Z ′ζ + ϵ , (2.1)
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where θ = (α′,β′)′ with α = (α0, α1, . . . , αp)
′ and β = (β1, . . . , βq)

′, ζ = (ζ1, . . . , ζr)
′, and

ϵ is a mean zero error term with X,Z ⊥ ϵ. Let A(−j) = (A1, . . . , Aj−1, Aj+1, . . . , Ap)
′ be

the vector of all exposure variables excluding Aj, let B(−j) be the vector of all products of
Aj with the p−1 other exposures, and let β(−j) be the corresponding vector of coefficients.
The causal effect of a one unit change in Aj from aj◦ to aj◦ +1 given A(−j) = a(−j) and Z
is αj +a

′
(−j)β(−j). This model therefore enables one to study the causal interacting effects

of the two exposures.

When dimension of Z is large or one is concerned about getting the functional form
of the effects of confounders correct in the response model, regression adjustment on the
propensity score mitigates the effects of confounders. Let fa|z(a | z) be the conditional joint
probability distribution or mass function for multivariate continuous or discrete exposures
given confounders. Imai and Van Dyk (2004) defined the generalized propensity score
(GPS) as G(A,Z) = fa|z(A | Z) so that Z ⊥ I(A = a) | G(A,Z) = g. Additionally, they
stated that if there is a finite dimensional quantity S(Z) such that G(A,Z) depends only
on Z through S(Z), matching or stratification on S(Z) = s or G(A,Z) is equivalent. For
a single Bernoulli exposure variable, the generalized propensity score is the conventional
propensity score, namely the conditional probability of being exposed given confounders
(i.e., P (A1 = 1 | Z)), whereas for a scalar continuous exposure it is the conditional
density of the exposure fa1|z(A1 | Z); based on Assumption 3 of Imai and Van Dyk
(2004) it will often be sufficient to condition on a linear function of confounders such as
E(A1 | Z). For multivariate exposures, the generalized propensity score is the multivariate
joint distribution of exposures given confounders, G(A,Z) = fa|z(A | Z). When the
dependence of A on Z in G(A,Z) can be expressed through a low dimensional function
S(Z), this generalized propensity score S(Z) can be considered the effective propensity
score; we consider this in what follows.

2.2.2 Propensity Scores for Two Binary Exposures

Regression Adjustment

Here we aim to determine the minimal requirements for a potential vector-valued propensity
score S(Z) to ensure valid causal inference regarding the exposure effects conditional on
S(Z). We assume that data are available from independent individual processes and
consider properties of a single process in much of what follows. From (2.1) note

EY |X,S(Y ) = EZ|X,S{EY |X,S,Z(Y )} =X ′θ + EZ|X,S(Z
′)ζ . (2.2)
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Using P (·) to informally denote a joint probability mass function or density, we write

P (Z |X,S) =
P (X,Z,S)∫

Z
P (X,Z,S)dz

=
P (X | Z,S)P (Z,S)∫

Z
P (X | Z,S)P (Z,S)dz

, (2.3)

so if S(Z) contains enough information to construct the conditional distribution for the
exposure variables given Z (i.e., if X ⊥ Z | S), then following Assumption 3 of Imai and
Van Dyk (2004), S serves as a valid propensity score. In this case the final term in (2.2)
is independent of X and a working regression model of the form

E(Y |X,S) =X ′λ+ S′η (2.4)

will give an estimator λ̂ which is consistent for the causal parameter θ.

Here we give an illustrative example involving a bivariate binary exposureA = (A1, A2)
′

where Ak indicates exposure status with respect to exposure k, k = 1, 2. Let Z be a set
of all potential confounders. Suppose the status for exposure k can be characterized by
the marginal model P (Ak | Z) = P (Ak | Zk), where Zk is a subvector of Z, k = 1, 2.
We may assume, for example, that logitP (Ak = 1 | Zk) = Z ′

kγk. While such marginal
models are typically used when considering scalar exposures, they may not be sufficient to
fully characterize the joint distribution of exposures if some confounding variables exert a
second-order effect. Let Z3 be another set of confounders characterizing the dependence
between A1 and A2 given Z1 and Z2 through a dependence regression model

logOR(A1, A2 | Z) = Z ′
3γ3 , (2.5)

where

OR(A1, A2 | Z) =
P (A1 = 1, A2 = 1 | Z)/P (A1 = 0, A2 = 1 | Z)

P (A1 = 1, A2 = 0 | Z)/P (A1 = 0, A2 = 0 | Z)
.

Based on the marginal models for Ak | Zk, k = 1, 2, and (2.5),

P (A1 = 1, A2 = 1 | Z) =

{
a−[a2−4OR(OR−1)P (A1=1|Z1)P (A2=1|Z2)]

1/2

2(OR−1)
, OR ̸= 1

P (A1 = 1 | Z1)P (A2 = 1 | Z2) , OR = 1

where a = 1− (1−OR)
∑2

k=1 P (Ak = k | Zk) (Lipsitz et al, 1991) and we let OR denote
OR(A1, A2 | Z). The generalized propensity score is obtained by noting that P (A1 =
1, A2 = 0 | Z) = P (A1 = 1 | Z1)−P (A = 1 | Z) and P (A1 = 0, A2 = 1 | Z) = P (A2 = 1 |
Z2)− P (A = 1 | Z), from which P (A = 0 | Z) can be obtained. A sufficient propensity
score would be S(Z) = (S1(Z1), S2(Z2), S3(Z3))

′ where Sk(Zk) = P (Ak = 1 | Zk),
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k = 1, 2 and S3(Z) = P (A = 1 | Z); alternatively one could define Sk(Zk) = Z ′
kγk,

k = 1, 2, 3.

Here Z1 and Z2 are sets of confounders influencing the marginal causal effects of A1

and A2 on Y , and conditioning on (S1, S2) is sufficient if A1 does not interact with A2 (i.e.,
if β1 = 0). If β1 ̸= 0, then it is necessary to model the association between A1 and A2

given (Z ′
1,Z

′
2)

′ as a function of possibly different sets of confounders Z3 as suggested in
(2.5). We investigate the implications of not doing this adequately in Section 2.3.

Inverse Probability Weighting

Here we consider the use of a generalized propensity score as weight in inverse probability
weighting analysis for two binary exposures. Let P (A | Z;γ) denote the conditional joint
probability of A = (A1, A2)

′ given confounders under the positivity condition (Rosenbaum
and Rubin, 1983) where P (A = a | Z;γ) > 0 for all possible values of Z. The inverse
“joint probability” weighted estimating function (Hernán and Robins, 2010) is expressed
as

U1(φ;γ) =
I (A = a)

P (A = a | Z;γ)
D(X)

{
Y − ER(Y |X;φ)

}
, (2.6)

where ER(·) represents an expectation in the setting where X ⊥ Z and ER(Y | X;φ) =
X ′φ defines a marginal structural model. Here

D(X) =
∂

∂φ
ER(Y |X;φ) = (1, A1, A2, A1A2)

′ .

To show that (2.6) is an unbiased estimating function, we take the expectation of U1(φ;γ)
with respect to Y |X,Z to obtain

I (A = a)

P (A = a | Z;γ)
D(X)

{
E(Y |X,Z; Ψ)− ER(Y |X;φ)

}
, (2.7)

where Ψ = (θ′, ζ ′)′. The expectation of (2.7) with respect to Z | A = a gives∑
Z

I(A = a)

P (A = a | Z;γ)
D(X)

{
E(Y |X,Z; Ψ)− ER(Y |X;φ)

}
P (Z | A = a) . (2.8)

Since

P (Z | A = a) =
P (A = a | Z;γ)P (Z; τ )

P (A = a)
,
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we can rewrite (2.8) as∑
Z

I (A = a)

P (A = a)
D(X)

{
E(Y |X,Z; Ψ)− ER(Y |X;φ)

}
P (Z; τ ) ,

which effectively results in the expectation being taken in the setting where Z ⊥ A,
equivalent to how this would be done in the hypothetical randomized trial (Hernán and
Robins, 2010). Since (2.6) has expectation zero, solving U1(φ;γ) = 0 defines an estimator
that is consistent for the causal estimand of interest. In practice, γ must be estimated but
provided a

√
n−consistent estimator is used, consistency of φ̂ is still achieved.

2.3 Exposure Dependence Model Misspecification

2.3.1 Regression Adjustment

General Framework

Here we derive the limiting bias of the estimators of exposure effects obtained through
regression adjustment when the dependence model is misspecified through a) an inappro-
priate conditional independence assumption, or b) specification of an exchangeable depen-
dence structure functionally independent of confounders; this is defined more formally in
what follows.

Consider the following regression model with a generalized propensity score adjustment,

E(Y |X, S̃) =X ′φ+ S̃
′
ψ , (2.9)

where S̃ = S̃(Z) is a vector-valued propensity score which might be insufficient for ad-
justment under model misspecification, e.g., assuming conditional independence among
exposures or using an inadequate dependence model. The contribution to the least squares

equation for φ from a single individual based on (2.9) is U(Y |X, S̃;φ,ψ) = (X ′, S̃
′
)′(Y −

X ′φ− S̃′
ψ). With a sample of n independent individuals yielding data {(Yi,X i,Zi), i =

1, . . . , n}, the least squares estimator of the exposure effect is the solution to
∑n

i=1 U(Yi |
X i, S̃i;φ,ψ) = 0 and is denoted by φ̂ ; this is consistent for the solution to E{U(Y |
X, S̃;φ,ψ)} = 0 where the expectation is taken with respect to the full data generation
process (White, 1982; Rotnitzky and Wypij, 1994).
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Again we consider the bivariate case withX = (1, A1, A2, A1A2)
′ and the corresponding

coefficient φ = (φ0, φ1, φ2, φ3)
′. The explicit form of the limiting value of the estimator φ̃

for θ in (2.1) is

φ̃1 = α1 + ζ
′∆11 +ψ

′∆21 , (2.10)

φ̃2 = α2 + ζ
′∆12 +ψ

′∆22 , (2.11)

φ̃3 = β1 + ζ
′
(Σ3

σ2
3

−∆11
ρ13σ1
σ3

−∆12
ρ23σ2
σ3

)
−ψ′

(Λ3

σ2
3

+∆21
ρ13σ1
σ3

+∆22
ρ23σ2
σ3

)
, (2.12)

where ζ and ψ are given in (2.1) and (2.9),

∆1k =
(ρ12 − ρ13ρ23)(

σ2
kΣ3−k

σ1σ2
− σk

σ3

ρ13ρ23
ρk3

Σ3) + (
ρ213ρ

2
23

ρ2k3
− 1)(Σk − σk

σ3
ρk3Σ3)

σ2
k{(ρ12 − ρ13ρ23)2 − (1− ρ213)(1− ρ223)}

,

∆2k =
(ρ12 − ρ13ρ23)(

σ2
kΛ3−k

σ1σ2
− σk

σ3

ρ13ρ23
ρk3

Λ3) + (
ρ213ρ

2
23

ρ2k3
− 1)(Λk − σk

σ3
ρk3Λ3)

σ2
k{(ρ12 − ρ13ρ23)2 − (1− ρ213)(1− ρ223)}

,

Σk = cov(E(Ak | Z),Z), Λk = cov(E(Ak | Z), S̃), Σ3 = cov(E(A1A2 | Z),Z) and Λ3 =
cov(E(A1A2 | Z), S̃). We also have σ2

k = var(Ak), σ
2
3 = var(A1A2), ρ12 = corr(A1, A2), and

ρk3 = corr(Ak, A1A2), k = 1, 2; see Appendix A.1 for more details.

With two binary exposures, σ2
k = pk(1− pk) and σ

2
3 = p12(1− p12), where pk = P (Ak =

1), k = 1, 2 and p12 = P (A1A2 = 1). The correlation ρ12 is

ρ12 =
p12 − p1p2√

p1(1− p1)p2(1− p2)

(Yule, 1912), and

ρk3 =
p12 − pkp12√

pk(1− pk)p12(1− p12)
, k = 1, 2 .

A Misspecified Dependence Model

If exposure variables are treated as conditionally independent given confounders, one might
specify S̃ as S̃ = (S1(Z1), S2(Z2))

′ or S̃ = (S1(Z1), S2(Z2), S1(Z1)S2(Z2))
′, where S1(Z1)

and S2(Z2) are the marginal propensity scores. A naive model using regression adjustment
might be specified as

E(Y |X,S) =X ′φ+ ψ1S1(Z1) + ψ2S2(Z2) , (2.13)
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or possibly

E(Y |X,S) =X ′φ+ ψ1S1(Z1) + ψ2S2(Z2) + ψ3S1(Z1)S2(Z2) . (2.14)

In the most general setting such propensity score regression adjustments are insufficient
to render X ⊥ Z | S̃ since A1A2 depends on the joint model of A1 and A2 given Z. As
a result, estimates of the causal effects φ1, φ2 and φ3 are inconsistent with the asymptotic
bias given by the second and third terms on the right-hand side of equations (2.10) to
(2.12). It can be seen that the bias depends on the second-order association between the
exposures and confounders, the association between exposures and generalized propensity
scores, and variances of exposures.

A more flexible exposure model may recognize the conditional association between
exposures (given marginal confounders Z1 and Z2), but assume no role of confounders
on the second-order dependence. In this case, one might consider a propensity score term
based on

E(A1A2 | Z) = cov(A1, A2 | Z1,Z2) + S1(Z1)S2(Z2) ,

where cov(A1, A2 | Z1,Z2) = ρ
√
V (A1 | Z1)V (A2 | Z2) and V (Ak | Zk) is the residual

variance from the propensity score for exposure k, k = 1, 2. In this case, the regression
model adjusted by the generalized propensity score may be,

E(Y |X,S) =X ′φ+ ψ1S1(Z1) + ψ2S2(Z2) + ψ3E(A1A2 | Z1, Z2) . (2.15)

We explore the impact of such misspecifications in Section 2.3.3.

2.3.2 Inverse Probability Weighting

A misspecified propensity score will have a different impact in the framework of the inverse
propensity score weighted estimating function. Let P0(A = a | Z; δ) denote the misspeci-
fied (naive) conditional joint density or mass function indexed by δ, and let U10(φ; δ) and
U20(δ) be the estimating functions as follows,

U10(φ; δ) =
I (A = a)

P0 (A = a | Z; δ)
D(X)

{
Y − ER(Y |X;φ)

}
, (2.16)

U20(δ) =
∂ logP0(A | Z; δ)

∂δ
. (2.17)
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Let δ∗ be the solution to EA,Z{U20(δ);γ, τ} = 0, the limiting value to which the estimator

δ̂ converges when fitting the misspecified model. The limiting value of φ is obtained by
setting the equation below to zero and solving φ̂,∑

A

∑
Z

I (A = a)P (A = a | Z;γ)

P0 (A = a | Z; δ∗)P (Z; τ )
D(X)

{
E(Y |X,Z; Ψ)− ER(Y |X;φ)

}
. (2.18)

A misspecified propensity score P0(A = a | Z; δ) is the product of two marginal
propensity scores P (A1 = a1 | Z; δ)P (A2 = a2 | Z; δ) under the conditional independence
assumption. In this case under the present formulation, we have

U20(δ) = (U ′
20,1(γ1), U

′
20,2(γ2)) ,

where

U20,k(γk) =
∂logP (Ak = ak | Zk;γk)

∂γk

, k = 1, 2 ,

and δ∗ = (γ ′
1,γ

′
2)

′ so δ̂ is consistent for the target parameters γ1 and γ2 but is of insufficient
dimension to characterize the second-order dependence.

When the association is assumed functionally independent of confounders, the mis-
specified propensity score P0(A = a | Z; δ) is an inadequately modeled conditional
joint density or mass function P (A1 = a1, A2 = a2 | Z1,Z2; δ). In this case we have
U20(δ) = ∂logP (A = a | Z1,Z2; δ)/∂δ, and δ∗ will not be consistent for the target
parameters γ1 or γ2.

2.3.3 Empirical Bias and Efficiency

Here we report on simulation studies investigating the limiting values of the exposure
effects subject to model misspecification. We consider a bivariate binary exposure and
assess the relative asymptotic bias of estimates of exposure effects under two types of model
misspecification of Section 2.3.1 under both regression adjustment and IPW analyses.

Suppose a sample of n independent replicates {(Yi,X i,Zi), i = 1 . . . n} are generated
with n = 500. Let Z contain binary confounding variables with Z1 ⊥ Z2, P (Z1 = 1) =
P (Z2 = 1) = 0.5, and P (Z3 = 1 | Z1, Z2) = expit{−0.896 + (log 2)Z1 + (log 3)Z2} giving
P (Z3 = 1) = 0.5. We let P (A1 = 1 | Z1) = expit(γ10 + γ11Z1) where γ1 = (γ10, γ11)

′ =
(−0.764, log 2)′ so E(A1) = 0.4, and P (A2 = 1 | Z2) = expit(γ20 + γ21Z2) with γ2 =
(γ20, γ21)

′ = (−0.112, log 1.25)′ so E(A2) = 0.5. We let logOR(A1, A2 | Z3) = γ30 + γ31Z3
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with γ3 = (γ30, γ31)
′; we consider γ31 ∈ [−5, 5] and for each value of γ31 we solve for γ30

in (2.5) such that E{OR(A1, A2)} = 4. For response Y we generate data according to
(2.1) with θ = (α0, α1, α2, β1)

′ = (0, 2, 2, 4)′, and ζ = (0.5, 0.5, 0.5)′. The data generation
process is repeated for nsim = 1000 times for the analyses as follow.

Under the assumption of conditional independence between exposures, the regression
model adjusted by the generalized propensity scores can be fitted as in (2.13) or (2.14),
which is denoted as Reg1 and Reg2 in the Figure 2.1 respectively. The IPW approach
involves solving the exposure effect in (2.18). We denote the estimated effect as φ̂ =
(φ̂1, φ̂2, φ̂3)

′ for X = (A1, A2, A1A2)
′, and the relative bias of the estimated exposure effect

for X as (φ̂1 −α1)/α1, (φ̂2 −α2)/α2, and (φ̂3 − β1)/β1. The average relative bias is shown
in Figure 2.1. In the bottom right panel of Figure 2.1, we show the relative bias of the
causal effect of a one-unit change in A2 given A1 = a1 = 1 or 0 and Z, and denote it
as (∆̂2(A1) −∆2(A1))/∆2(A1) where ∆2(A1) = α2 + a1β1 and ∆̂2(A1) = φ̂2 + a1φ̂3. The
absolute value of relative bias of the exposure effect increases as the covariate effect on the
exposure dependence increases. Moreover the regression adjustment leads to less bias in
effect estimation than the IPW approach in these settings. Adjusting for (S1(Z), S2(Z))′ or
(S1(Z), S2(Z), S1(Z)S2(Z))′ produce similar results. When γ31 = 0 (i.e., the conditional
association between exposure is functionally independent of confounders), the bias of the
estimated exposure effect is negligible when conditional independence is assumed between
two binary exposures.

We follow (2.15) and (2.18) to conduct the estimation for the second type of misspecifi-
cation, that is using an exchangeable dependence structure which assumes no second-order
effects of confounders on the exposure. The results are shown in Figure 2.2. When there
is no confounder affecting the dependence (i.e., γ31 = 0), the curves pass through zero
points on both axes, indicating both the regression adjustment and IPW approaches pro-
duce unbiased estimates as the models are correctly specified under the assumption of no
second-order effects of confounders on the exposure. Similarly as in Figure 2.1, the abso-
lute value of relative bias of the exposure effect would increase as the covariate effect on
the exposure dependence (γ31) increases. The regression adjustment leads to less bias in
effect estimation compared to the IPW approach.

2.4 Multivariate Continuous Exposures

In this section, we consider multiple continuous exposures and semi-continuous exposures.

20



−4 −2 0 2 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

γ31

R
el

at
iv

e 
bi

as

ϕ̂1 − α1

α1

−4 −2 0 2 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

γ31

R
el

at
iv

e 
bi

as

ϕ̂2 − α2

α2

−4 −2 0 2 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

γ31

R
el

at
iv

e 
bi

as

ϕ̂3 − β1

β1

−4 −2 0 2 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

γ31

R
el

at
iv

e 
bi

as

∆̂2(A1) − ∆2(A1)
∆2(A1)

IPW A1=1
IPW A1=0

Reg1 A1=1
Reg1 A1=0

Reg2 A1=1
Reg2 A1=0

Figure 2.1: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling assuming conditional indepen-
dence between two binary exposures when the second-order confounder has the effect γ31;
regression adjustment (Reg) (yellow+red) and inverse weighting (IPW) (blue) are consid-
ered; the marginal association between two binary exposures is E{OR(A1, A2)} = 4.
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Figure 2.2: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling due to the omission of a second-
order confounder with effect γ31; regression adjustment (Reg) (red) and inverse weighting
(IPW) (blue) are considered; the marginal association between two binary exposures is
E{OR(A1, A2)} = 4.
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2.4.1 Multivariate Normal Exposures

Regression Adjustment

Here we consider A | Z ∼ BVN(µ(Z),Σ(Z)) with A = (A1, A2)
′, Z = (Z ′

1,Z
′
2,Z

′
3)

′,
µ(Z) = (µ1(Z), µ2(Z))′, µk(Z) = E(Ak | Z) = E(Ak | Zk), var(Ak | Z) = σ2

k, k = 1, 2,
and corr(A1, A2 | Z) = ρ(Z3). We suppose E(Ak | Z) = Z ′

kγk with a dependence model

log

{
1 + ρ(Z3)

1− ρ(Z3)

}
= Z ′

3γ3 . (2.19)

Since the variance parameters are functionally independent of Z, a sufficient propensity
score is S(Z) = (S1(Z1), S2(Z2), S3(Z3))

′ where Sk(Zk) = Z ′
kγk, k = 1, 2 and S3(Z) =

Z ′
3γ3 (Imai and Van Dyk, 2004) since

f(a1, a2 | Z,S)) =
1

2π
√

| Σ(S3) |
exp{−(a− S)′Σ−1(S3))(a− S))/2} ,

where (a− S) = (a1 − S1, a2 − S2)
′ and

Σ(S3) =

[
σ2
1 ρ(Z3)σ1σ2

ρ(Z3)σ1σ2 σ2
2

]
.

An alternative to (2.19) would be to model B1 = A1A2 given Z directly to define
S3(Z) = E(B1 | Z3) and note that in this case we could replace the covariance entries of
Σ with S3(Z) − S1(Z1)S2(Z2); the key point is that S(Z) = (S1(Z1), S2(Z2), S3(Z3))

′

contains the relevant information on confounders in the exposure model.

Inverse Joint Density Weighting

Inverse density weighting can be used when exposures are continuous (Williams and Crespi,
2020). With conditional joint density f(a | z;γ), as in (2.6), we write the inverse joint
density weighted estimating function as

U1(φ;γ) =
I (A = a)

f(a | z;γ)
D(X)

{
Y − ER(Y |X;φ)

}
. (2.20)
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The expectation of U1(φ;γ) with respect to Y |X,Z and Z |X gives∫
Z

I (A = a)

f(a | z;γ)
D(X)

{
E(Y |X,Z;θ, ζ)− ER(Y |X;φ)

}
f(z | a)dz , (2.21)

where

f(z | a) = f(a | z;γ)f(z; τ )
f(a)

.

Thus, we can rewrite (2.21) as∫
Z

I (A = a)

f (a)
D(X)

{
E(Y |X,Z;θ, ζ)− ER(Y |X;φ)

}
f(z; τ )dz , (2.22)

which results in the expectation being taken in the setting where Z ⊥ A, and gives
consistent causal estimate φ̂ from solving U1(φ;γ) = 0.

2.4.2 Multivariate Semi-continuous Exposures

Regression Adjustment

Here we suppose A1 and A2 are non-negative semi-continuous exposure variables with a
mass at zero and we adopt a two-part generalized propensity score model (Akkaya Hocagil
et al, 2021) to address the effects of confounding variables. While these two exposures could
in general represent exposures to different agents, here we consider the case where they
represent different aspects of the exposure to a single agent. Specifically for motivating
study we may let A1 and A2 represent the drinking frequency (proportion of drinking days
per week) and drinking intensity (dose per drinking occasion) – among non-drinkers these
degenerate to zero. We can therefore let A+ = I(A1A2 > 0) indicate positive exposure,
Lk = log(Ak | A+ = 1), k = 1, 2, and π1(Z0) = E(A+ | Z0).

We consider the true response model is (2.1) with X = (1, A+, A+L1, A
+L2, A

+L1L2)
′.

Let
π1(Z0) = expit(Z ′

0γ0) ,

where Z0 = (1,Z ′
1,Z

′
2)

′, and given A+ = 1, we suppose Lk = Z ′
kγk + Rk, k = 1, 2 and

R = (R1, R2)
′ is bivariate normal with var(Rk) = σ2

k, k = 1, 2, ρ(Z) = corr(R1, R2 | Z)
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and log{(1 + ρ(Z)/(1− ρ(Z))} = Z ′
3γ3. As such, we have

E(Lk | Z0,Zk) = π1(Z0)E(Lk | A+ = 1,Zk) , k = 1, 2 ,

E(L1L2 | Z) = π1(Z0)E(L1L2 | A+ = 1,Z)

to form the generalized propensity score as S = (π1(Z0),E(L1 | Z0,Z1),E(L2 | Z0,Z2),
E(L1L2 | Z))′ or represented as S = (S0(Z0), S1(Z1), S2(Z2), S3(Z3))

′ and use it for
adjustment in the regression model (2.4) as

E(Y |X,S) =X ′λ+ S′η , (2.23)

where X = (1, A+, A+L1, A
+L2, A

+L1L2)
′.

Inverse Joint Density Weighting

The inverse density of exposure weighted estimating function is given here by

U0(Y |X;φ,Γ,γ0) = w(X,Z)D(X)
{
Y − ER(Y |X;φ)

}
, (2.24)

where Γ = (γ ′
1, σ

2
1,γ

′
2, σ

2
2,γ

′
3)

′,

w(X,Z) =
I(X = x)

{π1(Z0;γ0)f(l1, l2 | A+ = 1,Z)}A+{1− π1(Z0;γ0)}1−A+ ,

and D(X) = (1, A+, A+L1, A
+L2, A

+L1L2)
′.

Stabilized weights can be used to address extreme weights (Robins, 2000; Hernán and
Robins, 2010), given by

ws(X,Z) =
I(X = x){π2(γ†

0)f(l1, l2 | A+ = 1)}A+{1− π2(γ
†
0)}1−A+

{π1(Z0;γ0)f(l1, l2 | A+ = 1,Z)}A+{1− π1(Z0;γ0)}1−A+ ,

where π2(γ
†
0) and f(l1, l2 | A+ = 1) are unconditional quantities with respect to the

conditional quantities π1(Z0;γ0) and f(l1, l2 | A+ = 1,Z) for weights stabilization. The
inverse weighted estimating function for φ with stabilized weights is given by (2.24) with
ws(X,Z) in place of w(X,Z), that is

U0(Y |X;φ,Γ,Γ†,γ0,γ
†
0) = ws(X,Z)D(X)

{
Y − ER(Y |X;φ)

}
. (2.25)

The estimate of φ is the solution from solving U0(Y | X;φ,Γ,γ0) = 0 or U0(Y |
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X;φ,Γ,Γ†,γ0,γ
†
0) = 0; See Appendix A.2 and A.3 for more details of parameter es-

timation through the second-order generalized estimating equations (GEE2) (Zhao and
Prentice, 1990; Kalema et al, 2016) and derivation of the asymptotic covariance of the
estimator.

2.4.3 Misspecification of Propensity Scores

Regression Adjustment and Inverse Density Weighting

If we treat the bivariate continuous or semi-continuous exposures as conditionally indepen-
dent, the generalized propensity score can be adjusted similarly as in the regression model
(2.13), that is,

E(Y |X, S̃) =X ′φ+ S̃
′
ψ , (2.26)

where X = (1, A1, A2, A1A2)
′ contains continuous exposures, S̃ = (E(A1 | Z1),E(A2 |

Z2),E(A1 | Z1)E(A2 | Z2))
′. For semi-continuous exposures, we have X = (1, A+, A+L1,

A+L2, A
+L1L2)

′, and S̃ = (π1(Z0),E(L1 | Z0,Z1),E(L2 | Z0,Z2),E(L1 | Z0,Z1)E(L2 |
Z0,Z2))

′ in (2.26).

When exposures are continuous, the inverse density of exposure weighted estimating
equation used for exposure effects estimation is given by

U10(φ; δ) =
I (X = x) f (a1) f (a2)

f (a1 | Z1; δ) f (a2 | Z2; δ)
D(X)

{
Y − ER(Y |X;φ)

}
= 0 , (2.27)

and when exposures are semi-continuous, the inverse density of exposure weighted estimat-
ing equation is given by

ws(X,Z)D(X)
{
Y − ER(Y |X;φ)

}
= 0 , (2.28)

where

ws(X,Z) =
I(X = x){π2(γ†

0)f(l1 | A+ = 1)f(l2 | A+ = 1)}A+{1− π2(γ
†
0)}1−A+

{π1(Z0;γ0)f(l1 | A+ = 1,Z1)f(l2 | A+ = 1,Z2)}A+{1− π1(Z0;γ0)}1−A+ ,

and D(X) = (1, A+, A+L1, A
+L2, A

+L1L2)
′.

When the dependence model assumes no role of confounders on the association between
exposures, the regression model adjusted by the generalized propensity score is similar to
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(2.15),

E(Y |X, S̃) =X ′φ+ S̃
′
ψ , (2.29)

where X = (1, A1, A2, A1A2)
′, S̃ = (E(A1 | Z1),E(A2 | Z2),E(A1A2 | Z1,Z2))

′. For semi-
continuous exposures, we have X = (1, A+, A+L1, A

+L2, A
+L1L2)

′, S̃ = (π1(Z0),E(L1 |
Z0,Z1),E(L2 | Z0,Z2),E(L1L2 | Z0,Z1,Z2))

′.

The inverse density weighting approach using the misspecified joint density of exposures
is to solve the following estimating equation for continuous exposures,

U10(φ; δ) =
I (X = x) f (a1, a2)

f (a1, a2 | Z1,Z2; δ)
D(X)

{
Y − ER(Y |X;φ)

}
= 0 . (2.30)

For the semi-continuous exposures, the inverse density of exposure weighted estimating
equation is to solve (2.28) with

ws(X,Z) =
I(X = x){π2(γ†

0)f(l1, l2 | A+ = 1)}A+{1− π2(γ
†
0)}1−A+

{π1(Z0;γ0)f(l1, l2 | A+ = 1,Z1,Z2)}A+{1− π1(Z0;γ0)}1−A+ . (2.31)

Empirical Bias and Efficiency

In this section, we report on simulation studies based on the random sample of size 500
with 1000 repetitions to estimate the exposure effect when exposures are continuous or
semi-continuous. The estimated exposure effect through both regression adjustment and
inverse density weighting approach would be assessed in terms of the relative bias, i.e.,
(φ̂− θ)/θ.

When exposures in the true response model (2.1) are bivariate continuous, we let Ak =
γk0 + γk1Zk +Rk, k = 1, 2, where

R = (R1, R2)
′ ∼ N

(
0,

(
σ2
1 σ12

σ12 σ2
2

))
,

Z = (Z1, Z2, Z3)
′ ∼ MVN(0, I3), I3 = diag(1, 1, 1) is identity matrix with size 3, and

Zk ⊥ Rk. Additionally, we have log{(1 + ρ)/(1 − ρ)} = γ30 + γ31Z3. We let γ10 = 2 and
γ11 = log 2 such that E(A1) = 2, let γ20 = 0.5 and γ21 = log 1.25 such that E(A2) = 0.5.
We let γ31 ∈ [−5, 5] and solve for γ30 such that E(ρ) = 0.5.

The relative biases of exposure effects estimated from (2.26), (2.27), (2.29) and (2.30)
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Figure 2.3: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling assuming conditional indepen-
dence between two continuous exposures when the second-order confounder has the effect
γ31; regression adjustment (Reg) (red) and inverse weighting (IPW) (blue) are considered;
the marginal association between two continuous exposures is E(ρ) = 0.5.
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under two types of model misspecifications are shown in Figure 2.3 and Figure 2.4. The
patterns of relative biases for continuous exposures are quite different from the case of
binary exposures, but the main findings are similar in general. We again see the relative
bias of the exposure effect increases as the covariate effect on the exposure dependence
increases. Compared to the case of binary exposures, the estimated relative bias is relatively
lower for continuous exposures. Additionally, the regression adjustment tends to produce
a smaller bias than the inverse density weighting approach with higher efficiency.

For semi-continuous exposures, we let π1(Z0) = expit(γ00+γ01Z1+γ02Z2) where γ00 =
1.484, γ01 = 1, γ02 = 2 such that E{π1(Z0)} = 0.7 in the first part of the model. For
the second part where given A+ = 1, we suppose log{Ak | A+ = 1} = γk0 + γk1Zk + Rk,
k = 1, 2, where

R = (R1, R2)
′ ∼ N

(
0,

(
σ2
1 σ12

σ12 σ2
2

))
.

We let γ10 = 2 and γ11 = log 2 such that E(logA1 | A+ = 1) = 2, let γ20 = 0.5 and
γ21 = log 1.25 such that E(logA2 | A+ = 1) = 0.5. Additionally, we have ρ = σ12/(σ1σ2),
and log{(1 + ρ)/(1 − ρ)} = γ30 + γ31Z3, where we let γ31 ∈ [−5, 5] and solve for γ30 such
that E(ρ) = 0.5.

Figures A.1 and A.2 in Appendix A.4 show the relative biases of semi-continuous ex-
posure effects estimated via (2.26), (2.28), (2.29) and (2.31) under two model misspecifica-
tions. The patterns of the relative bias as a function of the covariate effect γ31 are similar
to those of Figures 2.3 and 2.4, while the case of semi-continuous exposures can lead to
higher variability in estimates compared to binary and continuous exposures, especially
under inverse density weighting and conditional independence. Again regression adjust-
ment yields a smaller bias and greater precision compared to inverse density weighting in
these simulation settings.

2.5 Two-Stage Causal Analysis for Bivariate Semi-

Continuous Exposures

Here we propose a two-stage approach for causal analysis involving semi-continuous expo-
sures. We again consider the special case that a single binary indicator A+ indicates that
an individual is exposed, and if A+ = 1 then variables Ak record the different facets
of exposure, k = 1, . . . , p. We let Ac

k = A+(Ak − Āk) denote the centered value of
Ak where Āk = E(Ak | A+ = 1), k = 1, . . . , p, and A = (Ac

1, . . . , A
c
p)

′ is the vector
of exposures, B = (Ac

1A
c
2, . . . , A

c
p−1A

c
p)

′ is the vector of pairwise products of exposures,
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Figure 2.4: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling due to the omission of a second-
order confounder with effect γ31; regression adjustment (Reg) (red) and inverse weighting
(IPW) (blue) are considered; the marginal association between two continuous exposures
is E(ρ) = 0.5.
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X = (A+,A′,B′)′, and Z is an r × 1 vector of confounders. The response model is

E(Y |X,Z;β) = β0 + β1A
+ + β′

2A+ β′
3B + β′

4Z . (2.32)

2.5.1 Stage I: The Dose-Response Surface

In stage I we focus on the subgroup analysis modeling the dose-response surface among
those with A+ = 1 (the exposed). For a sample with {Yi,X i,Zi, i = 1, . . . , n}, the
estimating function is U1(θ) =

∑n
i=1 Ui1(θ) for the covariate adjustment where

Ui1(θ) = A+
i D1(Ai,Bi,Zi) {Yi − η1(Ai,Bi,Zi;θ)} , (2.33)

D1(Ai,Bi,Zi) = (1,A′
i,B

′
i,Z

′
i)
′, and

η1(Ai,Bi,Zi;θ) = θ1 + θ
′
2Ai + θ

′
3Bi + θ

′
4Zi .

Alternatively, if SA = E(A | A+ = 1,Z) and SB = E(B | A+ = 1,Z), we can set

Ui2(θ) = A+
i D1(Ai,Bi,Si) {Yi − η1(Ai,Bi,Si;θ)} , (2.34)

where D1(Ai,Bi,Si) = (1,A′
i,B

′
i,S

′
i)
′, and

η1(Ai,Bi,Si;θ) = θ1 + θ
′
2Ai + θ

′
3Bi + θ

′
4Si .

We have θ̂ from solving
∑n

i=1 Ui1(θ) = 0 or
∑n

i=1 Ui2(θ) = 0 which is the causal effect
of the continuous part of exposure.

2.5.2 Stage II: The Effect of Exposure Status

The exposure effect of A and B is obtained from stage I and is used as an offset in stage II.

Specifically we use η̃0(A,B;θ) = θ̂
′
2Ai + θ̂

′
3Bi as an offset taking the value zero for those

with A+ = 0. Stage II is directed at assessing the effect of the binary exposure A+; many
propensity score-based methods can be used to assess the effect of exposure at the reference
level. We now discuss 4 possible approaches: simple regression adjustment, propensity
score regression adjustment, inverse probability weighting (IPW), and augmented inverse
probability weighting (AIPW).
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A. Simple regression adjustment

For the simple regression adjustment we have the estimating function as

Ui3(α
◦,θ) = D2(A

+
i ,Zi)

{
Yi − η2(A

+
i ,Zi;α

◦,θ)
}
, (2.35)

where α◦ = (α0, α1,α
′
4)

′, D2(A
+
i ,Zi) = (1, A+

i ,Z
′
i)
′, and

η2(A
+
i ,Zi;α

◦,θ) = α0 + α1A
+
i +α′

4Zi + offset(η̃Z0 (A,B;θ)) .

