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Abstract

Turbulence remains one of the most important unsolved problems in classical physics.

The difficulty of arriving at a complete understanding of turbulence is rooted in the non-

linear and multi-scale nature of the phenomenon. Although fluid mechanical turbulence

is governed by the deterministic Navier-Stokes equations, there is no unified theory to

obtain a generalized closed form solution for arbitrary turbulent flow configurations. Direct

Numerical Simulations (DNS), Large Eddy Simulations (LES) and Reynolds-Averaged

Navier-Stokes (RANS) solvers utilize different approaches to arrive at a solution, but each

method has complications and limitations of its own.

The description of turbulence as a superposition of coherent structures has provided

unique insights into the phenomenon. The possibility of representing turbulence from the

statistical and structural viewpoints provides an opportunity to explore models that can

provide alternative frameworks combining the features of these two viewpoints.

This work explores the use of dimensionality reduction which couples with a structural

and statistical approach to model turbulence. Even though dimensionality reduction is a

simplified representation of the complex physical reality, the model retains its usefulness

if it captures the essence of the non-linear and multi-scale nature of turbulence. Estab-

lishing this simplified model, while retaining the main features of the complex fluid flow,

is the primary objective of this work. The one-dimensional turbulence (ODT) method

originally proposed by Kerstein [78] is the foundation of this work, which utilizes geomet-

ric mapping of properties at multiple spatio-temporal scales in the domain, to represent

three-dimensional turbulent eddies. The use of the one-dimensional approach is particu-

larly favourable when the chosen flow configuration exhibits a characteristic direction of

variation, which is often the case with the self-similar canonical flows that form the core

of turbulence theory.

The developed model builds on the foundational ODT model to address two building

block flow configurations of enormous importance in turbulence literature: the homoge-

neous isotropic turbulence (HIT) and the turbulent boundary layer (TBL). Both of these

flows have been the subject of extensive DNS studies, but the extreme computational cost
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of the simulations is prohibitive at extreme Reynolds numbers. Extreme Reynolds num-

bers flows are of paramount importance in many scientific and engineering applications. In

addition, the high-Reynolds number simulations are also needed to propose and establish

turbulence theory, since idealized turbulence should approach the vanishing viscosity limit.

In this work, we develop a fully-compressible Eulerian ODT solver to study different

aspects of canonical high-Reynolds number turbulent flows. This thesis comprises several

journal articles, published or under revision for publication at the time of submission of

this thesis, that address the following aspects:

• the study of homogeneous isotropic turbulence at high Reynolds numbers up to

Reλ = 5428, with descriptions of high-order statistics and phenomenology of extreme

events,

• an analysis of the key features of one-dimensional turbulence model with the Townsend’s

Attached-Eddy Model, and

• the study of compressible turbulent boundary layers at hypersonic conditions M ≈
5.86, with cold walls at wall-to-recovery temperature ratio as low as 0.26.

The developed methodology shows significant promise in extending the state-of-the-art

turbulence simulations to high Reynolds numbers, which is made possible by the computa-

tional cost reduction of ODT. The multi-scale nature of ODT captures classical features of

homogeneous isotropic turbulence in terms of turbulent energy spectrum, energy flux spec-

tra, normalized dissipation rate and intermittency characteristics. Identifying the salient

aspects of Attached-Eddy hypothesis in the ODT model, we establish the importance of

probability distribution for eddies alongside the formulations for eddy-induced velocities

and displacements. The developed compressible ODT model is also used for prediction of

compressible turbulent boundary layer. The model produces the mean statistics of velocity

and temperature profiles at hypersonic conditions, agreeing with DNS results, along with

the characterization of temperature fluctuations.
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6.3 Comparison of ODT simulations with different Z parameters at Tw/Tr ≈
0.73. The DNS results from Zhang et al. [192] are shown in solid black and

the dashed line in (a) corresponds to the von Kármán’s law of the wall. . . 132
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Chapter 1

Introduction

Turbulence refers to the seemingly random fluctuating motions in a fluid flow [8] and the

instantaneous velocity, pressure, and density fields are governed by the Navier-Stokes (NS)

equations. Turbulence can be observed commonly in flowing water, chimney smoke, and

strong wind movements, as well as in advanced scientific disciplines ranging from aerospace

vehicles to astrophysical phenomena [16], such as supernova explosions and interstellar

clouds. Due to the overwhelming existence of turbulence in nature and the absence of a

generalized solution of the NS equations [61], great emphasis has been placed on under-

standing and predicting turbulence.

The Reynolds number [142, 143] is the most representative non-dimensional number

used to describe turbulence and represents the ratio of inertial to viscous forces in the

flow. A flow is turbulent at high Reynolds number when the inertial forces dominate over

dissipative, viscous forces. The Reynolds number can also be used to represent the ratio

between the largest and smallest length scales in a turbulent flow field. Practical flows

occur at high Reynolds numbers and this thesis focuses on modelling the turbulence in

these high Reynolds number flows.
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1.1 High-Reynolds number turbulence modelling

Turbulence simulations at high Reynolds number are indispensable for predictive modelling

of flows in aerospace, automotive components, atmospheric turbulence, and astrophysics.

Flows in these applications exhibit a large spatiotemporal scale separation and require

reliable fluid flow computations or detailed experiments to be able to characterise the role

of turbulence [102]. High-Reynolds number turbulence is also important to be studied in

its own right, as Dr. Richard Feynmann correctly pointed out that “turbulence is the most

important unsolved problem of classical physics.” Over 60 years later, this quote remains

as true as ever. Thus, the understanding of high-Reynolds number turbulence is of interest

given its foundational importance to physics.

Since the analytical solution to the Navier-Stokes equations remains mathematically

intractable [136], the numerical solution of the discretized equations can be used to study

turbulence. The computational solutions of the NS equations must contend with the

specific challenges brought on by multi-scale nature of turbulence:

1. Direct Numerical Simulations (DNS) solve the NS equations by resolving all the

length and time scales [126, 146] of the turbulence; for this reason, computational

costs limit the DNS studies to the Reynolds numbers [18, 7] corresponding to a

moderate scale separation. The non-locality and non-linearity of the convective terms

in the NS equations demands a very fine spatiotemporal resolution, thus leading

to extreme computational cost to adequately resolve the turbulence. Recent DNS

simulations, enabled by a continuous rise in computational capabilities, approach

high Reynolds numbers (up to Taylor-scale Reynolds number of about 2500) [186],

however, the method is still limited to canonical geometries. A significant increase

in Reynolds number from the current DNS capabilities requires the use of modelling

approximations [102], as is done in other approaches outlined below.

2. Large-Eddy Simulation (LES) reduces the computational requirement for practical

systems by introducing models for the smaller scale turbulence [159, 97, 26] at the

subgrid scales, and solves for filtered variables which account only for the motions
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with scales larger than a specific cut-off. Hence, the large-scale turbulence is directly

simulated, while small scales are represented by subgrid-scale models; thus reducing

the scale separation of the problem and, concomitantly, the computational cost of

the problem. In wall-bounded turbulent flows, the computational cost of the highly

anisotropic near-wall turbulence may be further reduced through the use of wall

modelling [90].

3. Reynolds-Averaged Navier-Stokes (RANS) remains the tool of choice for industrial

computations with shorter turnaround time as compared to LES. In RANS, the effect

of turbulence on the mean flow is modelled instead of resolving the scales of turbu-

lence. The commonly used RANS models rely on the Boussinesq assumption that

allows us to represent the Reynolds stresses of the turbulence as an effective eddy

viscosity. The two-equation models use a combination of turbulence quantities–either

Turbulent Kinetic Energy (TKE) (k̂) and dissipation rate (ϵ) [72, 91], or the TKE (k̂)

and the variable ω = ϵ/k̂ [180]–to characterize the state of turbulence in the computa-

tional domain. A one-equation model, extensively used in aerodynamic applications,

was developed in Ref. [161]. Although RANS is computationally affordable, these

models introduce simplifications and assumptions that lead to inaccuracies, especially

for complex flows. For example, the RANS models are not particularly effective at

handling curved boundaries [189, 177] due to their inadequate representation of dif-

ferent components of the Reynolds stress tensor. Advanced Reynolds Stress Models

(RSM) use complex sub-models to solve the transport of individual components of

the Reynolds stress tensor; although not as robust as one- or two-equation models,

RSM can improve RANS predictions in complex flows [37].

Out of the methods listed above, DNS alone represents NS turbulence without introducing

modelling assumptions, and thus is used as a benchmark for assessing the performance of

the turbulence models used in this work.
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1.2 Computational cost of state-of-the-art DNS

DNS directly solves the discretized, time-dependent NS equations and must resolve all

relevant time and length scales of the turbulent flow; this leads to simulations requiring an

exorbitant computational cost even at modest Reynolds numbers. Given the computational

costs, DNS is often used to simulate the most idealized cases of turbulent flows, such as

Homogeneous Isotropic Turbulence (HIT).

In HIT, we define the Reynolds number based on the Taylor length scale λ as Reλ =

u′λ/ν, where ν is the kinematic viscosity and u′ is the root-mean-square velocity fluctua-

tion. The total number of grid points to resolve all the scales from the largest scale L to

the smallest length scale η (which is shown to be the Kolmogorov length scale in Chapter

2) scales with N3 ≈ Re
9/2
λ for a three-dimensional DNS simulation, where N is the number

of grid points along one dimension. The computational cost scales as N4 ≈ Re6λ as the

maximum time step of the simulation scales with the grid size. The largest DNS simula-

tion to date was conducted by Yeung et al. [185] and requires 32, 7683 ≈ 32 trillion grid

points to achieve Reλ ≈ 2500. The increase in Reλ by a factor of 2 requires the cost to

increase by 26, thus demanding a steep rise in computational capabilities. It is evident that

a massive rise in computational cost increases the Reλ only moderately. Figure 1.1 shows

the progress of the DNS simulations of HIT over the decades in terms of Reλ achieved.

Despite the drastic improvements in computational power that have led to a significant

rise in simulated Reλ in the last two decades, the trend will not continue indefinitely as the

silicon chips encounter physical limits when their sizes approach atomic scales [172]. Thus,

to enhance the modelling capability for extreme-Reynolds number turbulence, there is a

need to explore alternative approaches that can extend the reach of existing computational

capabilities to higher Reynolds numbers.
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Figure 1.1: Progress in the DNS simulations in terms of Reλ achieved over the years. The

line represents a curve-fit approximation of the maximum Reλ DNS simulation through

the decades.

5



1.3 Dimensionality reduction to model turbulence

A model is a simplified representation of a complex reality, and is aimed at understand-

ing the key features of the phenomenon being observed. The introduced simplifications

are justified if the essential elements of the phenomenon being studied are retained, while

neglecting the secondary and less relevant aspects. Preserving the central feature of tur-

bulence, that is its multi-scale nature resulting from the non-linearity of the governing

equations, modelling assumptions can be made to enable study of high Reynolds number

turbulence.

Although turbulence is inherently three-dimensional, its representation along one spa-

tial dimension reduces the degrees of freedom of the problem, which helps to counter the

steep increase in computational cost with increasing Reλ. A one-dimensional analogue of

turbulence should produce the proven turbulence characteristics and accurately represent

all the spatio-temporal scales of the problem, albeit along one direction in space. The

dimensionality reduction provides important insights into the high-Reynolds number tur-

bulence, while incorporating the multi-scale nature of turbulence, despite relying on some

key modelling assumptions to account for the effects of three-dimensional eddies on a one-

dimensional domain. Most canonical flows in turbulence studies, such as HIT, turbulent

boundary layers, channel, and jet flows, demonstrate self-similar nature along one charac-

teristic dimension. Hence, lending credibility to the approach of dimensionality reduction

to advance the understanding of such flows.

1.3.1 One-dimensional turbulence

The One-Dimensional Turbulence (ODT) method, originally formulated by Kerstein [78],

uses a combination of statistical and structural approaches to model turbulence along

a single dimension. ODT resolves all the scales of the turbulence using one-dimensional

stochastic eddies that distort the underlying fluid flow. This method is built on a structural

view of the turbulence interactions by stochastically modelling the distribution of turbulent

eddies while deterministically defining their effects on the single dimension of the flow. The
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three-dimensional turbulent eddies are represented using the ODT eddies, which constitute

pre-defined measure-preserving mappings.

The ODT method has its roots in Linear-Eddy Model (LEM) which was also developed

by Kerstein [77] to model the mixing by turbulent stirring. Instantaneous rearrangement

events are superimposed over the deterministic fluid flow to emulate the effects of indi-

vidual eddies over the concentration field in LEM (see figure 1.2). The distortion of the

concentration field is generalized to apply to all the flow properties in ODT. Rearrangement

events are performed on a single dimension as a Markovian process [79], where sequential

eddies affect the flow properties. Flow profiles are compressed and rearranged to represent

a turbulent eddy by using a mapping shown in figure 1.3. The mathematical formulation

of the triplet map is described in Chapter 3.

The initial LEM formulation by Kerstein [77] was expanded to incorporate the two-way

coupling of the flow variables and the scalar concentration profiles [78]. This involves ac-

counting for the influence of post-eddy flow properties in the implementation of subsequent

eddies. The ODT framework was further extended to include variable density flows and in-

corporate cylindrical and spherical symmetry, which is encountered in some canonical flows

[6, 95]. A recent milestone in the development of ODT is the release of an open-source code

by Stephens and Lignell [169], which represents the culmination of a decade-long effort in

advancing ODT.

1.3.2 Modelling complex flows and compressibility effects in ODT

The application of the one-dimensional ODT approach in studying dynamic phenomena

such as the Rayleigh-Taylor (RT) instabilities [46], the Darrieus-Landau (DL) instability

[74] and the Richtmeyer-Meshkov (RM) [73, 45] instability demonstrates its potential in

handling complex flow physics. Rayleigh-Taylor instability modelling involves considering

the impact of gravity acceleration on density-stratified fluids. Darrieus-Landau instability

involves the acceleration of varying-density fluid caused by thermal expansion at the flame

front, while turbulence is generated by the passage of a shockwave over a contact dis-

continuity in the Richtmeyer-Meshkov instability. Although these phenomena inherently
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Figure 1.2: Schematic of a single clockwise eddy on scalar field that initially has uniform

concentration gradient. (a)Initial concentration isopleths (vertical lines) and concentration

profile c(x) (heavy line) parallel to the initial concentration gradient. (b) Concentration

isopleths and concentration profile after eddy is imposed [77].

Figure 1.3: Mapping of variable v(x) to represent effect of a turbulent eddy.
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possess three-dimensional characteristics, ODT has shown promise in providing reduced-

dimensional, lower-order models. Multiple studies on homogeneous turbulence and tur-

bulent boundary layers have shown a significant ability of ODT framework to construct

low-cost models [78, 44, 85].

Modelling turbulence becomes more challenging when compressible effects are promi-

nent. As the Mach number of a flow increases, compressibility effects lead to a strong

coupling between continuity, momentum, and energy equations. This coupling has a sub-

stantial impact on both the mean and fluctuating quantities. In compressible flows, the

relative dominance of heat and momentum transfer plays an important role and scalings

are often used to map the compressible flow profiles to the well-known incompressible

turbulence behaviour. High-speed flows exhibit significant fluctuations in both the ther-

modynamic variables (pressure, density, and temperature) and the hydrodynamic variables

(velocity). Therefore, a carefully designed approach for modelling compressible turbulence

is essential. We extend the incompressible ODT model to a fully compressible formulation

that allows simulation of high-speed flows.

1.4 Scientific contributions of the thesis

• Development of a Eulerian framework for compressible ODT (chapter 3).

The original formulation of ODT is Lagrangian and does not adapt well for use in

compressible flows. Hence, we couple the energy equation alongside the continuity

and momentum equations. The ODT turbulence model is modified to operate over

conservative properties for enabling coupling of momentum and heat transport in a

unified framework.

• Characterized the turbulence of HIT at extreme Reynolds number (chapter

4). We show the validity of ODT in exploring intermittency and high-Re turbulence.

The developed model is used to generate turbulence by large-scale forcing at different

Reynolds number by adjusting the smallest length scale represented. The collected
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statistics are used to evaluate turbulent kinetic energy spectrum, dissipation rate

characteristics, high-order structure functions and their scaling exponents.

• Developed a mathematical framework to show the equivalency of ODT

and Attached-Eddy Model (AEM) for high-Reynolds number turbulent

boundary layer flows (chapter 5). We study the ODT methodology and reduce it

to its essential elements to establish equivalence with the AEM. The nature of eddy

occurrence probabilities and vorticity distribution of the simplified ODT are com-

pared with quantities in AEM. The variation of resultant Reynolds stresses in the

Turbulent Boundary Layer (TBL) profile are analysed with DNS results for bench-

marking.

• Built a systematic framework to study hypersonic boundary layer tur-

bulence at extreme Reynolds numbers (chapter 6). The compressible ODT

model is further applied to model zero pressure-gradient turbulent boundary layers

at M ≈ 5.86 at different conditions of cooled walls, which are relevant for practical

applications. The mean-statistics of velocity and temperature obtained are compared

with DNS results, while providing insights into statistics of temperature fluctuations.

1.5 Outline of the thesis

This thesis is manuscript-based and comprises of several chapters, sequentially moving from

background theory and methodology, to application of the developed modelling framework

to the different canonical turbulent flows. Chapter 2 describes the background theory

of aspects of turbulence that are studied, namely, the energy cascade in HIT, extreme

dissipation events, intermittency, the structural aspects of turbulence, turbulent boundary

layer profiles and wall-scalings. Chapter 3 describes the theoretical framework of the ODT

method and the specific contributions towards the development of a fully compressible

ODT scheme.

Chapters 4, 5, and 6 are a series of individual articles that are at different stages of
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publication in peer-reviewed journals at the time of submission of this thesis. The contents

of chapter 4 have already been published, whereas the articles corresponding to chapters

5 and 6 are under revision. Chapters 4, 5 and 6 are self-contained, first introducing the

specific problem in context of existing literature, explaining the specific methodology, which

is followed by the results and discussions. Even though these chapters address different

problems, each chapter follows from the previous chapter logically. Chapter 4 studies the

idealized form of turbulence–HIT. The turbulence on interaction with a wall is studied

next in context of the AEM in chapter 5. The insights gained from chapter 5 lead to the

adoption of the current model to compressible TBL in chapter 6. Some sections of the

methodology repeat in Chapters 4, 5 and 6, to present the modifications specific to the

context of each problem, while making each chapter stand-alone.

Finally, chapter 7 presents the findings in an integrated manner and proposes recom-

mendations for future work.
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Chapter 2

Turbulence in canonical flows

This chapter briefly describes the background theory of different aspects of turbulence,

which are addressed in the studies conducted in subsequent chapters of the thesis.

Turbulence can be understood using statistical, structural, and deterministic viewpoints

[19]. The statistical perspective sees turbulence as a stochastic process and relies on sta-

tistical tools to characterize it. The flow is quantified in terms of probability distributions,

averages, correlations, and spectra. In contrast, the structural viewpoint considers tur-

bulence as a composition of individual turbulent eddies. This approach aims to identify

and study coherent structures within the flow, focusing on their organization, interactions,

and effects on the overall turbulence dynamics. The deterministic approach focuses on the

stability and transition of flows. It involves analysing the flow equations and performing

stability analyses to understand the conditions that lead to flow instabilities and the sub-

sequent transition to turbulence. This work primarily deals with the first two elements:

the statistical and structural views of turbulence.
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2.1 A summary of turbulence characteristics

2.1.1 Multi-scale nature of turbulence

Turbulent flows are characterized by the presence of multiple length- and time-scales rang-

ing from small-scale, dissipative eddies to large-scale turbulent motion. The small-scale

turbulence is isotropic and the often anisotropic, large-scale motions are influenced by the

boundary conditions of the flow [136]. The separation of the scales is a function of the

Reynolds number, where high Reynolds number flows exhibit turbulent energy distributed

over wider range of scales.

The concept of energy cascade, originally introduced by Richardson [144], states that the

energy added at the largest scales of the system is transferred to progressively smaller scales

by inviscid processes and is finally dissipated due to viscous forces at the smallest scales, see

figure 2.1. Turbulence is understood to consist of coherent regions of length scale l, known

as eddies, with the associated velocity and time scales defined as U(l) and τ(l) = l/U(l).
The largest eddies, at the system length-scale L, are unstable and breakdown into smaller

eddies. These smaller eddies in turn break into further smaller eddies, until the smallest

eddies, which are stable, are dissipated by viscous mechanisms [136]. Since the amount

of energy transferred among the different scales remains constant when the turbulence

is in equilibrium, the rate of dissipation, ϵ, at the smallest scales can be estimated to

scale with the rate of transfer from the largest scale, given by U(L)3/L. In equilibrium,

the aforementioned energy transfer rate equals the energy transfer across the intermediate

scales. Kolmogorov’s seminal work [87] provided the foundation for quantifying the smallest

length scales and defined the characteristic scales of the eddies in turbulent flows. With

the underlying hypothesis that the velocity scale U(l) and time scale τ(l) of an eddy

decrease with the eddy size l, Kolmogorov postulated the following three hypotheses for

high-Reynolds number turbulence [87].

1. Local isotropy: The turbulent motions at the smallest scales are statistically

isotropic. The anisotropy at the largest scales linked to the boundary conditions

and mean flow variations is lost as energy is transferred to smaller scales.
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Figure 2.1: Energy cascade from the largest scales L to the smallest scales η, where LEI

and LDI demarcate the inertial region from energy-containing and dissipation regions,

respectively. Pi refers to the input energy at the largest scales.

2. First similarity hypothesis: The energy transfer rate at intermediate scales is

equal to the dissipation rate ϵ, and the statistics of the smallest scales signified by

the Kolmogorov length scale η have a universal nature determined solely by ϵ and

kinematic viscosity ν.

η ≡ (ν3/ϵ)1/4

Uη ≡ (νϵ)1/4

τη ≡ (ν/ϵ)1/2

(2.1)

As a by-product of these definitions, the Reynolds number based on η is given by

Reη = Uηη/ν, which is unity.

3. Second similarity hypothesis: For scales of motion l such that η ≪ l ≪ L, the

statistics of motion depend only on ϵ and are independent of ν.

U(l) ≡ (lϵ)1/3

τ(l) ≡ (l2/ϵ)1/3
(2.2)

The intermediate range between the largest scales and the Kolmogorov scales is

known as the inertial range, and by this hypothesis, the velocity and time scales of

eddies in the inertial range are directly proportional to the eddy size l.
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2.1.2 Characteristics of turbulence

The Reynolds decomposition of the velocity field provides a framework for analysing tur-

bulent flows [143]. The application of the Reynolds decomposition to the NS equations can

be used to derive the evolution equation of the TKE and other turbulent stresses, as will

be shown.

The three-dimensional velocity field can be decomposed into the mean ⟨ui⟩ and the

fluctuating components u′i, the Reynolds decomposition is given as:

u′i(x, t) = ui(x, t)− ⟨ui(x, t)⟩, (2.3)

where, i = 1, 2 and 3 refer to the velocity components along the x, y and z directions,

respectively. The Reynolds decomposition applied to the continuity equation for incom-

pressible flows ∇.u = 0 reveals that the divergence of both the mean velocity field ∇ · ⟨u⟩
and fluctuating velocity field ∇ · u′ is zero for incompressible flows.

Applying the Reynolds decomposition to the momentum equation, one arrives at the

RANS equations.

ρ
∂⟨ui⟩
∂t

+ ρ
∂⟨ui⟩⟨uj⟩
∂xj

= −∂⟨P ⟩
∂xi

+
∂

∂xj

(
µ
∂⟨ui⟩
∂xj

− ρ⟨u′iu′j⟩
)

(2.4)

Here, ρ and P are the density and pressure, respectively, while µ refers to the dynamic

viscosity of the fluid. Equation 2.4 resembles the classical NS equations, with the addition

of the term ρ⟨u′iu′j⟩, which represents the turbulent Reynolds stresses. The Reynolds stress

tensor, ρ⟨u′iu′j⟩, has indices i and j; the diagonal terms (i = j) are the turbulent normal

stresses and the off-diagonal terms (i ̸= j) are the turbulent shear stresses. Equation

(2.4) on rearrangement and substitution of Reynolds decomposition of velocity gives the

well-known TKE equation (k̂ denotes the TKE):

∂k̂

∂t
+
∂⟨uj⟩k̂
∂xj

= −⟨u′iu′j⟩
∂⟨ui⟩
∂xj︸ ︷︷ ︸

Production

− ∂

∂xj

(
1

ρ
⟨ujP ′⟩

)
︸ ︷︷ ︸
Pressure diffusion

+
∂

∂xj

(
1

2
⟨u′ju′iu′i⟩

)
︸ ︷︷ ︸
Turbulent transport

−
(
µ
∂2k̂

∂x2j

)
︸ ︷︷ ︸

Viscous diffusion

−µ

〈
∂u′i
∂xj

∂u′i
∂xj

〉
︸ ︷︷ ︸

Dissipation

(2.5)
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The terms that constitute the TKE equation, namely, the production, transport, viscous

diffusion, and dissipation, remain at the core of the analysis of different turbulent flows in

this work.

2.2 Structural aspects of turbulence

The existence of hierarchical structures in turbulence characterizes its multi-scale na-

ture [155]. The turbulent flow can be understood as a multi-scale superposition of energy-

containing coherent structures, which are the building blocks of turbulence. These struc-

tures exist over considerable length and time scales, are recurrent and can be seen as

regions of concentrated vorticity [39]. The structural perspective of turbulence views the

flow as interacting coherent structures while ignoring the incoherent part as noise [71]. The

coherent structures are shown to provide a pathway for flow control strategies [153].

The complex nature of these vortical structures, including hairpin agglomerations,

horseshoe vortices, ring vortices, is depicted in figure 2.2 from the study by Fric and

Roshko [42] on a jet impinging on a cross-flow. Brown and Roshko [13] showed large-scale

structures in turbulent mixing layers that are primarily two dimensional, originating from

the rollers that arise due to the instability of a laminar shear layer [54]. Hickey et al. [52]

studied the universality of wake structures in the far-field and investigated the dependence

of the far-wakes to the initial conditions and the transitional effects, see figure 2.3. An-

other canonical flow where significant progress has been made in the studies of coherent

structures is turbulent boundary layers. Zhou et al. [194] studied individual hairpin vortex-

structures in the mean-turbulent flow and investigated the mechanism of creation of new

coherent hairpin vortices from the primary structure. Lozano-Durán and Jiménez [101]

showed the existence of some larger self-similar eddies that attach to the wall across the

logarithmic layer. Vortex clusters [28] and three-dimensional self-similar objects [99] have

been shown to exist in the logarithmic region of the turbulent boundary layer.

Several approaches have been taken to understand the vortex dynamics that makes

up the coherent structures. For identifying the vortex cores, Hunt et al. [60] used the
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Figure 2.2: Structure of a transverse jet in cross-flow [42].

Figure 2.3: Evolution of coherent structures in planar wake [53].
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second invariant of the velocity-gradient tensor. This criteria was later refined by Jeong

and Hussain [70] who characterized vortex core by the (second) eigenvalue of the sum of

the squares of the rate-of-strain and vorticity tensors, which represents the local pressure

minima.

2.3 Idealized turbulence - HIT

Canonical flows such as HIT and turbulent boundary layers have undergone extensive

research over the years and many of their reported turbulence characteristics are used for

benchmarking the developed model in this work.

HIT is the most idealized and canonical turbulent flow characterized by turbulence

that is both homogeneous and isotropic. As the turbulence characteristics must be the

same in all directions, there can be no boundary constraining the turbulent flow in HIT.

Although HIT is very difficult to experimentally recreate, the insights gained can play an

important role in understanding the fundamental characteristics of turbulent flows. The

universality of the small-scale turbulence statistics is one such fundamental characteristic

and investigating it is a major challenge in modern turbulence studies [66]. Such an analysis

of small-scale statistics requires a sufficiently high Reynolds number so that small scales

are not contaminated by the influence of boundary conditions or large-scale forcing often

used to generate HIT.

Typical DNS simulations of HIT are performed in a triply periodic box with equal

number of grid points along the three dimensions. Due to the periodicity, NS equations

can be efficiently solved using spectral methods with time-marching schemes [66, 62, 67].

2.3.1 Energy spectra

The mean statistics of the generated turbulence are most commonly represented by the

TKE spectra (see figure 2.4), a theoretical solution of which was originally given by Kol-
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mogorov [87] as:

E(k) = Ko⟨ϵ⟩2/3k−5/3. (2.6)

The Kolmogorov constant Ko = 1.62 for the three-dimensional turbulence [163] and k is

the wave-number. Here, the dissipation rate for three-dimensional turbulence is expressed

as:

⟨ϵ⟩ = 15ν

〈(
∂u1
∂x1

)2
〉

(2.7)

The TKE spectrum E(k) when normalized by ⟨ϵ⟩2/3k−5/3, known as the compensated

energy spectrum, is constant ≈ Ko as per the theoretical solution from equation (2.6).

The constancy of the compensated TKE spectrum is clearly observed as a flat profile in

the inertial region when the Reynolds number is sufficiently large, as seen in the DNS

results of Ishihara et al. [67]. The energy transfer amongst the scales is quantified by the

energy flux spectra Π(k) in terms of the energy transfer function T̂ (k) = 2νk2E(k), using:

Π(k) =

∫ ∞

k

T̂ (k)dk. (2.8)

The inertial range turbulence, when statistically steady, exhibits Π(k) = ⟨ϵ⟩, thus the

energy transport across intermediate scales equals the dissipation rate.

The energy spectrum has also been reported to show a universal scaling with the wave-

number in the dissipation range. A functional form of the energy spectrum is identified

in the high-wave-number range above a cut-off value that delimits the dissipation range

[109, 65]. Schumacher [151] shows a slow exponential decay of the TKE spectra in the

dissipation range, which is attributed to the increasing fluctuations at the sub-Kolmogorov

scales. A combination of exponential functions was later introduced by Khurshid et al. [82],

where one of the exponentials is associated with the intermittent interactions with the

eddies at larger length scales. The dissipation spectrum scaling is shown in figure 2.4

alongside the scalings for the other regions of the TKE spectrum.
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Figure 2.4: TKE spectra at Reλ = 82 using the developed model.

2.3.2 Normalized dissipation rate

The dissipation rate ⟨ϵ⟩ exhibits a dependence on the integral length scale Lϵ and the

velocity-fluctuation magnitude u′ in a particular HIT realization. However, the normal-

ized dissipation rate, D, defined as D = ⟨ϵ⟩Lϵ/u
′3, exhibits a universal behaviour. As the

Reynolds number increases to infinity, the normalized dissipation rate is observed to ap-

proach a finite limit at D ≈ 0.5 [162, 164], even though the viscosity approaches zero. This

limiting behaviour highlights the difference of a fluid flow with very small viscosity when

compared to a completely inviscid flow. The parameter D typically shows values > 0.5,

and approaches 0.5 when the Taylor scale Reynolds number, Reλ, is greater than about

400 [62]. Thus, a large scale separation is necessary to observe the limiting behaviour of

D.

The normalized dissipation rate was found to be higher for decaying turbulence com-

pared to forced turbulence by Bos et al. [11]. The value of D was also found to be different

for different flows and initial conditions by Burattini et al. [15], except for HIT, where the
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simulation setup plays a negligible role and the evaluation of the turbulence quantities is

independent of the effects of flow boundaries.

2.3.3 Structure functions

Turbulent structure functions provide a valuable characterization of the energy cascade in

physical space. They are computed using the difference in velocity at two points, x and

x+ r, in space, given as:

⟨δuij⟩ = ⟨[ui(x+ r, t)− ui(x, t)][uj(x+ r, t)− uj(x, t)]⟩ (2.9)

The longitudinal structure functions are computed with the velocity components along the

direction r, and the transverse structure functions use the velocity components normal to

the r direction. The pth-order structure function is given as:

⟨δupii⟩ = ⟨(ui(x+ r, t)− ui(x, t))
p⟩ (2.10)

The pth−order structure function, ⟨δupii⟩, scales with the separation distance r as ⟨δupii⟩ ∝
rζp , where ζp is the scaling exponent. The derived scaling exponents from experiments

[4, 157, 173, 195] and simulations [76, 47, 48, 68, 69] have been widely reported to establish

the universality of turbulence in terms of high-order structure functions. The scaling

exponents can be used to determine the intermittency characteristics of turbulence, which

we describe in the next section.

2.3.4 Intermittency

Unlike many other stochastic processes, turbulence is characterized by its non-Gaussian

behaviour. Extreme gradients are intermittently observed in high-Reynolds number tur-

bulence, see figure 2.5. Although these extreme events are rare, their dynamic importance

cannot be overlooked in high-Reynolds number turbulence. Such intermittency effects are

typically quantified by studying the higher-order structure functions.

21



10 20 30 40 50
time (s)

0

25

50

75

100

125
<
ε
>

(m
2
/
s3

)

Figure 2.5: Intermittency observed in dissipation-rate variation averaged over the entire

domain with time for Reλ = 929.

Kolmogorov in his seminal work [87] hypothesized that the characteristics of the inertial

range of turbulence is determined only by the mean dissipation rate ⟨ϵ⟩ and separation

distance r, which, by dimensional analysis, gives an expression for structure functions:

⟨δup(r)⟩ = Cp(⟨ϵ⟩r)p/3 (2.11)

The prediction from equation (2.11) holds true for the second-order structure function

(p = 2), and ⟨δu2(r)⟩ is observed to scale with (⟨ϵ⟩r)2/3 [149]. However, the scaling expo-

nents for higher-order structure functions deviate from p/3, often referred to as anomalous

scaling. Dubrulle [36] studies the mechanism of anomalous scaling in scale invariant sys-

tems. The discrepancy was later addressed in the Refined-Similarity Hypothesis (RSH) by

Kolmogorov [88] and Oboukhov [125], and signifies the intermittency effects. Defining the

instantaneous dissipation rate as ϵo and average dissipation rate of a sphere of radius r as

ϵr, Kolmogorov [88] provided the scalings:

⟨ϵ2o⟩/⟨ϵ⟩2 ∼ (L/η)µi ,

⟨ϵ2r⟩/⟨ϵ⟩2 ∼ (L/r)µi , if η < r ≪ L.
(2.12)
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Here, L is the energy-containing length scale and µi is the intermittency exponent and

is positive. The value of µi has been experimentally determined to be 0.25 ± 0.05 [166].

RSH states that the statistics of δu(r) depend on the local dissipation rate ϵr rather than

the mean dissipation rate ⟨ϵ⟩. The small-scale (r ≪ L) statistics of the velocity difference

δu(r) conditioned on ϵr depend on ϵr and ν universally. The dependence is restricted to ϵr

alone at intermediate scales η ≪ r ≪ L.

⟨δup(r)|ϵr⟩ = Cp(ϵrr)
p/3 (2.13)

The unconditioned mean structure function can be expressed as:

⟨δup(r)⟩ = ⟨⟨δup(r)|ϵr⟩⟩ = Cp⟨ϵp/3r ⟩rp/3 (2.14)

Substituting ⟨ϵr⟩ from equation (2.12) gives a prediction of ⟨δu6(r)⟩ as:

⟨δu6(r)⟩ = C6⟨ϵ⟩2
(
L

r

)µi

r2 = C6⟨ϵ⟩2Lµir2−µi (2.15)

With µi = 0.25, the exponent of r for p = 6 becomes ζ6 = 1.75. When p = 3, using

⟨ϵr⟩ = ⟨ϵ⟩, we get the equation for the third-order structure function ⟨δu3(r)⟩ to be identical
with equation (2.11), thus showing no intermittency effects with µi = 0 and C3 = −4/5

(same as Kolmogorov 4/5 law [86]). With the conjecture that ϵr is log-normally distributed

[88, 125] and from equation (2.12), the moments ⟨ϵmr ⟩/⟨ϵ⟩m can be evaluated. This provides

a generic expression of the scaling exponent for the pth-order structure function as:

ζp =
p

3

(
1− µi(p− 3)

6

)
(2.16)

In equation (2.16), the second term in the brackets can be seen as the intermittency effect.

Mandelbrot [105] argued that the log-normality of the local dissipation rate ⟨ϵmr ⟩ was

inconsistent and this causes deviations in the scaling exponents measured for high values

of p. Ishihara et al. [64] highlighted that the non-zero value of the second term does not

ensure the existence of intermittency, and can be attributed to the finite Reynolds number

effects. Ishihara et al. [64] also reported a dependence of C2 on the Reynolds number.
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2.3.5 Extreme events and stretched-exponentials

Investigating small-scale turbulence is challenging and DNS is the classical tool of choice for

characterizing extreme events. Small-scale turbulence at high-Reynolds number exhibits

short-lived intense vorticity regions [188]. Sreenivasan and Meneveau [167] infer that the

multi-fractal nature of the dissipation rate renders the mean-dissipation rate insufficient

to capture the small-scale turbulence dynamics.