The superscript Z in η̃Z0 indicates that θ is estimated from (2.33) by adjusting for Z. Let
Ψ = (α◦′,θ′)′, we solve the joint estimating equations

n∑
i=1

Ui(Ψ) =
n∑

i=1

(
Ui1(θ)

Ui3(α
◦,θ)

)
= 0

to get Ψ̂.

B. Propensity score regression adjustment

Let S0 = E(A+ | Z), replacing Z with S0 in (2.35) we obtain the estimating functions

Ui4(α
◦,θ) = D2(A

+
i , Si0)

{
Yi − η2(A

+
i , Si0;α

◦,θ)
}
, (2.36)

Ui5(ψ) = D3(Zi)
{
A+

i − E(A+
i | Zi;ψ)

}
, (2.37)

where D2(A
+
i , Si0) = (1, A+

i , Si0)
′, D3(Zi) = (1,Zi)

′, E(A+
i | Zi;ψ) = expit(ψ′Zi), and

η2(A
+
i , Si0;α

◦,θ) = α0 + α1A
+
i + α4Si0 + offset(η̃S0 (A,B;θ)) .

The superscript S in η̃S0 indicates that θ is estimated from (2.34) by adjusting with the
generalized propensity score. Let Ψ = (α◦′,θ′,ψ′)′, we can consider solving the joint
estimating equations to obtain Ψ̂,

n∑
i=1

Ui(Ψ) =
n∑

i=1

 Ui2(θ)
Ui4(α

◦,θ)
Ui5(ψ)

 = 0 .
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C. Inverse probability weighting (IPW)

We first consider a marginal structural model with the offset,

η3(A
+;ϕ,θ) = E(Y | A+;ϕ,θ) = ϕ0 + ϕ1A

+ + offset(η̃S0 (A,B;θ)) .

Then we define the estimating function

Ui6(ϕ,θ,ψ) =
I(A+

i = a+i )

P (A+
i = a+i | Z;ψ)

D4(A
+
i )
{
Yi − η3(A

+
i ;ϕ,θ)

}
,

where D4(A
+
i ) = (1, A+

i )
′. Let Ψ = (ϕ′,θ′,ψ′)′, so we can consider solving the joint

estimating equations,

n∑
i=1

Ui(Ψ) =
n∑

i=1

 Ui2(θ)
Ui5(ψ)

Ui6(ϕ,θ,ψ)

 = 0 .

D. Augmented inverse probability weighting (AIPW)

The AIPW approach combines an outcome regression (OR) model and a propensity score
(PS) model. The AIPW estimators are shown to be doubly robust, with estimators con-
sistent if either the outcome regression model or the propensity score model is correctly
specified (Scharfstein et al, 1999). To obtain this estimator, we begin by specifying the es-
timating functions for the outcome regression model through the G-computation approach
(Snowden et al, 2011; Williamson et al, 2012).

We consider

Ui7(θ,λ1) = A+
i D3(Zi)

{
Yi − λ′

1Z − offset(η̃S0 (A,B;θ))
}
,

Ui8(θ,λ2) = (1− A+
i )D3(Zi)

{
Yi − λ′

2Z − offset(η̃S0 (A,B;θ))
}
.

Then the AIPW estimator µ̂1 and µ̂0 can be obtained by solving the estimating equation∑n
i=1 Ui9(θ,ψ, µ1) = 0 and

∑n
i=1 Ui10(θ,ψ, µ0) = 0, where

Ui9(θ,ψ, µ1) =
YiA

+
i −

{
A+

i − P (A+
i = 1 | Z;ψ)

}{
λ′

1Z + offset(η̃S0 (A,B;θ))
}

P (A+
i = 1 | Z;ψ)

− µ1 ,
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and

Ui10(θ,ψ, µ0) =
Yi(1− A+

i )−
{
P (A+

i = 1 | Z;ψ)− A+
i

}{
λ′

2Z + offset(η̃S0 (A,B;θ))
}

1− P (A+
i = 1 | Z;ψ)

−µ0 .

Let Ψ = (θ′,ψ′,λ′,µ′)′, we can solve the joint estimating equations
∑n

i=1 Ui(Ψ) = 0, where

Ui(Ψ) = (U ′
i2(θ), U

′
i5(ψ), U

′
i7(θ,λ1), U

′
i8(θ,λ2), U

′
i9(θ,ψ, µ1), U

′
i10(θ,ψ, µ2))

′ .

From standard estimating function theory, we have

asvar(
√
n(Ψ̂−Ψ)) = A−1(Ψ)B(Ψ)

{
A−1(Ψ)

}′
,

where A(Ψ) = E{−∂Ui(Ψ)/∂Ψ′} and B(Ψ) = E{Ui(Ψ)U ′
i(Ψ)}, and the expectation is

taken with respect to the true distribution. In practice, we use sample averages to esti-
mate A(Ψ) and B(Ψ), and evaluate the resulting expressions at the estimates to obtain
A−1(Ψ̂)B(Ψ̂){A−1(Ψ̂)}′ , where

A(Ψ̂) = − 1

n

n∑
i=1

∂Ui(Ψ)/∂Ψ′

∣∣∣∣∣
Ψ=Ψ̂

,

and

B(Ψ̂) =
1

n

n∑
i=1

Ui(Ψ)U ′
i(Ψ)

∣∣∣∣∣
Ψ=Ψ̂

.

2.5.3 Simulation Studies on Two-Stage Approach

Here we evaluate the performance of the two-stage approach for analysis of a bivariate
semi-continuous exposure under the data-generating process of Section 2.4.3. We consider
the stage II estimator based on various combinations of methods in stages I and II. For
stage I, confounder regression (2.33) and propensity score adjustment (2.34) are used. In
stage II we employ methods A) to D) of Section 2.5.2. We see that when all models are
correctly specified, the empirical bias is negligible across all methods as shown in Table
2.1; use of IPW in stage II yields the estimates with the highest standard error, while the
AIPW estimator improves the efficiency as expected.

Table 2.2 displays the relative bias and empirical standard error of the stage II esti-
mators when models are misspecified in stage II. Here the confounders are transformed
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Table 2.1: Simulation results with sample size n = 500, repetitions nsim = 1000: relative
bias and standard error of stage II estimator of the binary exposure effect when models
are correctly specified.

Stage I Stage II Bias (%) Empirical SE

Regression with Z Regression with Z -0.08 0.14
Regression with GPS Regression with Z -0.12 0.15

Regression with PS 0.13 0.19
IPW 0.16 0.23
AIPW -0.11 0.17

as V1 = exp(Z1/2) + Z2 , V2 = Z2/(1 + exp(Z1)) + 10 , V3 = (Z1Z2/10 + 0.6)2 and
V = (V1, V2, V3)

′ is used instead of Z = (Z1, Z2, Z3)
′ in stage II for model misspecifi-

cation. If either the outcome regression (OR) model or the propensity score (PS) model is
misspecified in Stage II, biased estimates are obtained in methods reliant on the respective
model. The AIPW estimator exhibits the double robustness property. When both models
are misspecified in stage II, the AIPW approach yields an estimator with a large finite
sample bias and high standard error.

Table 2.2: Simulation results with sample size n = 500, repetitions nsim = 1000: relative
bias and standard error of stage II estimator of the binary exposure effect with model
misspecification in stage II.

Model misspecification Stage I Stage II Bias (%) Empirical SE

PS model Regression with GPS Regression with PS 0.91 0.18
IPW -5.06 0.35
AIPW 0.07 0.31

OR model Regression with Z Regression with Z 4.48 0.18
Regression with GPS Regression with Z 4.45 0.18

AIPW -0.12 0.22

PS+OR model Regression with GPS AIPW 5.95 0.43

35



2.6 Prenatal Alcohol Exposure and Cognition

Here we consider a large prospective cohort study comprised of 480 inner-city pregnant
African-American mothers recruited between September 1986 and April 1989 (Jacobson
et al, 2004). Quantitative measures of alcohol consumption during pregnancy were ob-
tained at each maternal prenatal visit using a timeline follow-back interview (Jacobson
et al, 2002) and converted to three common metrics: the number of standard drinks per
drinking occasion, frequency of drinking (days/month), and average oz absolute alcohol
(AA/day). Additional variables collected included socioeconomic status (SES), maternal
age, maternal years of education, marital status, and family income; maternal smoking
(cigarettes/day) and marijuana, cocaine, and other illicit drug use (days/month), mater-
nal history of alcohol abuse or dependence; and child’s sex, race, and whether s/he was
raised by his/her biological mother and/or was in foster care; see Table A.1 in Appendix
A.4. The mothers and their children were followed for 19-21 years postpartum with a
retention rate of 79.0% (N = 377). A variety of cognitive tests were administered to each
child to assess various facets of cognitive function. The results of the various cognitive tests
were synthesized by fitting a second-order confirmatory factor analysis giving a composite
measure of cognitive function (Jacobson et al, 2024) which we adopted as the response, Y ,
in the analyses that follow.

Among the 377 mothers in this analysis, 16.2% reported no alcohol consumption during
pregnancy resulting in the alcohol exposure variables being semi-continuous. For mothers
who drank alcohol during pregnancy, two main exposures (oz prenatal absolute alcohol
exposure per drinking occasion, and the proportion of drinking days during pregnancy)
were log-transformed and centered. Here we evaluate the causal effects in four ways as
discussed in the previous sections: subgroup analysis involving drinkers, analyses based on
the bivariate semi-continuous exposure using conventional regression adjustment and the
two-part model, and full sample analysis with the two-stage approach. We aim to evaluate
the causal effect of alcohol drinking, two main exposures, and their interaction on child
cognitive function while controlling for selected measurements listed in Table 2.3.

2.6.1 Subgroup Analysis involving Drinkers

We first restrict attention to drinkers and focus on the causal effects of alcohol exposure on
children’s cognition. Let A1 represent the number of standard drinks per drinking occasion,
and A2 represent the proportion of days in each month of drinking (days/month); we refer
to these as the intensity and frequency of drinking respectively. If A+ = I(Ai1Ai2 > 0)
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Table 2.3: Estimates of the effects for each confounder.

Estimate (SE)

logit(π1i) E(L1i | A+
i = 1) E(L2i | A+

i = 1) log (1+ρi)
(1−ρi)

Intercept -0.625 (1.794) -1.499 (0.613) -0.648 (0.636) -0.184 (8.978)
Smoking during pregnancy (cigarettes/day) 0.090 (0.025) 0.007 (0.005) 0.009 (0.005) 0.018 (0.108)
Socioeconomic status at birth/infancy 0.012 (0.020) -0.016 (0.007) -0.001 (0.007) 0.040 (0.101)
Child’s gender (female) -0.574 (0.310) -0.042 (0.102) -0.075 (0.105) 0.297 (2.169)
Mother’s age at delivery 0.048 (0.035) 0.020 (0.011) 0.036 (0.011) -0.037 (0.315)
Prenatal Beck Depression Inventory 0.024 (0.022) 0.011 (0.007) 0.012 (0.007) 0.004 (0.168)
HOME score at infancy 0.023 (0.033) 0.003 (0.011) -0.013 (0.012) -0.023 (0.241)
Biological mother’s verbal IQ (PPVT score) 0.000 (0.013) -0.003 (0.004) 0.000 (0.004) 0.020 (0.086)
Biological mother’s marital status (married) -0.121 (0.498) -0.001 (0.179) 0.098 (0.186) -0.350 (3.102)
Prenatal cocaine exposure (days/month) -0.140 (0.061) -0.026 (0.019) -0.031 (0.020) 0.828 (3.025)
Prenatal marijuana exposure (days/month) 0.226 (0.137) -0.016 (0.019) 0.021 (0.020) -0.002 (0.198)
Prenatal opiate exposure (days/month) 0.122 (0.234) 0.071 (0.044) 0.163 (0.046) -0.010 (0.785)
Number of prenatal visits -0.018 (0.059) -0.002 (0.020) -0.111 (0.021) -0.076 (0.455)
Biological mother’s education (year) -0.040 (0.116) 0.092 (0.038) 0.012 (0.040) -0.011 (0.575)
Parity -0.474 (0.213) 0.095 (0.059) -0.082 (0.062) -0.134 (1.357)
Gravidity 0.288 (0.144) -0.019 (0.036) 0.040 (0.037) 0.064 (0.660)
Gestational age at screening -0.011 (0.025) 0.007 (0.008) 0.014 (0.008) 0.001 (0.153)

indicates any consumption of alcohol, to conduct the analyses among drinkers we consider
the regression model

E
(
Yi | A+

i = 1,Li,Zi

)
= µ+ α1Li1 + α2Li2 + α3Li1Li2 +Z

′
iζ , (2.38)

where Lik = A+
i {logAik − E{logAik | A+

i = 1}}. When using propensity score regression
adjustment we consider

E
(
Yi | A+

i = 1,Li,Si

)
= µ+ α1Li1 + α2Li2 + α3Li1Li2 + S

′
iζ , (2.39)

where Si = (Si1, Si2, Si3)
′, with Sik = E

(
Lik | A+

i = 1,Zi

)
, k = 1, 2, Si3 = E(Li1Li2 | A+

i =
1,Zi). The estimated effects of each confounder are given in columns 3-5 of Table 2.3 for
each of the respective models.
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2.6.2 Analyses based on Bivariate Semi-Continuous Exposure
Model

The conventional regression model adjusted by all the confounders is fitted as

E
(
Yi | A+

i ,Li,Zi

)
= ν + λ0A

+
i + λ1Li1 + λ2Li2 + λ3Li1Li2 +Z

′
iη ,

with Zi the set of confounders. Using a two-part model for the generalized propensity score
as in Akkaya Hocagil et al (2021), the regression model adjusted by generalized propensity
score is

E
(
Yi | A+

i ,Li,Si

)
= ν + λ0A

+
i + λ1Li1 + λ2Li2 + λ3Li1Li2 + S

′
iη ,

where as in (2.23), Si = (πi1(Zi),E(Li1 | Zi),E(Li2 | Zi),E(Li1Li2 | Zi))
′ with

πi1(Zi) = expit(Z ′
iγ0) ,

E(Lik | Zi) = πi1(Zi)E(Lik | A+
i = 1,Zi) , k = 1, 2 ,

E(Li1Li2 | Zi) = πi1(Zi)E(Li1Li2 | A+
i = 1,Zi) .

The results are shown in Table 2.3.

The inverse density weighting approach to estimating causal effects involves solving
(2.25) with stabilized weights. We assume the exposures follow a bivariate normal distri-
bution when we estimate the conditional joint density of the two exposures.

2.6.3 Full Sample Analysis with Two-Stage Approach

We also address the effects of confounding variables through the two-stage approach as
discussed in Section 2.5. We first define the offset from subgroup analysis on drinkers
using estimates obtained from (2.38) or (2.39) which is the stage I. Let η̃i = α̂1Li1 +
α̂2Li2 + α̂3Li1Li2 be the offset in stage II and use regression adjustment with covariates,
regression adjustment with propensity score, IPW, and AIPW to differentiate the actual
exposure effect as a drinker.

2.6.4 Results

We assess the covariate balance using Pearson correlation (Austin, 2019; Williams and
Crespi, 2020); see Table A.2 in Appendix A.4. The Pearson correlations were computed
between each exposure and each covariate in Table 2.3 before generalized propensity score
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adjustment or weighting adjustment. To evaluate the performance of each approach, we
analyzed the covariate balance after conditioning on the generalized propensity score or
applying inverse probability/density weighting. All the methods described above substan-
tially reduce the maximum absolute correlation and average absolute correlation compared
to the conventional regression approach shown in the third row of Table A.2, indicating
improvement of covariate balance.

In the full sample analysis with the two-part model, we found that the regression
approach with generalized propensity score adjustment reduced covariate imbalance more
effectively than the inverse density weighting approach. In the full sample analysis with
the two-stage approach, the propensity score-based methods in stage II (e.g., IPW) achieve
better covariate balance than the regression approach. Overall, our results demonstrate
the effectiveness of each analysis with different methods in improving covariate balance,
with the optimal approach depending on the specific analysis context.

Table 2.4: Estimated effects of being a drinker versus non-drinker, the logarithm of prenatal
absolute alcohol exposure per occasion, the logarithm of proportion of drinking days across
pregnancy, and their interaction.

Average causal effect (SE)

Analysis Method
Drinker
indicator

Alcohol per
occasion

Proportion
drinking days

Interaction

Subgroup analysis Covariate adjustment - -1.80 (1.07) -0.50 (0.94) -1.39 (0.85)
GPS adjustment - -1.80 (1.09) -0.50 (0.96) -1.39 (0.86)

Full sample analysis with Covariate adjustment -0.41 (2.08) -2.09 (1.05) -0.88 (0.91) -1.62 (0.83)
conventional regression

Full sample analysis with GPS adjustment -1.26 (2.22) -1.84 (1.11) -0.93 (0.95) -1.39 (0.90)
two-part model IDW -1.43 (2.10) -2.22 (1.18) -0.14 (0.96) -0.44 (0.84)

Full sample analysis with Reg Z + Reg Z -0.35 (1.48) - - -
two-stage approach† Reg GPS + Reg Z -0.35 (1.96) - - -

Reg GPS + Reg PS -2.90 (2.29) - - -
Reg GPS + IPW -3.81 (2.35) - - -
Reg GPS + AIPW -4.34 (1.98) - - -

† Reg Z = Regression with covariate adjustment; Reg GPS = Regression with gen-
eralized propensity score adjustment; Reg PS = Regression with propensity score
adjustment.
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Table 2.4 presents the causal effects estimated from both subgroup analysis and full
sample analysis with the various methods. All estimated effects are negative, including
the effects of drinking at the reference level versus not drinking, prenatal absolute alcohol
exposure per occasion, the proportion of drinking days, and their interaction, confirming
that alcohol consumption by expectant mothers has a negative effect on children’s cogni-
tive development. For subgroup analysis among drinkers, the results from the regression
with covariate adjustment and the regression model adjusted by generalized propensity
scores are quite similar, indicating the cognitive function score of the child decreases as the
mother increases the amount of alcohol consumed at each drinking occasion, or increases
her drinking frequency. The interaction term is negative so the effect of increasing the
intensity of drinking on each occasion is greater when the frequency of alcohol use during
pregnancy is greater, and vice versa. For full sample analysis, the conventional regres-
sion adjustment and the regression model adjusted by the two-part generalized propensity
scores also generate similar estimates except for the drinker indicator. The inverse den-
sity weighting approach results in a larger effect size of alcohol exposure per occasion and
smaller effect sizes of drinking frequency and their interaction compared with estimates
obtained from the regression methods. In full analysis with the two-stage approach, the
effect of drinking obtained from the propensity score based methods in stage II, that is
regression with a propensity score adjustment, IPW, and AIPW method, is larger than
the estimate obtained from regression approaches. The IPW approach in stage II has the
largest standard error among all the methods, whereas the AIPW approach generates a
similar, but more precise estimate of the causal effect.

We built a dose-response surface on the exposure estimates obtained from stage I using
a regression model with generalized propensity score adjustment in the two-stage approach.
The resulting surface is shown in the left panel of Figure 2.5. We define the reference level of
a child’s cognition when the mother has an average level of intensity and density of alcohol
use, that is having 1.81 oz absolute alcohol per occasion and spending approximately 4 days
per month (0.13 months) consuming alcohol. The x-axis and y-axis show the increment
levels of drinking frequency and intensity respectively. This graphical depiction shows the
expected reduction in child’s cognitive function resulting from increased drinking frequency
and intensity. The right panel of Figure 2.5 displays a contour plot that shows the change
in cognition associated with different combinations of changes in intensity and frequency of
alcohol intake. For instance, spending approximately 9 more days per month (0.3 months)
drinking based on the reference level while maintaining the same drinking intensity, or
spending 3 more days per month while also increasing the dose of drinks by 2 oz on each
drinking occasion based on the reference level would both result in a 4-unit decrease in the
child’s cognitive function score.
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Figure 2.5: Dose-response surface and contour plot generated from stage I in two-stage
analysis: the effect of changes in drinking frequency (proportion days drinking) and inten-
sity (dose/occasion) on child cognitive deficit; reference levels: 1.81 oz AA/occasion, 0.13
of the pregnancy drinking.

2.7 Remarks

In this chapter we describe methods for assessing the effect of two or more exposure vari-
ables on a continuous response. Confounding is addressed through the use of a generalized
propensity score. In this setting the generalized propensity score is based on the joint
density of exposures and in particular is the vector of linear functions of confounders nec-
essary to construct this joint density. For inverse density weighting we stabilize the weights
via the marginal joint density of the exposures. A key finding is that when confounders
affect the joint distribution of the exposure variables they must be accounted for in the
propensity score modeling to ensure consistent estimation and valid inference regarding
the interactions between the exposures. Regression adjustment appears to be less sensitive
to misspecification of the dependence structure and omission of the second-order effects of
confounders, and moreover leads to more precise estimation of causal effects. We did not
consider matching or stratification on the generalized propensity score but these represent
alternative approaches for dealing with confounders (Wu et al, 2022).
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Note that much of the literature on causal analysis includes the conceptualization of
potential outcomes (Splawa-Neyman et al, 1990; Rubin, 1974) for each unit, here denoted
by {Y (a) for a ∈ A} where A may be a multidimensional space for possible exposures.
We do not make use of potential outcomes in this chapter, but our methods could be
reformulated and formalized within that framework.
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Chapter 3

The Design of Large-Scale Plasma
Donation Trials

3.1 Introduction

The need for blood plasma is expected to increase in coming years (Sanchez et al, 2001)
with machine learning algorithms (Xiang et al, 2021; Li et al, 2023) now being used for
demand forecasting. Acute periods of need can increase the intensity of recruitment efforts,
as was seen in the early period of the COVID-19 pandemic when convalescent plasma was
needed for clinical trials evaluating its therapeutic effect at a time when treatment options
were limited (Bégin et al, 2021). Forecasting need is only helpful if mitigation strategies
are available to avoid crises from shortfalls. Campaigns are effective (Berger, 2013) at
increasing the pool of blood donors and can help encourage established donors to increase
their donation frequency in compliance with best practice guidelines. More generally,
efforts to increase the efficiency (Collins et al, 2015) of the blood supply system can ensure
products are used in an effective manner and reduce waste (Rahdar et al, 2018). Shortfalls
in plasma supply can also be addressed by drawing more plasma on donation occasions,
and new algorithms have been developed to express the relation between the volume of
plasma withdrawn from donors and risk of hypotensive adverse events. Such algorithms
can inform the development of nomograms designed to individualize the target volume of
plasma based on sex, body size, donation history, and other factors (Zhao et al, 2023).

It is important to establish the safety of any proposed nomograms. Hartmann et al
(2021) conducted a non-inferiority trial of such a new algorithm with the goal of showing
that the personalized volume collected in donors did not lead to an unacceptably higher
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rate of significant hypotensive (e.g. vasovagal or hypovolemia) events. The results showed
that the new nomogram led to an average of an 8% greater volume of plasma per donation
while not affecting the rate of significant hypotensive adverse events. The design of this
study was based on an extensive Monte Carlo simulation study using historical data on
donation frequency and rates of significant hypertensive adverse events.

We consider an innovative and rigorous design of such a trial aiming to demonstrate the
non-inferiority of a new algorithm for determining the plasma volume to withdrawn with
respect to hypotensive adverse events. For some higher risk donors a lower target may be
set but for others a higher volume may be set with the potential that across the whole
donor population more plasma can be extracted. We suppose individuals are randomized to
donate plasma according to the standard algorithm or a new algorithm. As in Hartmann
et al (2021) we define the primary response as an indicator that a serious hypotensive
adverse event occurring following a donation. Trial participants will donate plasma several
times during the study period, and the number of donations will vary appreciably across
individuals due to inter-individual variation in the propensity to donate. Moreover, because
of inter-individual variation in risk, the responses to successive donations from a given
donor cannot be treated as independent. The resulting data is therefore serially clustered
(within donor) longitudinal binary data with a cluster-level covariate indicating the arm
to which the donor is randomized. Since the event rate is very low in this setting a
Poisson approximation to the Bernoulli distribution can be adopted and we formulate a
regression model based on the log link and identity variance function. A robust variance
is used both to recognize that the variance function is misspecified and to account for the
within-individual dependence in the response to successive donations. The robust variance
formula requires calculation under model assumptions at the design stage, and we use the
corresponding asymptotic variance to plan the the duration of the accrual and treatment
periods.

The remainder of this Chapter is organized as follows. In Section 3.2 we define nota-
tion, specify the model, give the generalized estimating functions used for estimation, and
present the large sample theory to guide the trial design. In Section 3.3 we focus on a
particular setting in detail involving a simple marginal model for treatment effect. The
precise form of the large sample distribution is given explicitly for this simplified model,
which makes it clear which terms are needed to facilitate planning of a two-arm clinical
trial. One element of this large sample distribution involves the distribution of the num-
ber of donations during the follow-up period and the other is the joint distribution of the
responses over successive donations. We derive the distribution of the number of dona-
tions in the follow-up phase of the study conditioning on the number of donations in the
recruitment phase being zero-truncated. The joint distribution of responses is formulated
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in terms of a multivariate binary response model and we use a log link for the marginal
model expressing the relation between the risk of an event as a function of the arm of
the trial. The serial dependence in the responses is assumed to be exchangeable in the
data generation process but a working independence assumption is used in the generalized
estimating functions. In Section 3.4 we consider study design for both superiority and
non-inferiority trials and show empirically that the methods of analysis maintain control
over the type I error and the sample size formula ensures the desired statistical power is
achieved. With a fixed study period (over which recruited donors provide donations), the
size of the study donor population determines how long the recruitment period is expected
to be to ensure adequate power. We show that the design maintains good power and con-
trol of the type I error rate whether the number of donors is treated as random or whether
the trial specifies the expected number of recruited individuals as the required sample size
(fixing the sample size and letting the duration of the accrual period be random). In Sec-
tion 3.4.3 we illustrate an example of a plasma donation study design with different donor
population sizes and investigate the impact of misspecification of the covariate effect and
the correlation of responses within individuals on study power. Remarks are provided in
Section 3.5. Group sequential analysis with the interim analyses planned over the course
of the trials is discussed in Section 3.6 to 3.12.

3.2 Statistical Formulation and Methods

3.2.1 Notation and Generalized Estimating Equations

Consider a sample of n independent individuals recruited to a two-armed donation trial and
let Xi indicate that individual i was assigned to experimental arm with Xi = 0 otherwise,
i = 1, . . . , n. Suppose donor i makes Ki donations over the course of follow-up and let
Yik indicate the occurrence of an adverse event upon the kth donation (i.e. Yik = 1 if an
adverse event occurred and Yik = 0 otherwise), k = 1, . . . , Ki, i = 1, . . . , n. The vector of
indicators Y i = (Yi1, . . . , YiKi

)′ denotes the full set of Ki measurements for individual i,
i = 1, . . . , n. If V ik is a vector of auxiliary covariates we let Zik = (1, Xi,V

′
ik)

′ and define
µ(Zik;β) = E(Yik | Zik;β) = P (Yik = 1 | Zik;β) as the conditional expectation of Yik
given covariates where β indicates the effects of covariates with p dimensions.

For regression models with binary responses we typically use either the logit (i.e.
log(µ/(1 − µ))), probit (i.e. Φ−1(µ) where Φ(·) is the cumulative distribution function
of a standard normal random variable), or complementary log-log (i.e. log(− log(1− µ)))
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link function for the generalized linear models (McCullagh, 2019) since these link func-
tions map the interval (0, 1) onto the whole real line (−∞,+∞). When the probability
P (Yik = 1 | Zik;β) is very small for the whole range of Zik the natural log link function
can be considered under the Poisson approximation. Hartmann et al (2021) report rates of
significant hypotensive adverse events of 0.051% (control) and 0.035% (experimental) for
this setting. With the response probability being low we specify regression models of the
form

log(µ(Zik;β)) = β0 + β1Xi + β
′
2V ik = β

′Zik , (3.1)

where β = (β0, β1,β
′
2)

′. Under this link the estimand

β1 = log
P (Yik = 1 | Xi = 1,V ik;β)

P (Yik = 1 | Xi = 0,V ik;β)

is the log relative rate of an adverse event for the experimental arm compared to the
control arm, conditional on the covariate V ik. This link function yields a model with the
appealing property of being collapsible (Geng et al, 2001), meaning that the causal effect
β1 has the same interpretation in nested models obtained by removing covariates in V ik

provided Xi ⊥ V ik, which is the case here due to randomization.

The generalized estimating equations (GEE) (Liang and Zeger, 1986) for β can be
written as

U(β) =
n∑

i=1

U i(Zi;β) =
n∑

i=1

D′(Zi;β) Σ(Zi;β)
−1 {Y i − µ(Zi;β)} = 0 , (3.2)

where µ(Zi;β) = (µ(Zi1;β), . . . , µ(ZiKi
;β))′ is a Ki × 1 vector of means indexed by

parameter β for the effects of covariates, D(Zi;β) = ∂µ(Zi;β)/∂β
′ is a Ki × p matrix,

and Σ(Zi;β) = cov(Y i | Zi) is the Ki × Ki covariate matrix of the responses from
individual i, i = 1, . . . , n. Under the working independence assumption with the Poisson
(identity) variance function the working covariance matrix Σ(Zi;β) is diagonal and indexed

by β. Note that in practice the standard error of β̂ is obtained from the estimated robust
covariance matrix for β̂ given by

ĉov(
√
n(β̂ − β)) = Â−1(β) B̂(β) {Â−1(β)}′ (3.3)

where

Â(β) = − 1

n

n∑
i=1

∂

∂β′U i(Zi;β)

∣∣∣∣
β=β̂

,
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and

B̂(β) =
1

n

n∑
i=1

U i(Zi;β) U
′
i(Zi;β)

∣∣∣∣
β=β̂

.

Our interest lies primarily in β̂1, the estimated coefficient of Xi, since exp(β̂1) is an estimate
of the relative rate of an adverse event in the experimental to control arms. The standard
error of β̂1 is obtained from the square root of the corresponding entry of (3.3) and based
on this valid tests of H0 : β1 = 0 can be carried out and confidence intervals for β1 can be
obtained with good empirical coverage.

3.2.2 Large Sample Results for Study Design

At the design stage of a study, we aim to ensure power objectives are met under full model
assumptions. In particular it is necessary to design trials in anticipation of the sampling
variation for the primary parameter estimator at study completion. Here this is made
explicit by the need to evaluate the asymptotic covariance matrix in (3.4),

√
n
(
β̂ − β

)
d−−→ MVN

(
0,A−1(β) B(β) {A−1(β)}′

)
as n→ ∞ , (3.4)

where

A(β) = −E
{

∂

∂β′U i(Zi;β)

}
= E

{
D′

i(Zi;β) Σ
−1
i (Zi;β) D(Zi;β)

}
, (3.5)

and
B(β) = cov (U i(Zi;β),U i(Zi;β)) = E {U i(Zi;β) U

′
i(Zi;β)} , (3.6)

are p× p matrices. The expectations in (3.5) and (3.6) are taken with respect to the true
data generating model which must be specified at the design stage in a way that recognizes
all sources of variability in the data. The matrices A(β) and B(β) can be seen to depend
on β, the association between the responses conditional on Zi, the treatment allocation
and distribution of the prognostic variables Zi, along with the distribution of Ki. Note
that the distribution of Xi is set by the allocation ratio (i.e. the randomization ratio), and
Xi ⊥ Zi due to randomization, but we typically aim to avoid making assumptions about
covariate distributions or their effect on the outcome when planning clinical trials. In the
next section we consider the calculations and design for a simplified setting in which only
Xi is included in the regression model for the outcome - in practice the robust variance
estimate in (3.3) will ensure valid inferences even when important prognostic factors are
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omitted.

3.3 A Simplified Setting for Trial Design

3.3.1 Large Sample Results

In clinical trials we often consider a simplified model at the design stage in part for ro-
bustness and to reduce the number of processes that must be modeled. To avoid hav-
ing to specify a distribution for V ik here we adopted a simplified version of (3.1) with
β2 = 0. In this case the means of responses over repeated measurements are the same (i.e.
µ(Zik;β) = µ(Xi;β)). We can then replace Zik and Zi by Xi in the following and let
β = (β0, β1)

′. We then have

D(Xi;β) =
µ(Xi;β)

∂β′ = µ(Xi;β)

 1 Xi
...

...
1 Xi

 .

With the Poisson (identity) variance function and working independence assumptions the
Ki ×Ki working covariance matrix has identical entries in the diagonal and is given by

Σ(Xi;β) =

 µ(Xi;β) 0
. . .

0 µ(Xi;β)

 .

The generalized estimating function in (3.2) can then be simplified to

U(β) =
n∑

i=1

U i(Xi;β) =
n∑

i=1

Ki∑
j=1

(
Uij1(β)
Uij2(β)

)
,

where Uij1(β) = Yij − µ(Xi;β) and Uij2(β) = Xi(Yij − µ(Xi;β)).

For variance estimation expectations are required with respect to all elements of the
data. In what follows we consider the evaluation of (3.5) and (3.6) for planning a study
with these estimating functions defining the estimator at the end of the study. Regarding
the number of donations we let κx = E(Ki | Xi = x) be the expected number of donations
of an individual in group x, and νx = var(Ki | Xi = x) be the variance of the number of
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donations for a subject in group x, x = 0, 1. For the response we let µx = µ(Xi = x;β)
and let Vx = var(Yij | Xi = x) be the true variance of responses for the subject in
group x so that Vx = µx(1 − µx), x = 0, 1. Furthermore if we assume an exchangeable
pairwise correlation for responses within individuals (i.e., corr(Yij, Yik | Xi = x) = ρ) then
cov(Yij, Yik | Xi = x) = ρVx.

In Appendix B.1 we show that the A(β) matrix in (3.5) is

A(β) =


1∑

x=0

κxµxP (Xi = x) κ1µ1P (Xi = 1)

κ1µ1P (Xi = 1) κ1µ1P (Xi = 1)

 ,

and B(β) in (3.6) is
1∑

x=0

{
κx Vx + (νx + κ2x − κx) ρVx

}
P (Xi = x) {κ1 V1 + (ν1 + κ21 − κ1) ρV1}P (Xi = 1)

{κ1 V1 + (ν1 + κ21 − κ1) ρV1}P (Xi = 1) {κ1 V1 + (ν1 + κ21 − κ1) ρV1}P (Xi = 1)

 .

Then A−1(β) B(β) {A−1(β)}′ in (3.4) can be written as

A−1(β) B(β) {A−1(β)}′ =


V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

−V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

−V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

1∑
x=0

Vx[κx + (νx + κ2x − κx)ρ]

κ2xµ
2
xP (Xi = x)

 .

(3.7)

The asymptotic variance of
√
n(β̂1 − β1) is the (2, 2) entry of (3.7) which is

Ωβ1β1 =
V0

κ0µ2
0P (Xi = 0)

{
1 +

(ν0 + κ20 − κ0)ρ

κ0

}
+

V1
κ1µ2

1P (Xi = 1)

{
1 +

(ν1 + κ21 − κ1)ρ

κ1

}
.

(3.8)

Note that the marginal variance of each binomial response is is Vx = µx(1− µx), x = 0, 1,
so (3.8) can be further simplified to

Ωβ1β1 =
1− µ0

κ0µ0P (Xi = 0)

{
1 +

(ν0 + κ20 − κ0)ρ

κ0

}
+

1− µ1

κ1µ1P (Xi = 1)

{
1 +

(ν1 + κ21 − κ1)ρ

κ1

}
.

(3.9)

Since νx+κ
2
x−κx > 0, a correlation ρ > 0 will inflate the variance in (3.9). Moreover (3.9)
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is decreasing in κ0 and κ1 so the more donations provided by each recruited individual, the
more precise the estimate of β1. If the responses within the individual are independent,
balanced randomization is used, and the mean number of donations per recruited individual
is the same in the two arms (κ0 = κ1 = κ, say), then (3.9) reduces to

2

κ

(
1− µ0

µ0

+
1− µ1

µ1

)
.

The general form of (3.9) is best to use for the purpose of trial planning.

3.3.2 Zero-Truncated Conditional Negative Binomial Process for
Donations

As shown in (3.8) the mean and variance of the number of measurements per individual
are required for the evaluation of the asymptotic variance which is used for the sample size
calculation. To develop this we consider donations as arising in the population of donors
according to a mixed Poisson process (Cook and Lawless, 2007) in which each donor has
their own intensity (rate), Uλ, for donation, where λ is the population mean rate, and U > 0
is a random effect with E(U) = 1 and var(U) = ϕ > 0. If K is the number of donations for
an individual over a period of duration τ then P (K = k | u) = (uλτ)ke−uλτ

/
k!, k = 0, 1, . . ..

If U is gamma distributed with density function g(u;ϕ) = uϕ
−1−1 exp(−u/ϕ)/(Γ(ϕ−1)ϕϕ−1

),
marginalizing over U gives the negative binomial probability mass function (Lawless, 1987)

P (K = k;λ, ϕ) =
Γ (ϕ−1 + k)

Γ (ϕ−1) k!

(
λτϕ

1 + λτϕ

)k (
1

1 + λτϕ

)ϕ−1

, (3.10)

with mean E(K) = λτ and variance var(K) = λτ(1 + λτϕ).