The non-Gaussian behaviour and the extended tails of the probability distribution

functions of turbulence quantities are often used to quantify intermittency characteristics

[62]. Figure 2.6 shows the extended tails of the PDF of velocity-derivative–similar to the

ones observed in dissipation rate PDFs. The tail regions correspond to the regions of

extremely high dissipation rate localized in space and time which are rare, with decreasing

probabilities of occurrence for higher values of dissipation rate. The extended PDF tails

make significant contributions to the higher-order structure functions [136], and are tied to

the increased intermittency effects seen at high values of structure-function order p. The

strong connection of the dissipation rate to intermittency has been shown by Sreenivisan

and Antonia [165]. Nelkin [123] and Yeung et al. [187] among other works considered the

comparison of scaling exponents for dissipation rate with enstrophy.

The resolution requirement has been deemed important in determining the structure

of small-scale turbulence [183, 30]. The effect of the resolution on the PDF tails and the

multifractal nature of the scalar dissipation rate was also investigated by Schumacher et

al. [152]. Yeung et al. [187] highlighted the stringent requirements for the right estimation

of the occurrence probability of extreme dissipation events. Sufficient resolution in space

and time is recommended for further smaller fractions of the Kolmogorov length scale,

along with reduced Courant numbers.

The PDFs of locally averaged dissipation rate show extended tails [21], which have

been studied to establish universality of small-scale turbulence. Well-resolved simulations

are often used to approximate the obtained PDFs of the dissipation rate using exponential

functions termed as stretched-exponentials [43]. Luévano [103] utilized a maximum entropy

principle to derive the stretched-exponentials. Yeung et al. [187] quantified the impact of
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Figure 2.6: PDF of the velocity derivative with stretched tails (solid) compared with a

Gaussian PDF (dashed).

spatial and temporal resolution errors on the stretched-exponentials. The universality of

the stretched-exponentials is valuable for benchmarking the nature of small-scale turbu-

lence.

2.3.6 Substructures in shear layers

Elsinga et al. [38] show that the analysis of extreme events and dissipation rate PDFs

requires addressing significant local shear layers in the flow. The shear layer structure

plays a role in the Reynolds-number dependence of the dissipation PDF and its tails.

The shear layers are thin and intermittent regions of elevated dissipation rate against

a background of turbulence with lower dissipation. Ishihara et al. [63] show up to ten

times the increase in the dissipation rate inside the shear layers compared to the mean

of the flow. When the Reynolds number is very high Reλ ≈ 1000, sublayers develop

within the original shear layers. If the Reynolds number associated with these inner shear

layers reaches Reλ ≈ 1000, then further inner structures develop. Analysing such extreme
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Reynolds numbers is limited by the state-of-the-art computational capabilities, however,

such a hierarchy of substructures inside structures is probable. The breakdown of the shear

layer is different from the Kelvin-Helmholtz instabilities where the smaller vortices are not

at a different structural scale [38]. The substructures can be seen as individual entities

that possess the qualities of a different HIT region at the corresponding Reynolds number.

2.4 Turbulent boundary layers

Wall-bounded turbulence is another important canonical flow that has been studied ex-

tensively. The interaction of turbulence with solid boundaries plays an important role in

practical applications by influencing the coefficient of friction and heat transfer at the wall.

Some of the initial characterization of wall-bounded turbulence was undertaken in

channel flows [124, 141]. The pioneering DNS of Kim et al. [83] provided a database for

low Reynolds number wall-bounded turbulence, which helped in development of improved

RANS models [145]. The Reynolds number of the generated wall-bounded turbulence was

restricted to Reτ < 500 for earlier DNS studies [104, 148], and Moser et al. [118] extended

the resolution to Reτ = 590. Here, the Reynolds number is defined based on the friction

velocity Uτ =
√
τw/ρ such that, Reτ = δUτ/ν, where δ and ν are the boundary layer

thickness and kinematic viscosity, respectively. τw is the wall shear stress, calculated using

the velocity gradients at the wall and ρw is the fluid density at the wall. DNS simulations

have, over the years, progressed for simulating high-Reynolds number turbulence at Reτ

values from 1900 [27], 2003 [56], 4200 [100], and up to 5200 [92].

First, we introduce the well-known wall-scalings followed by a description of a structural

approach to wall-bounded turbulence, namely the AEM. Subsequently, the transformations

that relate the compressible wall-bounded turbulence to the incompressible regime wall-

scalings are discussed.
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Figure 2.7: Mean-velocity profile (solid) at Reτ = 1000 from DNS results of Lee and

Moser [92]. The dashed line shows the theoretical solution for log-layer from equation

(2.17).

2.4.1 Incompressible TBL profiles

The mean streamwise velocity, given as u+ = u/Uτ , plotted against the wall-normal dis-

tance scaled in inner-wall units (z+ = z/δν), exhibits a linear-logarithmic region approx-

imately between 30 ≤ z+ ≤ 500. Here, δν = ν/Uτ is the viscous wall unit. The wall is

situated at z+ = 0 and the viscous sublayer exists at z+ ≤ 5, see figure 2.7. The logarithmic

layer can be reconstructed using the von Kármán equation [176]:

u+ =
1

Kv

ln(z+) +B (2.17)

Here, the von Kármán constant Kv ≈ 0.41 and the constant B ≈ 5.2 [59, 12]. The shear

and normal Reynolds stresses are also computed from the DNS simulations. The mean

velocity profile can be used to determine the temperature scaling in the incompressible

regime. Temperature can be treated as a passive scalar when flow Mach number is small,

since the incompressibility assumption is valid and the energy equation is decoupled from

the momentum equation. In such cases, the mean-temperature profiles can be determined
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in a manner analogous to the velocity-scaling of equation (2.17) [75], using:

Θ+ =
1

Kt

ln(z+) +Bt. (2.18)

Here, Θ = T − Tw, and the constants Kt = 0.459 and Bt ≈ 5.78 [135, 133].

2.4.2 Attached-eddy model

Despite the high-Reynolds number and high-resolution TBL data available from DNS so-

lutions, a few models of wall-bounded turbulence exist [112]. The pioneering work by

Townsend [170] in this regard represented wall-bounded turbulence as a well-organized

formation of randomly distributed eddies attached to the wall. AEM models are based on

Townsend’s hypothesis and provide a mechanism to model the generation of logarithmic

region of the TBL [131].

AEM considers the eddy structure in the logarithmic region and beyond, and this

eddy structure is unaffected by the viscous processes near the wall. Though the AEM

hypothesis considers eddies attached to the wall, the eddies do not physically touch the

wall. The model can be presumed to represent the effect of proximity of the wall to each

eddy. The eddies are self-similar, their geometry scales with the distance of their centres

to the wall at a constant energy density, and they have a fixed characteristic velocity scale.

Considering the eddy height to be he, the location of the eddy at the wall (z = 0) being

xe = (xe, ye, ze = 0), and the characteristic velocity scale Uo, the velocity field is given as:

ui(x) = UoFi

(
x− xe

he
.

)
, (2.19)

The original hypothesis by Townsend [170] does not restrict the eddy structure, shapes

or their organization, but only provides the functional relationship of the velocity field,

given in equation (2.19) using functions Fi. The eddies contribute to the Reynolds stresses

weighted by the probability of occurrence of the eddy of a given size he:

u′iu
′
j

U2
o

=

∫ δ

δ1

PH(he)Iij

(
z

he

)
dhe, (2.20)
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Figure 2.8: Hierarchy of eddies produces the logarithmic layer in AEM.

where, u′i refers to the fluctuation in the ith velocity component, and δ1 and δ are the

smallest and largest eddy sizes considered, respectively. PH(he) is the probability density

for occurrence of an eddy of size he. Iij is the intensity function that defines the contribution

from each eddy to the Reynolds stresses, given as:

Iij =

∫ ∞

∞
Fi

(
x

he

)
Fj

(
x

he

)
d

(
x

he

)
d

(
y

he

)
(2.21)

Townsend further made inferences on the magnitudes of the intensity functions by

substituting the no-penetration condition on the wall, setting F3(0) = 0. This followed by

the deduction of the forms of Reynolds stress profiles, and leading to the two important

conclusions: (i) the characteristic velocity scale Uo equals the friction-velocity scale Uτ ,

and (ii) the population density of eddies is inversely proportional to the eddy size, and

hence to the distance of their centres from the wall.

Although the analysis from Townsend did not specify the eddy-shapes, subsequent

works considered specific geometries of the self-similar eddies, for example, the Λ-vortex

in Ref. [130, 131] and Π-vortex in Ref. [131]. These works use the Biot-Savart law to

reconstruct velocity fields from the vortex lines that constitute the eddies.
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With the strong footing of AEM methods to model the wall-bounded turbulence, we ex-

plore the ODT method, which shares dominant features with the AEM model (see chapter

5), to approach the development of a model towards compressible TBL.

2.4.3 Wall-scalings in compressible regime

The wall-scalings for wall-bounded turbulence in the incompressible regime are not di-

rectly applicable to compressible TBL. Markovin’s hypothesis [117] states that the mean

streamwise velocity profiles in the compressible TBL can be mapped to their incompressible

counterparts, thus recovering the universal law of the wall.

Van Driest [174] first introduced a velocity transformation and extended the validity

of Prandtl’s mixing length assumption to the compressible regime, showing that the mean

shear is a Mach number-independent function:

∂⟨u⟩+V D

∂z+
=
√

⟨ρ⟩+∂⟨u⟩
+

∂z+
, (2.22)

where, ⟨ρ⟩+ = ⟨ρ⟩/⟨ρ⟩w. Integrating equation (2.22) gives an expression for the transformed

velocity profile:

⟨u⟩+V D =
1

Uτ

∫ ⟨u⟩

0

√
⟨ρ⟩+d⟨u⟩. (2.23)

The van Driest scaling works well for adiabatic flows [134], however, it does not perform

well in flows with non-zero heat transfer with compressibility effects [171, 175]. Trettel and

Larsson [171] unified the transformations for the mean velocity and Reynolds stress and

define the velocity scaling as:

⟨u⟩+TL =

∫ ⟨u⟩+

0

√
⟨ρ⟩+

(
1 +

1

2

1

⟨ρ⟩
d⟨ρ⟩
dz

z − 1

⟨µ⟩
d⟨µ⟩
dz

z

)
d⟨u⟩+, (2.24)

which shows much better collapse to the DNS results [192] in the viscous sublayer region

as compared to the van Driest transformation. Zhang et al. [193] used a viscosity-weighted

transformation for the mean-velocity profile and introduced the equilibrium of produc-

tion and dissipation rate across the inner layer of the TBL. Griffin et al. [51] generalized
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the approach of Zhang et al. [193] to diabatic flows and report applicability of the intro-

duced scalings to different types of wall-bounded turbulence. The gradient of a semi-local

Reynolds number was introduced in the wall-scalings from van Driest in Patel et al. [129].

Younes and Hickey [190] utilized the vorticity transport in the boundary layer and reported

a collapse of profiles at supercritical pressures.

Although significant progress has been made in the mean-velocity scalings in the com-

pressible regime, the scalings of the mean temperature for the compressible TBL have not

received as much attention. Recently, Cheng and Fu [24] developed a new scaling showing

an improved collapse for channel flows with adiabatic walls and high Mach number TBL

with cold walls, compared with van Driest-type and semilocal scalings. The extension

of the wall-scalings to compressible TBL with cold-walls is crucial for studying flow over

cooled surfaces of hypersonic vehicles.
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Chapter 3

Methodology

3.1 Standard Incompressible ODT model

With the final objective of modelling compressible flows with the one-dimensional turbu-

lence approach, we start with a description of the incompressible formulation.

3.1.1 View of the flow from ODT perspective

ODT superimposes turbulent eddies on an underlying base flow to model the turbulence.

Due to the limitations of ODT’s one-dimensional approach, it cannot incorporate three-

dimensional realistic eddies. Instead, linear eddies are introduced to induce turbulent

mixing which occurs predominantly along the direction of the dominant velocity gradient.

For example, in the case of a turbulent boundary layer, the linear eddies align with the wall-

normal direction, which corresponds to the dominant gradient of the mean flow. Hence,

the linear eddies cause one-dimensional rearrangements of fluid properties along the ODT

domain. Figure 3.1 visually depicts the linear eddies in turbulent boundary layer flow.
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Figure 3.1: Linear eddies in ODT representing turbulent stirring for turbulent boundary

layer flow with underlying flow represented by dashed arrows. The ODT domain is oriented

along the dominant gradient which is in wall-normal direction.
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3.1.2 Overall structure of ODT model

(a) Underlying fluid flow

ODT model can represent either temporal flows, where flow evolves along the domain

in time, or spatial flows, where the flow evolves in space in a direction normal to the

ODT domain. In this work, we focus on the temporal flows, due to their relevance to the

conducted studies.

Incompressible flow equations are solved in the ODT domain. For velocity, we utilize

equation (3.1), and for scalars (such as temperature or other variables relevant to physical

processes), we employ equation (3.2). The velocity equation applies to all velocity compo-

nents, but is formulated using only one independent spatial variable, x, which represents

the position along the ODT domain. The variable u is the velocity along the ODT do-

main and θ is a scalar that is transported by the fluid. P and ρ represent the pressure

and density, respectively. Diffusive coefficients are given by ν (kinematic viscosity) and κt

(thermal diffusivity). ui is the i
th component of the velocity and δij is the Kronecker delta

function.
∂ui
∂t

= ν
∂2ui
∂x2

− 1

ρ

∂P

∂x
δi1 (3.1)

∂θ

∂t
= κt

∂2θ

∂x2
(3.2)

A Lagrangian approach has been classically used as it simplifies the calculation of inter-

cell fluxes. At each time step, the cell walls move with local speeds. In this system, mass

flow does not occur through the cell boundary via convection and any mass transfer is solely

caused by viscous diffusion. The cell-wall movements account for the advective terms in

the NS equations.

(b) Superimposed turbulent stirring

In ODT, turbulent eddies in actual flows are represented as linear eddies as described

in section 3.1.4. These linear eddy events involve rearranging the fluid segments along
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the ODT domain. A predefined mapping known as triplet-mapping is used to simulate

turbulent stirring, introducing higher wave numbers within the domain. Each eddy event

is considered as an instantaneous occurrence. However, the total number of eddies is

controlled by limiting the eddy acceptance. This ensures that the number of eddies between

two flow evolution time steps remains limited.

3.1.3 Basic construct of ODT algorithm

A brief account of the different elements involved in the ODT model is provided below.

We present a schematic of the solution procedure in figure 3.2.

1. Initialize the domain and set boundary conditions.

2. Solve fluid flow with governing equations. Compute fluxes and propagate the solution

in time.

3. Sample an eddy and choose its size and position.

4. Check if the eddy is to be accepted. ODT domain variables like density and velocity

are used for making the eddy acceptance decision, but their values are not updated

until the eddy is implemented in step 5.

(a) Perform a triplet map at the proposed eddy location.

(b) Compute the energy change induced by the eddy.

(c) Find the eddy time scale that scales with the energy computed from the previous

step.

(d) Compute the probability of acceptance of the eddy.

(e) Use the acceptance-rejection method to check if the proposed eddy is to be

accepted.

5. If the proposed eddy is accepted, perform the triplet map and compute the energy

change induced. This involves an identical repetition of steps 4(a) and 4(b). The

ODT domain variables are updated only at this stage.
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6. Perform energy redistribution based on the available energy from the previous step.

This introduces isotropy in the system.

7. Irrespective of the case whether eddy is accepted or not, increment the simulation

time by eddy sampling time ∆teddy.

8. Solve for base flow intermittently between eddy implementations based on adequate

flow-solution time step ∆tsolve.

9. Adapt the mesh when the flow is solved or when an eddy is invoked.

10. End the simulation when the final time is reached.

3.1.4 Constitution of an eddy event

(a) Triplet map to represent an eddy

The triplet mapping is the mechanism in the ODT model that represents folding effects and

compressional straining. The mapping increases the strain in the flow domain by making

three compressed copies of the velocity profile. The three profiles are shrunk into the same

total domain length of the eddy, thus increasing the spatial gradients in the flow. The

middle part is reversed to maintain continuity in the field that is being rearranged. The

mapping is designed to satisfy the measure-preservation and introduces no discontinuities

as a result of the transformation. All velocity moments are conserved by the mapping.

The triplet mapping f(x) is described in the following equation:

f(x) = xo +



3(x− xo), xo ≤ x ≤ xo +
1
3
l

2l − 3(x− xo), xo +
1
3
l ≤ x ≤ xo +

2
3
l

3(x− xo)− 2l, xo +
2
3
l ≤ x ≤ xo + l

x− xo, otherwise

(3.3)
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Figure 3.2: Schematic of ODT method, with specific details pertaining to each block

indicated by corresponding section numbers in this thesis.
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Here, x is the coordinate along the ODT-line, and xo and l refer to the eddy start location

and the eddy size, respectively.

The kernel function is defined asK(x) = f(x)−x, and it integrates to zero (
∫
K(x)dx =

0), which becomes instrumental in preserving momentum and energy when the eddy is

invoked. The scalar variables outside the eddy are not affected by the eddy event map.

The same mapping is used for all state variables in the state vector. The mapping occurs

in such a way that the reverse mapping is always continuous. This means that any two

fluid elements adjacent post-map are reasonably close to each other before the mapping.

However, the reverse is rarely true, and the forward map is usually discontinuous. Figure

3.3 depicts the triplet mapping that transforms the profiles in an eddy event.

(b) Energy transfer formulation

An eddy event comprises two processes. First, a triplet map f(x) transforms the domain

with a rearrangement of fluid elements and associated scalar variables. Second, the post-

map kernel transformation (ciK(x)) applies only to the velocity components, causing the

energy redistribution between them.

ui(x) −→ ui(f(x)) + ciK(x)

θi(x) −→ θi(f(x))

 (3.4)

The capability to handle low-Mach number flows with variable density is also available in

the classical ODT model. However, the effects of compressibility on the flow solution are

not included. In case of variable density flows, a third term is introduced in the velocity

map to add a degree of freedom (where J(x) = |K(x)|) for the energy change, which is

shown in equation (3.5).

ui(x) −→ ui(f(x)) + ciK(x) + biJ(x) (3.5)

The energy is redistributed post-triplet map via the term with the kernel function. In

addition, momentum is altered due to the third term in the velocity transformation.
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Figure 3.3: Triplet mapping in an eddy event. The representation of the eddy in colour

scale shows the continuity in the post-eddy velocity profile (blue refers to the minimum

and red is the maximum value of velocity).
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An energy balance pertaining to the kernel transformation is used to evaluate the

coefficients ci and bi. We represent post-map density and velocity profiles after the map

as ρ̄ and ūi, respectively, and the velocity profiles after the kernel transformation as ¯̄ui.

The energy change in the post-triplet-map transformation of the eddy event for the ith

component of the velocity, per unit the notional cross-sectional area normal to the ODT

domain, is given as:

∆Ei =
1

2

∫ xo+l

xo

ρ̄( ¯̄ui
2 − ūi

2)dx, (3.6)

Substituting expressions for modified velocity profiles, we get:

∆Ei =
1

2

∫ xo+l

xo

ρ̄((ūi + ciK + biJ)
2 − ūi

2)dx (3.7)

Defining the terms Fi and G for conciseness, the energy change can be expressed as follows.

Fi and G are described in equations (3.10) and (3.11), and other necessary definitions are

provided here.

∆Ei = Fici +Gci
2 (3.8)

H =
ρK
ρJ

(3.9)

Fi = ρiK −HρiJ (3.10)

G =
1

2
(H2 + 1)ρKK −HρJK (3.11)

bi = −Hci (3.12)

In the equations presented above, we represent the integrals involving densities and/or

velocities using simplified notations, which are described as follows.

ρK =

∫
ρ̄K(x)dx

ρJ =

∫
ρ̄J(x)dx

ρiK =

∫
ρ̄ūi(x)K(x)dx

ρKK =

∫
ρ̄K2(x)dx

ρJK =

∫
ρ̄J(x)K(x)dx

ρiJ =

∫
ρ̄ūi(x)J(x)dx

Solving equation (3.8) gives an expression for ci in terms of desired energy change ∆Ei,

ci =
1

2G

(
−Fi + sgn(Fi)

√
F 2
i + 4G∆Ei

)
, (3.13)

40



where, the function sgn(Fi) selects the physical branch of the solution of equation (3.8).

This ensures that ci approaches zero when the energy change ∆Ei is negligible. Maximizing

the energy transfer, we arrive at the expression for the available energy in the ith velocity

component Qi, which is given as:

Qi =
F 2
i

4G
(3.14)

The energy transfer due to the kernel function tends to drive the flow towards isotropy in

the ODT framework, and intercomponent energy transfer is given in terms of a parameter

ω in equation (3.15). A value of ω = 1 leads to the highest energy transfer to the other

two velocity components, while ω = 0 represents zero energy transfer. ω = 2/3 leads to

the equipartition of energy into the three velocity components.

∆Ei = ω

(
Qj

2
+
Qk

2
−Qi

)
(3.15)

Substituting the energy change for the ith velocity component from equation (3.15) and

the maximum energy content from equation (3.14) into equation (3.13), we get the final

expression for ci:

ci =
1

2G

(
−Fi + sgn(Fi)

√
(1− ω)F 2

i +
ω

2
F 2
j +

ω

2
F 2
k

)
(3.16)

The resulting ci can be used to evaluate bi using equation (3.12).

(c) Eddy time-scale

To assign a time scale τ to the eddy under consideration, we consider the kinetic energy

associated with the eddy that scales as:

1

2
m · u2 ≈ 1

2
⟨ρ⟩(lAc)

l2

τ 2
=

1

2

ρKK

KK
(lAc)

l2

τ 2
, (3.17)

where, ⟨ρ⟩ = ρKK/(KK) represents the average density in the eddy region and KK =∫ xo+l

xo
K2(x)dx. The velocity scale is given by l/τ and the affected volume is defined as
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lAc, where l is the eddy size and Ac is the notional cross-sectional area normal to the ODT

domain. The eddy kinetic energy per unit area Ac is given by:

Ekin =
1

2

ρKK

KK

l3

τ 2
, (3.18)

which, on rearrangement, gives an expression for the time scale (τ) of an eddy with start

location xo, length l, at an instant of time t:

1

τ
=

√
2KK

ρKK l3
Ekin (3.19)

Hence, each eddy is an instantaneous event, but has a characteristic time scale associated

with it. Ekin scales with the available energy of the specified velocity component (i = 1 in

this case), which is given as:

Ekin ∼ Q′′
1 = Q1 +∆E1 = (1− ω)Q1 +

ω

2
(Q2 +Q3) (3.20)

The available energy has a strong dependence on (1/l2)
∫ xo+l

xo
ui(f(x))K(x)dx, which

is particularly elevated if a small-scale eddy applies on a high velocity gradient region.

More terms are added to Ekin to account for other sources or sinks of energy, for example

the terms Evp and Epe, which represent the viscous penalty and a potential energy term,

respectively, and we get:

1

τ
=

√
2KK

ρKK l3
(Ekin − ZEvp − Epe). (3.21)

Here, the viscous penalty is given by Evp = µ2/(2ρeddyl), where, ρeddy represents the average

density within the considered eddy, µ is the dynamic viscosity, and Z is a parameter used

to adjust the viscous penalty. Evp affects eddy selection but not the implementation of a

selected eddy. Evp sets the lower limit on the allowable eddy size as defined in Ref. [6],

thus adding a second mechanism for viscous dissipation in addition to the viscous diffusion

terms in the governing equations. The viscous penalty coefficient, Z, is set to zero if small

eddy suppression is to be omitted.
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A potential energy term Epe is used in ODT formulations to model the effect of other

forces involved in the system. The term Epe can be used to increase the eddy acceptance

with or without direct addition of energy in the post-triplet map velocity transformation by

adding Epe in the expression for ci in equation (3.16). Direct energy addition is introduced

if an external mechanism takes part in the flow physics. For example, unsteady dilatation

has been accounted for using the Epe term [74].

We introduce a notation for a function χ(xo, l; t) of an eddy, which has a start location

xo, length l, and applies instantaneously over a frozen-in-time flow state at time t. For

example, τ(xo, l; t) is the time-scale of an eddy that extends from xo to xo + l, computed

at an instant of time t.

3.1.5 Eddy sampling and acceptance

We introduce the rate of the eddy distribution, denoted as λr(xo, l; t), which represents the

number of eddies per unit length of domain, per unit eddy size in a unit time. Therefore,

λr(xo, l; t)dl represents the number of eddies within the size range from l to l + dl, per

unit length along the ODT line, per unit time. By employing dimensional arguments, we

establish a relationship between the eddy rate distribution and the eddy size, as well as

the mean eddy time-scale, given as:

λr(xo, l; t) =
1

l2τ(xo, l; t)
(3.22)

The eddy time-scale τ is a physical parameter influenced by instantaneous parameters such

as velocity u(x, t), and changes with the evolution of the system. The eddy rate (Λ) is

defined as the average number of eddies per unit time (including eddies of all sizes and

start locations), and this can be calculated as:

Λ(t) =

∫
xo

∫
l

λr(xo, l; t)dxodl (3.23)

The ratio λr(zo, l; t)/Λ(t) gives an instantaneous joint probability density function for

the occurrence of an eddy of size l and start location xo, and requires computation of
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τ(xo, l; t) for each eddy considered. In principle, the eddies could be sampled via a discrete

Poisson process at the rate Λ(t), depending on the instantaneous system state, and the

admittance of the eddy could be tested based on the joint PDF given by λr(zo, l; t)/Λ(t).

However, continually re-evaluating Λ(t) and τ(zo, l; t) at each time-varying frozen flow state

is computationally too expensive, and we use an indirect method to sample eddy position.

The probability density of the eddy occurrence is rather factored into two guessed prob-

ability distributions, g1(zo) and g2(l), for eddy start locations and sizes, respectively. These

distributions can be arbitrary, but subject to some weak constraints, such as limitations

on the eddy size. In the standard ODT model, the position xo is uniformly sampled in the

domain and the eddy size distribution is set as (with s = 1):

g2(l) =
c1
ls+1

exp
(
−c2
ls

)
. (3.24)

Here, the parameters c1 and c2 are set to approximately achieve the desired flow-specific

eddy-size distribution. The guessed distributions g1 and g2 have negligible influence on

attained simulation results.

A probability for eddy acceptance is defined using the eddy rate distribution λr and

guessed distributions for eddy start location and size, g1 and g2, respectively:

pe =
λr(xo, l; t)dxodl∆te
g1(xo)g2(l)dxodl

=
λr(xo, l; t)∆te
g1(xo)g2(l)

. (3.25)

Here, ∆te is the mean eddy-sampling time interval, which is typically chosen to be small

enough so that eddies are sampled at a rate much higher than the prescribed rate Λ(t).

Using expression for λr(xo, l; t) from equation (3.22) and introducing the ODT parameter

C to modify the turbulence intensity, the sampled eddy is then subject to an acceptance-

rejection method based on the probability:

pe =
C∆te

g1(xo)g2(l)l2τ
, (3.26)

The two-step procedure of discrete sampling of eddies followed by the acceptance-rejection

procedure produces the physically prescribed ensemble of eddies. The two-step procedure

approximately attains the required eddy statistics if it is ensured that ∆te is much lower

than the inverse of net eddy rate Λ [6].
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3.1.6 Time-stepping procedure

The simulation begins at t = 0 with the fluid flow initial conditions. Subsequently, the eddy

sampling procedure takes place and the time progresses according to the eddy sampling

time step ∆teddy. The Poisson process randomly selects ∆teddy with a mean value of ∆te

(as displayed in equation (3.27)). It is important to note that the eddy time-step differs

from the eddy time-scale, which is utilized for computing the eddy acceptance probability.

∆te = KePavg
L2

νN3
(3.27)

The constants Ke and Pavg are determined based on the required numerical accuracy, while

L represents the length of the domain. The variable ν represents the kinematic viscosity,

and N denotes the number of grid points.

Regardless of whether the eddy is accepted or not, the simulation time is increased by

the value of ∆teddy. As the simulation time progresses, we check if a sufficient amount of

time has passed since the last update of the NS equations. The time interval between two

consecutive flow advancements is denoted by ∆tsolve (see equation 3.28). The NS equations

are then advanced over the time interval ∆tsolve.

∆tsolve =
dx2min

ν
, (3.28)

where, dxmin is the minimum grid size.

3.1.7 Adaptive meshing

Adaptive meshing plays a crucial role in ODT and is necessary to enhance resolution in

regions where an eddy is present. The presence of an eddy leads to abrupt changes in

profiles, which justify the need for an increased local resolution.

The adaptive meshing mechanism consists of two fundamental components. Firstly,

there is the grid density, which ensures a fixed number of grid points per unit arc length of

the profile. This approach guarantees a higher grid resolution in areas with steep gradients.
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The second aspect of adaptation involves the splitting and merging of cells. This occurs

when a cell size exceeds the maximum limit, falls below the minimum allowable cell size, or

differs from its neighboring cells by a factor of 2.5 or more. Cell splitting and merging help

maintain the desired grid characteristics. While these steps ensure a suitable distribution

of grid points, excessive adaptation can result in numerical transfers of variables that are

not physically meaningful. These numerical transfers occur as a result of interpolation or

summation of flow variables after cell splitting or merging, respectively.

The detailed description of the original ODT adaptation algorithm can be found in the

work by Lignell et al. [94].

3.1.8 Benchmarking with turbulent boundary layer

We utilize ODT to simulate the velocity profile in an incompressible channel flow. The

flow is driven by a constant pressure gradient between two infinite parallel plates, and the

flow variables exhibit characteristic changes in the wall-normal direction. In this context,

linear eddies oriented perpendicular to the wall represent the turbulent shearing of the flow

in that particular direction.

In the simulation of planar channel flow, two infinite plates are considered, separated

by a distance of 2 m along the z−axis. A pressure gradient of −0.0025 Pa/m is applied

along the x−direction. The kinematic viscosity is set to 5.0× 10−5 m2/s, and the density

of the fluid is assumed to be 1 kg/m3.

The ODT line is set along the z−direction, and the specific model parameters are set as:

C = 350, Z = 7 and ω = 0.66667. The initial grid consists of 200 nodes. All the velocity

components are set to zero at both walls of the channel. The simulation is initialized

with a parabolic streamwise-velocity profile, and zero wall-normal and spanwise velocities.

However, the solution is found to be independent of the assumed initial velocity profiles.

The ODT simulation is carried out for a total duration of 10, 000 seconds and on average

each simulation takes approximately 360 seconds of CPU time.

Comparison of results with DNS data
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Figure 3.4: Normalized mean-velocity profiles from ODT (solid) and DNS results [92]

(dashed) with (a) logarithmic and (b) linear z+.

We compare the results from the ODT model with the DNS results for channel flow

simulations at a Reynolds number (Reτ ) of 1000 [92]. The ODT simulation generates

multiple sets of velocity data at predefined intervals, which are used to compute the mean

streamwise velocity profile in the wall-normal direction, along with the root-mean square

velocity fluctuations. Figure 3.4 compares the ODT results with that from DNS. The

mean-velocity profiles from ODT exhibit a remarkable similarity to the values obtained

from high-fidelity DNS simulations, despite the fact that the ODT requires only a fraction

of the computational time needed by the DNS. Figure 3.5 compares the ODT predictions

for root-mean-square velocity fluctuations and the corresponding DNS results. Notably, it

is observed that the root-mean-square velocity fluctuations for the v and w components

are equal in ODT, in contrast to the DNS results, which can be attributed to the absence

of three-dimensional effects in ODT.
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Figure 3.5: Variation of normalized root-mean-square velocity fluctuations. The positive

z+ values represent the results obtained from the ODT model, while negative z+ values

indicate the DNS results for the turbulent boundary layer. To enhance the intuitive pre-

sentation of DNS data, the results are flipped along the vertical axis, resulting in negative

z+ values. DNS results from Ref. [92].
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3.1.9 Attempts to introduce compressibility effects to standard

ODT

Jozefik et al. [73] utilized the ODT approach to model RM instability, while introducing

some compressibility effects. The ODT model used in their study was not fully compress-

ible and pressure changes were computed based on volume variations resulting from cell

expansion or contraction. RM instability refers to the amplification of turbulence when

a shockwave passes through a sharp density change at a contact discontinuity. The re-

searchers [73] employ a model of RM instability within the framework of the sod-shock

tube problem, where the ODT domain is aligned in the streamwise direction. By consid-

ering the interaction of a wall-reflected shock with the contact discontinuity, a turbulent

mixing zone is created. This phenomenon is represented using a potential energy formula-

tion in the pseudo-compressible framework.

3.2 Development of compressible ODT model

The classical, incompressible ODT algorithm has matured since Kerstein’s seminal work on

the topic. With the continual increase in the interest for high-speed, multi-physics flows,

the classical formulations must be adapted to tackle these new problems. Building on

the theoretical framework presented in section 3.1, this section discusses the modifications

and additions to the ODT algorithm carried out in this work for use in compressible flow

problems.

Gao et al. [45] extended the work by Jozefik et al. [73] to achieve a fully compressible

solution and applied the method to study the Shock-Turbulence Interaction (STI) in the

context of the RM instability. Chen et al. [20] utilized the fully compressible formulation

to model compressible turbulent boundary layers.
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Move cell walls at local speed

Figure 3.6: Complications that arise in Lagrangian framework.

3.2.1 Inadequacy of standard ODT model

The standard ODT method, designed for incompressible flows, employs a Lagrangian

framework to solve for the underlying flow occasionally interrupted by stochastic eddy

events. In this Lagrangian approach, the cell boundaries are moved using locally com-

puted velocities, allowing for mass transfer only through diffusion and preventing advective

transfer across cell faces.

The extension of the Lagrangian approach to compressible flows encounters certain dif-

ficulties. Accurately modelling compressible flows requires capturing sharp discontinuities,

which are often accompanied by rarefaction phenomena. Jozefik et al. [73] attempted to

incorporate compressibility in a pseudo-compressible Lagrangian solver, but the treatment

of volume change was approximate. Adapting well-known algorithms such as approximate

Riemann methods to the Lagrangian framework, which are better suited for compressible

flows, is a non-trivial task that necessitates extensive numerical investigations. Moreover,

handling inflow and outflow conditions in the Lagrangian approach requires adding or

removing cells at boundaries (shown in figure 3.6). This process is prone to errors and

inconsistencies. Therefore, to address these limitations, ODT has been enhanced by devel-

oping a fully compressible model based on an Eulerian framework in the present work.
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3.2.2 Measure-preservation in eddy events

In the standard ODT framework, the triplet map preserves the measures of each variable

separately. In compressible ODT, we use the map on conservative variables to match

the conservative nature of the flow solution. By applying the triplet map to conservative

variables, we achieve the same outcome as by mapping individual primitive variables. This

is because a specific set of conservative variables corresponds to a unique set of primitive

variables. Focussing only on conservative variables for eddy events reduces the number of

operations required. Furthermore, it is reasonable to consider that eddies cause turbulent

transfer of conservative variables and it is appropriate to model conservative eddies in the

compressible ODT framework.

3.2.3 Mathematical formulation

The compressible flow equations are solved within the one-dimensional ODT domain. To

construct the compressible flow model, we develop a combination of the Weighted Essen-

tially Non-Oscillatory (WENO) 5th−order scheme and the Harten-Lax-van Leer-Contact

(HLLC) solver, based on the work of Houim and Kuo [55]. In the ODT modelling, partial

derivatives are only considered along the ODT line. Stresses are computed using simpli-

fied deviatoric stress components, employing a one-dimensional approximation, while heat

transfer relies on the local temperature gradient. Here, T is the temperature, µ is the

dynamic viscosity, kt is the thermal conductivity, σij is the ijth component of the stress

tensor and qi represents the heat flux along the ith direction.

∂ρ

∂t
+
∂(ρu1)

∂x
= 0 (3.29)

∂(ρu1)

∂t
+
∂(ρu21)

∂x
= −∂P

∂x
+
∂σ11
∂x

(3.30)

∂(ρu2)

∂t
+
∂(ρu1u2)

∂x
=
∂σ21
∂x

(3.31)

∂(ρu3)

∂t
+
∂(ρu1u3)

∂x
=
∂σ31
∂x

(3.32)

51



∂(ρ (e+ u2/2))

∂t
+
∂(ρu1 (e+ u2/2))

∂x
= −∂(Pu1)

∂x
− ∂qx
∂x

+
∂(u1σ11)

∂x
+
∂(u2σ21)

∂x
+
∂(u3σ31)

∂x

(3.33)

σ21 = µ
∂u2
∂x

, σ31 = µ
∂u3
∂x

, and σ11 = 2µ
∂u1
∂x

+ λs
∂u1
∂x

, (3.34)

qx = −kt
∂T

∂x
(3.35)

The variation in µ with temperature T is given by a power law, for example, µ ∼ T 3/4,

and the second coefficient of viscosity is given by λs(T ) = −2/3 µ(T ).