Figure 3.1 depicts the recruitment and follow-up phases of a trial with the recruitment
period of length τA and a follow-up period of length τF for each recruited individual. The
horizontal axis records the time since the start of the study (in calendar time) and the
vertical axis records the time on study for recruited individuals. The 45

◦
lines emanating

from the x-axis represent the passage of calendar time and study follow-up time with the
points of intersection with x-axis corresponding to the date individuals were encountered
upon their initial donation. The dots on the 45

◦
lines represent donation occasions during

the follow-up phase, and the response of interest (Yik) is recorded at the kth donation which
occurs at such times. Let KA denote the number of donation occasions from a random
donor in the population which occur during the recruitment phase of length τA, and KF
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Figure 3.1: An illustration of 10 individuals recruitment process and repeated measure-
ments.

be the number of donations from the subject in the follow-up phase of length τF . Such
counts will be positively correlated since each individual will have their common random
effect affecting their donation rate in the two time periods (Cook and Wei, 2002).

To be recruited to a study, however, individuals must have at least one donation dur-
ing the recruitment period, so the number of donations in the recruitment phase among
recruited individuals is zero-truncated. Our interest is the mean and variance of the num-
ber of donations per subject over the follow-up period among subjects encountered (i.e.
having at least one donation) and recruited during the recruitment phase. Since we re-
quire KA ≥ 1 to be included in the study, we are interested in the conditional mean and
variance of the number of donations KF over the follow-up period of duration τF . With
the mixed Poisson model, KA | u ∼ Poisson(uλτA) and KF | u ∼ Poisson(uλτF ) and the
model for the number of donations during the study can be shown to have a probability
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mass function P (KF = k | KA ≥ 1;λ, ϕ) of the form

Γ (ϕ−1 + k)

Γ (ϕ−1) k!

1

(1 + λτAϕ)ϕ
−1 − 1

{(
λτFϕ

1 + λτFϕ

)k (
1 + λτAϕ

1 + λτFϕ

)ϕ−1

(
λτFϕ

1 + λτFϕ+ λτAϕ

)k (
1 + λτAϕ

1 + λτFϕ+ λτAϕ

)ϕ−1
}
, (3.11)

where k denotes the number of donations during the follow-up phase. Indivdiual-level data
on donation frequencies (number of donations/month for established donors) are available
for the population of donors from administrative records maintained by independent dona-
tion centers and blood suppliers such as Canadian Blood Services. With such data over a
period of calendar time of length τ , λ and ϕ can be estimated by maximizing a likelihood
based on (3.11).

For each value of λ and ϕ, and duration of recruitment and follow-up periods τA and
τF , the mean of KF given KA ≥ 1 can be calculated based on (3.11) as

E(KF | KA ≥ 1) = λτF

{
1− (1 + λτAϕ)

−ϕ−1−1

1− (1 + λτAϕ)−ϕ−1

}
, (3.12)

and the variance of KF given KA ≥ 1 is

ν = var(KF | KA ≥ 1) = E(KF | KA ≥ 1)− E2(KF | KA ≥ 1)+

(λτF )
2(1 + ϕ)

{
1− (1 + λτAϕ)

−ϕ−1−2

1− (1 + λτAϕ)−ϕ−1

}
. (3.13)

The donation during the recruitment period is counted as a study donation, so we define
K = 1+KF giving κ = 1+E(KF | KA ≥ 1). The details of these derivations are provided
in Appendix B.2.

We let L denote the time that an individual arrives at their donation center after the
start of the study. Based on the mixed Poisson formulation of the donation process we
have L | U ∼ exp(Uλ) and marginalizing over U gives the density of a Pareto distribution
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(Lawless, 2011) for the accrual time

f(l;λ, ϕ) = λ

(
1

λlϕ+ 1

)ϕ−1+1

.

The requirement that a donor must arrive to their donation center to provide at least one
donation during the recruitment period in order to be recruited means L ≤ τA for recruited
individuals, and

P (L ≤ τA) = 1− (λϕτA + 1)−ϕ−1

.

This means that E(KF | KA ≥ 1) = E(KF | L ≤ τA) and var(KF | KA ≥ 1) = var(KF |
L ≤ τA). In Appendix B.3 we provide the details of related derivations.

For planning purposes it is helpful to consider the distribution of the sample size as
a function of time since study initiation. The expected number of donors encountered
by time τ since the start of the accrual period, denoted by NA(τ), is a function of the
size of the study donor population Npop and the parameters characterizing the population
donation process. It is given by

E{NA(τ)} = Npop · P (L ≤ τ) = Npop · {1− (λϕτ + 1)−ϕ−1} , (3.14)

which for a specified Npop, λ and ϕ, it is an increasing function of τ converging to Npop

as τ → ∞. To accommodate the fact that not all encountered donors will consent to
participate in the study we let η represent the consent rate and define the expected number
of recruited donors over (0, τ ] to be

E{N(τ)} = E{NA(τ)}η .

We can then find the value of τA by which time a sufficient sample can be expected so
that the power requirements are achieved. Note that in this framework the study aims
to find the duration of the accrual period and the sample size of donors recruited over
this period is random. One can alternatively set the sample size equal to the expected
number of recruited individuals and let the accrual period end when this sample size is
achieved; in the latter case the duration of the accrual period is random. We consider both
implementations of this design in Section 3.4.

We stress here that for a given setting defined by the study donor population size Npop,
λ and ϕ, the design parameters τA and τF determine both the types of donors recruited
and the average number of donations that recruited donors provide during study follow-up.
So if τA is small and τF is large, then “high frequency” donors are preferentially recruited
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and such individuals will be expected to provide responses for a large number of donations
over the study period. If τF is smaller, then the number of donors will necessarily have
to increase, and τA will have to be long enough to ensure that enough individuals can be
recruited to satisfy power objectives. Note that in what follows we consider the donor
population size Npop as fixed; in practice this may be set by the number of donation sites
enlisted to take part in the study. Trials may be conducted very rapidly if many plasma
donation sites are enlisted; all things being equal, doubling the size of the donor pool by
increasing the number of sites to 2Npop will double the accrual rate and enable a shortening
of the accrual period. We consider the sample size as a random variable N(τ) here, but in
the simulation studies that follow we show that one can equivalently consider designs with
samples fixed at n = E{N(τ)}, the expected number of donors by the end of the derived
tentative accrual period; then one can define the end of the accrual period adaptively based
on when the nth individual is recruited. In this case the mean accrual period is extremely
close to the calculated τA provided the follow-up period remains at τF .

3.4 Study Design, Validation and an Application

3.4.1 Sample Size for Superiority and Non-inferiority Trials

Given the donor population size Npop, follow-up duration τF , and consent rate η, the ex-
pected sample size E{N(τ)} can be derived as a function of the duration of the recruitment
period τA using (3.14).

For a superiority trial we consider a two-sided test with the aim to test

H0 : β1 = β◦
1 vs. HA : β1 ̸= β◦

1 .

With the significance level α, the desired power can be written as

Power = P

(∣∣∣∣∣ β̂1 − β◦√
Ωβ1Aβ1A

/E{N(τA)}

∣∣∣∣∣ > z1−α/2

∣∣∣∣∣ β1 = β1A

)
(3.15)

= 1− Φ

(
z1−α/2 −

β1A√
Ωβ1Aβ1A

/E{N(τA)}

)
+ Φ

(
−z1−α/2 −

β1A√
Ωβ1Aβ1A

/E{N(τA)}

)
,

where Ωβ1Aβ1A
is obtained from (3.8) under the alternative hypothesis, β1A is the true effect,

z1−α/2 is the 100(1−α/2)% percentile of the standard normal distribution, and Φ(·) is the

54



cumulative distribution function of the standard normal random variable. Here we consider
the study population donation process both to learn about the rate of recruitment to plan
the duration of the accrual period τA and also to infer what the mean and variance will be
for the number of donations per recruited donor. This enables specification of the τA value
which will ensure the design satisfies the power objectives. In this case the duration of the
accrual period is fixed but when we consider the conduct of a study the actual number of
donors will be random. If it is preferable to plan a study based on sample size then one
can fix the target sample size as the mean E{N(τA)} in which case the accrual period can
terminate when the nth donor is recruited; this may lead to some studies having a shorter
and some studies having a longer accrual period. We refer to the former implementation
as designs having a fixed τA and the latter as designs with a fixed sample size n where
n = E{N(τA)} and we investigate both in the simulations that follow.

A non-inferiority design is considered when the goal is to assess the efficacy of an experi-
mental treatment that is expected to be not unacceptably worse to the standard treatment,
or when it is unethical to conduct a placebo-controlled trial. Unlike the superiority design
where the null hypothesis states no difference between treatments, the null hypothesis of
a non-inferiority trial states that the experimental treatment is inferior to the standard
treatment by more than a specified non-inferiority margin (James Hung et al, 2003). If
the null hypothesis is rejected then it can be concluded that the experimental treatment is
non-inferior to the standard treatment. We consider a margin β1M which is the log-relative
rate at the margin value of β1, i.e. β1M = logRRM , where for RR < RRM we can claim
non-inferiority on the relative rate scale. This corresponds to the case where the rela-
tive rate of an adverse event for the blood donation using the experimental system versus
the standard system is no greater than RRM . For a non-inferiority design we consider a
one-sided test with the aim to test

H0 : β1 ≥ β1M vs. HA : β1 < β1M .

Here the sample size n can be determined to ensure adequate power where

Power = P

(
β̂1 − β1M√

Ωβ1Aβ1A
/E{N(τA)}

< −z1−α/2

∣∣∣∣∣ β1 = β1A

)

= Φ

(
β1M − β1A√

Ωβ1Aβ1A
/E{N(τA)}

− z1−α/2

)
, (3.16)

and β1A < β1M is the true effect value within the non-inferiority region. Again non-
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inferiority studies can be designed with fixed accrual period (and random sample size) or
with the fixed sample size set at the expected number of recruited donors at expected τA.
We investigate both implementations in what follows.

3.4.2 Empirical Studies

Here we report on the design and findings of simulation studies geared towards validation of
the guidelines for study planning. We first tabulate the calculated durations of the accrual
period and expected sample sizes as a function for a number of different scenarios. We
consider donor populations of size Npop = 40, 000 or 60, 000. We suppose the recruitment
rate is 100% (i.e. η = 1) and recruited donors are assigned through balanced randomization
so P (Xi = 1) = P (Xi = 0) = 0.5. We suppose time is measured in years and let τF = 0.5
denote the duration of the follow-up period. We consider annual donation rates of λ = 10
or 20 with moderate (ϕ = 0.8) and stronger (ϕ = 1.6) degrees of heterogeneity in donation
rates in the population. Serious hypotensive adverse events are very rare and we set the
control event rate to µ0 = 0.002 and the serial correlation to ρ = 0.005 or 0.01. For the
case where a superiority trial is planned we set β◦

1 = 0. A more common setting is a non-
inferiority trial in which case we set the margin to β1M = log(2) so that the experimental
algorithm is considered non-inferior to the standard algorithm as long as it no more than
doubles the adverse event rate; this is a large margin in a relative sense, but with the
event rate so low it corresponds to an absolute increase of only 0.2%. An elevation in the
adverse event rate may be expected and so we set β1A = log(1.5) to cover this possibility
and design the trials to ensure adequate power at the 80% or 90% levels when the type I
error rate is controlled at α = 5%.

We first derive the appropriate duration of the accrual period based on the specified
parameters using the large sample variance given in (3.8) and solving equations in (3.15)
and (3.16) under the specified scenarios. The calculated necessary recruitment duration
(τA) and expected sample size (E{N(τA)}) are given in columns 8 and 9 of Table 3.1 for a
superiority trial with target powers of 80% and 90% respectively. In the preceding columns
6 and 7 are the expected number of donations and the standard deviations for the number
of donations per donor respectively. As expected we see that the accrual phase is shorter
with larger donor populations and when the mean annual donation rate is greater, the
number of donors required is lower. Interestingly we see that the greater the variation in
the annual donation rate in the population the shorter the recruitment period and the fewer
donations are required. This arises since donors with a higher individual-specific donation
rate (i.e. a larger random effect) will tend to be recruited early in the accrual period in
this case, and such individuals will give correspondingly more donations (on average) in
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the follow-up period. The corresponding designs are given for non-inferiority testing in
Table 3.2.

To validate the calculations we next assess the empirical rejection rates to verify the
design calculations. Under each parameter setting, we consider two implementations of
the trial design. We consider the design where the sample size is fixed at n = E{N(τA)}
(the “fixed n” design) whereby we generate a random effect for each individual in the
donor population as Ui ∼ Gamma(ϕ−1, ϕ) and a recruitment time as li ∼ exp(uiλ) for
i = 1, . . . , Npop. The recruitment times are then sorted in ascending order and we retain
the first n donors for the study assuming a 100% consent rate for illustration (i.e. η = 1).
The recruitment duration is then determined adaptively by the recruitment time of the
nth individual. Thus in this case we treat the sample size n as fixed and the recruitment
duration as random. The alternative approach is to consider the accrual period as fixed at
the derived τA and to consider the number of recruited individuals over (0, τA] as random –
this is in line with the nature of the calculations; we refer to this as the “fixed τA” design.
In this implementation we only retain the individuals whose recruitment times fall before
the derived end of the recruitment period (τA). The following simulations confirm that
these two implementations perform equally well.

For either method, upon recruitment each individual i in the sample is assigned to
treatment via Xi ∼ Bernoulli(0.5). The number of donations during the follow-up period
for each subject is generated by KiF ∼ Poisson(uiλτF ). Thus the number of donations for
subject i in the study is KiF +1 as we assume subjects makes their first donation upon en-
tering the study. We adopt a joint model for the binary responses {Yik, k = 1, 2, . . . , Ki} to
accommodate the serial dependence within individuals (Qaqish, 2003; Preisser and Qaqish,
2014). Specification of the joint probability model for Y i | Zi involves specification of a
marginal mean conditional on covariates, along with the conditional association charac-
terizing the serial dependence. For a randomly generated Yi1 from Bernoulli distribution
with mean P (Yik = 1 | Zi1), the response Yik, k = 2, 3, . . . , Ki, is generated sequentially as
Bernoulli with the conditional mean given by Qaqish (2003)

E(Yik | Ȳ ik, Z̄ik,Zik) = E(Yik | Zik) +
k−1∑
j=1

bikj(yij − E(Yij | Zij)), k = 2, 3, . . . , Ki ,

where Ȳ ik = (Yi1, . . . , Yi,k−1)
′, Z̄ik = (Zi1, . . . ,Zi,k−1)

′, and bikj is the jth element of

bik(Z̄ik,Zik) = cov(Ȳ ik | Z̄ik)
−1cov(Ȳ ik, Yik | Z̄ik,Zik) , k = 2, 3, . . . , Ki .

Thus under our parameter settings the correlated binary responses for individual i can
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Table 3.1: Length of recruitment duration (τA) and expect number of donors (E(N))
required across sites for a superiority trial with µ0 = 0.002, exp(β1A) = 1.5, τF = 0.5, and
β◦
1 = 0; verification by calculation of the empirical type I error and the empirical power;
nsim = 1000.

Parameter setting Analytical results Empirical results (fixed n)† Empirical results (fixed τA)
†

Target Emp. Emp. type Emp. Emp. type

Npop power (%) λ ϕ ρ κ ν τA E{N(τA)} τ̂A power (%) I error (%) Ê{N(τA)} power (%) I error (%)

40,000 80 10 0.80 0.005 9.16 38.09 0.029 9203 0.029 80.7 4.5 9203 80.0 4.7
0.010 9.10 37.68 0.031 9786 0.031 80.9 3.8 9784 81.4 4.9

1.60 0.005 12.22 90.35 0.023 7097 0.023 80.8 5.4 7100 80.8 4.4
0.010 12.05 88.18 0.026 7802 0.026 81.5 5.7 7795 78.2 4.1

20 0.80 0.005 18.10 147.49 0.007 4945 0.007 81.4 5.3 4946 82.8 6.0
0.010 18.00 145.89 0.008 5518 0.008 80.0 5.1 5518 82.2 3.1

1.60 0.005 25.07 382.51 0.005 3789 0.005 82.3 4.9 3788 79.0 6.2
0.010 24.73 373.08 0.007 4459 0.007 80.7 5.2 4460 78.5 5.6

90 10 0.80 0.005 8.83 35.72 0.045 12754 0.045 92.1 4.0 12748 91.6 4.6
0.010 8.75 35.20 0.049 13580 0.049 90.6 5.2 13578 92.7 5.1

1.60 0.005 11.53 81.83 0.037 10031 0.037 90.6 6.8 10034 91.3 4.1
0.010 11.29 79.20 0.042 11039 0.042 91.1 5.1 11040 92.5 4.5

20 0.80 0.005 17.77 142.55 0.010 6736 0.010 88.9 6.0 6735 89.5 6.7
0.010 17.63 140.47 0.011 7507 0.011 91.7 5.3 7505 88.6 4.7

1.60 0.005 24.37 363.11 0.008 5193 0.008 88.2 5.0 5196 90.0 4.1
0.010 23.93 351.30 0.009 6101 0.009 90.3 5.2 6096 89.4 3.9

60,000 80 10 0.80 0.005 9.46 40.40 0.017 8929 0.017 80.7 4.8 8924 80.8 4.9
0.010 9.42 40.13 0.018 9482 0.018 79.6 5.3 9486 81.3 4.8

1.60 0.005 12.85 98.97 0.013 6786 0.013 81.9 5.4 6789 82.3 4.5
0.010 12.75 97.46 0.015 7427 0.015 82.0 3.6 7429 79.3 4.2

20 0.80 0.005 18.41 152.32 0.004 4874 0.004 79.7 6.7 4872 82.6 5.4
0.010 18.35 151.28 0.005 5415 0.005 82.8 4.1 5416 78.8 5.3

1.60 0.005 25.72 401.66 0.003 3738 0.003 81.8 5.3 3739 81.2 4.3
0.010 25.52 395.71 0.004 4329 0.004 80.6 5.7 4326 79.1 4.7

90 10 0.80 0.005 9.26 38.83 0.025 12195 0.025 91.6 5.2 12203 90.3 3.9
0.010 9.21 38.47 0.027 12975 0.027 91.0 5.9 12975 89.0 5.0

1.60 0.005 12.43 93.09 0.019 9364 0.019 92.0 5.9 9366 89.8 5.3
0.010 12.28 91.14 0.022 10269 0.022 90.4 6.3 10266 89.8 5.3

20 0.80 0.005 18.21 149.09 0.006 6565 0.006 91.2 6.1 6562 90.2 5.3
0.010 18.11 147.60 0.007 7357 0.007 90.2 4.6 7357 90.7 5.4

1.60 0.005 25.27 388.45 0.005 5066 0.005 91.0 3.9 5068 91.4 4.7
0.010 24.99 380.28 0.006 5917 0.006 90.1 3.9 5914 90.1 4.9

† Columns headed “fixed n” recruited donors until the expected number of donors
E{N(τA)} were recruited and at that point the recruitment period ended (and so τA
is random). The average duration of the random recruitment period τ̂A was very close
to τA. For columns headed “fixed τA” the accrual period was fixed at the derived τA
and the actual number of donors recruited varies across the nsim = 1000 simulations
for each row of the table.
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Table 3.2: Length of recruitment duration (τA) and expect number of donors (E(N))
required across sites for a non-inferiority trial with µ0 = 0.002, exp(β1A) = 1.5, τF =
0.5, β◦

1 = 0, and non-inferiority margin exp(β1M) = 2; verification by calculation of the
empirical type I error and the empirical power; nsim = 1000.

Parameter setting Analytical results Empirical results (fixed n)† Empirical results (fixed τA)
†

Target Emp. Emp. type Emp. Emp. type

Npop power (%) λ ϕ ρ κ ν τA E{N(τA)} τ̂A power (%) I error (%) Ê{N(τA)} power (%) I error (%)

40,000 80 10 0.80 0.005 8.58 34.13 0.059 15306 0.059 78.0 4.4 15305 80.1 4.3
0.010 8.49 33.53 0.065 16311 0.065 78.4 4.3 16311 79.7 6.5

1.60 0.005 11.02 76.30 0.050 12223 0.050 78.7 4.2 12228 78.7 5.6
0.010 10.74 73.42 0.058 13480 0.058 81.8 4.4 13478 80.0 5.2

20 0.80 0.005 17.55 139.34 0.012 7934 0.012 77.8 4.6 7935 77.8 6.1
0.010 17.38 136.86 0.014 8880 0.014 78.4 5.3 8879 78.8 6.0

1.60 0.005 23.89 350.39 0.010 6173 0.010 78.1 6.1 6173 78.8 5.1
0.010 23.35 336.74 0.012 7283 0.012 79.9 3.9 7289 77.3 5.1

90 10 0.80 0.005 7.81 29.87 0.125 23194 0.125 89.4 4.4 23192 89.8 4.5
0.010 7.65 29.10 0.147 24854 0.147 89.6 4.6 24853 87.5 4.8

1.60 0.005 9.43 62.12 0.121 19616 0.121 88.4 5.9 19617 88.4 5.4
0.010 8.95 58.76 0.162 22024 0.162 90.4 4.6 22026 88.7 5.4

20 0.80 0.005 16.91 130.56 0.019 11375 0.019 88.8 5.6 11376 90.0 4.7
0.010 16.65 127.24 0.022 12749 0.022 89.2 4.6 12747 88.7 5.5

1.60 0.005 22.54 317.32 0.016 8986 0.016 88.5 4.8 8990 88.4 4.0
0.010 21.77 300.22 0.020 10631 0.020 88.4 4.2 10628 89.0 4.0

60,000 80 10 0.80 0.005 9.12 37.79 0.031 14449 0.031 78.2 5.1 14448 76.4 4.1
0.010 9.06 37.36 0.033 15390 0.033 76.9 4.9 15390 79.0 3.4

1.60 0.005 12.14 89.24 0.024 11182 0.024 80.9 6.6 11179 78.2 5.6
0.010 11.96 87.04 0.028 12277 0.028 79.7 3.7 12279 81.0 5.6

20 0.80 0.005 18.06 146.89 0.007 7741 0.007 79.1 6.5 7739 79.8 5.1
0.010 17.95 145.19 0.008 8657 0.008 81.2 4.7 8660 80.3 6.3

1.60 0.005 24.98 379.99 0.006 5948 0.006 78.3 5.6 5947 80.9 4.9
0.010 24.63 370.30 0.007 6991 0.007 78.5 3.7 6992 78.5 5.4

90 10 0.80 0.005 8.71 34.97 0.051 20904 0.051 89.2 5.0 20907 89.7 5.1
0.010 8.63 34.42 0.056 22259 0.056 89.3 6.7 22252 90.2 6.2

1.60 0.005 11.29 79.22 0.042 16550 0.042 90.4 4.9 16551 90.9 4.3
0.010 11.04 76.46 0.049 18231 0.049 89.8 4.4 18230 89.5 5.5

20 0.80 0.005 17.67 141.05 0.011 10936 0.011 90.6 5.7 10935 89.4 6.1
0.010 17.51 138.76 0.013 12231 0.013 88.8 4.7 12233 89.4 5.2

1.60 0.005 24.14 357.04 0.009 8482 0.009 90.6 5.6 8485 90.6 5.2
0.010 23.66 344.41 0.011 9977 0.011 87.7 4.6 9976 88.8 5.7

† Columns headed “fixed n” recruited donors until the expected number of donors
E{N(τA)} were recruited and at that point the recruitment period ended (and so τA
is random). The average duration of the random recruitment period τ̂A was very close
to τA. For columns headed “fixed τA” the accrual period was fixed at the derived τA
and the actual number of donors recruited varies across the nsim = 1000 simulations
for each row of the table.
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be generated using the pre-specified marginal means µ0 and µ1, and pairwise association
ρ. The treatment effect β̂1 is estimated by solving the generalized estimating equation in
(3.2) and the hypothesis test is based on β̂1 and its robust variance estimated as described
in Section 3.2. We repeated this procedure for nsim = 1000 simulated datasets for both
superiority (Table 3.1) and non-inferiority (Table 3.2) designs. For the “fixed n” design
we report the empirical mean τ̂A and for the “fixed τA” design we report the mean sample
size as Ê(N(τA)}.

The simulations reveal that the mean duration of the empirical recruitment periods
under in very close agreement with the derived one τA when we treat the recruitment
duration as random (columns 8 and 10 of Table 3.1 and 3.2), and the average number of
the empirical sample sizes is close to the expected sample size E{N(τA)} when it is random
(columns 9 and 13 of Table 3.1 and 3.2) under the fixed τA implementation. The empirical
power for each scenario are summarized in Table 3.1 and 3.2 and are found to be in close
agreement with the nominal power set at the design stage for both the 80% and 90% power
settings. Finally we note that there is good control of the type I error rate (rejection rate
under H0) at the 5% level for both settings affirming that the robust variance estimates
adequately address the misspecification of the variance function implicit in the use of the
log link and the clustering in the observations within individuals over successive donations.

3.4.3 Design of a Plasma Donation Study

The IMproving PlasmA CollecTion trial (IMPACT) was a randomized controlled trial
designed to assess the non-inferiority of a novel “percent plasma nomogram” (PPN) for
plasma collection compared to the standard nomogram in terms of the incidence of sig-
nificant hypotensive adverse events (Hartmann et al, 2021). The PPN nomogram was
developed to personalize the target volume of plasma to be withdrawn from a donor; for
some donors less plasma may be withdrawn while for others more plasma might be tar-
geted compared to the volume under the established nomogram. It recruited donors from
three plasma collection centers (i.e. Charlotte, NC; Spokane, WA; Wichita, KS) between
January 6 and March 26, 2020. The primary endpoint of the trial is the occurrence of a
significant hypotensive adverse event, defined according to the modified IQPP classifica-
tion (see supporting information in Hartmann et al (2021)). Here we illustrate how the
proposed design framework can be employed in this context for planning a plasma donation
study.
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Figure 3.2: Impact of donor population size (Npop) on the number of donors required
for recruitment (E{N(τA)}), average number of donations per donor (κ), total number of
donations to be collected (κE{N(τA)}), and recruitment duration (τA) in a non-inferiority
trial with λ = 21, µ0 = 0.035%, exp(β1A) = 1.5, exp(β1M) = 2.5, ρ = 0.005, ϕ = 0.8, 1.6,
τF = 0.5, α = 5%, target power=80%, and consent rate=60%, 100%.
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Modelling our design based on the goals of the IMPACT trial we suppose individual
donors are randomized to provide donations using the PPN or standard nomograms during
the follow-up phase with 50:50 allocation to the two arms (i.e. we set P (Xi = 1) = 0.5).
Based on Canadian data on established plasma donors the expected annual number of
donations is approximately 21 so we set λ = 21. Using the standard nomogram the
significant hypotensive adverse event rate per donation under the control arm is set to
µ0 = 0.035%. We suppose the experimental donation algorithm aims to draw more plasma
from some donors and hence accommodate a 50% increase in the risk of events in the
experimental arm and set exp(β1A) = 1.50. Given the event rate is very low, we set a
non-inferiority margin of exp(β1M) = 2.5, and consider trial planning with H0 : β1 ≥ β1M
versus HA : β1 < β1M with significant level α = 5% and target power at 80%. We further
assume an exchangeable within-donor serial correlation in the responses over successive
donations of ρ = 0.005. We investigate settings with ϕ = 0.80 and 1.6 for moderate and
great heterogeneity in the donation rate in the donor population.

Figure 3.2(a) shows the relationship between the size of the donor population (horizontal
axis) and the expected total number of donors recruited to the study (vertical axis) for
settings with a 100% consent rate and a 60% consent rate along with the two values of ϕ.
We give this figure to point out the implications of engaging more donation centers in a
study, which is an effective way of increasing the size of the study donor population and
shortening the duration of the accrual period. With a 6-month follow-up period (τF = 0.5)
and total donor population of size Npop = 30, 000 across all sites, for example, we find
that the accrual period should be about 0.050 years (or 2.6 weeks) or 0.048 years (about
2.5 weeks) for ϕ = 0.8 and 1.6 settings respectively. With a 100% consent rate, these
values of τA lead to an expected total of 15,968 donors to be recruited by the end of the
accrual period to achieve 80% power in a non-inferiority study with ϕ = 0.8, and a slight
decrease in the expected number of donors to 13,482 if ϕ = 1.6 ; see the lower left corner of
Figure 3.2(a) where these are marked by grey lines. The greater variance ϕ results in fewer
expected donors because the sample in such settings is enriched with high frequency donors
- that is, the recruited donors will have a higher donation rate on average. More details
on the relation between the size of the donor population and the duration of the accrual
period are available from Figure 3.2(d). Figure 3.2(b) illustrates the selection effect more
clearly, where it can be seen that the average number of donations per recruited donor
increases with the donor population size. As we open more sites and the donor population
size increases, the average number of donations per donor (κ) converges to λτF (ϕ+ 1) + 1
which can be obtained from (3.12). A lower consent rate has an interesting effect in this
setting in that it leads to an extension of the recruitment period, and the recruitment
of more lower-frequency donors, thereby reducing the average number of donations per
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donor as shown in Figure 3.2(b). Figure 3.2(c) shows how the total expected number of
donations on study varies as a function of population size for different ϕ values and consent
rates. The expected total number of donations shown in Figure 3.2(c) is useful for resource
planning, e.g., determining how many plasma kits should be available for the study. While
it generally increases with the donor population, it does not increase monotonically. This
is because the total number of donations is the product of the growing sample size and the
decreasing average number of donations per recruited donor.
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Figure 3.3: Power of a non-inferiority trial when exp(β1A) and ρ are misspecified; true
parameters are set to N = 40, 000, λ = 21, µ0 = 0.035%, exp(β1A) = 1.5, exp(β1M) = 2.5,
ρ = 0.005, ϕ = 0.8, τF = 0.5, α = 5%, and target power=80%.

The sample size requirements are derived from the large number of models and param-
eters so it is important to assess the sensitivity of the design to misspecification of the
design parameters. Here we assess the impact of the misspecification of the correlation of
responses (ρ) and the treatment effect (β1A). If the true treatment effect β1A is lower or
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greater than was specified at the planning stage then there will be a great or lower power
for demonstrating non-inferiority respectively; this is illustrated in the power curves of
Figure 3.3. If, for example, exp(β1A) is equal to 1.7 rather than the value of 1.5 influencing
the design, then there is an appreciable drop in power from 80% to 60% (assuming ρ was
correctly specified at ρ = 0.005). Additional power curves are provided in Figure 3.3 to
show the impact of under-estimating the within-donor correlation in the binary responses.
Here it can be seen that larger values of ρ will decrease the power of the study. This
suggests the importance of historical data to ensure suitable values of ρ are used at the
planning stage. Adaptive designs can alternatively be used to adjust the duration of the
accrual period or sample size accordingly.

3.5 Remarks

We have developed a statistical framework for the plasma donation trial planning and
emphasized sample size calculations in terms of the random number of recruited individuals,
with the duration of the follow-up phase and population size set a priori to determine how
long the recruitment phase should be (Cook, 1995). Interestingly as the duration of the
recruitment phase increases the effect of zero-truncation on the count during this phase is
reduced and the distribution of U in the target population more closely aligns with the
population distribution. Shortening the duration of the recruitment phase will mean that
selected individuals donate at a higher rate than the typical donor in the population and
so furnish more data on the response to donations and the intervention effect as shown in
Figure 3.2.

We have considered superiority trials and non-inferiority trials and shown that the large
sample results offer useful guidance in both settings. Sequential monitoring of trials of this
sort raises interesting challenges. Specifically the individuals in the population who are
recruited earlier during the recruitment phase will tend to be more frequent donors. As a
result they will have a higher random effect and donate more during the treatment phase.
Individuals who are recruited later during the recruitment phase as those that have not
been encountered previously and so are more infrequent donors. As a result they will tend
to experience fewer donations during the treatment phase. This phenomenon means that
information on recruitment time is acquired in studies with this type of design much more
rapidly in the early part of the trial compared to later. This has an impact on planning
the timing of interim analyses which we explore in the following sections.

64



3.6 Sequential Analysis of Marked Point Processes

Large clinical trials are now routinely designed to incorporate interim analyses to monitor
the safety and effectiveness of experimental interventions. Early termination of trials show-
ing unexpected adverse effects of a new treatment minimizes exposure to harm, while early
termination when treatments are found to be effective facilitates rapid dissemination of
findings and deployment of more useful treatments to affected individuals. In addition to
these ethical reasons, trials with planned interim analyses can be expected to reduce costs
due to early termination when large treatment effects are seen since fewer participants
may need to be recruited and follow-up can be shortened of enrolled participants. The
statistical challenge involves control of the experimental type I error rate when conducting
repeated significance tests on data accumulating over the course of the study (Armitage
et al, 1969).

In early work on group sequential trials, Pocock (1977) proposed controlling the type
I error rate through derivation of a single critical value, which can be used to guide stop-
ping decisions and determine the statistical significance of the trial results. O’Brien and
Fleming (1979) later proposed a design wherein different critical values could be used at
successive interim analyses with greater thresholds for early analyses leading to designs
which are more conservative for early stopping. These methods all require specification of
a fixed number of interim analyses timed at roughly equal amounts of information under
the assumption that data accumulated between successive analysis times are independent
of the past data. The so-called independent increment structure enables the use of a recur-
sive integration method (Armitage et al, 1969; Reboussin et al, 2000) to compute standard
group sequential boundaries for repeated significance tests. Slud and Wei (1982) general-
ized the approach to sequential monitoring to allow for departures from the independent
increments assumption, greatly expanding the range of analyses for which group sequential
analyses could be planned. Lan and DeMets (1983) proposed a more general concept of an
alpha spending function which enables a much more flexible and adaptive way to compute
critical values for interim tests where the number and timing of analyses can be modified
during the course of the study. In trials involving responses based on repeated measures,
the independent increments structure for successive test statistics is violated because of
the serial dependence of the responses within individuals. Lee and Demets (1991) pro-
posed to address this for continuous responses based on random-effects models while Wei
et al (1990) and Lee et al (1996) used generalized estimating equations (Liang and Zeger,
1986) to develop a framework applicable to a broader range of data types. Many of these
methods however are based on designs in which the repeated measurements are taken at
specified fixed time points following randomization.
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In many areas interest lies in assessing the effect of an experimental device or inter-
vention which is delivered repeatedly over time but at times determined by the individual
and hence which cannot be specified a prior. Examples are ubiquitous and arise in neu-
rology when interest lies in the evaluation of therapies for acute migraine which are only
administered when migraines develop (Pascual et al, 2000), in respirology where bron-
chodilators are administered for the resolution of symptoms in recurrent exacerbations in
asthma (Wilson et al, 2004), and in transfusion medicine where therapeutic transfusion of
platelet or red cell products are only given when the need is identified (i.e. platelets are
transfused when thrombocytopenia is sufficiently severe that patients are at risk of serious
bleeds (Webert et al, 2006)). A similar data structure arises in blood donation research in
which healthy donors give blood repeatedly over time. Here interest may lie in studying
the occurrence of adverse events upon blood donation - in particular in comparing whether
two methods of blood collection lead to similar adverse event profiles in donors. In all such
settings one can think of the data as arising from a marked point process where the point
is the time an intervention is administered and the mark is the response to the interven-
tion. We consider the setting where individuals are randomized to one of two intervention
arms and will receive the assigned intervention whenever it is required during the course of
follow-up. The work in this Chapter is motivated by the setting of a blood donation study
so here the points are the times that donors arrive at a donation center to give blood and
the mark is an indicator of whether an adverse reaction occurred.

We define notation and give the generalized estimating functions used for estimation
and large sample theory for analyses in Section 3.7. The joint distribution of the sequential
test statistics is then derived. In Section 3.8 an illustrative simple setting is studied in detail
where there is no covariate adjustment and the marginal models for treatment effect simply
involve the binary treatment indicator. The precise forms of the large sample distributions
are given which identify the terms needed to facilitate sample size calculations for a two-
arm clinical trial. One element of this large sample distribution involves the distribution
of the number of transfusions during the follow-up period. Section 3.9 proposes the use
of a zero-truncated negative binomial process for the need for transfusions. We consider a
nuance whereby donors giving more frequent blood donations will tend to be encountered
sooner than those donating less frequently. In probabilistic terms, we allow the intensity for
transfusions to be higher for those individuals who are recruited earlier in the course of the
accrual period - the impact of this is explored in Section 3.9. Alpha spending functions are
reviewed in Section 3.10. Sample size calculations for the study with interim analyses are
given. Both superiority and non-inferiority study design are considered in Section 3.10.2
and Section 3.10.3 respectively. Section 3.11 gives a simulation study demonstrating the
good control of the type I error rate and the power for the derived sample sizes. In Section
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3.11.2 we illustrate an example of a plasma donation study design with interim analyses.
Discussion and concluding remarks are given in Section 3.12.

3.7 Statistical Formulation and Methods

3.7.1 Notation and Generalized Estimating Equations

Let Ki(t) denote the cumulative number of donations over a window of calendar time (0, t]
for individual i in the donor population of interest. Let {Ki(t), 0 < t} be a right-continuous
counting process that records the cumulative number of donations from individual i over
the period of calendar time (0, t] with dKi(t) = Ki(t) − Ki(t

−) = 1 indicating a donation
took place at calendar time t, and dKi(t) = 0 otherwise. With the history of donations over
(0, t) given by Hi(t) = {dKi(v), 0 < v < t}, we assume donations occur in the population
according to a mixed Poisson process with conditional intensity (Cook and Lawless, 2007)

lim
∆t↓0

P (∆Ki(t) = 1 | Hi(t), Ui = ui)

∆t
= uiλ(t) , (3.17)

where ∆Ki(t) = Ki(t+∆t−)−Ki(t) is the number of donations over the interval [t, t+∆t),
Ui > 0 is a random effect with mean one and variance ϕ > 0, and λ(t) is a baseline
population average rate function.

We consider a study with an accrual period of length τA and a follow-up period for
each recruited individual of length τF making the total study duration τ = τA + τF . It is
helpful to consider two time-scales with t denoting the time from the start of the accrual
period of the trial with 0 ≤ t ≤ τ and s the time from recruitment for an individual with
0 ≤ s ≤ τF . We may refer to the former as “trial time” (which is the calendar time with the
time origin for t defined as the start of the accrual period), and the latter as “study time”
(for time on-study for an individual). If Li is the random recruitment time for individual
i and li is its realization then provided 0 ≤ li ≤ τA individual i has been on study for a
length of time s at t = li + s. Figure 3.4 contains a Lexis diagram depicting the accrual
and study follow-up periods which define the trial duration, as well as the relation between
time-scales t on the horizontal axis and s on the vertical axis. The 45◦ lines emanate from
the horizontal axis at the time of recruitment with 10 hypothetical individuals depicted.
The donation process in (3.17) plays an important role in study planning as it determines
the distribution of the random accrual time Li as well as the associated event intensity
during the study period among recruited individuals. In brief the heterogeneity in the rate
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Figure 3.4: An illustration of the recruitment process for 10 subjects along with their
repeated measurements. Interim analyses are planned at study times t1, t2, . . . , tR−1, and
a final analysis at tR. The length of the accrual period is τA, the length of the follow-up
period is τF for each individual, and the entire study duration is τ = τA + τF .

of donations among individuals in the donor population means that frequent donors will be
encountered and recruited early during the accrual period, and as the time from the start
of the accrual period passes more donors with lower donation rates will be encountered.
This is depicted in Figure 3.4 by the more frequent donations (represented by the dots on
the 45◦ lines) in the individuals recruited earlier compared to individuals recruited later in
the period (0, τA]. We consider the implications of this in more detail in Section 3.9.

Consider the setting where n consenting donors are recruited and randomized upon
encountering them during the accrual period. The total number of donations received
from the recruited individual i by time t from the start of the trial is

Ki(t) =

∫ t

0

Yi(v)dKi(v)
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where Yi(t) = I(li ≤ t ≤ li + τF ). Let Yik be the response measured at the kth donation
during study follow-up which is observed at time t if Ki(t

−) = k−1 and dKi(t) = 1; we can
refer to this as the mark associated with the kth donation and here we consider the case
where Yik is a binary response indicating the occurrence of an adverse event where Yik = 1
denotes that an adverse event occurs and Yik = 0 otherwise. Ultimately we may observe
the set of marks {Yik, k = 1, . . . , Ki(τ)} for individual i, i = 1, . . . , n. Let Xi indicate the
treatment arm where Xi = 1 if individual i is assigned to the experimental arm and Xi = 0
otherwise. If V ik represents a (p − 2) × 1 covariate vector measured at the time of the
kth donation we let Zik = (1, Xi,V

′
ik)

′ be the p × 1 covariate vector, k = 1, 2, . . ., Ki(τ),
i = 1, . . . , n.

Suppose interim analyses are planned at trial times tr, r = 1, . . . , R − 1 with a final
analysis at study completion (i.e. tR = τ); see Figure 3.4. Let ∆i(tr) = I(li ≤ tr) indicate
that individual i entered the study by time tr and nr =

∑n
i=1∆i(tr) denote the total number

of such individuals contributing to the rth analysis, r = 1, . . . , R, with n = nR. Specifically
the vector of responses Y i(tr) = (Yi1, . . . , YiKi(tr))

′ is the set of indicators from the Ki(tr)
donations observed by the time of the rth analysis with Zi(tr) = (Z ′

i1, . . . ,Z
′
iKi(tr)

)′ the
corresponding matrix of covariates. The generalized estimating equations (Liang and Zeger,
1986) based on subjects who have been recruited by the time of the rth interim analysis
can be written as

U(tr;β,α) =
n∑

i=1

U i(tr;β,α)

=
n∑

i=1

∆i(tr)D
′
i(tr;β) Σi(tr;β,α)

−1 {Y i(tr)− µi(tr;β)} = 0 , (3.18)

where µi(tr;β) = (µ(Zi1;β), . . . , µ(ZiKi(tr);β))
′ is the Ki(tr)× 1 vector of means with

µ(Zik;β) = E(Yik | Zik;β) = P (Yik = 1 | Zik;β), k = 1, 2, . . . , Ki(tr) ,

indexed by β, Di(tr;β) = ∂µi(tr;β)/∂β
′, and Σi(tr;β,α) = cov(Y i(tr) | Zi(tr)) is the

working covariance matrix indexed by a parameter vector α. The marginal probability
that Yik = 1 is very small in the motivating study since serious hypotensive adverse events
are very rare in blood donation as we described in Section 3.2.1 (Li and Cook, 2024b). The
natural log link function can therefore be specified under the “Poisson” approximation
giving the generalized linear model (McCullagh, 2019) of the form

log(µ(Zik;β)) = β0 + β1Xi + β
′
2V ik = β

′Zik ,
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where β = (β0, β1,β
′
2)

′. This gives

β1 = log
P (Yik = 1 | Xi = 1,V ik;β)

P (Yik = 1 | Xi = 0,V ik;β)

as the log relative rate of an adverse event for the experimental arm compared to the control
arm conditional on the covariate V ik but we note that if V ik ⊥ Xi then this retains the
same interpretation if we do not adjust for auxiliary covariates by setting β2 = 0.

The covariance parameter α can be estimated using the moment estimator based on
Pearson residuals (Liang and Zeger, 1986), or through second-order estimating equations
(Prentice, 1988; Zhao and Prentice, 1990; Prentice and Zhao, 1991). Liang and Zeger (1986)
showed that U(tr;β, α̂) is asymptotically equivalent to U(tr;β,α) if α̂ is

√
n-consistent

so α will be estimated based on the data accumulated by study time tr and updated at
each interim analysis. By the Central Limit Theorem,

1√
n
U(tr;β,α)

d−−→ MVN(0,B(tr)) , as n → ∞ (3.19)

where

B(tr) = cov (U i(tr;β,α),U i(tr;β,α)) = E {U i(tr;β,α)U
′
i(tr;β,α)} (3.20)

is the p× p asymptotic covariance matrix.

The solution to (3.18) is the estimate of β at the rth interim analysis and is denoted by

β̂(tr). Our interest lies primarily in β̂1(tr), the estimated coefficient of Xi, since exp(β̂1(tr))
is an estimate of the relative rate of an adverse event in the experimental to control arms.
Note √

n
(
β̂(tr)− β

)
d−−→ MVN(0,Ω(tr)) as n→ ∞ , (3.21)

where the robust covariance matrix is

Ω(tr) = A−1(tr) B(tr) {A−1(tr)}′ ,

and

A(tr) = −E
{

∂

∂β′U i(tr;β,α)

}
= E

{
∆i(tr) D

′
i(tr;β) Σi(tr;β,α)

−1 Di(tr;β)
}
. (3.22)
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3.7.2 Joint Distribution of Sequential Test Statistics

Here we are interested in the effect of the experimental device and aim to test

H0 : β1 = β◦
1 versus HA : β1 ̸= β◦

1 .

We consider the group sequential setting where analyses are planned at t1 < t2 < · · · < tR =
τ . The p-dimensional generalized estimating functions U(tr;β,α) in (3.18) can lead to a

pR-dimensional joint multivariate normal distribution of {n− 1
2U(tr;β,α), r = 1, . . . , R}

(Lee et al, 1996). Since our primary interest is β1 and for ease of derivation of the joint
distribution of sequential test statistics, we adopt the approach proposed by Lee et al
(1996) in which U(tr;β,α) is partitioned as

(Uβ1(tr;β,α),U
′
θ(tr;β,α))

′
,

where Uβ1(tr;β,α) is the one-dimensional estimating function for β1, and θ = (β0,β
′
2)

′

contains the remaining regression parameters (i.e. excluding β1). Then Uθ(tr;β,α) is the
(p− 1)-dimensional estimating function with respect to θ. Lee et al (1996) proposed using
“profile score function” or profile estimating function of β1 to construct the sequential test
statistics and derive its asymptotic joint distribution. The profile estimating function (Lee
et al, 1996; Rotnitzky and Jewell, 1990) is written as

Ū(tr; β1,θ,α) = Uβ1(tr;β,α)−Aβ1θ(tr)A−1
θθ (tr)Uθ(tr;β,α) ,

where Aβ1β1(tr), Aβ1θ(tr), Aθβ1(tr), and Aθθ(tr) are submatrices defined conformably with
(β1,θ

′)′ as

A(tr) =

(
Aβ1β1(tr) Aβ1θ(tr)
Aθβ1(tr) Aθθ(tr)

)
.

By asymptotic multivariate normality and using a linear transformation of (3.19) we have

1√
n
Ū(tr; β1,θ,α)

d−−→ N(0,M1(tr)) , as n → ∞ (3.23)

with asymptotic variance

M1(tr) = Bβ1β1(tr)+Aβ1θ(tr)A−1
θθ (tr)Bθθ(tr)[A−1

θθ (tr)]
′
[Aβ1θ(tr)]

′−2Aβ1θ(tr)A−1
θθ (tr)Bθβ1(tr) ,
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where Bβ1β1(tr), Bβ1θ(tr), Bθβ1(tr), and Bθθ(tr) are submatrices of B(tr), and

B(tr) =
(

Bβ1β1(tr) Bβ1θ(tr)
Bθβ1(tr) Bθθ(tr)

)
.

The asymptotic varianceM1(tr) can be simplified to Aβ1β1(tr)−Aβ1θ(tr)A−1
θθ (tr)Aθβ1(tr) if

the working covariance matrix Σi(tr;β,α) is correctly specified since in this case A(tr) =
B(tr).

The R-dimensional vector of profile estimating functions over all analyses times,{
1√
n
Ū(tr; β1,θ,α), r = 1, . . . , R

}
, (3.24)

is asymptotically multivariate normal with zero mean and covariance at any two study
times tr and ts is given by

M2(tr, ts) = cov(Ūi(tr; β1,θ,α), Ūi(ts; β1,θ,α))

= Bβ1β1(tr, ts) +Aβ1θ(tr)A−1
θθ (tr)Bθθ(tr, ts)[A−1

θθ (ts)]
′
[Aβ1θ(ts)]

′

− Bβ1θ(tr, ts)[A−1
θθ (ts)]

′
[Aβ1θ(ts)]

′ −Aβ1θ(tr)A−1
θθ (tr)Bθβ1(tr, ts) , (3.25)

where submatrices Bβ1β1(tr, ts), Bβ1θ(tr, ts), Bθβ1(tr, ts), and Bθθ(tr, ts) are from

B(tr, ts) = E {U i(tr;β,α)U
′
i(ts;β,α)} =

(
Bβ1β1(tr, ts) Bβ1θ(tr, ts)
Bθβ1(tr, ts) Bθθ(tr, ts)

)
. (3.26)

By Taylor expansion
√
n(β̂1(tr)− β◦

1) can be written as

√
n
(
β̂1(tr)− β◦

1

)
=

{
− 1

n

∂Ū(tr; β1,θ,α)

∂β1

}−1
1√
n
Ū(tr; β1,θ,α) . (3.27)

Under the null hypothesis β1 = β◦
1 , (3.23) and (3.27) lead to

√
n
(
β̂1(tr)− β◦

1

)
d−−→ N

(
0,
M1(tr)

M2
3 (tr)

)
, as n → ∞ (3.28)

where

M3(tr) = E
{
−∂Ūi(tr; β1,θ,α)

∂β1

}
= Aβ1β1(tr)−Aβ1θ(tr)Aθθ(tr)

−1Aθβ1(tr) . (3.29)
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It can be shown that M1(tr)/M
2
3 (tr) = Ωβ1β1(tr) where Ωβ1β1(tr) is the diagonal entry of

the asymptotic variance Ω(tr) in (3.21) corresponding to β1. Based on (3.24), (3.27) and
(3.28) the sequential estimators{√

n
(
β̂1(tr)− β◦

1

)
, r = 1, . . . , R

}
(3.30)

follow a multivariate normal distribution with mean 0 and covariance matrix Γ = (γrs),
1 ≤ r ≤ s ≤ R, where

γrs =

{
Ωβ1β1(tr) , r = s = 1, . . . , R
M2(tr, ts)/M

2
3 (ts) , 1 ≤ r < s ≤ R .

The test statistic of interest for the rth analysis is

T (tr) =

√
nr(β̂1(tr)− β◦

1)√
Ωβ1β1(tr)

.

From (3.30) it can be shown that the R-dimensional joint distribution of

{T (tr), r = 1, . . . , R} d−−→ MVN
(
0, Γ̄

)
, (3.31)

where
Γ̄ =

γrs√
γrrγss

, 1 ≤ r ≤ s ≤ R .

We reject H0 at the rth interim analysis if the test statistic T (tr) exceeds the corre-
sponding critical value. The serial critical values for the sequential test statistics can be
obtained either through standard values directly if the independent increments structure
(IIS) (Spiessens et al, 2000) of the statistics holds (see Section 3.7.3), or through the deriva-
tion based on the multivariate joint distribution of sequential test statistics as discussed in
Section 3.10.

3.7.3 The Independent Increments Structure

The independent increments structure (IIS) refers to a property of sequential test statistics
where the random variables providing data between the current analysis time at tr and
the next analysis time tr+1 are statistically independent of random variables providing the
current data (Spiessens et al, 2000). Lee et al (1996) proved that n− 1

2 Ū(tr; β1,θ,α) has
the asymptotic independent increments structure if the covariance function Σ(tr;β,α) is
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correctly specified. Based on (3.27) the asymptotically independent increments structure
of the sequentially computed test statistics can be assessed by

M1(tr) =M2(tr, ts) , r < s (3.32)

through

cov(n− 1
2 Ū(tr; β1,θ,α), n

− 1
2 Ū(ts; β1,θ,α)) = var(n− 1

2 Ū(tr; β1,θ,α)) , r < s .

If the independent increments property holds then the established critical values for stan-
dard group sequential boundaries of sequential test statistics can be used; these are com-
puted through recursive univariate integration as described by Armitage et al (1969). If
the independent increments structure does not hold, the joint distribution of the sequential
test statistics, and in particular the covariance matrix of successive test statistics in (3.31)
must be used to obtain critical values which enables control of the type I error rate. We
show how this can be carried out in practice in Section 3.10.

3.8 Results for a Simple Two-Arm Trial

3.8.1 Derivations for Matrices A(tr), B(tr) and B(tr, ts)

If we constrain β2 = 0 (i.e. we do not adjust for covariates) and let β = (β1, β0)
′, then under

the working independence assumption we can write the generalized estimating function in
(3.18) as

U i(tr;β) = ∆i(tr)

Ki(tr)∑
j=1

(
Uij1(β)
Uij2(β)

)
where, with the Poisson variance function, Uij1(β) = Xi(Yij − µ(Xi)) is the elementary
estimating function corresponding to β1 and Uij2(β) = Yij −µ(Xi) corresponds to β0. The
A(tr) matrix in (3.22) is given more explicitly by

A(tr) = π(tr)


κ1(tr)µ1P (Xi = 1) κ1(tr)µ1P (Xi = 1)

κ1(tr)µ1P (Xi = 1)
1∑

x=0

κx(tr)µxP (Xi = x)

 ,
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where κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1} is the expected number of donations for
a subject in group x for the rth interim analysis, µx = µ(Xi = x;β) for x = 0, 1, and
π(tr) = P (∆i(tr) = 1).

We again assume an exchangeable pairwise correlation ρ for responses within individ-
uals, in which case

cov(Yij, Yik | Xi = x) = ρ · var(Yij | Xi = x) .

For the B(tr) matrix in (3.20) we have

B(tr) = π(tr)


P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1} P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1}

P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1}
1∑

x=0

P (Xi = x) {κx(tr)Vx + δx(tr)ρVx}

 ,

where δx(tr) = νx(tr) + κ2x(tr) − κx(tr), νx(tr) = var(Ki(tr) | Xi = x,∆i(tr) = 1) is the
variance of the number of donations for a subject in group x for the rth interim analysis,
and Vx = var(Yij | Xi = x), x = 0, 1.

If tr < ts then Ki(tr) ≤ Ki(ts) and the matrix B(tr, ts) in (3.26) is given by

π(tr)


P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1} P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1}

P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1}
1∑

x=0

P (Xi = x) {κx(tr)Vx + δx(tr, ts)ρVx}

 ,

where δx(tr, ts) = νx(tr) + κ2x(tr) + κx(tr)κx(tr, ts)− κx(tr), κx(tr, ts) = E{Ki(tr, ts) | Xi =
x,∆i(tr) = 1} is the expected number of donations from study time tr to ts for a subject i
in group x, x = 0, 1, and Ki(tr, ts) = Ki(ts)−Ki(tr) denotes the number of donations over
time period (tr, ts] for individual i. See Appendix B.4 for details of the derivation.

3.8.2 Derivations for M1(tr), M2(tr, ts) and M3(tr)

With equal allocation P (Xi = 1) = P (Xi = 0) = 0.5, the asymptotic variance of
Ū(tr; β1,θ,α)/

√
n in (3.23) can be written as

M1(tr) = π(tr)

∑1
x=0 κ

2
x(tr)µ

2
xV1−x{κ1−x(tr) + δ1−x(tr)ρ}

2{κ0(tr)µ0 + κ1(tr)µ1}2
, (3.33)
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while cov(Ūi(tr; β1,θ,α), Ūi(ts; β1,θ,α)) in (3.25) is

M2(tr, ts) = π(tr)

∑1
x=0 κx(tr)κx(ts)µ

2
xV1−x{κ1−x(tr) + δ1−x(tr, ts)ρ}

2{κ0(tr)µ0 + κ1(tr)µ1}{κ0(ts)µ0 + κ1(ts)µ1}
. (3.34)

Finally M3(tr) in (3.29) can be shown to equal

M3(tr) = π(tr)
κ0(tr)κ1(tr)µ0µ1

2{κ0(tr)µ0 + κ1(tr)µ1}
; (3.35)

see Appendix B.5 for details of the derivation.

3.8.3 The Asymptotic Variance of β̂1(tr)

The inverse of A(tr) is given by

A−1(tr) = π(tr)
−1


2

κ0(tr)µ0

+
2

κ1(tr)µ1

− 2

κ0(tr)µ0

− 2

κ0(tr)µ0

2

κ0(tr)µ0

 ,

which gives Ω(tr) = A−1(tr) B(tr) {A−1(tr)}′ in (3.21) as

Ω(tr) = π(tr)
−1


1∑

x=0

2Vx
κ2x(tr)µ

2
x

[κx(tr) + δx(tr)ρ] − 2V0
κ20(tr)µ

2
0

[κ0(tr) + δ0(tr)ρ]

− 2V0
κ20(tr)µ

2
0

[κ0(tr) + δ0(tr)ρ]
2V0

κ20(tr)µ
2
0

[κ0(tr) + δ0(tr)ρ]

 . (3.36)

Thus the asymptotic variance of
√
n(β̂1(tr)− β◦

1) is the (1, 1) entry of (3.36), i.e.,

Ωβ1β1(tr) =
1

π(tr)

{
2V0

κ0(tr)µ2
0

(
1 +

δ0(tr)ρ

κ0(tr)

)
+

2V1
κ1(tr)µ2

1

(
1 +

δ1(tr)ρ

κ1(tr)

)}
, (3.37)

and the asymptotic variance of β̂1(tr) is obtained by dividing (3.37) by nr. See Appendix
B.5 for further details.
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3.9 Modelling Accrual Time and Donation Rates

As shown in (3.33) to (3.37) in Section 3.8, the mean and variance of the number of
measurements per individual are required to evaluate the joint distribution of the sequential
test statistics for the sample size calculation. Suppose the number of transfusions per
individual over a period of duration τ is Ki(τ) = K. As noted in Section 3.7.1, if the
number of donations per individual varies according to a mixed time-homogeneous Poisson
process, then conditionally on u, K | u ∼ Poisson(uλτ), and

P (K = k | u) = (uλτ)ke−uλτ
/
k! ,

where E(U) = 1 and var(U) = ϕ. We consider a negative binomial process for which
U ∼ Gamma(ϕ−1, ϕ). Suppose the recruitment time of a random subject in the population
given its random effect follows an exponential distribution with

L | U = u ∼ Exp(uλ) ,

where the random effect U ∼ Gamma(ϕ−1, ϕ). We note that subjects who have higher
frequency of donations in calendar time will tend to be recruited earlier in the accrual pe-
riod. Thus for the trial design with interim monitoring we need to consider the recruitment
time of the individual when modeling the number of donations they have by each interim
analysis time. The conditional distribution of the random effect U given recruitment time
L = l then follows a modified gamma distribution with

U | L = l ∼ Gamma

(
ϕ−1 + 1,

ϕ

ϕ λ l + 1

)
.

With E(U | L = l) = (1+ϕ)/(1+ϕλl) this reflects the fact that individuals with an earlier
recruitment time tend to have larger random effects, which contributes to them providing
a larger number of repeated measurements during the follow-up period compared to those
recruited at a later time.

To compute the expected number of donations over the course of the trial to time tr
we average over the recruited time for recruited individuals. The mean of the number of
donations per individual by study time tr with Xi = x is κx(tr) and obtained as

κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1}
= EL

{
EU

{
E
{
Ki(tr) | Xi = x,∆i(tr) = 1,

Ui = u, Li = l
}
| ∆i(tr) = 1, Li < min(tr, τA)

}
| ∆i(tr) = 1, Li < min(tr, τA)

}
.
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For 0 < tr ≤ τ we have

κx(tr) =

{
λE {u | l < min(tr, τA)} [tr − E{l | l < min(tr, τA)}] , 0 < tr ≤ τF

λE {u | l < min(tr, τA)}E {min(tr − l, τF ) | l < min(tr, τA)} , τF < tr ≤ τ

where

E{u | l < t} =
1− (λϕt+ 1)−ϕ−1−1

1− (λϕt+ 1)−ϕ−1 .

Similarly, νx(tr), the variance of the number of donations per individual by study time
tr and the mean number of donations per individual between study time tr and ts (i.e.
κx(tr, ts)) where 0 < tr < ts ≤ τ , can be calculated via

νx(tr) =



κx(tr)− κ2x(tr) + λ2E
{
u2 | l < min(tr, τA)

}
×

[t2r + E{l2 | l < min(tr, τA)} − 2trE{l | l < min(tr, τA)}] , 0 < tr ≤ τF

κx(tr)− κ2x(tr) + λ2E
{
u2 | l < min(tr, τA)

}
×

E {(min(tr − l, τF ))
2 | l < min(tr, τA)} , τF < tr ≤ τ

and

κx(tr, ts) =


λ(ts − tr)E {u | l < min(tr, τA)} , 0 < tr < ts ≤ τF

λE {max(min(ts − tr, l + τF − tr), 0) | l < min(tr, τA)}×

E {u | l < min(tr, τA)} , o.w. ,

where

E{u2 | L < t} = (1 + ϕ)
1− (λϕt+ 1)−ϕ−1−2

1− (λϕt+ 1)−ϕ−1 .

See Appendix B.6 for details of derivations and explicit forms of κx(tr), νx(tr), and κx(tr, ts).
Since the number of donations per recruited individual does not depend on the treatment
arms here we have κ(tr) = κx(tr), ν(tr) = νx(tr), and κ(tr, ts) = κx(tr, ts), x = 0, 1.
With κ(tr), ν(tr), and κ(tr, ts) derived we can evaluate the joint distribution of sequential
test statistics which is the key for the calculations of the group sequential boundaries and
sample size for interim monitoring.
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For a study without interim analysis, let KA denote the number of donations from a
random subject during the accrual period of length τA, and KF be the number of donations
from the subject in the follow-up window of length τF . Recall that in Section 3.3.2 we show
that the mean of KF given that subject has at least one donation during the recruitment
phase (KA ≥ 1) is

E(KF | KA ≥ 1) = λτF

{
1− (1 + λτAϕ)

−ϕ−1−1

1− (1 + λτAϕ)−ϕ−1

}
,

and the variance of KF given KA ≥ 1 is

var(KF | KA ≥ 1) = E(KF | KA ≥ 1)− E2(KF | KA ≥ 1) + (λτF )
2(1 + ϕ)

{
1− (1 + λτAϕ)

−ϕ−1−2

1− (1 + λτAϕ)−ϕ−1

}
.

It can be shown that κ(τ) = E(KF | KA ≥ 1) and ν(τ) = var(KF | KA ≥ 1). Hence the
modeling of the recruitment time on number of donations is a special case for the design
of sequential analysis.

3.10 Sample Size and Group Sequential Testing

3.10.1 Alpha Spending Functions

Let C(tr) be the critical value or group sequential boundary at tr such that if |T (tr)| > C(tr)
we reject H0 and may consider the termination of the study. Let α∗(t) be an increasing
function with α∗(0) = 0 and α∗(1) = α where α is the predetermined significance level.
The alpha spending function α∗(t) proposed by Lan and DeMets (1983) allocated the
significance level α over the interim analyses, and based on the alpha spending function
the group sequential boundaries can be determined by solving

P (|T (t1)| > C(t1) | β1 = β◦
1) + P (|T (t1))| ≤ C(t1), |T (t2)| > C(t2) | β1 = β◦

1) + . . .

+ P (|T (tr)| ≤ C(tr), r = 1, . . . , R− 1, |T (tR)| > C(tR) | β1 = β◦
1) = α∗(ωR) ,
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or

P (|T (t1)| > C(t1) | β1 = β◦
1) = α∗(ω1) , and

P (|T (tv)| ≤ C(tv), v = 1, . . . , r − 1, |T (tr)| > C(tr) | β1 = β◦
1) = α∗(ωr)− α∗(ωr−1) ,

r = 2, . . . , R , (3.38)

where ωr is the information fraction for the rth interim analysis, 0 ≤ ωr ≤ 1. There are
three common ways to define the information fraction. The first is using the statistical
information which is the inverse of the variance of the estimated effect (e.g. nr/Ωβ1β1(tr)
for the rth interim analysis). If the maximum information is known or can be specified
at the design stage based on historical research, the information fraction can be defined
as ωr = I(tr)/I(τ) where I(tr) = nr/Ωβ1β1(tr). This can also be used as the guidance of
determining the time of interim analysis. If the maximum information is unknown we can
instead use the second approach based on the expected number of subjects/measurements
(i.e. ωr = nr/n), The third is to specify it in terms of the expected study duration (i.e.
ωr = tr/τ).

Lan and DeMets (1983) proposed the use of alpha spending functions for which the
number of interim analyses is not required in advance for the calculation of critical values.
Examples include

α∗
1(t) = 2− 2Φ(Zα/2/

√
t) ,

α∗
2(t) = α log{1 + (e− 1)t} ,
α∗
3(t) = αt .

The boundaries generated by function α∗
1(t) and α∗

2(t) are similar to the boundaries ob-
tained by O’Brien and Fleming (1979) and Pocock (1977) respectively, and we refer them
to the O’Brien-Fleming and Pocock type alpha spending functions respectively. The third
one α∗

3(t) is the uniform alpha spending function as it allocates the type I error rate evenly
over time (Lan and DeMets, 1983).

3.10.2 Sample Size for a Sequential Superiority Trial

For a superiority trial we consider a two-sided test with the aim to test

H0 : β1 = β◦
1 = 0 versus HA : β1 ̸= 0
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where the true effect is denoted as β1A. Using the joint distribution of the sequential test
statistics in (3.31) and assumptions about the response process, accrual, and transfusions
discussed in Section 3.7.1 and Section 3.9, it is possible to determine the times of interim
analyses that will give a dependence structure aligned with the independent increments
property by verifying (3.32). This will enable the use of established critical values directly
(Lee et al, 1996). The times of interim analysis can also be determined based on the
proportions of the maximum information, e.g. times corresponding to 1/3, 2/3 of the
maximum information for a study with two interim analyses and one final analysis. In
such cases or more generally for analyses planned at any key times of interest, the critical
values can be derived through (3.38) to ensure the control of the type I error rate at α for
the specified alpha spending function. The sample size for a sequential superiority study
can be calculated by solving (3.39) with the desired power,

Power = P ( |T (t1)| > C(t1) | β1 = β1A) + P ( |T (t1)| ≤ C(t1), |T (t2)| > C(t2) | β1 = β1A)+

· · ·+ P ( |T (tr)| ≤ C(tr), r = 1, . . . , R− 1, |T (tR)| > C(tR) | β1 = β1A) . (3.39)

Note that the number of interim analyses is not required for the calculation of critical
values based on Lan and DeMets (1983) and we determine the number of interim analyses
here for study design purpose only.

3.10.3 Sample Size for a Sequential Non-Inferiority Trial

For a non-inferiority design we consider a one-sided test with the aim to test

H0 : β1 ≥ β1M versus HA : β1 < β1M

where β1M is the log-relative rate at the margin value of β1, i.e. β1M = logRRM , and
for RR < RRM we can claim non-inferiority on the relative rate scale. This corresponds
to the case where the relative rate of an adverse event for the blood donation using the
experimental system versus the standard system is no greater than RRM . Based on (3.38)
the critical values for the sequential tests for the non-inferiority trial can be solved through

P (T (t1) < −C(t1) | β1 = β◦
1) = α∗(ω1) , r = 1 , and

P (−C(tv) ≤ T (tv) ≤ 0, v = 1, . . . , r − 1, T (tr) < −C(tr) | β1 = β◦
1) = α∗(ωr)− α∗(ωr−1) ,

r = 2, . . . , R .
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Once the critical values have been determined, the sample size for the study with interim
analyses can be calculated by solving (3.40) such that the desired power requirement is
met,

Power = P (T (t1) < −C(t1) | β1 = β1A) + (3.40)

P (−C(t1) ≤ T (t1) ≤ 0, T (t2) < −C(t2) | β1 = β1A)+

· · ·+ P (−C(tr) ≤ T (tr) ≤ 0, r = 1, . . . , R− 1, T (tR) < −C(tR) | β1 = β1A) .

3.11 Simulation Studies

3.11.1 Empirical Validation with Sequential Trials

In this section we report on the results of simulation studies designed to validate the
derivations. Let λ = 10, 18, ϕ = 0.8, 1.6, τA = 0.5, τF = 1, ρ = 0.005, 0.01, µ0 = 0.002,
β1A = log(1.2), and type I error rates are controlled at the significance level of α = 5%.
Also let β◦

1 = 0 for the superiority study, and β1M = log(1.5) for the non-inferiority study.
The sample sizes are then calculated to ensure adequate power of trials (at least 80%
or 90%). Suppose we plan for two interim analyses with a final analysis at the end of
the study so R = 3. The times of two interim analyses are determined based on the
proportions of the maximum information where the first and second analysis are at the
times corresponding to 1/3 and 2/3 of the maximum information, and the times of interim
analyses can be determined without knowing the actual maximum information but the
asymptotic variance of β1, i.e. Ωβ1β1(tr)/nr, and the probability of being recruited by time
tr, i.e. π(tr). In this example suppose the information for the two interim analyses is the
inverse of the asymptotic variance of β1, i.e.,

I(t1) =
n1

Ωβ1β1(t1)
=

π(t1)n

Ωβ1β1(t1)
and I(t2) =

n2

Ωβ1β1(t2)
=

π(t2)n

Ωβ1β1(t2)
,

and the maximum information at the end of the study is I(τ) = n/Ωβ1β1(τ). By taking
the ratio of the information at t1 and t2 with the maximum information respectively gives
two information fractions (i.e., I(t1)/I(τ) and I(t2)/I(τ)), and the times of two interim
analyses are chosen at the times such that the information fractions equal to 1/3 and 2/3
respectively, i.e., t1 and t2 are determined such that

I(t1)
I(τ)

=
π(t1)Ωβ1β1(τ)

Ωβ1β1(t1)
=

1

3
and

I(t2)
I(τ)

=
π(t2)Ωβ1β1(τ)

Ωβ1β1(t2)
=

2

3
,
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where

π(tr) =
1− (λϕtr + 1)−ϕ−1

1− (λϕτA + 1)−ϕ−1 .

Once the interim analyses times are determined, the group sequential boundaries can be
derived and sample sizes needed for the study with two interim analyses can be calculated
as described in Section 3.10.2 and 3.10.3. Three different alpha spending functions are
considered. The required sample sizes for each scenario are provided in Table 3.3 for the
superiority study design, and Table 3.4 for the non-inferiority study. The “Fixed study”
columns of Table 3.3 and Table 3.4 record the sample sizes required for a fixed study
without any interim analysis. The columns after “Fixed study” record the sample sizes
required for the study with interim monitoring using different alpha spending functions.
The sample size needed for a study with interim analyses increases compared to a fixed
sample size study in order to reach the same desired power since the net threshold for
significance is higher.

Table 3.3: Sample size required in terms of the number of subjects needed for a superiority
design with µ0 = 0.002, exp(β1A) = 1.2, τA = 0.5, τF = 1, and β◦

1 = 0; two interim analyses
are planned with R = 3.

80% Power 90% Power

Interim monitoring with Interim monitoring with
alpha spending function alpha spending function

λ ϕ ρ κ ν Fixed study α∗
1(t) α∗

2(t) α∗
3(t) Fixed study α∗

1(t) α∗
2(t) α∗

3(t)

10 0.80 0.005 12.24 91.69 38610 39530 45241 43199 51687 52823 59734 57276
10 0.80 0.010 12.24 91.69 41915 42811 49014 46790 56113 57219 64710 62033
10 1.60 0.005 14.01 190.72 34923 35755 40919 39073 46752 47782 54027 51803
10 1.60 0.010 14.01 190.72 39026 39863 45633 43567 52244 53280 60244 57758
18 0.80 0.005 20.23 277.35 24872 25421 29107 27788 33296 33981 38427 36840
18 0.80 0.010 20.23 277.35 28389 28965 33155 31651 38004 38716 43770 41961
18 1.60 0.005 22.72 577.77 23493 24009 27482 26237 31450 32087 36283 34783
18 1.60 0.010 22.72 577.77 27975 28526 32636 31157 37450 38129 43080 41306

With the calculated sample size for study with the planned interim analyses for each
scenario we assess the empirical rejection rates to verify the sample size calculation. Under
each parameter setting, for each subject i we generate random effect ui ∼ Gamma(ϕ−1, ϕ)
and treatmnet assignment xi ∼ Bernoulli(0.5). The recruitment time for subject i is
generated from li | ui ∼ Exp(uiλ). We repeat the above steps and keep the subjects with
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Table 3.4: Sample size required in terms of the number of subjects needed for a non-
inferiority design with µ0 = 0.002, exp(β1A) = 1.2, τA = 0.5, τF = 1, and non-inferiority
margin exp(β1M) = 1.5; two interim analyses are planned with R = 3.

80% Power 90% Power

Interim monitoring with Interim monitoring with
alpha spending function alpha spending function

λ ϕ ρ κ ν Fixed study α∗
1(t) α∗

2(t) α∗
3(t) Fixed study α∗

1(t) α∗
2(t) α∗

3(t)

10 0.80 0.005 12.24 91.69 20303 20748 23913 22758 28123 28692 32640 31206
10 0.80 0.010 12.24 91.69 22042 22473 25918 24658 30531 31079 35373 33808
10 1.60 0.005 14.01 190.72 18365 18766 21628 20584 25438 25951 29522 28225
10 1.60 0.010 14.01 190.72 20522 20927 24128 22956 28426 28944 32926 31475
18 0.80 0.005 20.23 277.35 13079 13345 15390 14642 18117 18456 21004 20077
18 0.80 0.010 20.23 277.35 14929 15205 17535 16681 20678 21029 23928 22869
18 1.60 0.005 22.72 577.77 12354 12602 14530 13825 17112 17429 19831 18955
18 1.60 0.010 22.72 577.77 14711 14976 17257 16418 20377 20710 23549 22509

li ≤ τA until we get the calculated sample size n. Next we generate the waiting times
between measurements for each subject according to Exp(uiλ). The number of donations
for each subject is then determined by the accumulated waiting time for the donations
within τF . Note that the first donation of each subject is assumed to occur at the entry
time li of the study so the number of donations will be added by one for each subject.
The correlated binary response of subject i for the kth measurement Yik is generated
given the pre-specified marginal means and pairwise associations based on the method
of Qaqish (2003). The response Yi1 is generated from Bernoulli distribution with mean
P (Yik = 1 | Zi1), and response Yik, k = 2, 3, . . . , Ki(τ), can be generated sequentially
though

E(Yik | Ȳ ik, Z̄ik,Zik) = E(Yik | Zik) +
k−1∑
j=1

bikj(yij − E(Yij | Zij)), k = 2, 3, . . . , Ki(τ) ,

where Ȳ ik = (Yi1, . . . , Yi,k−1)
′, Z̄ik = (Zi1, . . . ,Zi,k−1)

′, and bikj is the jth element of

bik(Z̄ik,Zik) = cov(Ȳ ik | Z̄ik)
−1cov(Ȳ ik, Yik | Z̄ik,Zik) , k = 2, 3, . . . , Ki(τ) .