The simulation is advanced with the eddy sampling time ∆teddy and the flow solu-

tion is carried out intermittently based on the desired time interval between two flow-

advancements ∆tsolve. We find the characteristic speeds of information propagation based

on flow velocity (u) and the isentropic speed of sound (c). The time step for the flow

solution is chosen by defining an acoustic time-scale corresponding to the maximum speed

of information propagation (|u|+|c|) and the minimum cell size.

We adopt a similar approach to implement eddies as described in the context of incom-

pressible ODT. However, in the compressible ODT framework, the eddies are conservative,

as depicted in figure 3.7. As a result, the triplet map is applied over conservative vari-

ables, enabling the direct representation of turbulent transport of mass, momentum, and

energy. This approach allows us to capture the collective behaviour of these variables in-

stead of considering them individually as primitive variables such as density, velocity, and

temperature.

In this study, improvements have been made to the algorithm responsible for merging

and splitting cells in the ODT framework. The original ODT method ensures conservation

of mass and momentum during cell merging. To enhance the computational accuracy of

the compressible flow model, we introduced the preservation of total energy (including

enthalpy and kinetic energy).
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Figure 3.7: Eddy event construction for compressible flows depicted for the case of a

turbulent boundary layer.
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Validation of compressible flow model

We verify the flow model by simulating the classical Sod shock-tube problem [160]. The

domain configuration and the initial conditions are based on the work of Jozefik et al. [73],

with the domain length of 1 m, and a jump in the thermodynamic properties of stagnant

air is initialized at x = 0.5 m. The initialized temperature of air is 300 K throughout the

domain and the pressure jumps from 100 kPa to 10 kPa across the discontinuity.

Since the pressure drops from left to right across the discontinuity in the initialized

condition, a shock and a rarefaction wave originate at the location of the discontinuity.

The shock wave moves to the right and the rarefaction wave in turn travels to the left. A

contact discontinuity also develops as represented by a density jump in between the regions

of the shock and the rarefaction wave. We compute the propagation of the shock wave, the

contact discontinuity and the rarefaction wave, and show a close match with the results of

Jozefik et al. [73] in figure 3.8. Pressure, density, and velocity profiles are compared 0.4

ms after the initialization.
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Figure 3.8: Sod shock-solution in the compressible model developed.
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Chapter 4

High-order statistics and extreme

fluctuations in stationary turbulence

via one-dimensional turbulence

Associated reference:

Nath, Pranav and Hickey, Jean-Pierre, “High-order statistics and extreme fluctuations in

stationary turbulence via one-dimensional turbulence”, Physical Review Fluids 10, 054602

(2025) https://link.aps.org/doi/10.1103/PhysRevFluids.10.054602.

Abstract

Rare but extreme dissipation events are dynamically important, but their numerical

simulation represents a formidable computational challenge given the scale separation of

high Reynolds number turbulence. Here, we explore the potential of a reduced dimension-

ality model, namely, the ODT approach, to represent the structure and evolution of forced

HIT. We extend the classical ODT formulation to an Eulerian framework by solving the

fully compressible equations (solved at low turbulent Mach numbers) including the mod-

elling of all three velocity components. We computed temporally and spatially resolved

simulations of forced HIT at Reynolds numbers up to Reλ = 5428 and validated against
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theoretical and numerical published results. More specifically, we show that the developed

compressible formulation of ODT can capture many of the quantitative characteristics of

HIT such as the turbulent spectrum, the normalized dissipation rate, the skewness, en-

ergy flux, and intermittency, among others, although accompanied by strong compressible

effects inherent in the turbulence forcing formulation of the model. The computational

tractability of ODT enables a detailed study of the generation of extreme localized dis-

sipation in turbulence. Conditional sampling reveals that occurrence of extreme events

is positively correlated with a high frequency of eddies at a specific spatial location and

within a short time window.

4.1 Introduction

Turbulence is one of the oldest unresolved problems in classical physics in part due to the

non-linearities in the governing equations which result in a complex multiscale problem.

As the relative effects of viscosity become smaller with an increase in Reynolds number,

the scale separation increases, imposing limitations to both experiments and simulations.

Yet, the behaviour of the smallest scales of turbulence at high Reynolds number remains

of great scientific interest. Kolmogorov [87] postulated his hypothesis on the universality

of the smallest scales in turbulence in terms of statistical isotropy. As one of the funda-

mental concepts in modern turbulence theory, this hypothesis has motivated the need for

detailed and controlled experiments of homogeneous isotropic turbulence (HIT), see, e.g.

Warhaft [178], to confirm the behaviour the smallest scales at these extreme Reynolds num-

bers. The smallest scales are also characterised by strong intermittency, which highlights

the importance of extreme viscous dissipation events despite their rare occurrence [38].

Although experiments remain vital for understanding high-Re turbulence, scale-resolving

simulations provide detailed spatial and temporal information necessary to characterising

these extreme events.

DNS of HIT, used to study turbulence at very-high Reynolds numbers, demand ex-

treme spatial resolution to adequately resolve all scales; the resolution is even more severe
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to characterise extreme dissipation, requiring sub-Kolmogorov resolution [187]. The reso-

lution imposes strict time-advancement constraints and immense computational resources.

The state-of-the-art DNS studies of HIT reach a Reynolds number, based on the Taylor

length scale (Reλ = u′λ/ν), of about 2,500 which requires a resolution of more than 32

trillion (32, 7683) grid points [185]. A further increase in Reλ only grows the required

degrees of freedom of the numerical problem, while increasing the constraint on the time

advancement. As the resolution requirement is directly tied to the ratio of the largest

length scale (L) to the smallest length scale η, known as Kolmogorov length scale, of the

problem, the degrees of freedom required to spatially resolve all the scales are:

dfpoints ∝
(
L

η

)n

∼
(
Re

3/2
λ

)n
, (4.1)

where n represents the dimension of the problem. For a typical three-dimensional DNS (n =

3), the total grid points will scale with Re
9/2
λ . This stiff scaling will impede the exploration

of much higher Reλ even with the most optimistic Moore’s law projections. However,

if we are able to reduce the dimensionality of the problem to one dimension (n = 1)

through sensible modelling assumptions, we are able to show a much more optimistic scaling

projection ∼ Re
3/2
λ to continue the exploration of extreme Reynolds number turbulence.

Although the computational promise of one-dimensional surrogate models to study high-

Reynolds number turbulence may be appealing, the necessary assumptions to simplify the

problem may imbue the results with too many modelling approximations to be useful.

Assessing the validity of a one-dimensional turbulence model, especially with respect to

the dynamics at smallest scales, is the main motivation of the present work.

The formalism for solving the inherently three-dimensional problem of turbulence along

a single spatial direction is attributed to Kerstein [78]. The ODT approach, which repre-

sents an adaptation of the original LEM by Kerstein [77], relies on the use of stochastic

eddies to represent the effects of three-dimensional vortical overturns; the eddies emulate

the mechanistic features of turbulent flows. Over the years, this model has been extended

to solve a variety of freely decaying [154], wall bounded [20], and forced turbulence [40]

cases. Despite relying on some modelling assumptions, ODT captures some of the main

features of turbulence, such as reproducing the law of the wall–even capturing similar fea-
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tures to the AEM [121]–or the energy spectrum in HIT [78, 150, 20] and represents the

basis for the current study.

Adequate representation of rare events is central to the accurate modelling of the inter-

mittent behaviour of turbulence at high Reynolds numbers. These events are characterised

by short-lived, extreme fluctuations in dissipation and enstrophy, accompanied by intense

local vorticity [188]. The probability distribution of the dissipation rate has been exten-

sively studied at high Reynolds numbers, and has been approximated with log-normal

distributions and stretched exponentials for dissipation tails [38, 187]. To establish the

validity of the ODT model at these conditions, a thorough quantitative comparison of the

ODT simulation results with established benchmarks is essential.

In this work, we compute HIT at up to Reλ ≈ 5428 using ODT , validate the results

with theoretical predictions, compare with published results, and show the potential of this

approach to further explore extreme Reynolds number turbulence. A fully compressible

fluid model in a Eulerian frame-of-reference is developed in ODT , which departs from the

classical Lagrangian approach favoured by most previous workers. We introduce a quasi-

one dimensional representation of the governing equations by modelling the transverse

derivatives based on the work of Marmanis et al. [106]. We investigate the turbulent

energy spectra, skewness, and dissipation rate among other properties of turbulence. The

obtained results show significant compressibility effects due to the deficiencies of the forcing

method in the compressible framework, as will be discussed in section 4.3.1. Finally, we use

the ODT framework to investigate flow features leading up to extreme dissipation events

at a high Reynolds numbers.

4.2 Model formulation

4.2.1 Simplified governing equations

We use the temporally and spatially scale-resolving ODT approach for the computation

of high Reynolds number, forced homogeneous isotropic turbulence (HIT). To account for
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the inherently three-dimensional structures on the one-dimensional domain, a multiscale

sequence of triplet mappings is stochastically applied, which mirrors the mechanistic be-

haviours of turbulent eddies in the flow. This approach differs from shell models, where

each logarithmic shell represents a wave-number and carries spatial information indirectly.

The high Reynolds number turbulence is sustained through a forcing term applied to the

large scales in the flow. The conservation equations for mass, momentum, and energy,

closed with the ideal gas state equation, are solved in a fully Eulerian framework along a

periodic line domain. The present formulation uses the fully conservative form of the NS

equations (ρ, ρui, and ρe) and we solve the forced HIT in the low-turbulent Mach number

limit Mt << 0.1.

As the present compressible ODT formulation relies on the solution of the NS equation

along a one-dimensional domain, the normal derivative terms must be modelled. These

modelled terms are identified with a star in the below equations:

∂ρ

∂t
+
∂(ρu1)

∂x1
+

[
∂(ρuk)

∂xk

]∗
= 0,

∂(ρu1)

∂t
+
∂(ρu1u1)

∂x1
+

[
∂(ρu1uk)

∂xk

]∗
= − ∂P

∂x1
+
∂σ11
∂x1

+

[
∂σk1
∂xk

]∗
,

∂(ρu2)

∂t
+
∂(ρu2u1)

∂x1
+

[
∂(ρu2uk)

∂xk

]∗
= −

[
∂P

∂x2

]∗
+
∂σ12
∂x1

+

[
∂σ2k
∂xk

]∗
,

∂(ρu3)

∂t
+
∂(ρu3u1)

∂x1
+

[
∂(ρu3uk)

∂xk

]∗
= −

[
∂P

∂x3

]∗
+
∂σ13
∂x1

+

[
∂σ3k
∂xk

]∗
,

∂ (ρE)

∂t
+
∂ (ρu1E)

∂x1
+

[
∂ (ρukE)

∂xk

]∗
= −∂(Pu1)

∂x1
+

[
∂(Puk)

∂xk

]∗
− ∂q1
∂x1

−
[
∂qk
∂xk

]∗
+
∂(u1σ11 + u2σ12 + u3σ13)

∂x1
+

[
∂(u1σk1 + u2σk2 + u3σk3)

∂xk

]∗
,

(4.2)

where k = 2, 3. The three spatial directions are identified by xi (i = 1, 2, 3), while

ρ, P, ui, E represent respectively the density, pressure, velocity components, and total en-

ergy (e+ 0.5(u21 + u22 + u23)). The above equations are closed using the ideal gas equation

of state.

Stress components are computed using simplified deviatoric stress components assuming
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a Newtonian fluid:

σij = µ

(
∂ui
∂xj

+
∂uj
∂xi

)
+ λsδij

∂ul
∂xl

(4.3)

where (i, j, l) = (1, 2, 3), µ is the dynamic viscosity, δij is the Kronecker delta, and λs is

the second viscosity coefficient. The heat flux, qj, in the j-direction is modelled assuming

Fourier’s law. The three components of the heat flux are given by j = 1, 2 and 3 in:

qj = −kt
∂T

∂xj
, (4.4)

where, T is the temperature, kt is the thermal conductivity and the normal derivatives

are modelled as discussed below. We solve equation (4.2) for low-turbulent-Mach number

HIT . This approach, although non-standard for incompressible three-dimensional DNS,

allows an explicit formulation for pressure that stems from the ideal gas state equation.

Furthermore, the time advancement is constrained by the extremely small, sub-Kolmogorov

timescales on a fully adaptive mesh, thus making the acoustic Courant time constraint not

as detrimental.

We model the forced HIT on a one-dimensional periodic domain of length 2π using

a locally adaptive mesh that increases the resolution in regions of high gradients. The

smallest eddy size is enforced by setting the minimum allowable cell size to one-third of

the Kolmogorov length scale. A combination of the weighted essentially non-oscillatory

(WENO) fifth-order scheme and the HLLC solver is used, as described in the work of

Houim and Kuo [55]; the time integration is done using a third-order Runge-Kutta scheme.

The computed flow velocity (u) and the isentropic speed of sound (c) are used to define the

acoustically constrained minimal time step advancement. The present implementation is

an extension to the open-source ODT code developed by Stephens and Lignell [169], which

was based on a Lagrangian framework.

To correctly approximate the three-dimensional NS equation along a single-dimensional

line, the ODT formulation must account for the effect of the velocity vector and its deriva-

tives. Classical ODT formulations use a single velocity-component [78], often normal to

the line domain to account for the dominant shear. In this work, we follow the subsequent

development by Ashurst and Kerstein [6], which considers the complete velocity vector.
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This formulation is necessary to correctly account for the energy redistribution that drives

the flow to isotropy. As the governing equations in ODT are constrained to a single di-

mension, similar considerations must be placed on the derivatives of the velocity vector,

temperature, and pressure. Classical ODT formulations, for both incompressible [140] and

compressible [45] flows, usually only account for the component of the derivative along the

line domain; this simplification is justified by aligning the domain along the direction of

the steepest gradient of the flow. In HIT , the other components of the derivatives must

be considered to avoid mathematical inconsistencies in the governing equations, such as

a nonzero dilatational term (∂u1/∂x1) and inconsistencies in the acoustic energy transfer

of energy (which promotes artificial anisotropy) by omitting the pressure derivative terms.

Therefore, we introduce an approximation to account for additional terms of the velocity

derivative tensor.

With the ODT domain aligned in an arbitrary x direction, the derivative terms along

that direction can be calculated directly, while the other six terms of the velocity derivative

tensor remain unknown (∂u1/∂x2, ∂u1/∂x3, ∂u2/∂x2, ∂u2/∂x3, ∂u3/∂x2, and ∂u3/∂x3).

Similarly, there are six important unknown second derivative terms necessary for the cal-

culation of the viscous stress tensor. These unknown derivatives are the modelled terms in

equation (4.2). In the absence of a closed-form representation of these derivatives, Marma-

nis et al. [106] proposed a two-parameter simplification to relate the known and unknown

derivatives. In their general formulation, they related the transverse to the longitudinal

derivatives such that α∂ui/∂x1 ≡ ∂ui/∂x2 and β∂ui/∂x1 ≡ ∂ui/∂x3. A similar approx-

imation was made to account for the principal unknown second-order derivative terms

(α2∂2ui/∂x
2
1 ≡ ∂2ui/∂x

2
2 and β2 = ∂2ui/∂x

2
1 ≡ ∂2ui/∂x

2
3). In this form, the ratio α/β and

α2/β2 represent the anisotropy of the unknown derivatives and dissipation, respectively. If

α and β were computed from experiments or direct simulation, they would have a proba-

bility distribution that would vary in space and time. Similarly to the work by Marmanis

et al. [106], we assume α and β to be constants along x, but we further assume α = β = 1

given the inherent statistical isotropy of the flow under consideration, and the starred terms

in the governing equations are thereby evaluated based on the derivatives along the ODT

domain. The transverse derivatives of pressure and temperature are also evaluated based
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on the longitudinal derivatives using the formulation described for velocity derivatives.

Though the compressible formulation allows for the inclusion of transverse derivatives and

pressure gradients, the discussion in section 4.3.1 later reveals that this occurs at the cost

of strong compressible effects as an artifact of the adopted forcing methodology, with a

major portion of injected energy for generating turbulence absorbed in domain heating.

4.2.2 Stochastic eddies to model turbulence

To account for the transport phenomena associated with the three-dimensional turbu-

lence in the one-dimensional domain, stochastically generated turbulent eddies, represented

as linear eddies, are superimposed; these ideas originate from the seminal work by Ker-

stein [78]. The interaction of the turbulent eddies with the line induces turbulent mixing

at a specific physical location with a length and a time scale along the ODT line. These

linear eddies, represented as a predefined mapping known as a triplet mapping (see equa-

tion (4.5)), introduce higher wave-numbers in the domain which are able to mirror the

energy cascade. The mapping is measure-preserving for all the mapped variables and their

moments, and does not introduce jump discontinuities. In the present compressible formu-

lation, the mapping is applied to all flow variables and can be mathematically represented

as:

f(x) = xo +



3(x− xo), xo ≤ x ≤ xo +
1
3
l

2l − 3(x− xo), xo +
1
3
l ≤ x ≤ xo +

2
3
l

3(x− xo)− 2l, xo +
2
3
l ≤ x ≤ xo + l

x− xo. otherwise

(4.5)

The starting location of the eddy xo and the eddy size l are randomly sampled from

a joint probability distribution function. Three copies of the profile of the eddy region

are made, compressed, and stitched together while inverting the middle segment as shown

in figure 4.1. A kernel function K(x) = f(x) − x is defined to represent the displace-

ment induced by the eddy and integrates to zero over the eddy region. Subsequent to

the triplet map, f(x), the energy is redistributed among the velocity components using a
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Triplet map
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Figure 4.1: Triplet-map applied to the variable q(x).

transformation involving the kernel K to simulate the tendency towards isotropy [6]. The

post-triplet-map velocity transformation is carried out based on a measure of available

energy in the velocity components. While this energy transfer among the velocity compo-

nents conserves net energy, the momentum conservation in each coordinate is non-trivial

for non-uniform density, and an additional term is added to the post-triplet-map velocity

transformation to conserve momentum. The algorithms for velocity transformation and

energy balance pertaining to the eddy events were further elaborated in chapter 3.

The eddies modify the underlying flow variables on the one-dimensional domain, and

are invoked stochastically in time. Each eddy event is considered to be an instantaneous

occurrence; however, the total number of admitted eddies is controlled. The admittance

of eddies is restricted by defining an eddy acceptance probability, pe, which is a function

of the eddy time scale. The eddy time scale, τ , depends on the instantaneous state of the

system over the region impacted by the eddy, and changes as the system evolves. The

eddy time scale is given by the instantaneous state of the system as described in Sect.