Following the above simulation procedure we have the recruitment times, repeated mea-
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surement times and responses generated for all individuals in the sample. We next plan
2 interim analyses at t1 and t2 with a final analysis at the end of study. The empirical
rejection rates under H0 and HA respectively based on the simulated data using the com-
puted critical values are calculated and repeated for nsim = 1000 times. The averaged
empirical rejection rates for each scenario are summarized in Table 3.5 for the superiority
study and in Table 3.6 for the non-inferiority study. From the summary tables we see that
the empirical type I errors (empirical rejection rate under H0) for most of the scenarios
are within 5%. Similarly for the empirical power (empirical rejection rate under HA), the
empirical powers reach the desired power at either 80% or 90% settings for most of the
scenarios, and some cases have empirical powers slightly below the target power due to
randomness. The overall empirical rejection rates are satisfying which verify our sample
size calculation method for the study with interim analyses for the cluster data.

3.11.2 Design of a Plasma Donation Study

To design the study based on the aims of the IMPACT trial as introduced in Section 1.3.2
and Section 3.4.3, we assume P (Xi = 1) = 0.5 so that donors are randomized into two
groups with a 50:50 allocation to either the PPN or the standard nomogram arm. Based
on Canadian plasma donor data on the expected annual number of donations per donor
is approximately 21 so we set λ = 21. To account for variability in donation frequency
among donors we set ϕ = 0.80. The rate of significant hypotensive adverse events in the
control arm using the standard nomogram is set to µ0 = 0.035%. For the experimental arm
we anticipate a 50% increase in the event rate, so we let exp(β1A) = 1.50. Given the low
event rate we set a non-inferiority margin of exp(β1M) = 2.5, and consider trial planning
with H0 : β1 ≥ β1M versus HA : β1 < β1M with significant level α = 5% and target power
at 80%. We assume an exchangeable within-donor serial correlation of ρ = 0.005 across
repeated donations. Furthermore we plan for a 6-month recruitment duration (τA = 0.5)
and follow each donor for 6 months (τF = 0.5).

We plan to conduct two interim analyses at times t1 and t2, along with a final analysis
at the end of the study, t3 = τA + τF = 1. The timing of the interim analyses can be
determined by the amount of information accumulated up to each point in the study.
Figure 3.5(a) illustrates the growth of the information fraction over the course of the study
based on the inverse variance of the estimator β̂1. For example, interim analyses can be
conducted at study times approximately t1 = 0.20 and t2 = 0.40 which corresponds to 1/3
and 2/3 of the maximum information expected by the end of the study. If the estimated
variance of β̂1 is unavailable, alternative metrics such as the proportion of donors recruited,
donations accumulated, or simply the passage of study time can be used to approximate
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the information fraction and guide the timing of interim analyses. The critical values for
three analyses, i.e. first interim analysis at t1, second interim analysis at t2, and final
analysis at t3 = 1, are provided in Table B.1 in Appendix B.7. These critical values are
calculated based on the information fraction defined as the fraction of inverse variance
of β̂1. Using an O’Brien & Fleming alpha spending function α∗

1(t), the critical values at
t1 = 0.2, t2 = 0.4, and t3 = 1 are 3.25, 2.09, and 1.70 respectively. For a Pocock-type
spending function α∗

2(t), the corresponding critical values are 2.01, 1.96, and 1.98, while for
a uniform spending function α∗

3(t) they are 2.14, 1.96, and 1.88; see Table B.1 in Appendix
B.7. The O’Brien-Fleming alpha spending function heavily protects against early stopping
by setting a very strict (high) critical value for the first interim analysis with more relaxed
critical values toward the final analysis. Pocock type alpha spending function provides
more balanced critical values across all interim analyses, potentially allowing for earlier
termination of the trial since the first interim analysis has a considerably lower critical
value compared to O’Brien-Fleming type. The uniform alpha spending function allocates
the type I error rate uniformly across all interim analyses and it falls between O’Brien-
Fleming and Pocock in terms of conservatism on early stopping.

Figure 3.5(b) shows the number of donors recruited over time. Under the same setting
a non-sequential study requires the fewest donors (n = 20, 426) to achieve 80% power and
a study planned using Pocock type alpha spending function requires the largest number
of donors (n = 24, 031). If the study is terminated early following interim analyses, the
total number of recruited donors will be fewer than the sample size originally planned for
the end of the study. The average number of donations per recruited donor (Figure 3.5(c))
and number of donations (Figure 3.5(d)) increase rapidly during the recruitment period as
the frequent donors are encountered and recruited earlier.
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Figure 3.5: Study progression over time in a non-inferiority trial of information fraction,
number of donors recruited, average donations per donor, and total donations with λ = 21,
ϕ = 0.8, µ0 = 0.035%, exp(β1A) = 1.5, exp(β1M) = 2.5, ρ = 0.005, τF = 0.5, α = 5%, and
target power=80%.
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3.12 Remarks

Many trials involve the collection of repeated observations from recruited individuals but
most often the number of planned measurements is common and set by the design. Study
withdrawal may mean that the actual number of measurements each individual contributes
varies resulting in some individuals giving fewer than the intended measurements. There
is a consequent loss in power and there has been much work aiming to mitigate biases
arising from selective attrition including methods based on inverse probability weighting
(Rombach et al, 2018) and multiple imputation (Cro et al, 2020). In the present setting the
variation in the number of measurements is a consequence of individual-specific propensities
to donate blood and there is considerable variation in the donor population in this rate.
We have assessed the validity of the negative binomial model in some donor populations
and found it to provide a remarkably good fit with model-based estimates of the mean and
variances in close alignment with the robust counterparts.

We have developed a framework for the design and analysis of large scale trials involving
marked point processes where there is inter-individual variation in the rate of events. The
events are the occasions in which a therapeutic intervention is warranted and the trial is
planned such that the same intervention is applied each time an event occurs during the
course of follow-up. We consider the setting where the response is available relatively soon
after the therapy is administered and it does not affect the intensity for future events.
This is suitable for the study of chronic conditions with recurrent episodic flares or acute
exacerbations that warrant treatment and in the introduction we listed example settings.

We have assumed that there is no association between the number of donations and
the risk of adverse events. In administrative data (not provided) we have found that
adverse events can arise in any donation in a sequence of donations and hence they do not
necessarily have an impact on the propensity to return for future donations. If this was a
concern then one could consider the introduction of weights to the generalized estimating
equations we provide to address this, or adopt a fully specified model for the multivariate
binary response model and carry out likelihood analyses. Stopping rules of this sort are not
problematic to likelihood analyses but the need to model the association between responses
arises. The exposure status can also have an impact on the number of donations per donor
so the cluster size can be informative. If our focus is on marginal population level effects,
we can assume the working independence assumption even in the presence of informative
cluster sizes (McGee et al, 2020) because GEE provides robust estimates of the marginal
parameters even when the correlation structure within clusters is misspecified (Fitzmaurice
et al, 2012).
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Chapter 4

Two-Phase Designs for Biomarker
Studies on Disease Progression

4.1 Introduction

Many modern cohort studies incorporate the creation of biobanks for the collection and
storage of biospecimens such as serum or tissue samples (Devereux et al, 2019). Some
biobanks are aimed at studying risk factors for a broad range of chronic diseases such as
the U.K. Biobank (Peakman and Elliott, 2008; Collins, 2012), the Canadian Longitudinal
Study in Aging (Raina et al, 2009), and the Canadian Partnership for Tomorrow Project
(Dummer et al, 2018). Other cohort studies may be designed to focus on particular con-
ditions such as rheumatoid arthritis (Dale et al, 2016), diabetes (Petersen et al, 2016),
or neurodegenerative diseases (Reijs et al, 2015). Biospecimens are usually taken upon
recruitment to cohort studies and stored to be made available for future biomarker sub-
studies which may aim to study the association between genetic, molecular or metabolomic
features and disease onset or complications arising from disease (Bebu et al, 2021). In mas-
sive cohort studies it is practically and economically infeasible to assay biospecimens from
all individuals and in some settings it is also important to preserve samples for future
biomarker studies. In situations where the interest is in the association between an expen-
sive biomarker and the disease outcome, a two-phase study design provides a cost-efficient
way for estimating the biomarker effect. The first phase (phase I) of such a study involves
the collection of inexpensive covariates (e.g. demographic and clinical variables) along with
outcomes often observed through prospective followup of participants. The second phase
(phase II) involves assaying biospecimens for a subset of selected individuals in order to
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measure the expensive covariate of interest. The size of the phase II sub-sample (or its ex-
pected value) is set by budgetary constraints and the key design challenge is to choose the
sub-sample according to a selection process which optimizes the precision of the biomarker
effect. This design will be influenced by the method of analysis which will address the
incomplete nature of the biomarker data through likelihood, conditional likelihood, inverse
probability weighted estimating functions or other methods.

Since the phase I sample data can be used to guide the selection in phase II sample,
these designs can feature response-dependent selection models. Many studies employ an
extreme-outcome sampling design, where individuals with the highest or lowest values
of a continuous outcome are selected; see Chen and Li (2011), Li et al (2011) and Lin
et al (2013). Breslow and Cain (1988) developed the methodology for two-phase design
for binary outcomes modeled via logistic regression. For failure time outcomes, Ding
et al (2014) suggested selecting cases with the largest or smallest values of failure times
and Lawless (2018) suggested selecting subjects with the smallest failure times or largest
censored times. Derkach et al (2015) developed a sampling scheme in which extreme score-
based residuals guide phase II selection. Tao et al (2020) extended this approach to describe
a general framework for efficient two-phase design that can be applied to settings with
continuous, discrete, or censored outcomes. Zhou et al (2020) discuss two-phase sampling
schemes for failure time data when the failure time is subject to interval-censoring and
Mao and Cook (2023) consider the setting with current status data.

Despite the extensive methodology for two-phase designs with response-dependent sub-
sampling, relatively little work has been done for settings where the model for the disease
process is more complex than a censored failure time. In many chronic conditions the
disease involves progression through different stages and interest lies in examining the
association between possible risk factors and progression rates more broadly. When the
disease process involves a series of distinct stages it can be naturally modelled as a multi-
state process (Cook and Lawless, 2018; Andersen and Ravn, 2023). When the transition
times between states are observed precisely then methods based on failure time processes
can be readily adapted, but unique challenges arise when transition times between disease
states are not observable. Examples where this is the case include studies of the progression
of retinopathy in diabetes (Ghamdi, 2020), cirrhosis in liver disease (Rosselli et al, 2013),
and dementia in neurological studies (Albert et al, 2018). In these settings imaging is
required to assess the extent of damage and to infer whether transitions to more advanced
disease states occurred; for other conditions the extent of damage may be determined by
clinical examination. Likelihood construction for such data is given for Markov processes
by Kalbfleisch and Lawless (1985) who also describe a Fisher-scoring algorithm for param-
eter estimation. This method is implemented in the package msm by Jackson (2011) in
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Figure 4.1: Ten sample timelines depicting disease progression obtained from follow-up
visits since clinic entry on joint damage in patients with psoriatic arthritis (PsA) from the
University of Toronto Psoriatic Arthritis Cohort.

R.

We consider the design of two-phase studies aimed at selecting biospecimens for assay in
order to efficiently measure the biomarker effect on the transition intensities in progressive
disease processes. The work is motivated by research at the University of Toronto Centre
for Prognostic Studies in Rheumatic Disease which maintains a registry of patients with
psoriatic arthritis (PsA) (Gladman and Chandran, 2011). Upon recruitment to the registry
blood samples are taken and stored in a biobank, and baseline data are collected on demo-
graphic, clinical and lifestyle variables. Patients are then followed according to a protocol
which involves annual clinical examination and biannual radiographic examination. Upon
radiographic examination each of 64 joints is assessed for its degree of damage according to
the modified Steinbrocker score (Rahman et al, 1998) and the number of damaged joints
is recorded. Based on this number patients can be classified as having very mild disease
(0 damaged joint), oligoarthritis (1-4 damaged joints) polyarthritis (5-9 damaged joints)
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and severe polyarthritis (> 9 damaged joints). Figure 4.1 presents sample data for 10
individuals from the University of Toronto Psoriatic Arthritis Cohort. The length of each
line indicates the duration each individual was followed since their initial clinic entry, and
the vertical ticks represent visits when radiographic examinations were conducted to assess
joint damage. Different colors in Figure 4.1 represent distinct states of joint damage. We
consider a multistate process based on such a progressive model and aim to assess the role
of the HLA marker B27 on the risk of progression across these states.

The remainder of this Chapter is structured as follows. In Section 4.2 we describe a
continuous-time progressive disease process and define the notations for the setting where
observations are intermittent. A common coefficient of interest across transition states for
the covariates is considered. In Section 4.3 we present the likelihood formulation where
an expensive covariate of key interest is missing. The analyses methods including max-
imum likelihood, conditional maximum likelihood, and inverse probability weighting are
discussed. Section 4.4 introduces the approximately optimal score residual-based phase
II sub-sampling scheme proposed by Tao et al (2020) along with the stratified phase II
sub-sampling approach. In Section 4.5, we conduct a simulation study to assess the ef-
ficiency of the effect of the biomarker obtained from different sub-sampling frameworks
using different analyses approaches. We demonstrate the efficiency gains through score
residual-based sub-sampling strategy. In Section 4.6 we present a motivating example in-
volving patients with psoriatic arthritis where we investigate the effect of HLA-B27 on the
number of damaged joints in a two-phase design. Concluding remarks and directions for
future research are given in Section 4.7.

4.2 Intermittent Observation of Progressive Processes

Consider a multistate process with state space S = {0, 1, . . . , K} where state 0 represents
an initial healthy state and states 1, 2, . . . , K progressively more advanced disease states.
Figure 4.2 is a schematic diagram representing the particulars of this disease process in
which transitions can occur from state k − 1 to state k, k = 1, . . . , K. There are many
chronic diseases which can be represented by such processes including liver cirrhosis in
hepatitis, functional declines in musculoskeletal disease, or nephropathy in kidney disease.
In other contexts with large K one may define the states as above based on the cumulative
number of events such as fractures in osteoporosis, falls in gerontology, or internal bleeds
in neurology. Let Z(t) denote the disease state occupied at time t ≥ 0, where Z(t) ∈ S,
and {Z(t), 0 ≤ t} represent the stochastic disease process. Let X2 denote a vector of
inexpensive covariates which are easily available upon recruitment to a cohort and X1
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represent a biomarker of interest, with X = (X1,X
′
2)

′. The history for the disease process
at t is denoted by H(t) = {Z(s), 0 ≤ s < t,X}.

0 1 2 K…

Figure 4.2: A progressive multistate model with K + 1 states.

The stochastic nature of the disease process is specified through the intensity functions
(Cook and Lawless, 2018)

lim
∆t↓0

P (Z(t+∆t−) = k + 1 | Z(t−) = k,H(t))

∆t
= λk(t | H(t)) , k = 0, 1, . . . , K − 1 .

For modulated Markov models with multiplicative covariate effects (Cook and Lawless,
2018) the intensities have the form

λk(t | H(t)) = λk0(t;α) exp(β1X1 + β
′
2X2) , (4.1)

where λk0(t;α) is the baseline intensity function indexed by α, β = (β1,β
′
2)

′ is a vector of
regression coefficients, and θ = (α′,β′)′. Our primary focus is on β1 which is the effect of
the biomarker on the transition intensities for the disease processes.

The disease process is under incomplete observation due to intermittent observation
over an administrative censoring period and possible random right censoring from loss to
follow-up. Let (0, τ ] denote the planned period of observation with administrative censoring
time τ , C0 be a random loss to follow-up time, and C = min(C0, τ) denote the net censoring
time. We define Y (t) = I(t ≤ C) to indicate whether the individual is under observation at
study time t. We let A(t) count the number of clinic visits over (0, t] with dA(t) = 1 if the
visit occurred at time t and dA(t) = 0 otherwise. If dĀ(t) = Y (t)dA(t) then {Ā(t), 0 < t} is
the counting process for visits at which the disease state is assessed where Ā(t) =

∫ t

0
dĀ(s)

is the observed number of assessments over (0, t]. In what follows we assume that the
conditionally independent visit process (CIVP) assumption of Cook and Lawless (2021) is
satisfied. Let a0 < a1 < · · · < am be the realized visit times (i.e. dĀ(t) = 1 if t = ar
for some r ∈ {1, . . . ,m} but dĀ(t) = 0 otherwise) so that total number of visits over
(0, τ ] is m = Ā(τ) =

∫ τ

0
dĀ(s). Complete data on the disease process and covariates for

this hypothetical individual can be represented as D = {(Z(ar), ar), r = 0, 1, . . . ,m;X}.
With this complete data and under the CIVP assumption (Cook and Lawless, 2021) the
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likelihood conditional on the covariate X is

P (D |X;θ) ∝
m∏
r=1

P (Z(ar) | ar, Z(ar−1),X;θ) .

In the framework of two-phase designs, the covariate X1 is not available in the phase I
sample so the data are DI = {(Z(ar), ar), r = 0, 1, . . . ,m;X2}. Individuals are to be
chosen to form a phase II sub-sample in which X1 is measured by assaying the stored
biospecimens. We let R indicate the selection such that R = 1 if the individual has
their biospecimens assayed and X1 is measured (i.e. they are included in the phase II
sub-sample) and R = 0 otherwise. The selection of phase II subsamples may depend on
the full phase I data or only the observed data DI for the respective individual, and in
either case X1 is missing at random (MAR) (Little and Rubin, 2019). Likelihood estimates
retain good properties when covariates are MAR but weighting may be needed for other
approaches as we discuss next. We propose and evaluate phase II selection methods and
models in terms of the precision of the estimator characterizing the biomarker effect on
disease progression (β̂1) when the disease process is under intermittent observation. The
various methods of analysis and sub-sampling are compared in settings where we respect
budgetary constraints. In Section 4.3 we first discuss methods of estimation for multistate
processes under intermittent observation when covariates are incomplete.

4.3 Analysis Methods for Two-Phase Studies

4.3.1 Maximum Likelihood

Maximum likelihood estimation is the most efficient method for dealing with incomplete
covariates but it does require specification of the covariate distribution which can be chal-
lenging when X1 is continuous or X2 is high dimensional and contains a combination of
categorical and continuous covariates. While in general this can raise robustness concerns
in what follows we consider discrete covariates. Let P (X;γ) denote the joint distribution
of the covariates which can be factored as

P (X;γ) = P (X1 |X2;γ1)P (X2;γ2) ,

with γ = (γ ′
1,γ

′
2)

′. The joint probability of inexpensive covariates P (X2;γ2) can be fitted
based on the phase I sample and if covariates are discrete this is straightforward. The full
set of parameters is denoted by ϑ = (θ′,γ ′)′.
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Consider a sample of observations from n independent processes yielding phase I data
{(Z(air), air), r = 0, . . . ,mi,X i2} for process i, i = 1, . . . , n. Let Ri = 1 if individual i is se-
lected for inclusion in the phase II sample in which case we observe D◦

i = {(Z(air), air), r =
0, . . . ,mi,X i} if Ri = 1 and D◦

i = {(Z(air), air), r = 0, . . . ,mi,X i2} if Ri = 0, i = 1, . . . , n.
This gives the data after phase II selection as {D◦

i , i = 1, . . . , n} yielding the observed data
likelihood

L(ϑ) =
n∏

i=1

{P (Di |X i;θ)P (Xi1 |X i2;γ1)P (X i2;γ2)}
Ri ×{∫

P (Di |X i;θ)P (Xi1 |X i2;γ1)P (X i2;γ2)dx1

}1−Ri

,

where

P (Di |X i;θ) =

mi∏
r=1

K∏
k,l=1

P (Z(air) = l | Z(ai,r−1) = k,X i;θ)
δiklr =

mi∏
r=1

K∏
k,l=1

Piklr(X;θ)δiklr ,

and δiklr = I(Z(ai,r−1) = k, Z(air) = l) denotes the indicator of subject i in state k at ai,r−1

and l at air. The transition probability Piklr(X;θ) = P (Z(air) = l | Z(ai,r−1) = k,X i;θ)
can be obtained from the (k+1, l+1) entry of the transition probability matrix Pr(X;θ)
(Cox, 2017) where

Pr(X;θ) = exp {Q(X;θ)(ar − ar−1)} , (4.2)

and Q(X;θ) is the transition intensity matrix (Cox, 2017) with (k + 1, l + 1) entry being
λkl(t | H(t−)), k, l = 0, . . . , K, with

λkl(t | H(t−)) =


λk(t | H(t−)) , k = 0, 1, . . . , K − 1, l = k + 1

0 , l > k + 1, l < k

−
∑
j ̸=k

λkj(t | H(t−)) , l = k .

Hence the full log-likelihood is written as

ℓ(ϑ) =
n∑

i=1

ℓi(ϑ) =
n∑

i=1

Ri {logP (Di |X i;θ) + logP (Xi1 |X i2;γ1)}

+ (1−Ri)

{
log

∫
P (Di |X i;θ)P (Xi1 |X i2;γ1)dx1

}
+ logP (X i2;γ2) . (4.3)
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The estimate ϑ̂ is obtained by solving the score equations

S(ϑ) =
n∑

i=1

Si(ϑ) =

(
n∑

i=1

S′
i1(ϑ),

n∑
i=1

S′
i2(ϑ),

n∑
i=1

S′
i3(γ2)

)′

= 0 ,

where

Si1(ϑ) =
∂ℓi(ϑ)

∂θ
= RiSi1(Di |Xi;θ) + (1−Ri)EX1|D,X2

{Si1(Di |Xi;θ);ϑ1} , (4.4)

Si2(ϑ) =
∂ℓi(ϑ)

∂γ1

= RiSi2(Xi1 |Xi2;γ1) + (1−Ri)EX1|D,X2
{Si2(Xi1 |Xi2;γ1);ϑ1} , (4.5)

and

Si3(γ2) =
∂ℓi(ϑ)

∂γ2

= Si3(X i2;γ2) . (4.6)

The complete score Si1(Di | X i;θ) = ∂ logP (Di | X i;θ)/∂θ can be computed using the
matrix decomposition given θ as discussed by Kalbfleisch and Lawless (1985); Si2(Xi1 |
X i2;γ1) = ∂ logP (Xi1 | X i2;γ1)/∂γ1 and Si3(X i2;γ2) = ∂ logP (X i2;γ2)/∂γ2 usually
have a simple form given the parameters. Details regarding the derivation of (4.4) are
provided in Appendix C.1.

From (4.4) and (4.5) we see that the observed data score for individuals not selected
into phase II (i.e. Ri = 0) can be expressed as the conditional expectation of the complete
data score (Louis, 1982). Consequently once the phase II sample has been selected, the
expectation-maximization (EM) algorithm (Dempster et al, 1977) can be used to estimate
ϑ. Let

η
(r)
i1 = P

(
Xi1 = 1 | Di,X i2;ϑ

(r−1)
)

be the estimated probability from the rth iteration. The parameters can be estimated by
solving equation U (r)(ϑ) = 0 iteratively until the convergence of ϑ̂, where U (r)(ϑ) is ∑n

i=1 RiSi1(Di |Xi;θ) + (1−Ri)
{
Si1(Di | Xi1 = 1,Xi2;θ)η

(r)
i1 + Si1(Di | Xi1 = 0,Xi2;θ)(1− η

(r)
i1 )
}

∑n
i=1 RiSi2(Xi1 |Xi2;γ1) + (1−Ri)

{
Si2(Xi1 = 1 |Xi2;γ1)η

(r)
i1 + Si2(Xi1 = 0 |Xi2;γ1)(1− η

(r)
i1 )
}  .

The EM algorithm is particularly flexible and robust when dealing with complex models but
the convergence of the estimates can be slow due to iterative computation of expectations
and maximizations. Alternatively ϑ̂ can be obtained through direct maximization of the
log-likelihood function in (4.3). This approach may be more computationally efficient than
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the EM algorithm if the likelihood function is not overly complicated to evaluate and
optimize. Under the standard regularity condition the ϑ̂ is asymptotically normal with

√
n
(
ϑ̂− ϑ

)
d−−→ MVN

(
0,E{Si(ϑ)

′Si(ϑ)}−1
)

as n→ ∞ . (4.7)

In practice the asymptotic variance can be estimated using the empirical averages, i.e.,

ĉov(
√
n(ϑ̂− ϑ)) =

{
1

n

n∑
i=1

Si(ϑ)
′Si(ϑ)

}−1 ∣∣∣∣
ϑ=ϑ̂

.

4.3.2 Conditional Maximum Likelihood

The maximum likelihood approach involves estimating both the parameters of interest
and nuisance parameters. An alternative likelihood-based method is the conditional maxi-
mum likelihood approach, which does not require the modeling of the nuisance parameters
(Berger et al, 1999). We assume that the initial state is 0 for all subjects, the conditional
maximum likelihood can be written as

LC(θ,ψ) =
n∏

i=1

P (Di |X i, Ri = 1;θ,ψ)Ri =
n∏

i=1

{
P (Di |X i;θ)πi∑

z P (Z(aimi
) = z | Z(0) = 0,X i;θ)πi

}Ri

where πi = P (Ri = 1 | Z(aimi
),X i2;ψ) and ψ is the vector of parameters governing the

sampling probability. Note that the nuisance distribution P (Xi1 | X i2;γ1) is eliminated
from the conditional maximum likelihood but the sampling probability needs to be esti-
mated if it is not known and it can take the form of the disease process and inexpensive
covariates which are available for all subjects, e.g.,

logit πi = ψ0 + ψ1Z(aimi
) + ψ′

2X i2 + ψ′
3Z(aimi

)X i2 . (4.8)

The parameters ψ̂ can be obtained by fitting a logistic regression. The sampling weights
are then estimated by π̂i = π̂i(ψ̂) or through the re-estimation by solving equation (4.9)
which uses the information of all individuals in the phase I sample (Yang et al, 2022),

n∑
i=1

Ui0(ψ) =
n∑

i=1

∂πi
∂ψ

Ri − πi
πi(1− πi)

= 0 . (4.9)

The estimates θ̂ can be obtained by solving the score equations from the phase II
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subsamples,

n∑
i=1

SiC(Di |X i;θ,ψ) =
n∑

i=1

Ri
∂

∂θ
logP (Di |X i, Ri = 1;θ,ψ) = 0 . (4.10)

Substituting π̂i for πi in (4.10) and with the regularity condition (Lawless et al, 1999;
Andersen, 1970) θ̂ is asymptotically normal with

√
n
(
θ̂ − θ

)
d−−→ MVN

(
0,A−1

C (BC − ΓC HΓ′
C)(A−1

C )′
)

as n→ ∞ ,

where AC = E{−∂SiC(Di | X i;θ,ψ)/∂θ}, BC = E{SiC(Di | X i;θ,ψ)S
′
iC(Di | X i;θ,ψ)},

ΓC = E{−∂SiC(Di |X i;θ,ψ)/∂ψ}, and H = E{Ui0(ψ)U
′
i0(ψ)}.

4.3.3 Inverse Probability Weighted Estimating Equations

The biomarker X1 is only available for phase II subsamples which introduces a missing data
problem. Inverse probability weighting (IPW) is commonly used to handle missing data by
assigning each individual a weight based on the inverse of their sampling probability (i.e.
1/πi). This approach allows for valid inferences by accounting for the unequal probabilities
of selection. The estimate θ̂ is then obtained by solving the inverse probability weighted
estimating equations

n∑
i=1

Ui1(Di |X i;θ,ψ) =
n∑

i=1

Ri

πi
Si1(Di |X i;θ) = 0 , (4.11)

where

Si1(Di |X i;θ) =
∂

∂θ
logP (Di |X i;θ) .

We again replace πi by π̂i in (4.11) and under the regularity condition (Lawless et al, 1999;
Robins et al, 1995) θ̂ is asymptotically normal with

√
n
(
θ̂ − θ

)
d−−→ MVN

(
0,A−1(B − ΓHΓ′)(A−1)′

)
as n→ ∞ ,

where A = E{−∂Ui1(Di | X i;θ,ψ)/∂θ}, B = E{Ui1(Di | X i;θ,ψ)U
′
i1(Di | X i;θ,ψ)},

and Γ = E{−∂Ui1(Di | X i;θ,ψ)/∂ψ}. Note that if the sampling probability is known
rather than estimated, the asymptotic variance would be A−1B(A−1)′ (McIsaac and Cook,
2017) where ψ is treated as the true parameter and can be omitted in the score function,
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i.e. Ui1(Di |X i;θ,ψ) = Ui1(Di |X i;θ).

The IPW approach is straightforward to implement as it also does not require modelling
the nuisance distribution P (Xi1 | X i2;γ1). However its performance highly depends on
the correct specification of the sampling probability model πi. If πi is misspecified, the
IPW method may generate extreme weights for certain individuals, potentially leading to
biased estimates with high variance. Additionally IPW tends to be less efficient compared
to the maximum likelihood method because it only utilizes partial information from phase
I data (Chen and Lumley, 2022).

4.4 Two-Phase Sub-Sampling Strategies

4.4.1 Residual Dependent Phase II Subsampling

Here we consider the optimal two-phase design based on the maximum likelihood estima-
tion. We let the asymptotic variance of β̂1 from (4.7) be Vβ1 , i.e. Vβ1 = var(

√
n(β̂1 − β1)).

The aim is to find the optimal two-phase design which minimizes Vβ1 subject to the budget
constraint

P (Ri = 1) = pc , (4.12)

where pc is the fixed phase II sampling fraction according to the study budget, 0 < pc ≤ 1.
The phase II sample size can then be determined as n2 = npc.

We assume a time-homogeneous Markov model for the state transition so the transition
intensity from state k to k + 1 in (4.1) can be simplified to

λk(X;θ) = λk0e
X1β1+X′

2β2 ,

where θ = (λk0, β1,β
′
2)

′, k = 0, 1, . . . , K − 1.

The transition probability Pr(X;θ) in (4.2) then has a close form expression with the
(k, l) entry given by (Satten, 1999)

Pklr(X) = P (Z(ar) = l | Z(ar−1) = k,X;θ) =

{ ∑l
j=k Ckjle

−λj(X;θ)(ar−ar−1) , k ≤ l

0 , k > l ,

where

Ckjl =

∏l−1
s=k λs(X;θ)∏l

s=k,s̸=j(λs(X;θ)− λj(X;θ))
=

∏l−1
s=k λs0∏l

s=k,s̸=j(λs0 − λj0)
, k ≤ j ≤ l ,
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and Cjjj = 1.

The calculations of Vβ1 can be greatly simplified and its expression is analytically
tractable under the assumption that β1 = o(1) (Tao et al, 2020). Tao et al (2020) argue
that this assumption is reasonable as biomarkers often exhibit a small effect on outcomes
in many studies. It is essential to assess the efficiency of the biomarker estimator particu-
larly when the effect size is indeed small. Moreover many empirical findings show that the
two-phase design with the residual-dependent sampling under β1 = o(1) assumption yields
estimators with higher efficiency, even when the true β1 is not small (Tao et al, 2020; Mao
and Cook, 2023).

Under the assumption β1 = o(1), we can write Vβ1 (Tao et al, 2020) as

Vβ1 = [Σ1 + E{R · var(Mµ | R = 1,X2)var(X1 |X2)}]−1 , (4.13)

where Σ1 is the fisher information of β1 which does not depend on R, and Mµ is the
derivative of logP (D | X;θ) with respect to µ = X1β1 +X

′
2β2. Furthermore Mµ can be

written as

Mµ =
∂ logP (D |X;θ)

∂µ

=
m∑
r=1

K∑
k=1

K∑
l=1

−δklr(ar − ar−1)

∑l
j=k λj(X;θ)P

(j)
klr (X)

Pklr(X)
, k ≤ l , (4.14)

where P
(j)
klr (X) = Ckjl exp{−λj(X;θ)(ar − ar−1)}. It can be shown that E(Mµ) = 0 and

Mµ can be viewed as the residuals of the complete data score (Mao and Cook, 2023). The
details of related derivations are provided in Appendix C.2.

Since Σ1 in (4.13) does not depend on the phase II sampling, minimizing (4.13) is
equivalent to the maximization of

E{R · var(Mµ | R = 1,X2)var(X1 |X2)} (4.15)

subject to the constraint in (4.12). The optimal or approximately optimal design (when
β1 is far from zero) refers to the sampling rule that selects individuals with the extreme
values of Mµvar(X1 |X2)

1/2 in each stratum defined by X2 while satisfying the constraint
in (4.12) (Tao et al, 2020). The value of var(X1 | X2) is typically unknown without
historical data. Mao and Cook (2023) propose using an adaptive design where a preliminary
sample is selected from phase I and X1 is measured for this small sample to estimate
var(X1 | X2). Alternatively var(X1 | X2) can be treated as constant assuming X1 ⊥ X2.
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This assumption is often reasonable particularly when X1 is the generic biomarker andX2

represents the demographic characteristics that are available for all individuals (Mao and
Cook, 2023). We refer this sampling rule as the score residual-dependent sampling as Mµ

can be considered as a score-type residual derived from the complete data.

4.4.2 Stratified Phase II Subsampling

Balanced sampling is a stratified sampling technique that ensures the selected subjects
are representative of the population in terms of key auxiliary variables. It enhances the
efficiency of statistical estimators by selecting an equal number of subjects from each stra-
tum. Let C(Z(aimi

),X i2) denote the stratum for subject i where C(·) maps the realization
of (Z(aimi

),X ′
i2) to strata labeled 1, 2, . . . , ns. The mapping C(Z(aimi

),X i2) determines
the covariates that define the strata for subsampling. Stratified subsampling can then be
implemented with the sampling probability πi = P (Ri = 1 | Z(aimi

),X i2;ψ) as modeled
in (4.8).

In some cases certain strata may have very small sizes which are insufficient for selecting
the desired number of subsamples. For strata with the insufficient number of subjects we
can either randomly select samples with replacement to obtain the required sample size,
or select all available subjects from that stratum and compensate by selecting additional
subjects from larger strata to reach the target sample size. More generally suppose we plan
to select n2 subjects from ns strata for phase II measurement. In balanced sampling we aim
to select n2/ns subjects equally from each stratum. However, when some strata sizes are
smaller than n2/ns we can partition n2 into ns groups considering all possible combinations
of sample sizes. These combinations are then ranked from the lowest variance (representing
equal sample sizes across strata, which is ideal) to the highest variance. We next select the
first combination where the sampling sizes are less than or equal to the available strata
sizes. For example if we need to select 6 subjects using balanced sampling from two strata
with sizes of 10 and 2 respectively. The possible partitions ranked from lowest to highest
variance are (3, 3), (4, 2), (2, 4), (5, 1), (1, 5), (6, 0), (0, 6). In this case we would select 4
subjects from the larger stratum and 2 subjects from the smaller one. This ensures we
meet the target sample size while maintaining the lowest variance in sample sizes among
strata, thus achieving approximately balanced sampling.
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4.5 Empirical Studies of Two-Phase Designs

Here we examine the empirical efficiency of the estimator of biomarker effect under dif-
ferent two-phase designs and estimation methods. We consider simple random sampling
(SRS), balanced sampling (BAL), and score residual-dependent sampling (RES) with the
biomarker effect estimated using the maximum likelihood approach (ML). Additionally we
evaluate the simple random sampling and balanced sampling strategies with biomarker
effect estimated using the conditional maximum likelihood (CML), and inverse proba-
bility weighting approaches (IPW). We consider a phase I sample of n = 2, 000 sub-
jects, from which we plan to select a subsample of size n2 = 300 or 600 for phase II
measurements of the expensive biomarker X1. Suppose the inexpensive covariate is bi-
nary, generated as X2 ∼ Bernoulli(0.5), and the expensive biomarker is generated as
X1 ∼ Bernoulli(P (X1 = 1 | X2)) where P (X1 = 1 | X2) = expit(γ0 + γ1X2), γ1 = log(2),
and γ0 can be solved to ensure P (X1 = 1) = 0.2 or 0.5 for low and moderate probability
of having positive biomarker respectively.

We consider the progressive disease process with three states, states 0, 1, and final
state 2. Suppose the baseline transition intensities are λ00 (from state 0 to state 1) and
λ10 (from state 1 to state 2), with λ10 = 1.1λ00, reflecting a higher intensity from state
1 to final state 2. We set the probability of reaching the final state 2 by time τ = 1 to
P (Z(τ) = 2) = 0.4 or 0.8, corresponding to moderate and high risk of getting into the final
state by the end of administrative time τ . The baseline transition intensities λ00 and λ10
can then be obtained by solving P (Z(τ) = 2) = 0.4 or 0.8, and the transition intensity is
modeled as λk(X;θ) = λk0e

β1X1+β2X2 , k = 0, 1, where we let β1 = 0, log(1.25), log(2), and
β2 = log(2). With this setup the transition intensity matrix is determined, and individual
disease progression can be simulated using sim.msm function from the msm R package
(Jackson, 2011). Furthermore we assume all subjects start in state 0 at the origin, and
their clinic visit times follow an exponential distribution with rate λa = 4 resulting in an
average visit interval of 1/4 units of time. These clinic visit times (i.e. air) can then be
generated and corresponding disease states occupied at each clinic visit for each subject
(i.e. Z(air)) can be determined, r = 0, 1, . . . ,mi.

With the simulated data we implement three sampling strategies in phase II. For the
simple random sampling we randomly select n2 subjects from phase I; for score residual-
dependent sampling we select n2/4 subjects with the highest and n2/4 subjects with
the lowest values of Mµ{var(X1|X2)}1/2 within each stratum defined by X2 = j, where
var(X1|X2 = j) = P (X1 = 1 | X2 = j)(1 − P (X1 = 1 | X2 = j)), j = 0, 1. For the bal-
anced sampling we define 6 strata based on the state observed at the last visit (i.e., state
0, 1, or 2) and the binary covariate X2; see Table 4.1. We select an equal number of sub-
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jects randomly from each stratum. If strata sizes are insufficient, approximately balanced
sampling is performed. The data generation process is repeated for nsim = 1, 000 iterations
for each parameter configuration with different designs. The selection probabilities in the
stratified subsampling designs and the estimation methods are modeled as

logit πi = ψ0 + ψ1Z(ami
) + ψ2Xi2 + ψ3Z(ami

)Xi2 .