3.1.4. Continual re-evaluation of the time scale of each possible eddy leads to a high

computational cost and an indirect method is used instead. First, a sequence of eddies is

sampled using guessed probability distributions, g1(xo) and g2(l), for eddy start locations

and sizes, respectively. Secondly, the sampled eddy is subject to acceptance or rejection

based on the probability:

pe =
C∆te

l2g1(xo)g2(l)τ
, (4.6)

The parameter C is used to scale the turbulence intensity. ∆te is the mean time interval

between sampling of eddies, chosen so that pe is typically much smaller than unity. The
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two-step procedure produces the physically prescribed ensemble of eddies.

A uniform distribution g1(xo) for the eddy start location is assumed, along with a

probability distribution for the eddy size given as:

g2(l) =
c1
ls+1

exp
(
−c2
ls

)
. (4.7)

The parameters c1 and c2 are assigned so as to roughly approximate the anticipated flow-

specific size distribution of eddies. The smallest eddy size permitted in the ODT formula-

tion is three times the minimum cell size. In the basic ODT implementation in Stephens

and Lignell [169], the exponent s is chosen as unity. The obtained results are found to

have negligible dependence on the guessed eddy-size distribution for eddy sampling.

4.2.3 Generating sustained turbulence

In order to sustain statistically steady, homogeneous, isotropic turbulence, an external

forcing must be applied to counteract the viscous dissipation. The forcing methodology

in ODT differs from the methods used in DNS. Forcing is carried out via source terms in

the DNS transport equations to attain specific levels of steady-state TKE. The production

rate is then computed a posteriori from the simulation data or directly inferred from the

observed dissipation rate. In contrast, in the current model, forcing is carried out via

events of integral-scale size whose rate of occurrence determines the integral time scale.

Unlike eddy events, they serve solely to inject specified kinetic-energy increments via the

kernel operation, as follows.

The energy injected into the domain by forcing at the integral length and time scales

cascades to smaller scales due to the stochastic eddies of ODT . The rate of produc-

tion of turbulent kinetic energy, P , by this energy injection mechanism is a prescribed

input. Following Fistler et al. [40], a forcing methodology is used that produces turbu-

lence by a sequence of forcing events, each of which adds a known amount of kinetic

energy to the velocity components. Turbulent kinetic energy (∆k) is added at the integral-

time scale of targeted turbulence (T11), and is given by the product of the forcing time
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scale (T11) with the production rate (P), density (ρ) and the forced volume (AcLf ), such

that: ∆k = ρPT11AcLf , where Ac and Lf are the notional cross-section area and forcing

length, respectively. The cross-section area is defined temporarily to ensure dimensional

consistency, but cancels out in the final equation used to impart TKE, thus having no

consequence.

In a manner similar to the velocity transformation in an ODT eddy, the forcing events,

ui −→ ui + diK(x), modify the velocity components, but without the triplet map (f(x)).

Introducing an elemental volume dV = Acdx, the net imparted kinetic energy is related to

the coefficient di by:

1

3
∆k =

1

2

∫ xo+Lf

xo

ρ((ui + diK(x))2 − u2i )Acdx. (4.8)

Using the definition of added ∆k, the coefficients di are computed as:

di =
1

I

(
−Ji ±

√
J2
i + 2I∆k/(3Ac)

)
=

1

I

(
−Ji ±

√
J2
i +

2

3
ρIPT11Lf

)
, (4.9)

where I =
∫ xo+Lf

xo
ρK(x)2dx, Ji =

∫ xo+Lf

xo
ρuiK(x)dx and T11 is the integral time scale.

The simulations are conducted for a total duration that is sufficient to sample enough of

the forcing events and attain stable turbulence characteristics over multiple eddy turn-over

times.

4.3 Results

4.3.1 Details of simulations

To generate turbulence at different Reλ, we modify the smallest scales (by modifying the

viscosity). The integral time as well as length scale is held fixed.

Except where noted, we fix the forcing length scale (Lf ) to be slightly lower than the

domain length (L). This was done to avoid any inconsistencies due to the domain peri-

odicity. The forcing length scale Lf and integral time scale T11 provide the characteristic
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length and time scales in this study, which are used to normalize all the quantities, as

discussed below.

First, we define an integral scale Reynolds number for forced isotropic turbulence as

Re = UfLf/ν, where Uf = Lf/T11 is the velocity scale for the forced turbulence. The

integral-scale Reynolds number is set by controlling the kinematic viscosity ν via Re =

(Lf/T11)Lf/ν, which scales as 1/ν. The Kolmogorov length scale η normalized by Lf scales

as Re−3/4 [136]. The minimum grid cell size used with the adaptive meshing is set to be

one-third the size of the Kolmogorov length scale. Since the smallest permitted eddy size

is three times the minimum cell size, resolution down to the Kolmogorov length scale is

ensured.

Secondly, the production rate, P , which scales as L2
f/T

3
11, is the input parameter that

imparts the energy via the forcing to the flow to sustain the turbulence. We recall that

∆k = ρPT11AcLf (from section 4.2.3), where ∆k/ρ can be understood as the velocity

variance increment ⟨∆u2⟩ ∼ PT11 applied to the volume LfAc. Thus, the velocity variance

can be used to define the scaling u′ ∼ √PT11. The production rate normalized by its

scaling L2
f/T

3
11 is of the order unity for all the simulated cases, which sets the normalized

u′ to be of order unity.

The kinematic viscosity (ν) and production rate (P) together set the Reλ of the gener-

ated turbulence. For all the simulated cases, we held the normalized production rate fixed

at P = 0.36 and varied ν for setting Reλ.

The current model solves the compressible form of the Navier-Stokes equation, thus

the viscous dissipation results in a slight increase of domain mean temperature with time.

The dissipation rate is about 10 times smaller than the prescribed value of P due to the

domain heating as the simulation proceeds. The transport of energy from the integral to

smallest scales is later demonstrated by the constant energy flux over a broad range of

scales, matching the mean dissipation rate, shown in figure 4.5.

The major portion of the injected energy by the turbulence forcing is being absorbed

into the heating of the domain, which is an outcome of the developed compressible formu-

lation. Petersen and Livescu [132] shows the necessity of splitting the forcing terms into
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solenoidal and dilatational terms in compressible turbulence, and controlling the forcing

method ensures that the major portion of the injected energy is input into the solenoidal

component of velocity, which is divergence-free, and hence incompressible. The energy

injection into the dilatational component of velocities provides a pathway for the injected

energy to convert to pressure work, thus acting as an energy sink in the momentum equa-

tion. Contrary to the precise control of the forcing in Petersen and Livescu [132], the

adopted forcing methodology does not distinguish between the solenoidal and dilatational

terms, and a large fraction of the injected energy is absorbed in the dilatational pressure

work as the dilational contribution emerges from a nonzero ∂ρu1/∂x1 term. In addition, the

one-dimensional compressible framework is prone to artificial changes in density, thereby

injecting energy into the pressure-work. Since the three velocity-derivative components

are set equal, any change in one of the velocity-derivative components is not counteracted

upon by the other components, thus leading to an unavoidable change in density via the

continuity equation. Thus, the obtained results show significant compressible effects, lead-

ing to a disproportionate injection of input energy into the pressure work. Section 4.4

provides more details on the compressibility effects.

Several forced HIT simulations were conducted spanning a wide range of Reλ, which

is computed using Reλ = 2k
√

1/(3⟨ϵ⟩ν), where the mean dissipation rate is computed in

ODT using Kerstein [78]:

⟨ϵ⟩ = 3ν

〈(
∂u1
∂x

)2〉
. (4.10)

Table 4.1 summarises the physical details of the reported cases. The kinematic viscosity ν,

integral length scale Lϵ, Kolmogorov scale, root-mean-square velocity fluctuation magni-

tude u′ and dissipation rate ⟨ϵ⟩ have been normalized based on the inputs Lf and T11. The

quantity D∗ = ⟨ϵ⟩Lϵ/u
′3, which uses an output based normalization for dissipation rate,

and the velocity-derivative skewness S = (∂u1/∂x)3/(∂u1/∂x)2
3/2

, are also tabulated. All

cases are run until they reach a statistically steady state after which the data is collected

over a sufficiently long time window. For the highest Reλ case, the integral statistics are

well converged but the higher-order and small-scale statistics are not fully smooth due to

the very long simulation time required (over two months of continuous calculations). We
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Reλ ν · 10−6(L2
f/T11) Lϵ(Lf ) η · 10−5(Lf ) u′(Lf/T11) ⟨ϵ⟩(L2

f/T
3
11) D∗ S

218 27.2 0.352 87.8 0.347 0.0338 0.566 −0.48

355 11.2 0.349 43.6 0.367 0.0386 0.489 −0.25

491 6.92 0.339 29.8 0.389 0.0413 0.404 −0.35

929 2.40 0.341 13.7 0.405 0.0390 0.385 −0.31

1361 1.20 0.327 8.26 0.407 0.0370 0.322 −0.67

1745 0.84 0.332 5.94 0.448 0.0473 0.297 −0.27

5428 0.20 0.385 1.86 0.605 0.0682 0.188 −0.48

Table 4.1: List of cases of HIT in the present study. D∗ is evaluated using the energy

spectrum with the inertial range extrapolated below k = 6. The terms in the parentheses

are normalizing factors used for the respective quantities.

first validate for HIT with ODT and then investigate the emergence of extreme dissipation

events at the smallest scale of turbulence.

4.3.2 Validation and theoretical considerations

The turbulent kinetic energy (TKE) spectrum of HIT admits a number of theoretically

derived scaling laws that can be used to validate the present ODT simulations. To validate

the results, the TKE spectrum for the case at Reλ = 929 is compared with the theoretical

result:

E(k) ≈ Ko⟨ϵ⟩2/3k−5/3 (4.11)

from Kolmogorov [87], where the Kolmogorov constant is given by Ko ≈ 1.62 [163]. The

energy spectrum E(k) is computed by using the one-dimensional Fourier transform of

the velocity component u′2 in the spatial domain and then multiplying a factor of 55/18

corresponding to the Sreenivisan constant [163] which relates the one-dimensional spectrum

to the three-dimensional spectrum.

The turbulent kinetic energy spectrum obtained displays an offset from the theoreti-

cal solution for E(k) at the largest scales, despite an otherwise consistent inertial-range
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Figure 4.2: (a) Convergence of TKE spectrum with C parameter, and (b) TKE spectrum

at Reλ = 929 with C = 10: —, from ODT, - -, extrapolated and —, theoretical scaling

(see equation 4.11).
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spectrum with the slope of −5/3, see figure 4.2. The anomaly observed at the largest

scales can be attributed to the interplay between forcing length scales Lf and the overall

domain size L. As noted in Fistler et al. [40], lowering the forcing length scale relative

to the domain size can mitigate the observed low-wave-number anomaly. Testing a case

with Lf ≪ L, we observe the TKE scaling as ∼ k for k less than the forcing wave-number

kf , see figure 4.3. In the simulated cases of turbulence in Table 4.1, Lf ≈ L, and the

observed large-scale anomaly likely stems from a spectral barrier that limits energy trans-

fer to wave-numbers below what the domain can accommodate, causing accumulation of

TKE at low wave-numbers (k < kf ). In cases where L is larger than Lf , the TKE spec-

trum exhibits k4 scaling at scales larger than Lf for physical turbulence, while in the ODT

model (see figure 4.3), the spectrum scales as k for k < kf , as suggested by findings from

LEM analysis in Kerstein and McMurtry [81]. The used compensation for correcting the

observed anomaly at the largest scales can introduce arbitrary errors in computation of

dissipation rate and integral length scale, which involves integrals with 1/k, where k values

approaching zero may lead to divergence of the integral. The dissipation region exhibits a

scaling of k−5 in figure 4.3, consistent with the findings in Refs. [78] and [120].

To address this offset, the spectra at these largest scales (k ≤ 6) are replaced with the

extrapolated inertial-range spectra. The dissipation, computed from the velocity deriva-

tives with equation (4.10), is found to agree with the indirect computation via the energy

spectrum: ⟨ϵ⟩ =
∫∞
0

2νk2E(k)dk. It shall be noted that the computation of dissipation

rate using the energy spectrum is merely used to check the consistency of the results from

equation (4.10).

As the present ODT formulation includes all three velocity components, we verified

that the root-mean-square of all three components are equal (u′1 = u′2 = u′3), validating

the isotropy condition of the present model despite the one-dimensional formulation. It

is noted that despite the attempts to enforce isotropy in the system, the solution of the

equation along the x−coordinate with distinguished role of u1 and modelling in transverse

directions, introduce an inherent anisotropy. Nonetheless, the main features of isotropic

turbulence are still evident in the results. The velocity derivative skewness, S, computed

from the generated turbulence, shown in Table 4.1, is close to the expected value of −0.53
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from Antonia et al. [5], though with a larger variability in the present work compared with

the findings in Antonia et al. [5]. The observed variability can be attributed to the finite

sample size over a single dimension in ODT , in contrast with the three-dimensional DNS

database, and can be possibly reduced by extending the simulation runtimes.

The ODT approach relies on a small number of user-defined parameters, and the sensi-

tivity of these parameters should be understood. The turbulence intensity parameter, C,

defined in equation (4.6), is a constant that is inversely proportional to the characteristic

time scale of an eddy. In turn, this parameter influences the eddy acceptance probability,

pe. A study of the turbulent energy spectrum with regard to the turbulence intensity

parameter C is carried out to verify the convergence of the results, see figure 4.2. As the

parameter C is progressively increased up to approximately 6.0, the results converge to the

theoretical prediction from equation (4.11).

Above this value, the spectra perfectly collapse with the theoretical prediction and

exhibit insensitivity to C. Therefore, a value beyond this threshold is set to C = 10.0 in

all the simulated cases. The convergence with respect to C is explained by the reduction

of eddy-sampling time by ODT to counterbalance the increase in C when too many eddies

are being accepted, thus, keeping an upper bound on eddy acceptance.

4.3.3 Reynolds number effects

The turbulence spectra, for Taylor Reynolds numbers increasing from 218 to 5428, are

shown in figure 4.4(a). Taking into account the theoretical predictions for inertial-range

scaling of TKE spectrum [87], the energy spectra of the generated turbulence follows the

−5/3 slope when plotted in logarithmic scale against the wave-number. As expected, the

smallest scales show an increase in energy content at higher Reλ. However, the spectra

overlap for all simulated cases in the inertial range and at large scales, which is consistent

with the constant numerical domain size for all Reλ. The consistency of the energy flux

spectra Π(k) in the inertial range is also consistent with DNS results from Ishihara et

al. [62], see figure 4.5. The normalized energy flux spectra (Π(k)/⟨ϵ⟩) is unity at the inertial

range signifying that the energy transfer across the scales equals the mean dissipation rate.
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The start of the dissipation range is observed at the scales well above the Kolmogorov-

length scale (η) in figure 4.5, thus, justifying the adequacy of the resolution.

The TKE spectra for differentReλ exhibit an overlap when plotted with an η-normalized

coordinate, see figure 4.6, exhibiting the k−5/3 scaling in the inertial range.

The validity of the ODT-generated HIT is affirmed by computing the dissipation char-

acteristics at increasingly small viscosities that correspond to high Reλ. At these condi-

tions, the mean dissipation rate, ⟨ϵ⟩, asymptotically approaches a finite value as per the

turbulence theories [87]. The normalized mean dissipation rate, D, best represents this

asymptotic behaviour. We denote the mean dissipation rate computed from the extrapo-

lated spectra as D∗. The integral length scale Lϵ used to compute the normalized mean

dissipation rate is defined using the TKE spectrum in wave-number space [29]:

Lϵ =
π

2u′2

∫ ∞

0

E(k)

k
dk. (4.12)

The computed normalized dissipation rate D* is about 0.4 (both for the direct and

extrapolated TKE spectra), which is consistent with the predictions from Donzis et al. [29]

and the observations from other works; see figure 4.4(b). Interestingly, as the ODT ap-

proach enabled a computation at extreme Reynolds numbers, not currently achievable by

conventional DNS, we observe a continued monotonic decrease with increasing Reλ. How-

ever, since we are modelling turbulence outside of the currently accessible Reλ range, a

firm claim on the continued monotonic decrease of the normalized dissipation rate D* will

have to wait until further numerical and experimental results become available to confirm

the trend.

4.3.4 Extreme dissipation events

The extreme instantaneous fluctuations occurring at the smallest scales of turbulence cause

significant oscillations in local dissipation rate at high Reλ. The prevalence of these extreme

dissipative events at these extreme Reynolds numbers is evident from the extended tails

in the probability distribution of the velocity derivatives and dissipation rate in figure 4.7.
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These extreme events are of vital importance to represent the intermittency in turbulence.

Insufficient total simulation time for the largest Reλ of 1745 and 5428 precluded a formal

analysis of small-scale statistics of the extreme events, although we note that the noisy

distributions are consistent with the anticipated results.

The statistical approach of invoking turbulent eddies in ODT systematically accounts

for the extreme events. The present model directly embodies the collocation of severe tur-

bulent vorticity and dissipation rate [188], by virtue of an exceptional eddy at the smallest

scales creating the specified extreme gradients and hence the extreme dissipation events.

The statistical representation is an outcome of the ad hoc ODT eddy event modelling. To

ascertain the validity of the rare event statistics produced by ODT , we compare the PDFs

of dissipation rate with the results by Buaria and Sreenivasan [14], see figure 4.8. ODT

produces the characteristic dissipation rate PDF shape, however, at elevated probabilities

of occurrence of extreme events. In other words, ODT shows a more uniform probability

distribution of dissipation events strength compared to the DNS but the functional form of

the distribution and the Reynolds number effects are well captured (see figure 4.8, right).

We estimate the stretched exponential functions to approximate the dissipation rate

PDFs for the two cases: Reλ = 491 and 1361, see figure 4.9. The coefficients computed

corresponding to the exponential function of the form f(ϵ/⟨ϵ⟩) ≈ exp(−b(ϵ/⟨ϵ⟩)γs) are: (i)
b = 5.0 and γs = 0.139 for Reλ = 491, and (ii) b = 5.3 and γs = 0.127 for Reλ = 1361. For

comparison, the exponential functions reported in Yeung et al. [187] are (i) b = 6.76 and

γs = 0.25 for Reλ = 390, and (ii) b = 6.25 and γs = 0.225 for Reλ = 650. ODT results lead

to lower pre-multipliers (b) and exponents (γs) in comparison to DNS, consistent with the

wider dissipation tails observed in ODT .

To further investigate the elevated occurrence of small-scale dynamics in the current

model, we compute the longitudinal second-order structure functions ⟨(δuLr )2⟩. The nor-

malized PDF of δuL in figure 4.10(a) exhibits the increased spread at dissipative scales

(n = 0, 1, 2) in lines with the DNS results shown in figure 4.10(b). However, a larger prob-

ability of rare event occurrence and an approximate symmetry of the PDFs about δuL = 0

is observed, unlike the DNS results, which exhibit clear skewness in the PDFs. Normalized

77



−40 −20 0 20 40
(∂u/∂x)/σ(∂u/∂x)

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

σ
(∂
u
/
∂
x

)P
D
F

(∂
u
/∂
x

)

(a)(a)(a)(a)(a)(a)

0 500 1000 1500 2000 2500 3000 3500
ε/ < ε >

10−7

10−6

10−5

10−4

10−3

10−2

10−1

P
D
F

(ε
/
<
ε
>

)

(b)

Reλ = 218

Reλ = 355

Reλ = 491

Reλ = 929

Reλ = 1361

Figure 4.7: PDF of (a) the velocity derivative and (b) dissipation rate.

78



10−3 10−1 101 103

ε/ < ε >

10−13

10−11

10−9

10−7

10−5

10−3

10−1

P
(ε
/
<
ε
>

)

(a)

ODT, Reλ = 491

ODT, Reλ = 1361

DNS, Reλ = 650

DNS, Reλ = 1300

10−3 10−1 101 103

ε/ < ε >

10−7

10−6

10−5

10−4

10−3

10−2

P
(ε
/
<
ε
>

)

(b)

10−13

10−11

10−9

10−7

10−5

10−3

10−1

Figure 4.8: PDF of the dissipation rate in log-log plots. The vertical axis colors correspond

to the respective plotted cases in (b).

79



0 1000 2000 3000
ε/ < ε >

10−7

10−5

10−3

10−1

P
D
F

(ε
/
<
ε
>

)
ODT, Reλ = 491

ODT, Reλ = 1361

Figure 4.9: Stretched-exponential functions for dissipation rate PDF. Symbols show the

stretched-exponential approximations to the PDFs.

structure functions are also compared with DNS results at different Reλ in figure 4.11.

The structure functions show an overlap at length scales in the vicinity of the Kolmogorov

length scale, with an increased spread at the large separation distances.

To characterize intermittency in the generated turbulence, we find the high-order lon-

gitudinal structure functions and their scaling exponents, see figure 4.12. The pth-order

structure function is given by: SL
p = ⟨(δuLr )p⟩ ∝ rζ

L
p , where ζLp is the scaling exponent.

To estimate the scaling exponent of the structure function, we look for the plateau of the

local scaling exponent given by ζLp (r) = d(log(SL
p ))/d(log(r)), following the approach by

Ishihara et al. [62]. The scaling exponents show a clear plateau for p = 1 to p = 4, and

an irregular pattern at higher orders. The structure function exponents (ζp) derived from

ODT exhibit the concavity property that distinguish the produced turbulence from the

intermittency-free self-similar results from Kolmogorov [87]. The variation of ζp with the

moment order p in figure 4.13 differs from Iyer et al. [69] in terms of the absolute val-

ues of the scaling exponents. However, the ODT results cross the intermittency-free line

(ζp = p/3) at about p = 3. Simulations of higher Reλ turbulence, spanning over a long
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duration of multiple T11, might be essential to resolve the scaling exponents for larger p

values.

It is noted that the features of the stretched exponential PDF tails in figure 4.12 along

with the concavity in the variation of scaling exponents in figure 4.13 signifies deviations

from the intermittency-free condition, but the characterizations are far from complete and

are only an attempt by the authors to extract intermittency-like features from the ODT

results.

ODT is a low-dimensional model that accounts for the turbulence through the super-

position of stochastic eddy events. Although we are solving the governing equations along

a single dimension, the qualitative and quantitative evaluation of the model tells us that

many of the key features of dynamics of the full-dimensional equations are well captured,

even at the smallest scales. Given the one-dimensional nature of ODT , extreme dissipa-

tion events can be traced back in time to identify the intense, repetitive shear experienced

by the fluid. Despite the non-deterministic nature of ODT , we contend that the under-
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standing of the sequential superposition of eddy events that are a precursor of extreme

small scale events can be informed by detailed exploration of the turbulence. Sharp lo-

cal velocity gradients encourage the generation of smallest-scale eddies by amplification of

Ekin (see equation (4.6)), causing large 1/τeddy, and hence a high acceptance probability

pe. These newly invoked eddies, at the smallest scales, further amplify the local dissipation

rate. figure 4.14 illustrates two extreme dissipation events observed at times t1e and t2e,

which immediately follow the occurrence of eddies in regions of high velocity gradients. By

conditionally sampling all extreme events, we find that the local dissipation rate positively

correlates with high 1/τeddy and the number of eddies in the spatiotemporal region of the

extreme event, see figure 4.15(a). The analysis to find the correlations was carried out

for all the data points in the domain of length 2π from t = 10 T11 to t = 13.33 T11 for

Reλ = 929. The time between t = 10 T11 and t = 13.33 T11 was divided into 200 bins and

the domain length was divided into 60 bins to gather the correlation data. Many localised

eddies, at least one of which is highly energetic, is hence, a favourable condition for the

occurrence of an extreme event.

4.4 Compressibility effects

In this section, a more detailed explanation of the modelling assumptions used in the

solution of the compressible flow equations, mentioned in section 4.2, are presented for

completeness. Although we solve the compressible NS equations, the simulations are con-

ducted at very low Mach number. The shear stress, σij, in equation (4.3) depends on the

dynamic viscosity, µ, and the second coefficient of viscosity, λs. The variation in µ with

temperature, T , is given by a power law [127]:

µ(T ) = µref

(
T

Tref

)3/4

, (4.13)

and the second coefficient of viscosity is given by λs(T ) = −2/3 µ(T ). It should be noted

that the contribution of dilation to the shear stress is negligibly small. For each of the
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simulated Reλ cases, the reference values of temperature (Tref ) and density (ρref ) are set

to unity and reference kinematic viscosity (νref ) is tabulated as ν in Table 4.1.

The initial thermodynamic conditions of the simulation are set to the reference values,

and the molecular mass of the fluid (M) is selected to ensure a low turbulent Mach number

(Mt = u′/
√
γ(Ru/M)T ), where Ru is the universal gas constant. Similarly, the reference

pressure, Pref is calculated using the ideal gas law using the previously discussed gas

constant.

As mentioned in section 4.3.1, the domain mean temperature is observed to rise as the

simulation proceeds due to the inherent periodicity of the domain, the imposed forcing,

and the fact that viscous dissipation results in an increase in the internal energy. Given the

low Mach number of the simulation, this temperature increase remains modest (at the low

Mach numbers), thus we opted to not model an energetic sink term to artificially maintain

a constant temperature across the computational domain. The temperature increase can

be mitigated by increasing the domain size relative to the forcing length scale, albeit with

increased computational cost. In this work, we see a variation of less than 10 percent in

the mean pressure and temperature over the entire simulation period, which still maintains

the Mt much smaller than unity and only slightly modifies the viscosity.

The transient heating due to pressure work, which is partly reversible and not strictly

dissipative, along with the non-zero second coefficient of viscosity (λs), likely impacts the

overall energy balance. The dissipative numerical transport in the time advancement of

equation (4.2) also affects the validity of dissipation rate computation via equation (4.10).

4.5 Discussion

We developed a compressible, Eulerian-based ODT framework for the study of extreme

Reynolds number HIT by modelling for the normal derivatives. The validity of the ODT

generated turbulence is systematically ascertained across a range of Reλ. Although the

equivalent DNS at Reλ ≈ 1250 required nearly 2 billion grid points and massive compu-

tational power [64], the present calculations were performed on a single core. To establish
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the applicability of this method to further explore extreme Reynolds numbers, an estima-

tion of the computational efficacy of ODT versus DNS is essential. The computational

cost is quantified by the number of degrees of freedom in the system corresponding to all

computations in the solution process.

The steps in space (N) and time (T ) contribute to the net degrees of freedom df ∼
(NnT ) for an n dimensional system [136]. When resolving the smallest scales with a

uniform grid, both N and T scale as ∼ Re
3/2
λ [136], thus df ≈ (Re

3/2
λ )n+1. The scaling of

computational cost with Reynolds number relates directly to the degrees of freedom, which

is shown in figure 4.15(b) for the one-dimensional model (n = 1) versus the DNS (n = 3).

It is observed that the cost scaling for the present model closely aligns with the scaling for

n = 1, showing the cost advantage gained by the reduced dimensionality of the model.

Although ODT can never replace DNS or experiments of high Reynolds number HIT

due to the inherent modelling and approximations, it does provide a valuable surrogate

model to understand the dynamics of the turbulence. Despite the modelling and approxi-

mations, ODT is able to capture salient features of high-Reynolds number turbulent flows.

ODT performs well in matching the Kolmogorov-scaled spectrum, mean dissipation and

skewness characteristics. The statistical approach of ODT provides a qualitative agree-

ment in the dissipation rate PDFs, albeit with a higher occurrence of extreme events. The

statistical variation of velocity derivative skewness produced using ODT is large, which

can be attributed to the single line-of-sight dataset, and a much longer run in units of

T11 might be required for ODT to attain the same statistical precision as DNS results.

Hence, the computational savings achieved by dimensional reduction are accompanied by

a reduced sample size, which lowers the statistical precision. The current compressible

formulation leads to strong artificial compressible effects due to the inadequacy of the

forcing method in the compressible regime, which allows a major fraction of the injected

energy to be converted into pressure work. The future work can focus on an improvement

of forcing scheme, however, this remains challenging since the one-dimensional approach

does not allow an easy adoption of a forcing schemes similar to those used in DNS. In

the absence of specifically designed forcing schemes, the unmodified incompressible ODT

approach would be preferable for generating HIT in incompressible flows since it does not
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provide a pathway for domain heating. The ODT approach, due to its nimble computa-

tional and memory costs, can provide an alternative methodology for studies of high-order

statistics and extreme fluctuations, though at reduced fidelity, in high-Reynolds number

stationary turbulence that would otherwise be unachievable.
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Chapter 5

Features of the Attached-Eddy

hypothesis in One-Dimensional

Turbulence models of turbulent

boundary layers

Associated reference:

Nath, Pranav and Hickey, Jean-Pierre, “Features of the Attached-Eddy hypothesis in One-

Dimensional Turbulence models of turbulent boundary layers”, under revision in Physical

Review Fluids.

Abstract

The complexity of wall-bounded turbulent flows has given rise to a variety of models

that capture the essence of this physical problem; yet many of these models are built on dif-

ferent modelling assumptions. One of the most compelling models is Townsend’s Attached

Eddy Model (AEM) which is predicated on the assumption that the eddies have a geomet-

ric scaling with the distance from the wall and a constant characteristic velocity. With a

limited set of modelling assumptions, AEM is able to capture many of the preponderant
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features of the turbulent boundary layer (TBL) such as the log-layer and Reynolds stress

distributions. Other models, such as the stochastic ODT model from Kerstein [78], are

built on a completely different set of modelling assumptions, yet show similarly convincing

agreement when modelling the TBL. In this work, we re-write the ODT formulation as a

Markov process and simplify some modelling assumptions, which allows us to recast the

equations into a form analogous to AEM. By distilling and simplifying ODT, we highlight

the implicit similarities in the modelling assumptions found in AEM, which underscores the

importance of (i) the eddy-probability estimation and (ii) the functions associated with the

displacement and velocity induced by the eddy events. Comparison of the stochastic ODT

model with a structural AEM model helps to identify the key features in TBL modelling

along with some of the shortcomings in each of these models.

5.1 Introduction

A model is a simplified representation of a more complex physical reality, which is use-

ful in understanding experiments, grounding theoretical frameworks, or developing other

physics-based modelling approaches. The model must capture the essence of the physical

problem while selectively neglecting the less relevant aspects; thus, simplification is an in-

herent component of model development. Physical models are most effective when they are

conceptually and mathematically simple while simultaneously retaining the main features

of the complex reality.

Due to the complexity of turbulent flows, a number of physical models have been pro-

posed. The most common models in turbulence, such as those developed by Kolmogorov,

Taylor, or Bachelor, view turbulence through a statistical lens. Statistical models are often

derived from the governing equations of fluid motion predicated on a number of simplifying

assumptions. Others, such as Townsend, have taken a structural [19], phenomenological,

or even a mechanistic view of turbulence. These structural models typically understand

turbulence as a superposition of structures, from which basic properties can be derived.

Both statistical and structural models represent the same physical reality, yet conceptually
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the models differ in their fundamental representation of the nature of turbulence.

Phenomenological or structural models for describing turbulence take many forms. One

example is the shell or multi-fractal models [10] in which non-linear coupling across dif-

ferent scales is introduced to capture the features of the Navier-Stokes equations such

as the energy cascade and intermittency [25]. Other models describe turbulence through

the actions of coherent structures in the flow. Yao and Hussain [184] proposed a physi-

cal mechanism for the energy cascade through a sequence of vortex reconnection events,

thus imparting greater relevance to coherent structures in describing the dynamics of tur-

bulence; similar ideas have been extended to quantum turbulence [156]. One of the most

common phenomenological models in wall-bounded flows is arguably the AEM [170]. AEM

relies on the conceptual understanding that wall-bounded turbulence can be viewed as the

superposition of self-similar structures whose sizes scale with the distance from the wall.

Although AEM was first proposed by Townsend about half a century ago, its relevance

in describing wall-bounded turbulence has not waned [112] as the model brings together

the qualitatively observed coherent structures with the ability to explain critical aspects

of wall-bounded turbulence. Perry and Marusic [131] showed that AEM can capture the

logarithmic profile and shear stresses, but, the wall-attached eddies could not correctly rep-

resent the normal stresses. To address the mismatch in the normal stresses, an additional

set of eddies that are detached from the wall were introduced to produce the realistic wake

structure [131]. The features of AEM were used to study the logarithmic region in the

experimental boundary layer flow [113].

Stochastic-based models have also gained prominence due to their ability to capture

key features of turbulence. One such model, developed by Kerstein in the 1990’s [78], is the

ODT. At its core, ODT solves the NS equations along a single direction, typically in the

direction of the largest gradient, and models the convective effects of turbulence through

a sequence of eddy events that are stochastically applied in time. These eddy events

are meant to replicate the convective transport of three-dimensional eddies acting in the

one-dimensional domain. The dimensional reduction results in significant computational

savings with a DNS-like spatio-temporal resolution (in one dimension) but must rely on

some important modelling assumptions. These stochastic-based models have given rise to
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subgrid-scale models for LES [115], have been used to model spatially evolving free shear

flows [40, 154], for combustion [96, 74, 73], isotropic turbulence [122] and to approximate

wall-bounded turbulent flows [150, 116, 41, 85, 20, 44].

Although AEM and ODT differ greatly in their approach to describing wall-bounded

turbulence–AEM focussing on structural features and their scaling while ODT describes

a sequential series of stochastic events–both models exhibit subtle commonalities that

should be underscored. In fact, the link between the stochastic eddies of ODT and the

AEM phenomenology has been alluded to in Klein and Schmidt [84]. AEM and ODT

are able to convincingly replicate key first- and second-order statistics of wall-bounded

turbulence, thus exploring the similarities between these models helps to isolate the essence

of turbulence dynamics in these flows. If the features of the TBL arise from the similarities

in these two distinct approaches, it can be inferred that an effective representation of future

wall-bounded turbulence models can utilize these similarities. In AEM, the turbulence

statistics are the result of the spatial distribution of hierarchical eddies and their induced

velocities. In ODT , on the other hand, the time-integrated profiles emerge from the

physical principles governing the time-varying probabilities of these eddy events. There is

a common set of building blocks in both AEM and ODT that we seek to explore and form

the basis of enquiry in this work. These are:

1. Geometric approach to turbulent eddies: AEM utilizes vortex tubes attached

to the wall and ODT uses linear eddies.

2. Well-defined probabilities of occurrence of the eddies: AEM explicitly links

eddy probabilities to wall-normal distance; however, ODT evaluates eddy proba-

bilities taking into account the available energy for eddy generation, which varies

temporally as well as spatially.

3. Eddies induce velocity changes in the domain: AEM infers velocities from a

vortex line and ODT induces velocity change by virtue of the mapping structure.

4. Aggregate behaviour of eddies: AEM explains the wall structure with a static

superposition of eddies and ODT constitutes a sequence of eddies in time, each eddy
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with instantaneous occurrence.

Section 5.2 provides a brief description of the AEM and ODT models, followed by the

analysis of mean velocity profile and Reynolds stresses arising from the considered eddy

structures, in section 5.3. The shared essence of ODT and AEM models inferred from the

analysis is discussed in section 5.4.

5.2 Theoretical modelling framework

5.2.1 AEM: Eddies at multiple scales

AEM uses superposition of hierarchical eddies with a pre-defined eddy structure to model

wall turbulence; these three-dimensional eddies induce velocities, thus, resulting in mean

flow profiles and Reynolds stresses, see figure 5.1. The original work by Townsend [170]

emphasized the structure of the velocity fields, and did not the prescribe the shape nor

distribution of eddies. Perry and Chong [130] used hierarchical eddies whose shapes and

heights varied; geometrically self-similar eddies were later used by Perry and Marusic [131].

Marusic [111] further refined the work of Perry and Marusic [131] by establishing the

importance of coherent structures in the prediction of mean flow profiles, Reynolds stresses,

and transport processes.

The significance of attached eddies has been confirmed experimentally in the manifes-

tation of zonal structures with uniform momentum (UMZs) within the turbulent bound-

ary layer [158]; these UMZs emerge from the structural understanding of the turbulent

boundary layer by Adrian et al. [3]. Organization of the coherent structures as hairpin

vortices or packets and their impact in the study of wall turbulence has been explored by

Refs. [1, 181, 2].