Table 4.1: Tabulation of strata in empirical studies of two-phase design.

stratum 1 stratum 2 stratum 3 stratum 4 stratum 5 stratum 6
Z(τ) 0 0 1 1 2 2
X2 0 1 0 1 0 1

Three analysis methods considered here yield consistent estimates, and the empiri-
cal and analytical standard errors of the estimated biomarker effect for each setting are
summarized in Table 4.2. The empirical standard errors and analytical standard errors
shown in brackets are closely aligned. Estimates obtained using the maximum likelihood
method have higher efficiency compared to those from the other two methods. Score
residual-dependent sampling selects more subjects from the strata 1, 2, 5, and 6, indicat-
ing a preference for subjects who are either in the initial state or the final state at the
last visit before censoring; see Table C.1 in Appendix C.2. Among all frameworks score
residual-dependent sampling with the maximum likelihood method achieves the highest
efficiency of the estimates, confirming that it is an approximately optimal design. Bal-
anced sampling can be less efficient than simple random sampling under some parameter
settings as it selects an equal number of subjects from each stratum which leads to the
over-selection of subjects in the middle state 1 (strata 3 and 4) at the final visit compared
to simple random sampling and score residual-dependent sampling. The conditional max-
imum likelihood method with simple random sampling or balanced sampling approaches
the efficiency of the maximum likelihood method as the phase II sample size increases,
while the inverse probability weighting approach is the least efficient overall.

4.6 Joint Damage in Psoriatic Arthritis

Psoriatic arthritis (PsA) is a chronic immunological disease where the immune system
mistakenly attacks healthy joints, causing joint inflammation and potentially leading to
joint damage. The University of Toronto Psoriatic Arthritis Clinic was established in
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Table 4.2: Empirical standard errors and analytical standard errors† of β̂1 obtained from
maximum likelihood (ML), conditional maximum likelihood (CML), and inverse probabil-
ity weighting (IPW) approaches for two-phase designs with simple random sampling (SRS),
balanced sampling (BAL), and score residual-based sampling (RES); phase I sample size
n = 2000, nsim = 1000.

ML CML IPW

n2 P (Z(τ) = 2) P (X1 = 1) β1 SRS BAL RES SRS BAL SRS BAL

300 0.4 0.2 0 0.155 (0.153) 0.148 (0.149) 0.098 (0.097) 0.156 (0.154) 0.151 (0.150) 0.158 (0.153) 0.154 (0.153)
0.22 0.148 (0.144) 0.145 (0.141) 0.096 (0.094) 0.148 (0.147) 0.148 (0.144) 0.149 (0.147) 0.151 (0.146)
0.69 0.119 (0.120) 0.120 (0.118) 0.093 (0.093) 0.136 (0.139) 0.138 (0.136) 0.137 (0.138) 0.141 (0.138)

0.5 0 0.129 (0.125) 0.128 (0.120) 0.081 (0.080) 0.129 (0.126) 0.130 (0.121) 0.129 (0.126) 0.132 (0.125)
0.22 0.126 (0.124) 0.116 (0.120) 0.078 (0.080) 0.129 (0.127) 0.119 (0.122) 0.130 (0.127) 0.122 (0.126)
0.69 0.117 (0.118) 0.114 (0.115) 0.084 (0.085) 0.129 (0.133) 0.126 (0.128) 0.130 (0.133) 0.130 (0.133)

0.8 0.2 0 0.121 (0.123) 0.107 (0.107) 0.069 (0.070) 0.122 (0.126) 0.123 (0.119) 0.124 (0.123) 0.136 (0.131)
0.22 0.114 (0.117) 0.105 (0.103) 0.068 (0.069) 0.119 (0.124) 0.129 (0.114) 0.121 (0.121) 0.137 (0.133)
0.69 0.095 (0.097) 0.090 (0.091) 0.094 (0.095) 0.120 (0.127) 0.149 (0.110) 0.120 (0.120) 0.147 (0.142)

0.5 0 0.098 (0.099) 0.086 (0.088) 0.056 (0.057) 0.099 (0.101) 0.097 (0.097) 0.101 (0.100) 0.102 (0.106)
0.22 0.095 (0.093) 0.084 (0.084) 0.056 (0.057) 0.100 (0.101) 0.099 (0.097) 0.102 (0.100) 0.109 (0.106)
0.69 0.070 (0.070) 0.070 (0.068) 0.058 (0.056) 0.099 (0.102) 0.109 (0.098) 0.099 (0.101) 0.112 (0.111)

600 0.4 0.2 0 0.105 (0.107) 0.108 (0.105) 0.071 (0.074) 0.105 (0.108) 0.109 (0.105) 0.105 (0.107) 0.110 (0.107)
0.22 0.105 (0.102) 0.101 (0.100) 0.071 (0.071) 0.105 (0.103) 0.102 (0.101) 0.105 (0.103) 0.102 (0.103)
0.69 0.089 (0.091) 0.093 (0.089) 0.073 (0.071) 0.096 (0.097) 0.096 (0.096) 0.096 (0.097) 0.099 (0.097)

0.5 0 0.089 (0.088) 0.084 (0.085) 0.060 (0.060) 0.089 (0.088) 0.085 (0.085) 0.089 (0.088) 0.087 (0.088)
0.22 0.086 (0.088) 0.083 (0.085) 0.059 (0.061) 0.087 (0.089) 0.085 (0.086) 0.087 (0.089) 0.087 (0.089)
0.69 0.089 (0.088) 0.087 (0.086) 0.063 (0.065) 0.092 (0.093) 0.092 (0.090) 0.093 (0.093) 0.093 (0.094)

0.8 0.2 0 0.084 (0.087) 0.075 (0.076) 0.055 (0.057) 0.084 (0.087) 0.085 (0.085) 0.085 (0.086) 0.090 (0.090)
0.22 0.083 (0.084) 0.073 (0.074) 0.056 (0.056) 0.085 (0.087) 0.088 (0.080) 0.085 (0.085) 0.093 (0.091)
0.69 0.075 (0.077) 0.071 (0.072) 0.066 (0.065) 0.085 (0.088) 0.100 (0.077) 0.085 (0.085) 0.102 (0.097)

0.5 0 0.066 (0.070) 0.063 (0.063) 0.045 (0.046) 0.066 (0.070) 0.070 (0.069) 0.066 (0.070) 0.072 (0.073)
0.22 0.068 (0.068) 0.062 (0.062) 0.046 (0.046) 0.070 (0.070) 0.071 (0.069) 0.071 (0.070) 0.072 (0.073)
0.69 0.059 (0.059) 0.057 (0.057) 0.048 (0.047) 0.069 (0.071) 0.072 (0.069) 0.069 (0.071) 0.072 (0.075)

† Analytical standard errors which are the average standard errors over 1000 simula-
tions are summarized in the brackets.

1978 at the Centre for Prognosis Studies in Rheumatic Disease at the Toronto Western
Hospital (Gladman and Chandran, 2011). Patients diagnosed with PsA were recruited and
evaluated upon entry into the study with scheduled radiographic examinations every six
months (Gladman et al, 1987). Assessments are conducted across 64 joints of the hands
and feet. One way to determine the disease states is based on the number of damaged joints
where a damaged joint is identified as deformed, ankylosed, flail, or surgically treated. We
then consider four disease states represented by the multistate diagram in Figure 4.3 where
state 0 denotes no joint damage, state 1 represents oligoarthritis with 1-4 damaged joints,
state 2 represents polyarthritis with 5-9 damaged joints, and state 3 is entered upon the
development of severe polyarthritis with more than 10 damaged joints.
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Figure 4.3: A progressive model for the development of damaged joints in patients with
psoriatic arthritis.

Our interest is to investigate the risk of developing joint damage in patients with PsA in
relation to the presence of the human leukocyte antigen B27 (HLA-B27) marker which has
been linked to autoimmune conditions. Since testing for HLA markers through biosamples
can be costly in large cohort studies, we employ a two-phase design to offer a more cost-
effective data collection approach. We used a sample of 1,116 patients for analysis and
consider the intensity-based regression modeling for the disease state transitions. The
covariates included HLA-B27 status (X1 = 1 if HLA-B27 is positive, X1 = 0 otherwise),
gender (X2 = 1 for male, X2 = 0 for female), age of PsA onset (in years) (X3), and family
history of PsA (X4 = 1 if yes, X4 = 0 otherwise). The transition intensity model takes the
form of

λk−1,k(X) = λk−1,k exp(β1X1 + β2X2 + β3X3 + β4X4), k = 1, 2, 3

for the disease process. We treat the HLA-B27 marker as the expensive covariate while
gender, age of PsA onset, and family history of PsA are considered inexpensive covariates
which are available for all individuals in the phase I sample. We select n2 = 480 patients for
HLA-B27 marker assessment using simple random sampling, balanced sampling, and score
residual-dependent sampling. In balanced sampling strata are defined by the disease states
at the last visit (states 0, 1, 2, 3), gender (male, female), age of PsA onset (≤ 40, > 40),
and family history of PsA (yes, no) which leads to 32 exclusive strata. We implemented the
maximum likelihood, conditional maximum likelihood, and inverse probability weighting
methods for estimating the effect of the HLA-B27 marker. The results along with those
from a full data analysis are summarized in Table 4.3.

The likelihood-based estimating methods yields more efficient estimates than the in-
verse probability weighting approach. The regression coefficient estimates from the score
residual-dependent phase II sub-sampling framework using the maximum likelihood method
are very similar to those obtained from the full sample analysis, and Table 4.4 summarizes
the estimates obtained from the maximum likelihood method with score residual-dependent
sampling. The baseline transition intensity from state 2 to state 3 (λ23 = 0.085) is the
highest which indicates that PsA patients in the early polyarthritis stage are at a higher
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Table 4.3: Estimates with standard errors from maximum likelihood (ML), conditional
maximum likelihood (CML), and inverse probability weighting (IPW) approaches for the
two-phase designs with simple random sampling (SRS), balanced sampling (BAL), and
residual-based sampling (RES) employed in the joint damage data of patients with psoriatic
arthritis; phase I sample size n = 1116, and phase II sample size n2 = 480.

ML CML IPW

Parameter Full data SRS BAL RES SRS BAL SRS BAL

λ01 0.056 (0.007) 0.053 (0.006) 0.058 (0.006) 0.057 (0.006) 0.045 (0.008) 0.061 (0.010) 0.065 (0.016) 0.039 (0.010)
λ12 0.054 (0.007) 0.051 (0.006) 0.057 (0.006) 0.055 (0.006) 0.044 (0.008) 0.073 (0.012) 0.065 (0.015) 0.039 (0.010)
λ23 0.083 (0.011) 0.078 (0.009) 0.087 (0.010) 0.085 (0.010) 0.072 (0.012) 0.090 (0.014) 0.087 (0.023) 0.058 (0.016)
HLA-B27 (Positive vs. Negative) 0.277 (0.089) 0.491 (0.102) 0.199 (0.126) 0.300 (0.080) 0.288 (0.114) 0.147 (0.126) 0.188 (0.158) 0.342 (0.211)
Gender (Male vs. Female) -0.084 (0.070) -0.098 (0.064) -0.094 (0.063) -0.098 (0.063) 0.052 (0.101) -0.196 (0.090) -0.095 (0.117) 0.020 (0.137)
Age of PsA Onset 0.004 (0.003) 0.005 (0.003) 0.003 (0.002) 0.003 (0.002) 0.007 (0.004) 0.002 (0.003) 0.000 (0.005) 0.011 (0.005)
Family History of PsA (Yes vs. No) 0.089 (0.094) 0.080 (0.082) 0.088 (0.081) 0.105 (0.082) 0.001 (0.136) 0.073 (0.092) 0.067 (0.158) 0.087 (0.130)

risk of progressing to the next state which is the severe polyarthritis compare to patients
with fewer damaged joints. Additionally PsA patients who are HLA-B27 positive are sig-
nificantly associated with a higher risk of developing more damaged joints (hazard ratio
(HR)=1.35). Although not statistically significant, patients with a family history of PsA
also exhibited a higher risk of progressing to more damaged joints.

Table 4.4: Summary of estimates obtained from maximum likelihood (ML) with residual-
dependent sampling (RES) employed in phase I; covariates include HLA-B27 status, gen-
der, age of onset of psoriatic arthritis (years), and family history of psoriatic arthritis.

Level Est. HR 95% CI of HR

λ01 0.057
λ12 0.055
λ23 0.085
HLA-B27 Positive vs. Negative 0.300 1.350 (1.153, 1.580)
Gender Male vs. Female -0.098 0.907 (0.802, 1.026)
Age of PsA Onset 0.003 1.003 (0.999, 1.008)
Family History of PsA Yes vs. No 0.105 1.110 (0.945, 1.305)
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4.7 Remarks

We have considered the design of two-phase studies aimed at selecting biospecimens for
biomarker assays to measure biomarkers of interest and estimate their association with
disease progression. Likelihood, conditional likelihood, and IPW approaches are developed
with various sampling strategies. The presentation of the framework in terms of the pro-
gressive process is simplified. In many applications there will be progressive processes with
more complex state spaces, e.g. multiple paths. In cases where mortality rates are high,
the state space should expand to incorporate death. This changes the setting in that death
is typically observed subject to right-censoring and this may be the case even when the
transitions for the non-terminal states are not observed due to intermittent classification
of individuals at clinic visits. The optimal design for studying disease progression can
also be extended in a multiparameter setting where the goal is to choose a phase II sub-
sample to estimate the effect of the expensive biomarker with different coefficients across
the transitions.

Generalized raking can also be considered which is aimed at optimizing weights based
on inverse probability weighted estimating functions when covariates are missing or mis-
measured (Breslow et al, 2009). Calibration is typically carried out through the use of
auxiliary variables that are available for all individuals in the sample. We let ZiG be the
auxiliary variable for individual i. The original weights di = 1/πi are modified to new
weights wi = gidi so that wi and di are as close as possible (Breslow et al, 2009) such that
the weighted sum of the auxiliary variable in phase II is the same as the total auxiliary
variable in phase I, i.e.

n∑
i=1

ZiG =
n∑

i=1

RiwiZiG . (4.16)

The weights adjustment gi can be solved by minimizing
∑n

i=1RiG(wi, di) subject to the
constraint in (4.16) where G(wi, di) is the distance function (Deville and Särndal, 1992).
Examples of distance functions are discussed in Deville and Särndal (1992). We can con-
sider Poisson type deviance G(wi, di) = wi log(wi/di)−wi+di as the distance function here
which guarantees the weights are always positive, and the resulting estimator is known as
generalized raking (GR) estimator (Breslow et al, 2009). The efficiency of the GR estima-
tor depends on the auxiliary variable we used for calibration, and good choices of auxiliary
variables are the ones that are highly correlated with the parameter of interest (Breslow
et al, 2009; Chen and Lumley, 2022; Amorim et al, 2024). Let hi(θ) be the influence
function for θ where

hi(θ) = Ii(θ)
−1Si1(Di |X i;θ) ,
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and Ii(θ) is the fisher information matrix of θ for subject i which can be estimated using
the first derivatives of the transition probabilities (Kalbfleisch and Lawless, 1985). Breslow
et al (2009) show that the conditional expectation of the influence function given the
phase I data (i.e. E{hi(θ) | Di,X2}) is the optimal auxiliary variable which minimizes
the asymptotic variance of the calibration estimator. The optimal auxiliary variable is
typically unavailable as the conditional expectation E{hi(θ) | Di,X2} depends on the
unknown parameter θ. In practice this will be approximated by the empirical value of
hi(θ̂) where θ̂ is estimated from the complete dataset with imputed values of Xi1 for those
who are not selected into phase II. The estimators are then obtained by solving

n∑
i=1

Ui2(Di |X i;θ,ψ) =
n∑

i=1

RiwiSi1(Di |X i;θ) = 0 .

The asymptotic variance of θ̂ can be approximated by treating the calibrated weights wi

as the sampling weights (Lumley, 2011), and we have (Amorim et al, 2024)

√
n
(
θ̂ − θ

)
d−−→ MVN

(
0,A−1

G BG(A−1
G )′
)

as n→ ∞ ,

where AG = E{−∂Ui2(Di |X i;θ,ψ)/∂θ}, BG = E{Ui2(Di |X i;θ,ψ)U
′
i2(Di |X i;θ,ψ)}.

110



Chapter 5

Review and Future Work

This thesis presents new statistical methods that address challenging problems in designing
and analyzing both observational studies and randomized controlled trials to assess expo-
sure or intervention effects in complex settings. General remarks were made at the end of
each chapter regarding the specific contributions and findings. Here we briefly comment
on some areas of possible future work.

5.1 Confounding with Multivariate Exposures

In Chapter 2 we present regression and IPW methods for evaluating the effect of multiple
exposures on the outcome of interest with different types (i.e. continuous, binary, and
semi-continuous). Confounding is addressed using a generalized propensity score (GPS)
which relies on modeling the joint distribution of multiple exposures. The key elements
of the GPS are the linear functions of confounders needed to construct this joint distri-
bution. An important insight is that when confounders influence the association of the
exposure variables, the way they do so must be incorporated into propensity score model-
ing to maintain consistency in estimates and validity of inference regarding the interactions
between exposures. Matching or stratification (Wu et al, 2022) can be developed in this
setting based on the generalized propensity score for dealing with confounders. Stringer
et al (2024) develop a framework for benchmark dose analysis based on the additive dose-
response models where they focus on the univariate exposure. The generalized additive
model (GAM) (Hastie and Tibshirani, 1995) can be considered for more flexible modeling
of the dose-response effect with multiple exposures among the exposed in the two-stage
approach.
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5.2 Design of Plasma Donation Trials

The methodological development in Chapter 3 is specifically motivated by challenges in
blood donation research where the goal is to show that a new device or algorithm used
to extract blood from donors is safe. For this specific setting we use a binary response
indicating the occurrence of a serious hypotensive adverse event wherein the probability of
such an event is very rare – this along with the desire to estimate the relative rate of events,
leads us to the use of a log link function. A working independence assumption means the
dependence structure does not need to be specified but protection against misspecification
of the variance function (implicit from the use of the Poisson approximation and log link)
and serial dependence in responses is ensured by the use of a robust covariance matrix.
While we formulate our method based on a binary response, other types of responses could
be considered provided they are measurable soon after the donation.

The derivations of the joint distributions of successive test statistics and specification of
alpha spending functions are exploited in Chapter 3 to ensure interim analyses and stopping
rules are possible while ensuring control of the type I error rate. A unique feature of our
derivation is that we recognize and address the fact that individuals recruited early during
the course of the accrual period will typically be different than those recruited later during
the accrual period - specifically in the donation context frequent donors will be encountered
at donation centers sooner than donors who tend to donate less frequently. This creates
a unique data structure whereby information is accrued much more rapidly early in the
study compared to later stages when the patient accrual is nearing completion. This has
significant implications on the optimal timing of interim analyses and trials aiming to
plan analyses at roughly equal increments of information must ensure that data collection,
checking and reporting is possible soon after the launch of the accrual period to ensure
safety can be effectively monitored. The potential for early stopping means that trials may
be shorter than non-sequential trials if treatment differences can be detected early.

The derivations we provide in Chapter 3 can also be exploited when interest lies in
conditional power (Lachin, 2005) calculations. If there is a concern that sample size cal-
culations were inadequate due to the misspecification of one or more parameters (e.g. the
baseline event rate determined by β0) then the joint distribution of the current and a future
test statistic can be useful to calculate the probability that the trial at the planned or some
later end of the study will lead to rejection of the null hypothesis. This may be done in the
context of a fixed sample trial or a sequential trial, and can be used as a basis for sample
size re-estimation (Mano et al, 2023) or stochastic curtailment (Xie et al, 2022) of a trial.
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5.3 Two-Phase Designs with Complex Diseases

In Chapter 4 we develop two-phase designs with multistate processes under intermittent
observation. We first note that the motivating study has led to some assumptions that
simplify the setting we consider but the framework can be naturally adapted to deal with
more complex settings. We assume that the expensive and inexpensive covariates have
common effects across all transitions in the multistate process in Chapter 4. The methods
can be extended to allow the inexpensive covariates to have different effects across the
different transitions. This simplicity comes from the fact that the results follow as we
have described them by simply adding a subscript k to β2 to allow it to vary across the
transitions. If the marker of interest has a different effect across the K transitions there
may be two situations. In some settings interest may lie in the effect of X1 on a particular
transition, in which case the parameter of interest remains a scalar and the methods can
be adapted with some refinement. In another setting there may be interest in the several
effects of X1 in which case the parameter of interest becomes a vector β1 = (β11, . . . , β1K)

′

where the second subscript indicates the transition to which the marker effect corresponds.
Two-phase designs can be developed to optimize the power of global tests of effects, or
through sequential phase II sub-sampling as developed in Mao et al (2024).

0 1

32

Comorbidity 1

Comorbidity 2 Comorbidity 1 & 2

(a) A four-state model for the
joint distribution of two comor-
bidities.

0 1 K…

D

Death  

(b) A progressive model incorporat-
ing death.

0 1

2

(c) An illness-death
model.

Figure 5.1: An illustration of three disease processes.

We consider a simple progressive process in Chapter 4, primarily because this is the
setting of the motivating problem. In many applications there may be more general pro-
gressive processes in which more than one state can be entered from a given state. Figure
5.1(a)-(c) illustrate three general disease processes. We can consider multiple paths of the
disease processes involving the development of different types of comorbidities (see Figure
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5.1(a)) where the joint distribution of the comorbidities is needed. In settings where mor-
tality rates are non-negligible one may add an absorbing state D corresponding to death,
which can be entered from any one of states 0, 1, . . . , K; see Figure 5.1(b). This also
changes the setting somewhat by introducing a more complex observation scheme. In par-
ticular, even when transitions between the K +1 disease states are not observable but the
state occupied can be determined at intermittent clinic visits, death is typically observed
subject only to right-censoring. A special case of this is the illness-death model (Xu et al,
2010) which arises if there is an initial healthy state, an intermediate state representing
progression (i.e. as in progression or relapse in a cancer trial) and an absorbing state for
death; see Figure 5.1(c). The dual observation schemes for the intermediate (intermittent)
and terminal (right-censored) states represent a common structure often seen in cancer
trials (Boruvka and Cook, 2016). If interest lies in identifying individuals to select for a
phase II sub-sample to detect markers for progression, for those who were last observed in
the initial state, if they die it will be unknown whether they passed through the interme-
diate state. This makes the value of sampling them in phase II unclear. Investigation of
this setting based on large sample theory is warranted for each of the several approaches
to the analysis of phase II data and design.
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Appendix A

Appendix to Chapter 2

A.1 Impact of a Misspecified Generalized Propensity

Score

Let A = (A1, A2)
′, B1 = A1A2, and X = (A′, B1)

′ contain the exposure data of interest,
and let Z = (Z1, Z2, . . . , Zr)

′ be an r × 1 vector of confounding variables. The data
generating model in (2.1) has the form

E(Y |X,Z) =X ′θ +Z ′ζ , (A.1)

where θ = (α0, α1, α2, β1)
′, ζ = (ζ1, . . . , ζr)

′. The regression model with the misspecified
generalized propensity score S̃ has the form

E(Y |X, S̃) =X ′φ+ S̃
′
ψ , (A.2)

where X = (1, A1, A2, B1)
′ and φ = (φ0, φ1, φ2, φ3)

′. The contribution to the least squares
equation for φ from a single individual based on (A.2) is

U(Y |X, S̃;φ,ψ) = V (Y −X ′φ− S̃′
ψ) , (A.3)

where V = (X ′, S̃
′
)′.

We first take the expectation of (A.3) with respect to Y |X,Z, to get

EY |X,Z{U(Y |X, S̃;φ,ψ)} =V (X ′θ +Z ′ζ −X ′φ− S̃′
ψ) . (A.4)
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Next we take the expectation of (A.4) with respect to X | Z which gives the form of a
(4 + s)× 1 vector, where s = dim(S̃), with the first 4 elements of the vector as follows,

α0 + α1E(A1 | Z) + α2E(A2 | Z) + β1E(B1 | Z) +Z ′ζ

− (φ0 + φ1E(A1 | Z) + φ2E(A2 | Z) + φ3E(B1 | Z) + S̃
′
ψ) = 0 ,

α0E(A1 | Z) + α1E(A2
1 | Z) + α2E(B1 | Z) + β1E(A1B1 | Z) +Z ′ζE(A1 | Z)

− (φ0E(A1 | Z) + φ1E(A2
1 | Z) + φ2E(B1 | Z) + φ3E(A1B1 | Z) + S̃

′
ψE(A1 | Z)) = 0 ,

α0E(A2 | Z) + α1E(B1 | Z) + α2E(A2
2 | Z) + β1E(A2B1 | Z) +Z ′ζE(A2 | Z)

− (φ0E(A2 | Z) + φ1E(B1 | Z) + φ2E(A2
2 | Z) + φ3E(A2B1 | Z) + S̃

′
ψE(A2 | Z)) = 0 ,

α0E(B1 | Z) + α1E(A1B1 | Z) + α2E(A2B1 | Z) + β1E(B2
1 | Z) +Z ′ζE(B1 | Z)

− (φ0E(B1 | Z) + φ1E(A1B1 | Z) + φ2E(A2B1 | Z) + φ3E(B2
1 | Z) + S̃

′
ψE(B1 | Z)) = 0 .

The expectation of the above four equations with respect to Z gives the following four
equations,

α0 + α1E(A1) + α2E(A2) + β1E(B1) + ζ
′E(Z)

− (φ0 + φ1E(A1) + φ2E(A2) + φ3E(B1) + E(S̃′
)ψ) = 0 , (A.5)

α0E(A1) + α1E(A2
1) + α2E(A1A2) + β1E(A1B1) + ζ

′{E(A1)E(Z) + Σ1}
− (φ0E(A1) + φ1E(A2

1) + φ2E(B1) + φ3E(A1B1) +ψ
′{E(A1)E(S̃) + Λ1}) = 0 , (A.6)

α0E(A2) + α1E(A1A2) + α2E(A2
2) + β1E(A2B1) + ζ

′{E(A2)E(Z) + Σ2}
− (φ0E(A2) + φ1E(B1) + φ2E(A2

2) + φ3E(A2B1) +ψ
′{E(A2)E(S̃) + Λ2}) = 0 , (A.7)
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α0E(B1) + α1E(A1B1) + α2E(A2B1) + β1E(B2
1) + ζ

′{E(B1)E(Z) + Σ3}
− (φ0E(B1) + φ1E(A1B1) + φ2E(A2B1) + φ3E(B2

1) +ψ
′{E(B1)E(S̃) + Λ3}) = 0 ,

(A.8)

where Σk = cov(E(Ak | Z),Z), Σ3 = cov(E(B1 | Z),Z), Λk = cov(E(Ak | Z), S̃), and
Λ3 = cov(E(B1 | Z), S̃), k = 1, 2. Note that Σ1,Σ2 and Σ3 are the r × 1 vectors, where
r = dim(Z); Λ1,Λ2 and Λ3 are the s× 1 vectors, where s = dim(S̃). Solving for φ0 from
(A.5), gives

φ0 = α0 + α1E(A1) + α2E(A2) + β1E(B1) + ζ
′E(Z)

− φ1E(A1)− φ2E(A2)− φ3E(B1)− E(S̃′
)ψ .

(A.9)

Next replacing φ0 in (A.6), (A.7), and (A.8) respectively, gives

α1var(A1) + α2cov(A1, A2) + β1cov(A1, B1) + ζ
′Σ1

− φ1var(A1)− φ2cov(A1, A2)− φ3cov(A1, B1)−ψ′Λ1 = 0 ,
(A.10)

α1cov(A1, A2) + α2var(A2) + β1cov(A2, B1) + ζ
′Σ2

− φ1cov(A1, A2)− φ2var(A2)− φ3cov(A2, B1)−ψ′Λ2 = 0 ,
(A.11)

α1cov(A1, B1) + α2cov(A1, B1) + β1var(B1) + ζ
′Σ3

− φ1cov(A1, B1)− φ2cov(A2, B1)− φ3var(B1)−ψ′Λ3 = 0 .
(A.12)

Solving for φ3 from (A.12) we obtain

φ3 = β1 + α1
cov(A1, B1)

var(B1)
+ α2

cov(A2, B1)

var(B1)
+ ζ ′

Σ3

var(B1)

− φ1
cov(A1, B1)

var(B1)
− φ2

cov(A2, B1)

var(B1)
−ψ′ Λ3

var(B1)
.

(A.13)
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Then plugging φ3 into (A.10) and (A.11), we can solve for φ1 and φ2 as

φ̃1 = α1 + ζ
′∆11 +ψ

′∆21 ,

φ̃2 = α2 + ζ
′∆12 +ψ

′∆22 ,

where

∆1k =
(ρ12 − ρ13ρ23)(

σ2
kΣ3−k

σ1σ2
− σk

σ3

ρ13ρ23
ρk3

Σ3) + (
ρ213ρ

2
23

ρ2k3
− 1)(Σk − σk

σ3
ρk3Σ3)

σ2
k{(ρ12 − ρ13ρ23)2 − (1− ρ213)(1− ρ223)}

,

∆2k =
(ρ12 − ρ13ρ23)(

σ2
kΛ3−k

σ1σ2
− σk

σ3

ρ13ρ23
ρk3

Λ3) + (
ρ213ρ

2
23

ρ2k3
− 1)(Λk − σk

σ3
ρk3Λ3)

σ2
k{(ρ12 − ρ13ρ23)2 − (1− ρ213)(1− ρ223)}

,

σ2
k = var(Ak), ρk3 = corr(Ak, B1), k = 1, 2, σ2

3 = var(B1), and ρ12 = corr(A1, A2). Replac-
ing φ̃1 and φ̃2 in (A.13) gives

φ̃3 = β1 + ζ
′
(Σ3

σ2
3

−∆11
ρ13σ1
σ3

−∆12
ρ23σ2
σ3

)
−ψ′

(Λ3

σ2
3

+∆21
ρ13σ1
σ3

+∆22
ρ23σ2
σ3

)
.

A.2 Second-Order Generalized Estimating Equations

(GEE2)

Let γ̄ = (γ ′
0,γ

′
1,γ

′
2,γ

′
3)

′ with γj a gj × 1 vector, j = 0, 1, 2, 3. Furthermore let γ =

(γ ′
1,γ

′
2,γ

′
3)

′ and Γ = (γ ′
1, σ

2
1,γ

′
2, σ

2
2,γ

′
3)

′ be a q × 1 vector with q =
∑3

j=1 gj + 2. For
a sample of size n, we have an inverse density weighted estimating function for φ with
stabilized weights w denoted as

U0(Y |X;φ,Γ,Γ†,γ0,γ
†
0) =

n∑
i=1

Ui0(Yi |X i;φ,Γ,Γ
†,γ0,γ

†
0) , (A.14)

where
Ui0(Yi |X i;φ,Γ,Γ

†,γ0,γ
†
0) = ws

i (X i,Zi)D(X i)(Yi −X ′
iφ) ,

and

ws
i (X i,Zi) =

I(X i = xi){πi2(γ†
0)f(li1, li2 | A+

i = 1;Γ†)}A+
i {1− πi2(γ

†
0)}1−A+

i

{πi1(Zi0;γ0)f(li1, li2 | A+
i = 1,Zi;Γi)}A

+
i {1− πi1(Zi0;γ0)}1−A+

i

,
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and D(X i) = (1, A+
i , A

+
i Li1, A

+
i Li2, A

+
i Li1Li2)

′. For the numerator, we consider

L1, L2 | A+ = 1 ∼ BV N

((
γ4
γ5

)
,

(
σ2
3 σ3σ4ρ2

σ3σ4ρ2 σ2
4

))
,

where (γ̂4, γ̂5)
′ = (l̄1, l̄2)

′, σ̂2
k+2 = 1

n−1

∑n
i=1(lik − l̄k)

2, k = 1, 2, ρ̂2 = corr(l1, l2), and let

Γ† = (γ4, γ5, σ
2
3, σ

2
4, ρ2)

′.

The set of unknown parameters Γ and γ0 is estimated through the second-order gener-
alized estimating equations (GEE2) (Zhao and Prentice, 1990; Kalema et al, 2016) for the
indicator A+, the exposure model of L1, L2 given A+ = 1 and Z. We write the estimating
functions as

U11(L1, L2 | A+ = 1,Z;Γ) =
n∑

i=1

Ui11(Li1, Li2 | A+
i = 1,Zi;Γ) , (A.15)

U12(A
+ | Z0;γ0) =

n∑
i=1

Ui12(A
+
i | Zi0;γ0) , (A.16)

where
Ui11(Li1, Li2 | A+

i = 1,Zi;Γ) = A+
i D

′
iΣ

−1
i (Wi − Ωi) ,

and
Ui12(A

+
i | Zi0;γ0) = Z̄i0{A+

i − πi1(Zi0;γ0)} ,

with Wi = (Li1, L
2
i1, Li2, L

2
i2, Bi)

′, Sk(Zk;γk) = Z
′
kγk, k = 1, 2 and

Ωi = E(Wi | A+
i = 1,Zi;Γ) =


S1(Zi1;γ1)

σ2
1 + S2

1(Zi1;γ1)
S2(Zi2;γ2)

σ2
2 + S2

2(Zi2;γ2)
E(Bi | A+

i = 1,Zi;Γ)

 ,

Di =
∂Ωi

∂Γ′ =



Z ′
i1 0 0 0 0

∂S2
1(Zi1;γ1)
∂γ′

1
1 0 0 0

0 0 Z ′
i2 0 0

0 0
∂S2

2(Zi2;γ2)
∂γ′

2
1 0

S2(Zi2;γ2)Z
′
i1 ρ1(Zi3;γ3)

σ2
2σ1

S1(Zi1;γ1)Z
′
i2 ρ1(Zi3;γ3)

σ1
2σ2

σ1σ2
∂ρ1(Zi3;γ3)

∂γ′
3


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is a 5× q matrix, where

E(Bi | A+
i = 1,Zi;Γ) = ρ1(Zi3;γ3)σ1σ2 + S1(Zi1;γ1)S2(Zi2;γ2) ,

∂S2
k(Zik;γk)

∂γ ′
k

= 2(Z ′
ikγik)Z

′
ik, k = 1, 2 ,

∂ρ1(Zi3;γ3)

∂γ ′
3

= 2 exp(Z ′
3γ3)Z

′
i3/(exp(Z

′
3γ3) + 1)2 .

Additionally, Σi = cov(Wi | Zi), but we can simplify it and use a partial working indepen-
dence structure with Σi = cov(Wi | Zi;Γ) specified as,

σ2
1 ρ1(Zi3)σ1σ2

var(L2
i1 | A

+
i = 1,Zi)

ρ1(Zi3)σ1σ2 σ2
2

var(L2
i2 | A

+
i = 1,Zi)

var(Bi | A+
i = 1,Zi)

 .

Using moment generating functions, we can obtain higher order moments in the matrix as

var(L2
i1 | A+

i = 1,Zi) = 4S1(Zi1;γ1)σ
2
1 + 2σ4

1 ,

var(L2
i2 | A+

i = 1,Zi) = 4S2(Zi2;γ2)σ
2
2 + 2σ4

2 ,

var(Bi | A+
i = 1,Zi) = E(L2

i1L
2
i2 | A+

i = 1,Zi;Γ)− E2(Li1Li2 | A+
i = 1,Zi;Γ)

= S2
1σ

2
2 + S2

2σ
2
1 + σ2

1σ
2
2 + 2ρ1S1S2σ1σ2 + ρ21σ

2
1σ

2
2 .

We have then estimated γ̂0 and Γ̂ by solving U11(L1, L2 | A+ = 1,Z;Γ) = 0 and
U12(A

+ | Z0;γ0) = 0. For estimation of Γ† and γ†
0, we write the estimating function in

the form of

U21(L1, L2 | A+ = 1;Γ†) =
n∑

i=1

Ui21(Li1, Li2 | A+
i = 1;Γ†) , (A.17)

U22(A
+;γ†

0) =
n∑

i=1

Ui22(A
+
i ;γ

†
0) , (A.18)

where
Ui21(Li1, Li2 | A+

i = 1;Γ†) = A+
i D

†′
i Σ

†
i
−1(Wi − Ω†

i )
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and Ui22(A
+
i ;γ

†
0) = A+

i − πi2(γ
†
0), π2(γ

†
0) = EZ0{π1(Z0;γ0)}. Estimates of Γ† and γ†

0 can
be obtained by solving the GEE2 equations with D†

i , Σ
†
i and Ω†

i defined analogously to Di,
Σi and Ωi but without conditioning on Z. This leads to

Ui(Θ) =


Ui0(Yi |X i;φ,Γ,Γ

†,γ0,γ
†
0)

Ui11(Li1, Li2 | A+
i = 1,Zi;Γ)

Ui12(A
+
i | Zi0;γ0)

Ui21(Li1, Li2 | A+
i = 1;Γ†)

Ui22(A
+
i ;γ

†
0)

 ,

where Θ = (φ′,Γ′,Γ†′,γ ′
0,γ

†′
0 )

′. We solve for Γ,Γ†,γ0 and γ†
0 first and substitute these

estimates into (A.14) to get an estimate for φ, denoted by φ̂. The entire set of estimates
is denoted by Θ̂.

A.3 Covariance of Causal Effects of Multiple Expo-

sures

Regression Adjustment

Here we derive the asymptotic covariance of the estimator obtained from both regression
adjustment and inverse density weighting approaches. We use the semi-continuous expo-
sures as an illustrative example, and the asymptotic covariance of the estimator obtained
from binary exposures and continuous exposures can be derived in a similar fashion.

For regression adjustment, we have E(Y |X,S) =X ′λ+S′η as shown in (2.4) where
X = (1, A+, A+L1, A

+L2, A
+L1L2)

′ for semi-continuous exposures. We rewrite (2.4) as
E{Y | H} = H ′β, where H = (1,X ′,S′)′. The ordinary least squares estimator of β is
expressed as

β̂ = (H ′H)−1H ′Y ,

where Y denotes the vector of the response for all n subjects in the sample, H denotes
the matrix of exposures and generalized propensity scores for all n subjects in the sample.

Using estimating equation theory, the estimator β has covariance with the form of

1

n
A−1(β)B(β)

{
A−1(β)

}′
, (A.19)
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where

A(β) = E
{
− ∂H(Y −H ′β)

∂β

}
= E(HH ′) , (A.20)

and (A.20) can be estimated by

Â(β) =
1

n

n∑
i=1

HiH
′
i .

We also have

B(β) = var{H(Y −H ′β)}
= E{var{H(Y −H ′β) | H}}+ var{E{H(Y −H ′β) | H}}
= E{var{H(Y −H ′β) | H}}
= E{var(R | H)HH ′} ,

where R might have a variance that varies with H. In this case, we estimate var(Ri | Hi)
by v̂ar(Ri | Hi) = (Yi −H ′

iβ̂)
2. Then the matrix B(β) can be estimated by

B̂(β̂) =
1

n

n∑
i=1

HiH
′
iv̂ar(Ri | Hi) =

1

n

n∑
i=1

HiH
′
i(Yi −H ′

iβ̂)
2 .

Thus, the robust sandwich variance estimator for linear regression is then given by

cov(β̂) =
1

n
E−1(HH ′)E{var(R | H)HH ′}{E−1(HH ′)}′ ,

which is estimated empirically by

ĉov(β̂) =
( n∑

i=1

HiH
′
i

)−1
n∑

i=1

HiH
′
i(Yi −H ′

iβ̂)
2
{( n∑

i=1

HiH
′
i

)−1}′
.

Inverse Density Weighting

Now we derive the asymptotic covariance for the estimator obtained from the inverse
density weighting approach with stabilized weights. Suppose φ̂ is the solution to E{U0(Y |
X;φ,Γ,Γ†,γ0,γ

†
0)} = 0, and φ along with other parameters can be estimated through

second-order generalized estimating equations (Prentice and Zhao, 1991). We denote the
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estimates of parameters Θ = (φ′,Γ′,Γ†′,γ ′
0,γ

†′
0 )

′ as Θ̂, and the stack of the estimating
equations as U(Θ).

By Taylor series expansion,

U(Θ̂) = U(Θ) +
∂U(Θ)

∂Θ′ (Θ̂−Θ) + op(n
−1/2) .

Thus we have

√
n(Θ̂−Θ) =

{
− 1

n

∂U(Θ)

∂Θ′

}−1{
1√
n
U(Θ)

}
+ op(1) ,

where
∂U(Θ)

∂Θ′ =
n∑

i=1

∂Ui(Θ)

∂Θ′ ,

and

∂Ui(Θ)

∂Θ′ =



∂Ui0

∂φ′
∂Ui0

∂Γ′
∂Ui0

∂Γ†′
∂Ui0

∂γ′
0

∂Ui0

∂γ†
0
′

0 ∂Ui11

∂Γ′ 0 0 0
0 0 0 ∂Ui12

∂γ′
0

0

0 0 ∂Ui21

∂Γ†′ 0 0

0 0 0 0 ∂Ui22

∂γ†
0
′

 .

As n→ ∞, √
n(Θ̂−Θ)

D→MNV (0,Σ(Θ)) ,

where
Σ(Θ) = I−1(Θ)C(Θ)[I−1(Θ)]′ ,

I(Θ) = E
{
− ∂Ui(Θ)

∂Θ′

}
,

and
C(Θ) = E{Ui(Θ)U ′

i(Θ)} .

In practice, we use sample averages to estimate I(Θ) and C(Θ), and evaluate the resulting
expressions at the estimates to obtain

Σ(Θ̂) = I−1(Θ̂)C(Θ̂)
{
I−1(Θ̂)

}′
, (A.21)
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where

I(Θ̂) = − 1

n

n∑
i=1

∂Ui(Θ)

∂Θ′

∣∣∣∣∣
Θ=Θ̂

,

and

C(Θ̂) =
1

n

n∑
i=1

Ui(Θ)U ′
i(Θ)

∣∣∣∣∣
Θ=Θ̂

.

The upper left 5× 5 matrix of (A.21) gives the estimated covariance matrix for φ̂.

A.4 Supplementary Figures and Tables

Figures A.1 and A.2 present the relative biases of semi-continuous exposure effects esti-
mated via regression approach and inverse density weighting approach under two model
misspecifications as discussed in Section 2.4.3. Table A.1 provides a summary of the pa-
tient characteristics collected for the Detriot cohort study of prenatal alcohol exposure
(PAE) and children’s cognition discussed in Section 2.6. Table A.2 presents a summary of
assessing the covariate balance in the Detriot cohort study measured through maximum
absolute correlation and average absolute correlation for different analyses discussed in
Section 2.6.

Table A.1: Summary of characteristics of subjects in Detroit cohort study of prenatal
alcohol exposure (PAE) and children cognition.

Characteristic (n=377)

Smoking during pregnancy (cigarettes/day) (mean (SD)) 9.56 (11.44)
Socioeconomic status at birth/infancy (mean (SD)) 19.87 (8.59)
Mother’s age at delivery (mean (SD)) 26.61 (6.08)
Prenatal Beck Depression Inventory (mean (SD)) 11.05 (7.61)
Biological mother’s verbal IQ (PPVT score) (mean (SD)) 72.64 (12.70)
Biological mother’s marital status (%)
Not married 336 (89.1)
Married 41 (10.9)

Prenatal cocaine exposure (days/month) (mean (SD)) 1.07 (2.87)
Prenatal marijuana exposure (days/month) (mean (SD)) 0.75 (2.43)
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Characteristic (n=377)

Prenatal opiate exposure (days/month) (mean (SD)) 0.19 (1.11)
Number of prenatal visits (mean (SD)) 5.27 (3.28)
Biological mother’s education (year) (mean (SD)) 11.69 (1.59)
Parity (mean (SD)) 1.36 (1.51)
Gravidity (mean (SD)) 3.58 (2.33)
Gestational age at screening (mean (SD)) 23.42 (7.78)
Child’s gender (%)
Male 222 (58.9)
Female 155 (41.1)

HOME score at infancy (mean (SD)) 31.11 (4.80)
Beck Depression Inventory at 6-month postpartum follow-up
(mean (SD))

11.31 (7.86)

Beck Depression Inventory at 12-month postpartum follow-up
(mean (SD))

10.43 (7.48)

Socioeconomic status at age 7-year follow-up (mean (SD)) 25.72 (11.14)
Beck Depression Inventory at 7-year follow-up (mean (SD)) 8.23 (7.21)
HOME score at 7-year follow-up (mean (SD)) 33.68 (6.94)
Primary caregiver at age 7 (%)
Biological mother 55 (14.6)
Not biological mother 322 (85.4)

Primary caregiver’s verbal IQ (PPVT score) at 7-year follow-up
(mean (SD))

73.79 (14.02)

Primary caregiver’s marital status at 7-year follow-up (%)
Not married 304 (80.6)
Married 73 (19.4)

Number of stressful events at 7-year follow-up (mean (SD)) 9.72 (5.38)
Perceived life stress at 7-year follow-up (mean (SD)) 34.46 (26.58)
Socioeconomic status at age 14-year follow-up (mean (SD)) 29.45 (10.21)
Primary caregiver at age 14 (%)
Biological mother 70 (18.6)
Not biological mother 307 (81.4)

Family income at 14-year follow-up (mean (SD)) 34231.42 (27408.45)
Primary caregiver’s marital status at 14-year follow-up (%)
Not married 280 (74.3)
Married 97 (25.7)

Beck Depression Inventory at 14-year follow-up (mean (SD)) 10.65 (11.61)
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Characteristic (n=377)

Number of stressful events at 14-year follow-up (mean (SD)) 7.22 (4.71)
Perceived life stress at 14-year follow-up (mean (SD)) 32.61 (23.17)

Table A.2: Summary of covariate balance in terms of maximum absolute correlation and
average absolute correlation.

Analysis Method Maximum absolute correlation Average absolute correlation

Subgroup analysis Covariate adjustment 0.41 0.12
GPS adjustment 0.03 0.01

Full sample analysis with Covariate adjustment 0.37 0.09
conventional regression

Full sample analysis with GPS adjustment 0.04 0.01
two-part model IDW 0.08 0.04

Full sample analysis with Reg Z + Reg Z 0.08 0.02
two-stage approach Reg GPS + Reg Z 0.08 0.02

Reg GPS + Reg PS 0.04 0.03
Reg GPS + IPW 0.05 0.02
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Figure A.1: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling assuming conditional indepen-
dence between two semi-continuous exposures when the second-order confounder has the
effect γ31; regression adjustment (Reg) (red) and inverse weighting (IPW) (blue) are con-
sidered; the marginal association between two semi-continuous exposures is E(ρ) = 0.5.
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Figure A.2: Empirical relative bias with standard errors (shaded bands) of estimates of
exposure effects from inadequate propensity score modeling due to the omission of a second-
order confounder with effect γ31; regression adjustment (Reg) (red) and inverse weighting
(IPW) (blue) are considered; the marginal association between two semi-continuous expo-
sures is E(ρ) = 0.5.
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Appendix B

Appendix to Chapter 3

B.1 Derivations of Asymptotic Variance of β̂1 in a

Simplified Setting

The simplified setting is one where Zik = (1, Xi)
′ for k = 1, . . . , K (i.e. there is no

covariate adjustment for the response model) and the mean response is the same over
repeated measurements so µ(Zik;β) = µ(Xi;β). We therefore replace Zik and Zi by Xi

to obtain the following. First

D(Xi;β) =
µ(Xi;β)

∂β′ = µ(Xi;β)

 1 Xi
...

...
1 Xi


is a Ki × p matrix. Second, with the Poisson variance function and working independence
assumption the Ki ×Ki working covariance matrix has identical entries in the diagonal so
that

Σ(Xi;β) =

 µ(Xi;β) 0
. . .

0 µ(Xi;β)

 .
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The generalized estimating function in (3.2) then simplifies to

U i(Xi;β) = µ(Xi;β)

(
1 · · · 1
Xi · · · Xi

) µ−1(Xi;β) 0
. . .

0 µ−1(Xi;β)


 Yi1 − µ(Xi;β)

...
Yi,Ki − µ(Xi;β)



=

(
1 · · · 1
Xi · · · Xi

) Yi1 − µ(Xi;β)
...

Yi,Ki − µ(Xi;β)

 =

Ki∑
j=1

(
Uij1(β)
Uij2(β)

)
,

where Uij1(β) = Yij − µ(Xi;β) and Uij2(β) = Xi(Yij − µ(Xi;β)).

The A(β) Matrix

The matrix A(β) is given by

A(β) = E
{
D′(Xi;β) Σ

−1(Xi;β)D(Xi;β)
}

= E

µ(Xi;β)

(
1 · · · 1
Xi · · · Xi

) µ−1(Xi;β) 0
. . .

0 µ−1(Xi;β)

µ(Xi;β)

 1 Xi
...

...
1 Xi




= E


(

1 · · · 1
Xi · · · Xi

)
µ(Xi;β)

 1 Xi
...

...
1 Xi


 = E

{(
Ki µ(Xi;β) KiXi µ(Xi;β)

KiXi µ(Xi;β) KiXi µ(Xi;β)

)}
.

Let κx = E(Ki | Xi = x) and νx = var(Ki | Xi = x) be the mean and variance of
the number donations per subject in group x, x = 0, 1. Let µx = µ(Xi = x;β) and let
Vx = var(Yij | Xi = x) be the true variance of the marginal responses for each subject
in group x with Vx = µx(1 − µx), x = 0, 1. Furthermore if we assume an exchangeable
pairwise correlation for responses within individuals (i.e. corr(Yij, Yik | Xi = x) = ρ), then
cov(Yij, Yik | Xi = x) = ρVx. Taking the expectation with respect to Ki and Xi we obtain

A(β) =


1∑

x=0

κxµxP (Xi = x) κ1µ1P (Xi = 1)

κ1µ1P (Xi = 1) κ1µ1P (Xi = 1)

 ,
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with inverse

A−1(β) =


1

κ0µ0P (Xi = 0)
− 1

κ0µ0P (Xi = 0)

− 1

κ0µ0P (Xi = 0)

1

κ0µxP (Xi = 0)
+

1

κ1µ1P (Xi = 1)

 .

The B(β) Matrix

The matrix B(β) = E{U i(Xi;β)U
′
i(Xi;β)} can be written as

B(β) = E



Ki∑
j=1

Ki∑
k=1

Uij1(β)Uik1(β)

Ki∑
j=1

Ki∑
k=1

Uij1(β)Uik2(β)

Ki∑
j=1

Ki∑
k=1

Uij1(β)Uik2(β)

Ki∑
j=1

Ki∑
k=1

Uij2(β)Uik2(β)

 . (B.1)

For the (1, 1) entry of (B.1) note that

E


Ki∑
j=1

Ki∑
k=1

Uij1(β)Uik1(β)

∣∣∣∣∣ Xi,Ki

 = E


Ki∑
j=1

U2
ij1(β) +

Ki∑
j=1

Ki∑
k=1

j ̸=k

Uij1(β)Uik1(β)

∣∣∣∣∣ Xi,Ki


=

Ki var(Yij | Xi) +

Ki∑
j=1

Ki∑
k=1

j ̸=k

cov(Yij , Yik | Xi)


= Ki var(Yij | Xi) +Ki (Ki − 1) cov(Yij , Yik | Xi) .

This has expectation

1∑
x=0

[
E(Ki | Xi = x) var(Yij | Xi = x)P (Xi = x) + E{Ki(Ki − 1) | Xi = x} cov(Yij , Yik | Xi = x)P (Xi = x)

]

=
1∑

x=0

{
κx var(Yij | Xi = x) + (νx + κ2x − κx) cov(Yij , Yik | Xi = x)

}
P (Xi = x)

=
1∑

x=0

{
κx Vx + (νx + κ2x − κx) ρVx

}
P (Xi = x) .
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For the (2, 2) entry of (B.1) we have

E

{
Ki∑
j=1

Ki∑
k=1

Uij1(β)Uik2(β)

∣∣∣∣ Xi, Ki

}

= E

{
Ki∑
j=1

Ki∑
k=1

(Yij − µ(Xi;β))Xi (Yik − µ(Xi;β))

∣∣∣∣ Xi, Ki

}

= E


Ki∑
j=1

XiU
2
ij1 +

Ki∑
j=1

Ki∑
k=1

j ̸=k

Xi (Yij − µ(Xi;β)) (Yik − µ(Xi;β))

∣∣∣∣ Xi, Ki


= {Ki var(Yij | Xi = 1) +Ki(Ki − 1) cov(Yij, Yik | Xi = 1)} I(Xi = 1) .

Taking the expectation with respect to Ki and Xi gives{
κ1 var(Yij | Xi = 1) + (ν1 + κ21 − κ1) cov(Yij, Yik | Xi = 1)

}
P (Xi = 1) ={

κ1 V1 + (ν1 + κ21 − κ1) ρV1
}
P (Xi = 1) .

For the (1, 2) and (2, 1) entries given Xi and Ki we get

{Ki var(Yij | Xi = 1) +Ki(Ki − 1) cov(Yij, Yik | Xi = 1)} I(Xi = 1) ,

which is the same as the (2, 2) entry so we have

B(β) =

 ∑1
x=0

{
κx Vx + (νx + κ2x − κx) ρVx

}
P (Xi = x)

{
κ1 V1 + (ν1 + κ21 − κ1) ρV1

}
P (Xi = 1){

κ1 V1 + (ν1 + κ21 − κ1) ρV1

}
P (Xi = 1)

{
κ1 V1 + (ν1 + κ21 − κ1) ρV1

}
P (Xi = 1)

 .

Thus A−1(β) B(β) {A−1(β)}′ is
V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

−V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

−V0[κ0 + (ν0 + κ20 − κ0)ρ]

κ20µ
2
0P (Xi = 0)

1∑
x=0

Vx[κx + (νx + κ2x − κx)ρ]

κ2xµ
2
xP (Xi = x)

 , (B.2)
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and the asymptotic variance of
√
n(β̂1 − β1) is the (2, 2) entry of (B.2), i.e.,

Ωβ1β1 =
V0

κ0µ2
0P (Xi = 0)

(
1 +

(ν0 + κ20 − κ0)ρ

κ0

)
+

V1
κ1µ2

1P (Xi = 1)

(
1 +

(ν1 + κ21 − κ1)ρ

κ1

)
.

B.2 Conditional Mean and Variance of KF | KA ≥ 1

Let KA denote the number of transfusions from a random subject during the accrual
period of length τA, and KF be the number of transfusions from the subject in the follow-
up window of length τF . To be recruited we require KA ≥ 1 and we are then interested in
the number of transfusions KF following recruitment over the follow-up period of duration
τF . Suppose U > 0 is a random effect with a gamma distribution with E(U) = 1 and
var(U ) = ϕ so that

dG(u;ϕ) =
uϕ

−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du . (B.3)

With the conditional Poisson models,

KA | u ∼ Poisson(uλτA) and KF | u ∼ Poisson(uλτF ) ,

then

dG(u | KA ≥ 1;λ, ϕ) =
P (KA ≥ 1 | u;λ)dG(u;ϕ)∫∞
0
P (KA ≥ 1 | u;λ)dG(u;ϕ)

=

(
1− e−uλτA

)
dG(u;ϕ)∫∞

0
(1− e−uλτA) dG(u;ϕ)

. (B.4)

To evaluate the conditional density of U the denominator of (B.4) is∫ ∞

0

(
1− e−uλτA

)
dG(u;ϕ) = 1−

∫ ∞

0

e−uλτA
uϕ

−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du = 1−
∫ ∞

0

uϕ
−1−1e−u(1/ϕ+λτA)

Γ(ϕ−1)ϕϕ−1 du

= 1− Γ(ϕ−1)

Γ(ϕ−1)ϕϕ−1

(
ϕ

1 + λτAϕ

)ϕ−1

= 1−
(

1

1 + λτAϕ

)ϕ−1

.

Alternatively since

P (K = k) =
Γ
(

1
ϕ
+ k
)

Γ
(

1
ϕ

)
k!

(
λτϕ

1 + λτϕ

)k (
1

1 + λτϕ

)ϕ−1
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is the negative binomial probability mass function with mean E(K) = λτ and variance
var(K) = λτ(1 + λτϕ), we can see that the denominator of (B.4) is

P (KA ≥ 1) = 1− P (KA = 0) = 1−
(

1

1 + λτAϕ

)ϕ−1

.

Then (B.4) becomes

dG(u | KA ≥ 1;λ, ϕ) =

uϕ
−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du−
uϕ

−1−1e
−u/ ϕ

1+λτAϕ

Γ(ϕ−1)ϕϕ−1 du

1−
(

1

1 + λτAϕ

)ϕ−1

=
(1 + λτAϕ)

ϕ−1

(1 + λτAϕ)ϕ
−1 − 1

{
uϕ

−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1

}
du−

1

(1 + λτAϕ)ϕ
−1 − 1

{
uϕ

−1−1e
−u/ ϕ

1+λτAϕ

Γ(ϕ−1)( ϕ
1+λτAϕ

)ϕ−1

}
du ,

which is a combination of two weighted gamma distributions, i.e.,

Gamma(ϕ−1, ϕ) and Gamma(ϕ−1,
ϕ

1 + λτAϕ
) .

Therefore

E(u | KA ≥ 1) =
(1 + λτAϕ)

ϕ−1

(1 + λτAϕ)ϕ
−1 − 1

ϕ−1ϕ− 1

(1 + λτAϕ)ϕ
−1 − 1

(
ϕ−1 ϕ

1 + λτAϕ

)

=
1

(1 + λτAϕ)ϕ
−1 − 1

(1 + λτAϕ)
ϕ−1+1 − 1

1 + λτAϕ
, (B.5)
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and

E(u2 | KA ≥ 1) =
(1 + λτAϕ)

ϕ−1

(1 + λτAϕ)ϕ
−1 − 1

{
ϕ−1ϕ2 + (ϕ−1ϕ)2

}
−

1

(1 + λτAϕ)ϕ
−1 − 1

{
ϕ−1

(
ϕ

1 + λτAϕ

)2

+

(
ϕ−1 ϕ

1 + λτAϕ

)2
}

=
ϕ+ 1

(1 + λτAϕ)ϕ
−1 − 1

{
(1 + λτAϕ)

ϕ−1 − 1

(1 + λτAϕ)2

}
. (B.6)

The mean of KF given KA ≥ 1 is

E(KF | KA ≥ 1) = EU {E(KF | U , KA ≥ 1) | KA ≥ 1} = λτFE(u | KA ≥ 1) , (B.7)

and the variance of KF given KA ≥ 1 is

var(KF | KA ≥ 1) = var {E(KF | u,KA ≥ 1) | KA ≥ 1}+ E {var(KF | u,KA ≥ 1) | KA ≥ 1}

= var(uλτF | KA ≥ 1) + E(uλτF | KA ≥ 1)

= (λτF )
2var(u | KA ≥ 1) + λτFE(u | KA ≥ 1)

= (λτF )
2
{
E(u2 | KA ≥ 1)− E2(u | KA ≥ 1)

}
+ λτFE(u | KA ≥ 1) .

(B.8)

Plugging (B.5) and (B.6) into (B.7) and (B.8) gives

E(KF | KA ≥ 1) = λτF

{
1− (1 + λτAϕ)

−ϕ−1−1

1− (1 + λτAϕ)−ϕ−1

}
,

and

var(KF | KA ≥ 1) = E(KF | KA ≥ 1)− E2(KF | KA ≥ 1) + (λτF )
2(1 + ϕ)

{
1− (1 + λτAϕ)

−ϕ−1−2

1− (1 + λτAϕ)−ϕ−1

}
.

To estimate the parameters of the zero-truncated negative binomial model we consider
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the likelihood function of the form

L(λ, ϕ) ∝
n∏

i=1

P (KiF = ki | KiA ≥ 1;λ, ϕ)

=
n∏

i=1

∫ ∞

0

P (KiF = ki | KiA ≥ 1, u;λ, ϕ)P (u | KiA ≥ 1)du

=
n∏

i=1

∫ ∞

0

P (KiF = ki | u;λ, ϕ)P (u | KiA ≥ 1)du

where P (KiF = ki | u;λ, ϕ)P (u | KiA ≥ 1)du can be written as∫ ∞

0

(uλτF )
kie−uλτF

ki!

{
(1 + λτAϕ)

ϕ−1

(1 + λτAϕ)ϕ
−1 − 1

{
uϕ

−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1

}
−

1

(1 + λτAϕ)ϕ
−1 − 1

{
uϕ

−1−1e
−u/ ϕ

1+λτAϕ

Γ(ϕ−1)( ϕ
1+λτAϕ

)ϕ−1

}}
du

which simplifies to

Γ(ϕ−1 + ki)

Γ(ϕ−1)ki!

1

(1 + λτAϕ)ϕ
−1 − 1

{(
λτFϕ

1 + λτFϕ

)ki (1 + λτAϕ

1 + λτFϕ

)ϕ−1

−

(
λτFϕ

1 + λτFϕ+ λτAϕ

)ki ( 1 + λτAϕ

1 + λτFϕ+ λτAϕ

)ϕ−1

.

B.3 Conditional Mean and Variance of KF | L ≤ τA

Let the recruitment time for an individual be L. We have L | U ∼ exp(Uλ) following the
mixed Poisson model of the number of the donations. Marginalizing over U we have

f(l;λ, ϕ) =

∫ ∞

0

P (l | u;λ)dG(u;ϕ) =
∫ ∞

0

uλ exp(−uλ l)u
ϕ−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du = λ

(
1

λlϕ+ 1

)ϕ−1+1

,
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and

P (L ≤ τA) =

∫ τA

0

λ(λlϕ+ 1)−ϕ−1−1dl = 1− (λϕτA + 1)−ϕ−1

,

and

dG(u | l;λ, ϕ)

=
P (l | u;λ)dG(u;ϕ)∫∞
0 P (l | u;λ)dG(u;ϕ)

=

uλ exp(−uλ l)
uϕ

−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1∫ ∞

0
uλ exp(−uλ l)

uϕ
−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du

=
uϕ

−1
exp
(
−u / ϕ

ϕλ l+1

)
Γ(ϕ−1 + 1)

(
ϕ

ϕλ l+1

)ϕ−1+1
,

which gives

U | L = l ∼ Gamma

(
shape = ϕ−1 + 1, scale =

ϕ

ϕλ l + 1

)
.

The mean of KF given L ≤ τA is

E(KF | L ≤ τA) = EU {E(KF | U , L ≤ τA) | L ≤ τA} = λτFE(U | L ≤ τA) ,

and the variance of KF given L ≤ τA is

var(KF | L ≤ τA) = var {E(KF | U,L ≤ τA) | L ≤ τA}+ E {var(KF | U,L ≤ τA) | L ≤ τA}

= var(UλτF | L ≤ τA) + E(UλτF | L ≤ τA)

= (λτF )
2var(U | L ≤ τA) + λτFE(U | L ≤ τA)

= (λτF )
2
{
E(U2 | L ≤ τA)− E2(U | L ≤ τA)

}
+ λτFE(U | L ≤ τA) ,

where

E(U | L ≤ τA) =

∫ τA
0

∫∞
0
Uf(U, l)dudl∫ τA

0

∫∞
0
f(U, l)dudl

=

∫ τA
0

∫∞
0
Uf(U | l)f(l)dudl∫ τA

0

∫∞
0
f(U | l)f(l)dudl

=

∫ τA
0
f(l)

{∫∞
0
Uf(U | l)du

}
dl∫ τA

0
f(l)

{∫∞
0
f(U | l)du

}
dl

=

∫ τA
0

1+ϕ
λϕl+1

f(l)dl∫ τA
0
f(l)dl

=
1− (λϕτA + 1)−ϕ−1−1

1− (λϕτA + 1)−ϕ−1 ,

154



and

E(U2 | L ≤ τA) =

∫ τA
0
f(l)

{∫∞
0
U2f(U | l)du

}
dl∫ τA

0
f(l)dl

=

∫ τA
0
f(l)

{
(ϕ−1 + 1)

(
ϕ

λϕl+1

)2
+
(

1+ϕ
λϕl+1

)2}
dl∫ τA

0
f(l)dl

=
(ϕ+ 1)(2ϕ+ 1)

∫ τA
0
f(l)(λϕl + 1)−2dl

1− (λϕτA + 1)−ϕ−1 = (1 + ϕ)
1− (λϕτA + 1)−ϕ−1−2

1− (λϕτA + 1)−ϕ−1 .

Therefore we can show that

E(KF | L ≤ τA) = λτF

{
1− (1 + λτAϕ)

−ϕ−1−1

1− (1 + λτAϕ)−ϕ−1

}
,

and

var(KF | L ≤ τA) = E(KF | L ≤ τA)− E2(KF | L ≤ τA) + (λτF )
2(1 + ϕ)

{
1− (1 + λτAϕ)

−ϕ−1−2

1− (1 + λτAϕ)−ϕ−1

}
.

Since we count the donation that led to the identification and recruitment of the individual
we let K = 1 + KF and so κ = 1 + E(KF | KA ≥ 1) = 1 + E(KF | L ≤ τA) and
ν = var(KF | KA ≥ 1) = var(KF | L ≤ τA).

B.4 Matrices A(tr), B(tr) and B(tr, ts) in a Simplified

Setting

Without the adjustment for covariates other than the assigned treatment, Zik = Zi =
(1, Xi)

′ for k = 1, . . . , Ki(tr), and β = (β1, β0)
′. Hence the means of responses are the

same over repeated measurements, i.e. µ(Zik;β) = µ(Xi;β). If we let µ(Xi) = µ(Xi;β)
for simplification, and specifically with the log link Di(tr;β) is a Ki(tr)× 2 matrix of the
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form

Di(tr;β) =
∂µi(tr;β)

∂β′ = µ(Xi)

 Xi 1
...

...
Xi 1

 . (B.9)

With the identity (Poisson) variance function and a working independence assumption, the
Ki(tr)×Ki(tr) working covariance matrix has identical entries in the diagonal,

Σ−1
i (tr;β,α) = Σ−1

i (tr;β) =

 µ−1(Xi) 0
. . .

0 µ−1(Xi)

 . (B.10)

The generalized estimating function in (3.18) then simplifies to

U i(tr;β) =∆i(tr)µ(Xi)

(
Xi · · · Xi

1 · · · 1

) µ−1(Xi) 0
. . .

0 µ−1(Xi)


 Yi1 − µ(Xi)

...
Yi,Ki(tr) − µ(Xi)



= ∆i(tr)

(
Xi · · · Xi

1 · · · 1

) Yi1 − µ(Xi)
...

Yi,Ki(tr) − µ(Xi)



= ∆i(tr)


Ki(tr)∑
j=1

Xi(Yij − µ(Xi))

Ki(tr)∑
j=1

(Yij − µ(Xi))


= ∆i(tr)

Ki(tr)∑
j=1

(
Uij1(β)
Uij2(β)

)
.
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Derivation of the A(tr) Matrix

The A(tr) is given more explicitly by

A(tr) = E
{
∆i(tr)D

′
i(tr;β) Σ

−1
i (tr;β,α)Di(tr;β)

}
= E

∆i(tr)µ(Xi)

(
Xi · · · Xi

1 · · · 1

) µ−1(Xi) 0
. . .

0 µ−1(Xi)

µ(Xi)

 Xi 1
...

...
Xi 1




= E

∆i(tr)

(
Xi · · · Xi

1 · · · 1

)
µ(Xi)

 Xi 1
...

...
Xi 1




= E
{
∆i(tr)

(
Ki(tr)Xi µ(Xi) Ki(tr)Xi µ(Xi)
Ki(tr)Xi µ(Xi) Ki(tr)µ(Xi)

)}
.

Let κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1} be the expected number of measurements
for a subject in group x for the rth interim analysis. Let Ki(tr, ts) be the number of
transfusions needed over time period (tr, ts] for individual i, then κx(tr, ts) = E{Ki(tr, ts) |
Xi = x,∆i(tr) = 1} is the expected number of measurements from study time tr to ts for
a subject i in group x, and νx(tr) = var(Ki(tr) | Xi = x,∆i(tr) = 1) be the variance of
these measurement counts, x = 0, 1. Let µx = µ(Xi = x) and let Vx = var(Yij | Xi = x)
be the true variance of responses for the subject in group x so that Vx = µx(1 − µx),
x = 0, 1. Additionally let π(tr) denote P (∆i(tr) = 1), then further taking the expectation
with respect to Ki(tr), Xi and ∆i(tr) we obtain

A(tr) = π(tr)


κ1(tr)µ1P (Xi = 1) κ1(tr)µ1P (Xi = 1)

κ1(tr)µ1P (Xi = 1)
1∑

x=0

κx(tr)µxP (Xi = x)

 . (B.11)
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Derivation of the B(tr) Matrix

We have B(tr) = E{U i(tr;β)U
′
i(tr;β)} which is

E


∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij1(β)Uik1(β) ∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij1(β)Uik2(β)

∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij1(β)Uik2(β) ∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij2(β)Uik2(β)


. (B.12)

For the (1,1) entry of (B.12) we have

E

∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij1(β)Uik1(β)

∣∣∣∣ Xi,Ki(tr),∆i(tr)


= ∆i(tr)E


Ki(tr)∑
j=1

Ki(tr)∑
k=1

(Yij − µ(Xi))Xi (Yik − µ(Xi))

∣∣∣∣ Xi,Ki(tr),∆i(tr)


= ∆i(tr)E


Ki(tr)∑
j=1

XiU
2
ij2 +

Ki(tr)∑
j=1

Ki(tr)∑
k=1

j ̸=k

Xi (Yij − µ(Xi)) (Yik − µ(Xi))

∣∣∣∣ Xi,Ki(tr),∆i(tr)


= ∆i(tr) {Ki(tr) var(Yij | Xi = 1) +Ki(tr)(Ki(tr)− 1) cov(Yij , Yik | Xi = 1)} I(Xi = 1) .

Taking the expectation with respect to Ki(tr), Xi and ∆i(tr) gives

π(tr)
[
κ1(tr) var(Yij | Xi = 1) + {ν1(tr) + κ21(tr)− κ1(tr)} cov(Yij, Yik | Xi = 1)

]
P (Xi = 1) .

For the (1,2) entry given Xi, Ki(tr) and ∆i(tr) we get

∆i(tr) {Ki(tr) var(Yij | Xi = 1) +Ki(tr)(Ki(tr)− 1) cov(Yij, Yik | Xi = 1)} I(Xi = 1) ,

and overall we have

π(tr)
[
κ1(tr) var(Yij | Xi = 1) + {ν1(tr) + κ21(tr)− κ1(tr)} cov(Yij, Yik | Xi = 1)

]
P (Xi = 1) .
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Regarding the (2, 2) entry of (B.12) note that

E

∆i(tr)

Ki(tr)∑
j=1

Ki(tr)∑
k=1

Uij2(β)Uik2(β)

∣∣∣∣∣∣Xi,Ki(tr),∆i(tr)


=∆i(tr)E


Ki(tr)∑
j=1

U2
ij2(β) +

Ki(tr)∑
j=1

Ki(tr)∑
k=1

j ̸=k

Uij2(β)Uik2(β)

∣∣∣∣∣∣∣∣Xi,Ki(tr),∆i(tr)



=∆i(tr)

Ki(tr) var(Yij | Xi) +

Ki(tr)∑
j=1

Ki(tr)∑
k=1

j ̸=k

cov(Yij , Yik | Xi)


=∆i(tr) {Ki(tr) var(Yij | Xi) +Ki(tr) (Ki(tr)− 1) cov(Yij , Yik | Xi)} .

This has expectation

1∑
x=0

[
E{Ki(tr) | Xi = x} var(Yij | Xi = x)P (Xi = x)+

E{Ki(tr)(Ki(tr)− 1) | Xi = x} cov(Yij, Yik | Xi = x)P (Xi = x)

]
P (∆i(tr) = 1)

= π(tr)
1∑

x=0

[
κx(tr) var(Yij | Xi = x) + {νx(tr) + κ2x(tr)− κx(tr)} cov(Yij, Yik | Xi = x)

]
P (Xi = x) .

If we let corr(Yij, Yik | Xi = x) = ρ be an exchangeable correlation of responses within
individuals we can express cov(Yij, Yik | Xi = x) as cov(Yij, Yik | Xi = x) = ρ · var(Yij |
Xi = x). Hence B(tr) is

π(tr)


P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1} P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1}

P (Xi = 1) {κ1(tr)V1 + δ1(tr)ρV1}
1∑

x=0

P (Xi = x) {κx(tr)Vx + δx(tr)ρVx}

 , (B.13)

where δx(tr) = νx(tr) + κ2x(tr)− κx(tr).
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Derivation of the Covariance Matrix B(tr, ts)

Recall that U i(tr;β) is given by

U i(tr;β) = ∆i(tr)


Ki(tr)∑
j=1

Xi(Yij − µ(Xi))

Ki(tr)∑
j=1

(Yij − µ(Xi))


= ∆i(tr)

Ki(tr)∑
j=1

(
Uij1(β)
Uij2(β)

)
.

Suppose tr < ts so we have Ki(tr) ≤ Ki(ts) and

B(tr, ts) = E{U i(tr;β)U
′
i(ts;β)}

= E


∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij1(β)Uik1(β) ∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij1(β)Uik2(β)

∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij1(β)Uik2(β) ∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij2(β)Uik2(β)


. (B.14)
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For the (1,1) entry of (B.14) we have

E

∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij1(β)Uik1(β)

∣∣∣∣ Xi, Ki(tr), Ki(ts),∆i(tr)


= ∆i(tr)E


Ki(tr)∑
j=1

Ki(ts)∑
k=1

(Yij − µ(Xi))Xi (Yik − µ(Xi))

∣∣∣∣ Xi, Ki(tr), Ki(ts),∆i(tr)


= ∆i(tr)E

{
Ki(tr)∑
j=1

XiU
2
ij2 +

Ki(tr)∑
j=1

Ki(tr)∑
k=1

j ̸=k

Xi (Yij − µ(Xi)) (Yik − µ(Xi))

+ I(Ki(ts) > Ki(tr))

Ki(tr)∑
j=1

Ki(ts)∑
k=Ki(tr)+1

Xi (Yij − µ(Xi)) (Yik − µ(Xi))

∣∣∣∣ Xi, Ki(tr), Ki(ts),∆i(tr)

}

= ∆i(tr)
{
Ki(tr) var(Yij | Xi = 1) +Ki(tr)(Ki(tr)− 1) cov(Yij, Yik | Xi = 1)+

Ki(tr)(Ki(ts)−Ki(tr)) cov(Yij, Yik | Xi = 1)
}
I(Xi = 1)

= ∆i(tr) {Ki(tr) var(Yij | Xi = 1) +Ki(tr)(Ki(ts)− 1) cov(Yij, Yik | Xi = 1)} I(Xi = 1) .

Taking the expectation with respect to Ki(tr), Ki(ts), Xi and ∆i(tr) gives

π(tr)
[
κ1(tr) var(Yij | Xi = 1) + {ν1(tr) + κ21(tr) + κ1(tr)κ1(tr, ts)− κ1(tr)} cov(Yij , Yik | Xi = 1)

]
P (Xi = 1) .

For the (1,2) entry of (B.14) given Xi, Ki(tr), Ki(ts) and ∆i(tr) we get

∆i(tr) {Ki(tr) var(Yij | Xi = 1) +Ki(tr)(Ki(ts)− 1) cov(Yij, Yik | Xi = 1)} I(Xi = 1) ,

and overall we have

π(tr)
[
κ1(tr) var(Yij | Xi = 1) + {ν1(tr) + κ21(tr) + κ1(tr)κ1(tr, ts)− κ1(tr)} cov(Yij , Yik | Xi = 1)

]
P (Xi = 1) .
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Regarding the (2, 2) entry of (B.14) note that

E

∆i(tr)

Ki(tr)∑
j=1

Ki(ts)∑
k=1

Uij2(β)Uik2(β)

∣∣∣∣∣ Xi,Ki(tr),Ki(ts),∆i(tr)



=∆i(tr)E


Ki(tr)∑
j=1

U2
ij2(β) +

Ki(tr)∑
j=1

Ki(ts)∑
k=1

j ̸=k

Uij2(β)Uik2(β)

∣∣∣∣∣ Xi,Ki(tr),Ki(ts),∆i(tr)



=∆i(tr)

Ki(tr) var(Yij | Xi) +

Ki(tr)∑
j=1

Ki(ts)∑
k=1

j ̸=k

cov(Yij , Yik | Xi)


=∆i(tr)

{
Ki(tr) var(Yij | Xi) +

Ki(tr)∑
j=1

Ki(tr)∑
k=1

j ̸=k

cov(Yij , Yik | Xi) + I(Ki(ts) > Ki(tr))

Ki(tr)∑
j=1

Ki(ts)∑
k=Ki(tr)+1

cov(Yij , Yik | Xi)

}

=∆i(tr)

{
Ki(tr) var(Yij | Xi) +Ki(tr)(Ki(tr)− 1)cov(Yij , Yik | Xi) +Ki(tr)(Ki(ts)−Ki(tr))cov(Yij , Yik | Xi)

}
=∆i(tr) {Ki(tr) var(Yij | Xi) +Ki(tr) (Ki(ts)− 1) cov(Yij , Yik | Xi)} .

This has expectation

1∑
x=0

[
E{Ki(tr) | Xi = x} var(Yij | Xi = x)P (Xi = x)+

E{Ki(tr)(Ki(ts)− 1) | Xi = x} cov(Yij , Yik | Xi = x)P (Xi = x)

]
P (∆i(tr) = 1)

= π(tr)
1∑

x=0

[
κx(tr) var(Yij | Xi = x) + {νx(tr) + κ2

x(tr) + κx(tr)κx(tr, ts)− κx(tr)} cov(Yij , Yik | Xi = x)

]
P (Xi = x) .

Hence B(tr, ts) is

π(tr)


P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1} P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1}

P (Xi = 1) {κ1(tr)V1 + δ1(tr, ts)ρV1}
1∑

x=0

P (Xi = x) {κx(tr)Vx + δx(tr, ts)ρVx}

 , (B.15)

where δx(tr, ts) = νx(tr) + κ2x(tr) + κx(tr)κx(tr, ts)− κx(tr).
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B.5 Derivations for Design of a Two-Arm Clinical

Trial

Simplification of the Asymptotic Variance of β̂1(tr)

With 50:50 randomization we can write (B.11) as

A(tr) = π(tr)


κ1(tr)µ1

2

κ1(tr)µ1

2

κ1(tr)µ1

2

κ0(tr)µ0

2
+
κ1(tr)µ1

2

 ,

and (B.13) as

B(tr) = π(tr)

(
1
2 {κ1(tr)V1 + δ1(tr)ρV1} 1

2 {κ1(tr)V1 + δ1(tr)ρV1}
1
2 {κ1(tr)V1 + δ1(tr)ρV1} 1

2 {κ0(tr)V0 + δ0(tr)ρV0 + κ1(tr)V1 + δ1(tr)ρV1}

)
,

and (B.15) as

B(tr, ts) = π(tr)

(
1
2 {κ1(tr)V1 + δ1(tr, ts)ρV1} 1

2 {κ1(tr)V1 + δ1(tr, ts)ρV1}
1
2 {κ1(tr)V1 + δ1(tr, ts)ρV1} 1

2 {κ0(tr)V0 + δ0(tr, ts)ρV0 + κ1(tr)V1 + δ1(tr, ts)ρV1}

)
.

Recall that

M2(tr, ts) = cov(Ūi(tr; β1,θ,α), Ūi(ts; β1,θ,α))

= Bβ1β1(tr, ts) +Aβ1θ(tr)A−1
θθ (tr)Bθθ(tr, ts)[A−1

θθ (ts)]
′
[Aβ1θ(ts)]

′

− Bβ1θ(tr, ts)[A−1
θθ (ts)]

′
[Aβ1θ(ts)]

′ −Aβ1θ(tr)A−1
θθ (tr)Bθβ1(tr, ts) .

Then letting ax(tr, ts) =
1
2
{κx(tr)Vx + δx(tr, ts)ρVx}, bx(tr) = κx(tr)µx/2, x = 0, 1,

M2(tr, ts) = π(tr)

{
a1(tr, ts) +

b1(tr)(a0(tr, ts) + a1(tr, ts))b1(ts)

{b0(tr) + b1(tr)}{b0(ts) + b1(ts)}
− a1(tr, ts)b1(ts)

b0(ts) + b1(ts)
− a1(tr, ts)b1(tr)

b0(tr) + b1(tr)

}

= π(tr)
b0(tr)b0(ts)a1(tr, ts) + b1(tr)b1(ts)a0(tr, ts)

{b0(tr) + b1(tr)} {b0(ts) + b1(ts)}
,
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and substituting the parameters for the constants further gives M2(tr, ts) as

π(tr)
κ0(tr)κ0(ts)µ

2
0V1{κ1(tr) + δ1(tr, ts)ρ}+ κ1(tr)κ1(ts)µ

2
1V0{κ0(tr) + δ0(tr, ts)ρ}

2{κ0(tr)µ0 + κ1(tr)µ1}{κ0(ts)µ0 + κ1(ts)µ1}
.

Similarly we have

M1(tr) = π(tr)
κ20(tr)µ

2
0V1{κ1(tr) + δ1(tr)ρ}+ κ21(tr)µ

2
1V0{κ0(tr) + δ0(tr)ρ}

2{κ0(tr)µ0 + κ1(tr)µ1}2
.

Simplification of the Asymptotic Variance of β̂1(tr)

Note that

A−1(tr) = π(tr)
−1

(
b1(tr) b1(tr)
b1(tr) b0(tr) + b1(tr)

)−1

=
π(tr)

−1

b0(tr)b1(tr) + b1(tr)2 − b1(tr)2

(
b0(tr) + b1(tr) −b1(tr)

−b1(tr) b1(tr)

)

= π(tr)
−1


1

b0(tr)
+

1

b1(tr)
− 1

b0(tr)

− 1

b0(tr)

1

b0(tr)

 ,

which gives

A−1(tr) = π(tr)
−1


2

κ0(tr)µ0

+
2

κ1(tr)µ1

− 2

κ0(tr)µ0

− 2

κ0(tr)µ0

2

κ0(tr)µ0

 .

Then

Ω(tr) = [A−1(tr)]B(tr) [A−1(tr)]
′

=
1

π(tr)


2V0

κ20(tr)µ
2
0

[κ0(tr) + δ0(tr)ρ] +
2V1

κ21(tr)µ
2
1

[κ1(tr) + δ1(tr)ρ] − 2V0

κ20(tr)µ
2
0

[κ0(tr) + δ0(tr)ρ]

− 2V0

κ20(tr)µ
2
0

[κ0(tr) + δ0(tr)ρ]
2V0

κ20(tr)µ
2
0

[κ0(tr) + δ0(tr)ρ]

 .
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Thus the asymptotic variance of β̂1(tr) is

1

nr

π(tr)
−1

{
2V0

κ0(tr)µ2
0

(
1 +

δ0(tr)ρ

κ0(tr)

)
+

2V1
κ1(tr)µ2

1

(
1 +

δ1(tr)ρ

κ1(tr)

)}
. (B.16)

B.6 Derivations of κx(tr), νx(tr), and κx(tr, ts)

Suppose K is the number of transfusions per individual over a period of time of duration
τ , K | u ∼ Poisson(uλτ), and L | U = u ∼ Exp(uλ) and the random effect U follows the
Gamma distribution with E(U) = 1 and var(U) = ϕ. We have

f(l;λ, ϕ) =

∫ ∞

0
P (l | u;λ)dG(u;ϕ) =

∫ ∞

0
uλ exp(−uλ l)

uϕ
−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du = λ

(
1

λlϕ+ 1

)ϕ−1+1

,

(B.17)

and

dG(u | l;λ, ϕ) = P (l | u;λ)dG(u;ϕ)∫∞
0
P (l | u;λ)dG(u;ϕ)

=

uλ exp(−uλ l)u
ϕ−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1∫ ∞

0

uλ exp(−uλ l)u
ϕ−1−1e−u/ϕ

Γ(ϕ−1)ϕϕ−1 du

=
uϕ

−1
exp
(
−u / ϕ

ϕλ l+1

)
Γ(ϕ−1 + 1)

(
ϕ

ϕλ l+1

)ϕ−1+1
,

which gives

U | L = l ∼ Gamma

(
shape = ϕ−1 + 1, scale =

ϕ

ϕλ l + 1

)
.

To compute the κx(tr) we average over the random effect U and the recruitment time L as

κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1}

= EL

{
EU

{
E
{
Ki(tr) | Xi = x,∆i(tr) = 1,

Ui = u, Li = l
}
| ∆i(tr) = 1, Li < min(tr, τA)

}
| ∆i(tr) = 1, Li < min(tr, τA)

}
.
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Note that

g0(t1, t2) =

∫ t2

t1

f(l)dl =

∫ t2

t1

λ

(λϕl + 1)ϕ−1+1
dl = (λϕt1 + 1)−ϕ−1 − (λϕt2 + 1)−ϕ−1

, (B.18)

g1(t1, t2) =

∫ t2

t1

lf(l)dl =

∫ t2

t1

l
λ

(λϕl + 1)ϕ−1+1
dl = λ

∫ t2

t1

l d

{
1

−λ
(λϕl + 1)−ϕ−1

}
(B.19)

=

{
−l(λϕl + 1)−ϕ−1

+
1

λϕ− λ
(λϕl + 1)−ϕ−1+1

}∣∣∣∣t2
t1

=
1

λϕ− λ

{
(λϕt2 + 1)−ϕ−1+1 − (λϕt1 + 1)−ϕ−1+1

}
− t2(λϕt2 + 1)−ϕ−1

+ t1(λϕt1 + 1)−ϕ−1
,

g2(t1, t2) =

∫ t2

t1

l2f(l)dl =

∫ t2

t1

l2
λ

(λϕl + 1)ϕ−1+1
dl = λ

∫ t2

t1

l2 d

{
1

−λ
(λϕl + 1)−ϕ−1

}
(B.20)

= −l2(λϕl + 1)−ϕ−1
∣∣∣t2
t1
+ 2

∫ t2

t1

l(λϕl + 1)−ϕ−1
dl

= −l2(λϕl + 1)−ϕ−1
∣∣∣t2
t1
+ 2

∫ t2

t1

ld

{
1

−λ(1− ϕ)
(λϕl + 1)−ϕ−1+1

}

=

{
−l2(λϕl + 1)−ϕ−1 − 2l

λ(1− ϕ)
(λϕl + 1)−ϕ−1+1 − 2

λ2(1− 2ϕ)(1− ϕ)
(λϕl + 1)−ϕ−1+2

}∣∣∣∣t2
t1

= −t22(λϕt2 + 1)−ϕ−1
+

2t2
λ(ϕ− 1)

(λϕt2 + 1)−ϕ−1+1 − 2

λ2(1− 2ϕ)(1− ϕ)
(λϕt2 + 1)−ϕ−1+2

+ t21(λϕt1 + 1)−ϕ−1 − 2t1
λ(ϕ− 1)

(λϕt1 + 1)−ϕ−1+1 +
2

λ2(1− 2ϕ)(1− ϕ)
(λϕt1 + 1)−ϕ−1+2 .

Hence

E(l | t1 < l < t2) =

∫ t2
t1

lf(l)dl∫ t2
t1

f(l)dl
=

g1(t1, t2)

g0(t1, t2)
, (B.21)

E(l2 | t1 < l < t2) =

∫ t2
t1

l2f(l)dl∫ t2
t1

f(l)dl
=

g2(t1, t2)

g0(t1, t2)
. (B.22)
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Additionally,

E{u | l < t} =

∫ t

0

∫∞
0
uf(u, l)dudl∫ t

0

∫∞
0
f(u, l)dudl

=

∫ t

0

∫∞
0
uf(u | l)f(l)dudl∫ t

0

∫∞
0
f(u | l)f(l)dudl

=

∫ t

0
f(l)

{∫∞
0
uf(u | l)du

}
dl∫ t

0
f(l)

{∫∞
0
f(u | l)du

}
dl

=

∫ t

0
1+ϕ
λϕl+1

f(l)dl∫ t

0
f(l)dl

=
1− (λϕt+ 1)−ϕ−1−1

1− (λϕt+ 1)−ϕ−1 , (B.23)

and

E{u2 | l < t} =

∫ t

0
f(l)

{∫∞
0
u2f(u | l)du

}
dl∫ t

0
f(l)dl

(B.24)

=

∫ t

0
f(l)

{
(ϕ−1 + 1)

(
ϕ

λϕl+1

)2
+
(

1+ϕ
λϕl+1

)2}
dl∫ t

0
f(l)dl

=
(ϕ+ 1)(2ϕ+ 1)

∫ t

0
f(l)(λϕl + 1)−2dl

1− (λϕt+ 1)−ϕ−1

= (1 + ϕ)
1− (λϕt+ 1)−ϕ−1−2

1− (λϕt+ 1)−ϕ−1 . (B.25)

With (B.18)-(B.24) we consider two cases for the study time tr where 1) 0 < tr ≤ τF , 2)
τF < tr ≤ tR.

For 1) 0 < tr ≤ τF ,

κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1}

= EL

{
EU

{
E
{
Ki(tr) | Xi = x,∆i(tr) = 1,

Ui = u, Li = l
}
| ∆i(tr) = 1, Li < min(tr, τA)

}
| ∆i(tr) = 1, Li < min(tr, τA)

}
.

We omit the conditions Xi = x and ∆i(tr) = 1 in the expectations for the ease of the
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notation thus

κx(tr) = EL {EU {E {Ki(tr) | Ui = u, Li = l} | l < min(tr, τA)} | l < min(tr, τA)}

= EL {EU {uλ(tr − l) | l < min(tr, τA)} | l < min(tr, τA)}

= λ {tr − E{l | l < min(tr, τA)}}E {u | l < min(tr, τA)}

= λ

{
tr −

g1(0,min(tr, τA))

g0(0,min(tr, τA))

}
E {u | l < min(tr, τA)} ,

and

νx(tr) = var{Ki(tr) | Xi = x,∆i(tr) = 1}

= E{K2
i (tr) | Xi = x,∆i(tr) = 1} − κ2

x(tr)

= EL

{
EU

{
E
{
K2

i (tr) | Ui = u, Li = l
}
| l < min(tr, τA)

}
| l < min(tr, τA)

}
− κ2

x(tr)

= EL

{
EU

{
var
{
Ki(tr) | Ui = u, Li = l

}
+ E2

{
Ki(tr) | Ui = u, Li = l

}
| l < min(tr, τA)

}
| l < min(tr, τA)

}
−κ2

x(tr)

= EL

{
EU

{
uλ(tr − l) + u2λ2(tr − l)2 | l < min(tr, τA)

}
| l < min(tr, τA)

}
− κ2

x(tr)

= κx(tr)− κ2
x(tr) + λ2{t2r + E{l2 | l < min(tr, τA)} − 2trE{l | l < min(tr, τA)}}E{u2 | l < min(tr, τA)}

= κx(tr)− κ2
x(tr) + λ2

{
t2r +

g2(0,min(tr, τA))

g0(0,min(tr, τA))
− 2tr

g1(0,min(tr, τA))

g0(0,min(tr, τA))

}
E
{
u2 | l < min(tr, τA)

}
.

For 2) τF < tr ≤ tR we have

κx(tr) = E{Ki(tr) | Xi = x,∆i(tr) = 1}

= EL {EU {E {Ki(tr) | Ui = u, Li = l} | l < min(tr, τA)} | l < min(tr, τA)}

= EL {EU {uλmin(tr − l, τF ) | l < min(tr, τA)} | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}EL {min(tr − l, τF ) | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}


∫min(tr,τA)

tr−τF
(tr − l)f(l)dl +

∫ tr−τF
0

τF f(l)dl

g0(0,min(tr, τA))


= λE {u | l < min(tr, τA)}

{
tr
g0(tr − τF ,min(tr, τA))

g0(0,min(tr, τA))
− g1(tr − τF ,min(tr, τA))

g0(0,min(tr, τA))
+ τF

g0(0, tr − τF )

g0(0,min(tr, τA))

}
,
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and

νx(tr) = var{Ki(tr) | Xi = x,∆i(tr) = 1}

= E{K2
i (tr) | Xi = x,∆i(tr) = 1} − κ2x(tr)

= EL

{
EU

{
E
{
K2

i (tr) | Ui = u, Li = l
}
| l < min(tr, τA)

}
| l < min(tr, τA)

}
− κ2x(tr)

= EL

{
EU

{
var
{
Ki(tr) | Ui = u, Li = l

}
+ E2

{
Ki(tr) | Ui = u, Li = l

}
| l < min(tr, τA)

}
| l < min(tr, τA)

}
−κ2x(tr)

= EL

{
EU

{
uλmin(tr − l, τF ) + u2λ2(min(tr − l, τF ))

2 | l < min(tr, τA)
}
| l < min(tr, τA)

}
− κ2x(tr)

= κx(tr) + λ2E
{
u2 | l < min(tr, τA)

}
EL

{
(min(tr − l, τF ))

2 | l < min(tr, τA)
}
− κ2x(tr)

= κx(tr) + λ2E
{
u2 | l < min(tr, τA)

}
∫ min(tr,τA)
tr−τF

(tr − l)2 f(l) dl +
∫ tr−τF
0 τ2F f(l)dl

g0(0,min(tr, τA))

− κ2x(tr)

= κx(tr) + λ2E
{
u2 | l < min(tr, τA)

}{ 1

g0(0,min(tr, τA))

{∫ min(tr,τA)

tr−τF

t2r f(l)dl−

∫ min(tr,τA)

tr−τF

2tr l f(l)dl +

∫ min(tr,τA)

tr−τF

l2 f(l) dl +

∫ tr−τF

0
τ2F f(l) dl

}}
−κ2x(tr)

= κx(tr) + λ2E
{
u2 | l < min(tr, τA)

}{ 1

g0(0,min(tr, τA))

{
t2rg0(tr − τF ,min(tr, τA))

− 2trg1(tr − τF ,min(tr, τA)) + g2(tr − τF ,min(tr, τA)) + τ2F g0(0, tr − τF )
}}

−κ2x(tr)

= κx(tr) + λ2E
{
u2 | l < min(tr, τA)

}{
t2r
g0(tr − τF ,min(tr, τA))

g0(0,min(tr, τA))
− 2tr

g1(tr − τF ,min(tr, τA))

g0(0,min(tr, τA))

+
g2(tr − τF ,min(tr, τA))

g0(0,min(tr, τA))
+ τ2F

g0(0, tr − τF )

g0(0,min(tr, τA))

}
−κ2x(tr) .
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To compute κx(tr, ts) we consider three cases 1) 0 < tr < ts ≤ τF , 2) 0 < tr < τF < ts ≤ tR,
3) τF ≤ tr < ts ≤ tR.

For 1) 0 < tr < ts ≤ τF ,

κx(tr, ts) = E{Ki(tr, ts) | Xi = x,∆i(tr) = 1}

= EL {EU {E {Ki(tr, ts) | Ui = u, Li = l} | l < min(tr, τA)} | l < min(tr, τA)}

= EL {EU {uλ(ts − tr) | l < min(tr, τA)} | l < min(tr, τA)}

= λ(ts − tr)E {u | l < min(tr, τA)} .

For 2) 0 < tr < τF < ts ≤ tR,

κx(tr, ts) = E{Ki(tr, ts) | Xi = x,∆i(tr) = 1}

= EL {EU {E {Ki(tr, ts) | Ui = u, Li = l} | l < min(tr, τA)} | l < min(tr, τA)}

= EL {EU {uλmin(ts − tr, l + τF − tr) | l < min(tr, τA)} | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}EL {min(ts − tr, l + τF − tr) | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}
∫ min(tr,τA)

ts−τF
(ts − tr) f(l) dl +

∫ ts−τF
0

(l + τF − tr) f(l) dl

g0(0,min(tr, τA))

= λE {u | l < min(tr, τA)}×

(ts − tr)g0(ts − τF ,min(tr, τA)) + g1(0, ts − τF ) + (τF − tr)g0(0, ts − τF )

g0(0,min(tr, τA))

= λE {u | l < min(tr, τA)}
{
(ts − tr)

g0(ts − τF ,min(tr, τA))

g0(0,min(tr, τA))
+

g1(0, ts − τF )

g0(0,min(tr, τA))
+

(τF − tr)
g0(0, ts − τF )

g0(0,min(tr, τA))

}
.
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For 3) τF ≤ tr < ts ≤ tR,

κx(tr, ts) = E{Ki(tr, ts) | Xi = x,∆i(tr) = 1}

= EL {EU {E {Ki(tr, ts) | Ui = u, Li = l} | l < min(tr, τA)} | l < min(tr, τA)}

= EL {EU {uλmax(min(ts − tr, l + τF − tr), 0) | l < min(tr, τA)} | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}EL {max(min(ts − tr, l + τF − tr), 0) | l < min(tr, τA)}

= λE {u | l < min(tr, τA)}

{∫ min(tr,τA)

ts−τF
(ts − tr) f(l) dl +

∫ ts−τF
0

(l + τF − tr) f(l) dl

g0(0,min(tr, τA))

}

= λE {u | l < min(tr, τA)}×

(ts − tr)g0(ts − τF ,min(tr, τA)) + g1(0, ts − τF ) + (τF − tr)g0(0, ts − τF )

g0(0,min(tr, τA))

= λE {u | l < min(tr, τA)}×{
(ts − tr)

g0(ts − τF ,min(tr, τA))

g0(0,min(tr, τA))
+

g1(0, ts − τF )

g0(0,min(tr, τA))
+ (τF − tr)

g0(0, ts − τF )

g0(0,min(tr, τA))

}
,

which is the same as the case when 0 < tr < τF < ts ≤ tR in 2). Additionally from (B.17)
we have

π(tr) = P (∆i(tr) = 1) = P (li ≤ tr | li ≤ τA)

=

∫ tr
0
λ(λlϕ+ 1)−ϕ−1−1dl∫ τA

0
λ(λlϕ+ 1)−ϕ−1−1dl

=

λ
(

1
−λ

(λlϕ+ 1)−ϕ−1
) ∣∣∣∣∣

tr

0

λ
(

1
−λ

(λlϕ+ 1)−ϕ−1
) ∣∣∣∣∣

τA

0

=
1− (λϕtr + 1)−ϕ−1

1− (λϕτA + 1)−ϕ−1 .

B.7 Supplementary Table of One-sided Boundaries

Table B.1 presents the one-sided boundaries for a non-inferiority trial design of a plasma
donation study as discussed in Section 3.11.2. The parameter settings are as follows,
λ = 21, ϕ = 0.8, µ0 = 0.035%, exp(β1A) = 1.5, exp(β1M) = 2.5, ρ = 0.005, τA = 0.5,
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τF = 0.5, α = 5%, and target power=80%. Boundaries based on O’Brien & Fleming,
Pocock, and uniform-type alpha spending functions are listed. Two interim analyses with
one final analysis are planned; 1st interim analysis is planned at study time t1, 2nd interim
analysis is planned at study time t2, and the final analysis is planned at the end of the
study. The information fraction is determined as the fraction of inverse variance of β̂1.

Table B.1: One-sided boundaries from different alpha spending functions for a non-
inferiority trial with 1st interim analysis planned at study time t1, 2nd interim analysis
planned at study time t2, and final analysis planned at the end of study; information frac-
tion is determined as the fraction of inverse variance of β̂1; λ = 21, ϕ = 0.8, µ0 = 0.035%,
exp(β1A) = 1.5, exp(β1M) = 2.5, ρ = 0.005, τA = 0.5, τF = 0.5, α = 5%, and target
power=80%.

(a) O’Brien & Fleming Type (α∗
1(t))

2nd interim analysis at t2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1s
t
in
te
ri
m

an
al
y
si
s
at
t 1 0.1 (5.08, –, 1.64) (5.08, 3.25, 1.65) (5.08, 2.51, 1.66) (5.08, 2.09, 1.70) (5.08, 1.81, 1.75) (5.08, 1.70, 1.78) (5.08, 1.67, 1.84) (5.08, 1.65, 1.96) (5.08, 1.65, 2.15) (5.08, 1.64, –)

0.2 – (3.25, –, 1.65) (3.25, 2.52, 1.66) (3.25, 2.09, 1.70) (3.25, 1.81, 1.75) (3.25, 1.70, 1.78) (3.25, 1.67, 1.84) (3.25, 1.65, 1.96) (3.25, 1.65, 2.15) (3.25, 1.65, –)

0.3 – – (2.51, –, 1.66) (2.51, 2.13, 1.70) (2.51, 1.83, 1.76) (2.51, 1.72, 1.79) (2.51, 1.69, 1.85) (2.51, 1.67, 1.97) (2.51, 1.66, 2.16) (2.51, 1.66, –)
0.4 – – – (2.09, –, 1.70) (2.09, 1.88, 1.77) (2.09, 1.76, 1.81) (2.09, 1.72, 1.87) (2.09, 1.71, 1.99) (2.09, 1.70, 2.18) (2.09, 1.70, –)

0.5 – – – – (1.81, –, 1.75) (1.81, 1.81, 1.82) (1.81, 1.77, 1.88) (1.81, 1.76, 1.99) (1.81, 1.75, 2.17) (1.81, 1.75, –)

0.6 – – – – – (1.70, –, 1.78) (1.70, 1.81, 1.85) (1.70, 1.79, 1.94) (1.70, 1.78, 2.09) (1.70, 1.78, –)

0.7 – – – – – – (1.67, –, 1.84) (1.67, 1.86, 1.92) (1.67, 1.84, 2.06) (1.67, 1.84, –)

0.8 – – – – – – – (1.65, –, 1.96) (1.65, 1.97, 2.08) (1.65, 1.96, –)

0.9 – – – – – – – – (1.65, –, 2.15) (1.65, 2.15, –)

1.0 – – – – – – – – – (1.64, –, –)

(b) Pocock Type (α∗
2(t))

2nd interim analysis at t2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1s
t
in
te
ri
m

an
al
y
si
s
at
t 1 0.1 (2.29, –, 1.73) (2.29, 2.17, 1.83) (2.29, 1.98, 1.91) (2.29, 1.86, 1.96) (2.29, 1.78, 1.99) (2.29, 1.75, 1.97) (2.29, 1.74, 2.02) (2.29, 1.73, 2.14) (2.29, 1.73, 2.33) (2.29, 1.73, –)

0.2 – (2.01, –, 1.82) (2.01, 2.09, 1.91) (2.01, 1.96, 1.98) (2.01, 1.87, 2.03) (2.01, 1.83, 2.03) (2.01, 1.82, 2.08) (2.01, 1.82, 2.20) (2.01, 1.82, 2.39) (2.01, 1.82, –)

0.3 – – (1.86, –, 1.88) (1.86, 2.03, 1.98) (1.86, 1.94, 2.05) (1.86, 1.90, 2.07) (1.86, 1.89, 2.12) (1.86, 1.89, 2.24) (1.86, 1.88, 2.42) (1.86, 1.88, –)

0.4 – – – (1.76, –, 1.93) (1.76, 1.97, 2.03) (1.76, 1.95, 2.08) (1.76, 1.94, 2.14) (1.76, 1.93, 2.25) (1.76, 1.93, 2.43) (1.76, 1.93, –)

0.5 – – – – (1.69, –, 1.93) (1.69, 1.93, 2.02) (1.69, 1.94, 2.08) (1.69, 1.93, 2.18) (1.69, 1.93, 2.35) (1.69, 1.93, –)

0.6 – – – – – (1.66, –, 1.91) (1.66, 1.90, 1.98) (1.66, 1.91, 2.06) (1.66, 1.91, 2.20) (1.66, 1.91, –)

0.7 – – – – – – (1.65, –, 1.95) (1.65, 1.96, 2.03) (1.65, 1.96, 2.15) (1.65, 1.95, –)

0.8 – – – – – – – (1.65, –, 2.07) (1.65, 2.08, 2.18) (1.65, 2.07, –)

0.9 – – – – – – – – (1.65, –, 2.26) (1.65, 2.26, –)

1.0 – – – – – – – – – (1.64, –, –)

(c) Uniform Type (α∗
3(t))

2nd interim analysis at t2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1s
t
in
te
ri
m

an
al
y
si
s
at
t 1 0.1 (2.45, –, 1.70) (2.45, 2.27, 1.76) (2.45, 2.04, 1.82) (2.45, 1.89, 1.87) (2.45, 1.77, 1.90) (2.45, 1.72, 1.90) (2.45, 1.71, 1.96) (2.45, 1.70, 2.07) (2.45, 1.70, 2.26) (2.45, 1.70, –)

0.2 – (2.14, –, 1.75) (2.14, 2.14, 1.82) (2.14, 1.96, 1.88) (2.14, 1.83, 1.93) (2.14, 1.78, 1.94) (2.14, 1.77, 2.00) (2.14, 1.76, 2.11) (2.14, 1.76, 2.30) (2.14, 1.75, –)
0.3 – – (1.95, –, 1.81) (1.95, 2.03, 1.88) (1.95, 1.89, 1.95) (1.95, 1.84, 1.97) (1.95, 1.82, 2.03) (1.95, 1.81, 2.14) (1.95, 1.81, 2.33) (1.95, 1.81, –)
0.4 – – – (1.82, –, 1.85) (1.82, 1.93, 1.94) (1.82, 1.88, 1.98) (1.82, 1.86, 2.04) (1.82, 1.85, 2.15) (1.82, 1.85, 2.34) (1.82, 1.85, –)
0.5 – – – – (1.71, –, 1.87) (1.71, 1.89, 1.95) (1.71, 1.88, 2.01) (1.71, 1.87, 2.11) (1.71, 1.87, 2.28) (1.71, 1.87, –)
0.6 – – – – – (1.67, –, 1.87) (1.67, 1.86, 1.93) (1.67, 1.87, 2.02) (1.67, 1.87, 2.16) (1.67, 1.87, –)
0.7 – – – – – – (1.65, –, 1.92) (1.65, 1.93, 2.00) (1.65, 1.92, 2.12) (1.65, 1.92, –)
0.8 – – – – – – – (1.65, –, 2.03) (1.65, 2.04, 2.15) (1.65, 2.03, –)
0.9 – – – – – – – – (1.65, –, 2.22) (1.65, 2.22, –)
1.0 – – – – – – – – – (1.64, –, –)
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Appendix C

Appendix to Chapter 4

C.1 Derivations of Score Function

For simplicity of notation, we omit the subscript i for the derivation of (4.4),

S1(ϑ) =
∂ℓ(ϑ)

∂θ′
= RS1(D |X;θ) + (1−R)

∂
∂θ

∫
P (D |X;θ)P (X1 |X2;γ1)dx1∫
P (D |X;θ)P (X1 |X2;γ1)dx1

= RS1(D |X;θ) + (1−R)

∫
∂
∂θ
P (D |X;θ)P (X1 |X2;γ1)dx1

P (D |X2;θ,γ1)
.

As

∂P (D |X;θ)/∂θ = P (D |X;θ)
∂ logP (D |X;θ)

∂θ
,

we have

S1(ϑ) =
∂ℓ(ϑ)

∂θ′
= RS1(D |X;θ) + (1−R)

∫
S1(D |X;θ)P (D |X;θ)P (X1 |X2;γ1)dx1

P (D |X2;θ,γ1)

= RS1(D |X;θ) + (1−R)

∫
S1(D |X;θ)P (D, X1 |X2;θ,γ1)dx1

P (D |X2;θ,γ1)

= RS1(D |X;θ) + (1−R)

∫
S1(D |X;θ)P (X1 |X2,D;θ,γ1)dx1

= RS1(D |X;θ) + (1−R)EX1 {S1(D |X;θ) | D,X2;θ,γ1} ,
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where

S1(D |X;θ) =
∂ logP (D |X;θ)

∂θ
.

S2(ϑ) can be derived similarly.

C.2 Derivations of Score-Type Residuals Mµ

Let µ = X1β1 +X
′
2β2. We have

∂Pklr(X)

∂µ
=

l∑
j=k

∂Ckjle
−λj(ar−ar−1)

∂µ

=
l∑

j=k

∂

∂µ

eµ(l−k)
∏l−1

s=k λs0

eµ(l−k)
∏l

s=k,s̸=j(λs0 − λj0)
e−λj(ar−ar−1)

=
l∑

j=k

∏l−1
s=k λs0∏l

s=k,s̸=j(λs0 − λj0)

∂

∂µ
e−λj(ar−ar−1)

=
l∑

j=k

∏l−1
s=k λs0∏l

s=k,s̸=j(λs0 − λj0)
e−λj(ar−ar−1) {−λj(ar − ar−1)}

=
l∑

j=k

P
(j)
klr (X) {−λj(ar − ar−1)} , k ≤ l

where

P
(j)
klr (X) = Ckjle

−λj(ar−ar−1) ,

Pklr(X) =
l∑

j=k

P
(j)
klr (X) .
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Hence we have

logP (D |X;θ) =
m∑
r=1

K∑
k=1

K∑
l=1

δklr logPklr(X) ,

Mµ =
∂ logP (D |X;θ)

∂µ
=

m∑
r=1

K∑
k=1

K∑
l=1

δklr
Pklr(X)

∂Pklr(X)

∂µ

=
m∑
r=1

K∑
k=1

K∑
l=1

δklr
Pklr(X)

l∑
j=k

P
(j)
klr (X) {−λj(ar − ar−1)}

=
m∑
r=1

K∑
k=1

K∑
l=1

δklr

∑l
j=k P

(j)
klr (X) {−λj(ar − ar−1)}

Pklr(X)

=
m∑
r=1

K∑
k=1

K∑
l=1

−δklr(ar − ar−1)

∑l
j=k λjP

(j)
klr (X)

Pklr(X)
, k ≤ l .

E

{
K∑
l=1

I(Z(ar−1) = k)I(Z(ar) = l)

Pklr(X)

∂Pklr(X)

∂µ

∣∣∣∣I(Z(ar−1) = k) = 1

}

=
K∑
l=1

E
{
I(Z(ar) = l)

Pklr(X)

∂Pklr(X)

∂µ

∣∣∣∣I(Z(ar−1) = k) = 1

}

=
K∑
l=1

∂Pklr(X)

∂µ
I(Z(ar−1) = k)

=I(Z(ar−1) = k)
∂

∂µ

{
K∑
l=1

Pklr(X)

}

=0 since
K∑
l=1

Pklr(X) = 1 ,
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which gives

E

{
K∑
l=1

I(Z(ar−1) = k)I(Z(ar) = l)

Pklr(X)

∂Pklr(X)

∂µ

}
= 0 .

Hence the expectation of Mµ is

E(Mµ) = E

{
m∑
r=1

K∑
k=1

K∑
l=1

δklr
Pklr(X)

∂Pklr(X)

∂µ

}

=
m∑
r=1

K∑
k=1

E

{
K∑
l=1

δklr
Pklr(X)

∂Pklr(X)

∂µ

}

=
m∑
r=1

K∑
k=1

E

{
K∑
l=1

I(Z(ar−1) = k)I(Z(ar) = l)

Pklr(X)

∂Pklr(X)

∂µ

}

= 0 .

C.3 Supplementary Table of Strata Sizes

Table C.1 presents the average number of strata sizes based on 1000 replicates in the
empirical studies of two-phase designs in Section 4.5 where the strata are defined according
to the state observed at the last visit (i.e., state Z(τ) = 0, 1, or 2) and the binary covariate
X2. Strata are defined specifically as follows.

• stratum 1: Z(τ) = 0, X2 = 0

• stratum 2: Z(τ) = 0, X2 = 1

• stratum 3: Z(τ) = 1, X2 = 0

• stratum 4: Z(τ) = 1, X2 = 1

• stratum 5: Z(τ) = 2, X2 = 0

• stratum 6: Z(τ) = 2, X2 = 1
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