AEM generally assumes the constitutive building block of the turbulent boundary layer

to be a self-similar hairpin-shaped vortex rod or vortex tube. The average flow statistics in

the turbulent boundary layer can be computed through the integration of the contribution
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Figure 5.1: Representative vorticity distribution or intensity functions ψ(z/l) of AEM.

of all the hierarchies of these self-similar eddies. The z−direction represented by index

i = 3 is oriented normal to the wall, and the x (i = 1) and y (i = 2) axes are placed along

the streamwise and spanwise directions, respectively. We use Ψ(z) to represent any mean

flow property in the boundary layer such as the mean spanwise vorticity Ω = d⟨u1⟩(z)/dz
or Reynolds stresses ⟨u′iu′j⟩(z). We assume the eddy size, l, varies from δ1 ≈ 100δν to

the boundary layer thickness (δc). Here, δν is the viscous wall unit defined as the ratio

of kinematic viscosity (ν) to friction velocity (Uτ ). Thus, we can define the mean flow

property Ψ(z) as:

Ψ(z) =

∫ δc

δ1

ψ(z/l)PH(l)dl, (5.1)

where ψ(z/l) is the contribution of the self-similar eddies of size l at the wall distance

z; this contribution is computed based on the induced velocity field of the eddies using

the Biot-Savart induction law. The term PH(l) represents the probability density of the

occurrence of eddies of size l. The definition of the functions ψ(z/l) and PH(l) is therefore
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central to AEM. The contribution of eddies at scale l is given through the function:

ψ(z) = FAEM(l, Uτ ,Γ(z/l),Q(l/δc)), (5.2)

where FAEM is a function that depends on l and Uτ , which are respectively the eddy

length scale and friction velocity, but also on Γ(z/l), the isolated effects of the geometry of

vorticity distribution, and Q(l/δc), the characteristic velocity scaling (represented by the

ratio of the characteristic velocity scale Uo to friction velocity Uτ ). The function FAEM

takes different forms for mean spanwise vorticity and Reynolds stress formulations, see

Eqs. (5.4) and (5.6) below. Interested readers can refer to Perry and Marusic [131] for

more details.

The probability density function, PH , in equation (5.1), is assumed to be inversely

proportional to the length of the eddy; thus, smaller eddies occur more frequently as

expected. The −1 power law probability density of occurrence is corrected by the departure

term D(l/δc). The spatial variation of the probability density PH(l) along the wall can

also be incorporated into the function D(l/δc), but is neglected in this study. Thus, the

probability density function is defined as:

PH(l) = l−1D(l/δc). (5.3)

Using the above definitions, we can define the mean spanwise vorticity normalized by

the friction-velocity Uτ as:

Ψ1(z) =
d⟨u1⟩/Uτ

dz
=

∫ δc

δ1

Γ1(z/l)Q(l/δc)D(l/δc)
1

l2
dl, (5.4)

where the geometry of the vorticity distribution can be defined as [131]:

Γ1(z/l) =
2

q2

∫ ∞

−∞

∫ ∞

−∞

Ω

Ωo

(t̂ · j)d(x/l)d(y/l). (5.5)

Here, t̂ refers to the tangential coordinate along the eddy-vortex line, j is the unit vector

along the y-axis in figure 5.1 and Ω / Ωo refers to the local vorticity and effective vorticity

within the vortex rod, respectively. The geometric constant q is the ratio of vortex rod

radius to eddy size.
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Similarly, we can define the Reynolds stresses normalized using the friction-velocity Uτ

as Ψ2(z) = ⟨u′iu′j⟩/U2
τ , to obtain:

Ψ2(z) =
⟨u′iu′j⟩
U2
τ

=

∫ δc

δ1

Γ2(z/l)Q2(l/δc)D(l/δc)
1

l
dl, (5.6)

where,

Γ2(z/l) = Iij(z/l) =

∫ ∞

−∞

∫ ∞

−∞

ViVj
U2
o

d(x/l)d(y/l). (5.7)

Here, Vi corresponds to i
th velocity component computed from the Biot-Savart law and the

function Iij is known as the intensity function. The formulation of integrals in Eqs. (5.4)

and (5.6) is typically followed by logarithmic transformations of the integral to aid in the

solution procedure.

The choice of eddy shapes exerts a strong influence on the mean spanwise vorticity

and Reynolds stresses. This dependence is established through the terms Γi(z/l) where

(i = 1, 2), which are primarily a function of the geometry of the non-dimensional vorticity

distribution, see Eqs. (5.5) and (5.7).

The resulting one-dimensional formulations of the integrals in Eqs. (5.4) and (5.6) serve

as the foundation for the comparison with the one-dimensional ODT formulation. In the

next section, we introduce essential elements of ODT to lay the foundation for deriving

simplified models to compare with AEM.

5.2.2 ODT: Stochastic turbulence modelling

A number of works have established that ODT can successfully model the statistics in a

zero-pressure gradient turbulent boundary layer [140, 85, 44]. In ODT , stochastic eddy

events emulate the three-dimensional turbulent eddies acting along a one-dimensional do-

main using a geometric map. The fluid flow evolves in time with recurrent, yet stochastic,

interruptions by the instantaneous eddies at different locations in the domain. An overview

of the theoretical basis for ODT is presented out of completeness; interested readers can

consult Refs. [78, 80, 6, 95] for additional details.
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A turbulent eddy interacts with the ODT velocity profile by rearranging the spatial

ordering of fluid parcels within some interval of the one-dimensional domain. We position

the coordinate system along the wall in a manner identical to the AEM description in

section 5.2.1. These linear eddies, represented as a predefined mapping known as a triplet

map (see equation (5.8)), introduce higher wave numbers in the domain which are able to

mirror the energy cascade. The triplet map can be mathematically defined as:

f(z) = zo +



3(z − zo), zo ≤ z ≤ zo +
1
3
l

2l − 3(z − zo), zo +
1
3
l ≤ z ≤ zo +

2
3
l

3(z − zo)− 2l, zo +
2
3
l ≤ z ≤ zo + l

z − zo, otherwise.

(5.8)

Three copies of the eddy region are made, compressed to one-third its original size and

stitched together with the middle region inverted, see figure 5.2. The mapping is measure-

preserving for all the mapped variables and their moments, and does not introduce any

jump discontinuities. In equation (5.8), zo is the start location of the eddy and l is the

eddy size. Furthermore, a probability density function is defined for the eddy frequency;

which defines the probability of occurrence of an eddy of size l and start location zo.

To account for tendency to isotropy, a post-triplet-map velocity transformation is carried

out: ui(z) −→ ui(f(z)) + ciK(z), where ui is the i
th velocity component. The coefficient

ci is introduced to specify the amount of kinetic energy transfer amongst the velocity

components and the kernel function, K(z), is defined as:

K(z) = f(z)− z. (5.9)

In general, the ODT eddies can have a start location, zo, away from the wall. The

frequency of occurrence of an eddy of size l and start location zo at the fixed time t is the

inverse of the time scale τ(zo, l; t) associated with the eddy. To obtain a probability density

for eddy frequency, a normalizing factor Λ(t) is defined by integrating the eddy frequency

(1/τ(zo, l; t)) over all the eddy start locations (zo) and sizes (l):

Λ(t) =

∫ ∞

zo=0

∫ ∞

l=0

1

τ(zo, l; t)
dzodl. (5.10)
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Figure 5.2: Representation of the triplet-map in ODT.

Thus, a bivariate probability density function for eddy frequency can be given as:

g(zo, l; t) =
1/τ(zo, l; t)

Λ(t)
, (5.11)

where the probability of occurrence of eddies in the parameter bin zo ∈ [zo, zo + dzo], and

l ∈ [l, l + dl] is given by g(zo, l; t)dzodl.

Since the continual reconstruction of g(zo, l; t) and Λ(t) at each time step entails a high

cost, a select-and-decide eddy-sampling procedure is utilized in ODT . The eddy sampling

is carried out via a discrete Poisson process at a rate which is set much higher than Λ(t), and

most of the eddies are then rejected based on the select-and-decide procedure. However,

for the analytical formulations used in the current work, we adopt a time-averaged form of

the eddy frequency probability density g(zo, l; t). The quantity Λ(t) averaged over time can

be represented by a constant Λ̂, which acts as the normalizing factor for g(zo, l), and has

dimensions of length2/time. Hence, the time-averaged eddy frequency probability density

takes the form:

g(zo, l) =
1

τ(zo, l)Λ̂
. (5.12)

The eddy time scale is a function of the extractable energy (Ekin) from the flow in the

region where the eddy occurs [6, 74]:

1

τ(zo, l)
=

1

l

√
Ekin, (5.13)
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where the extractable energy using the kernel mechanism is:

Ekin = (1− ω)u21,K +
ω

2
(u22,K + u23,K), (5.14)

where ui,K is given by:

ui,K =
1

l2

∫ zo+l

zo

ui(f(z))K(z)dz. (5.15)

Here, ui refers to the ith velocity component with i = 1, 2 and 3. The parameter ω is

used to control the inter-component energy transfer. ω = 1 causes the maximum inter-

component energy transfer, and ω = 2/3 leads to the equipartition of available energy

among velocity components. ω = 1 has been shown to be advantageous for some flows

[80], and other works reported low sensitivity [6]. In this work, we choose ω = 0 to suppress

the inter-component transfer. In standard ODT formulations, a viscous penalty term Evp

is subtracted from Ekin in equation (5.13) to disallow the eddies that are smaller than a

specific size, adding a viscous mechanism to the solution procedure. This work ignores the

viscous penalty term, to focus on the central elements of the ODT formulation.

For constant-density flows, equation (5.15) can be simplified by making use of the

measure-preserving property of the map, f(z), in equation (5.8) along with the kernel

function definition in equation (5.9) and takes the form [6]:

ui,K =
4

9l2

∫ zo+l

zo

ui(z) (2(z − zo)− l) dz. (5.16)

This latter formulation is slightly more amenable to establishing a connection with AEM.

In the present work, we depart from the standard ODT formulation in our consideration of

the term ui,K . Based on equation (5.16), the value of ui,K is highest when the sampled eddy

size is very small and a significant velocity change occurs at the length scale of the eddy.

In a turbulent boundary layer, the large wall-normal gradient of the streamwise velocity

component, u1, causes a high eddy occurrence. Henceforth, we consider u1,K as the main

contributor to the eddy frequency and the probability density of the eddy frequency scales

as:

g(zo, l) =
1

τ(zo, l)Λ̂
≈ 1

Λ̂l
|u1,K |. (5.17)
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In classical ODT , the eddies are invoked, accepted, and applied via the triplet mapping.

This instantaneous convective step is then followed by an advancement of viscous transport.

The information transfer along the ODT line (wall-normal direction, for boundary

layers) is primarily governed, outside the buffer layer, by these stochastically applied eddy

events; the viscous diffusion plays a secondary role. Owing to the dominance of eddies on

the flow evolution at the Reynolds numbers of interest and considering that we are relating

the ODT to AEM, the current simplified ODT model ignores the diffusive processes. Hence,

the sole deterministic operator, which is the diffusion step, is turned off in the stochastic

PDE system considered.

5.3 Application to turbulent boundary layer

The complete ODT formulation, as presented in Stephens and Lignell [169] for example,

can be used to accurately compute the mean and higher-order statistics in the turbu-

lent boundary layer. As an illustrative example, the mean velocity profile of a turbulent

boundary layer computed using a full ODT model is compared to DNS results under similar

conditions in figure 5.3. The full ODT model simulates a pressure-gradient driven channel

flow using a one-dimensional domain spanning across the channel, with no-slip boundary

conditions on both ends and the Reynolds number (Re = U∞δc/ν) is set as 22, 000, where

U∞ is the free-stream velocity (or in the case of the channel flow, the centerline velocity).

The channel flow profiles are equivalent to the results for the turbulent boundary layer as a

small pressure gradient drives the channel flow and the channel width is much larger than

the viscous length scale.

In the present work, we simplify the full ODT formulation to its skeletal elements and

into a form that resembles the formulation of AEM. Thus, it is expected that the simplified

ODT model will be less accurate than the full ODT formulation. While presenting the

results and further discussions, we refer to the full ODT model [169] as Full-ODT (F-ODT)

and the reduced version developed and analysed in further sections of this work as Reduced-

ODT (R-ODT). The simplified expression for the eddy probability distribution derived in
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Figure 5.3: Velocity profile obtained from ODT simulation of channel flows using the F-

ODT algorithm at Re = 22, 000, where Re = U∞δc/ν, U∞ is the free-stream velocity and

ν is the kinematic viscosity. DNS results from Graham et al. [49].

equation (5.17) acts as an essential building block of R-ODT. The codes developed in this

work can be found for reference at https://gitlab.com/odt4/odtaem.git.

ODT eddies are instantaneous and occur sequentially, one at a time. Furthermore, ODT

is formulated in a way that transparently exhibits its Markovian character (see appendix

A of Kerstein [79]). We use ODT ’s Markovian character to build an equivalence between

the ODT procedure and AEM. Thus, the transformation due to each eddy event can be

thought of as a Markov step Φi in a larger Markov chain of transformations that acts on the

flow properties X(z). The eddy size is assumed to vary from δ1 ≈ 100δν to the boundary

layer thickness δc unless otherwise stated.

The present work focuses on modelling the steady-state flow in the turbulent boundary

layer. The steady state profiles of flow properties, for instance the velocity derivative

d⟨u1⟩/dz, are represented by the expectation value of the Markov chain given by:

Xn(z) = [Σn
k=1Φk]Xo(z), (5.18)
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where Xo(z) is the initial condition, Φk is the kth Markov step and n is sufficiently large

to attain the steady state.

Applying the Markov chain analogy to the transformation by ODT eddies, the steady-

state velocity profiles can be estimated. The expected profiles of flow property X at steady

state can be expressed using probabilities q̂j associated with states Xj and probabilities ĝi

associated with eddies Φi that operate on state Xj, using:

XE =
∑
i

∑
j

ĝiq̂jΦi(Xj). (5.19)

Here, 0 ≤ i ≤ n1 and 0 ≤ j ≤ n2, where n1 and n2 are sufficiently large.

Analysis in section 5.3.1 later shows that the transformation Φi for vorticity distribution

d⟨u1⟩/dz used to compute velocity profiles is linear, expressed by Γ1(z/l). Using linearity

of the transformations Φi, we get Σj q̂jΦi(Xj) = Φi (Σj q̂jXj), and equation (5.19) simplifies

to:

XE =
∑
i

ĝiΦi

(∑
j

q̂jXj

)
, (5.20)

where, the term inside curved brackets is the expected value of state X at steady state,

given as XE = Σj q̂jXj. Thus, equation (5.20) can be expressed as:

XE =
∑
i

ĝiΦi(XE). (5.21)

Instead of discrete probabilities of eddy events, if we use the probability density func-

tion for eddy occurrence, g(Φi), spanning over the entire range of potential eddies, the

expectation value from equation (5.21) can be expressed as:

XE =

∫
Φ(XE)g(Φ)dΦ. (5.22)

Hence, the aggregate effect of eddies as Markov transformations is analogous to the

superposition of eddies in AEM (see equation (5.1)). We explore the implications of this

analogy with regard to the assessment of the mean velocity profile and the Reynolds stresses

for the turbulent boundary layer. It should be noted that the formulation of equation (5.22)

is predicated on the assumption of eddies dominating the flow evolution in R-ODT, which

justifies the neglect of viscous diffusion.
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5.3.1 Capturing the logarithmic mean velocity profile

We approach the reconstruction of the mean velocity profile by computing the vorticity

induced by eddies at different wall-normal locations. Viewing ODT as a Markov process as

defined in equation (5.22), the mean spanwise vorticity d⟨u1⟩/dz at a location z is expressed
as the superposition of vorticity contributions Ω(z, l) from individual ODT eddies of size l

and start location zo, see equation (5.23). We include the start location in equation (5.23)

to account for the eddies that are both detached and attached to the wall.

d⟨u1⟩
dz

=

∫ δc

l=δ1

∫ δc

zo=0

Ω(z, l)g(zo, l)dzodl, (5.23)

where g(zo, l) refers to the probability density of occurrence of eddy of size l and starting

location zo. The mean spanwise vorticity can be used to reconstruct the velocity profile.

The terms in the integrand of equation (5.23), Ω(z, l), and g(zo, l), help us to construct a

reduced ODT model (R-ODT) that resembles equation (5.4) of AEM. A brief description

of the evaluation of these terms follows.

The probability density of eddy occurrence, g(zo, l), follows from equation (5.17), where

the term u1,K is a function of the instantaneous velocity profile u1(z) in F-ODT. Wall-

detached eddies (zo > 0) are permitted in F-ODT, similar to the AEM models [131]

in which it was necessary to introduce the detached eddies for reconstructing the wake

structure. Though ODT admits eddies that originate above the wall, a large fraction of

eddies are in the vicinity of the wall, as observed from F-ODT results and by evaluating

g(zo, l) using a typical steady-state logarithmic velocity profile u1(z) (universal law-of-the-

wall). The prominence of eddies attached to the wall is evident by the large g(zo, l) at small

values of zo in figure 5.4. It should be noted that a logarithmic velocity profile u1(z) is used

solely to comment on the dominance of wall-attached eddies, and the velocity profile is not

directly assumed in this work. The current model independently computes the velocity

profile, as will be shown. The prevalence of wall-attached eddies is valid even during the

initial evolution of the ODT simulation, before the logarithmic velocity profile develops, as

an outcome of the large velocity gradients at the wall introduced by the no-slip boundary

condition. Based on the predominance of eddies in the vicinity of wall, we assume that the
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Figure 5.4: (a) Contours of g(zo, l) as defined in equation (5.17) for turbulent boundary

layer flow and (b) g(zo, l) corresponding to three different eddy start locations, from the

R-ODT formulation.
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R-ODT eddies always start at the wall, and equation (5.23) simplifies to:

d⟨u1⟩
dz

=

∫ δc

l=δ1

Ω(z, l)go(l)dl, (5.24)

where go(l) is the PDF for the occurrence of the eddy of size l, with the eddy-start location

fixed at zo = 0. The PDF go(l) can be defined by normalizing the joint PDF g(zo = 0, l)

by
∫
l
g(0, l)dl, using:

go(l) =
g(zo = 0, l)∫ δc
l=δ1

g(0, l)dl
, (5.25)

The term Ω(z, l) is computed using the vortex line formulation in AEM, whereas in the

current R-ODT model, the vortical motion associated with ODT eddies is used to evaluate

this term. The equivalent vortical motion induced by the eddy is assessed based on an

estimate of the eddy kinetic energy, which can be expressed as ⟨d2⟩/τ 2, where ⟨d2⟩ = 4/27

l2 represents the mean square eddy-induced fluid displacement in the eddy region resulting

from the vortical transfer by a size-l eddy [78]. The vorticity induced by an eddy can be

given as Ωnet(l) ∼ 1/τ(l). From this simplification, we can write:

Ωnet(l) =
1

l

4

9l2

∫ l

0

u1(z)(2z − l)dz︸ ︷︷ ︸
u1,k

(5.26)

Based on equation (5.26), one arrives at the vorticity induced at the wall-normal dis-

tance z by the eddy of length l as:

Ω(z, l) =
4

9l2
u1(z)(2z − l). (5.27)

Here, only the eddies that encompass the current z location, with eddy size l ≥ z, induce

spanwise vorticity at z, and this is enforced using the Heaviside-step function H(l − z).

This is also evident from figure 5.5(a), where the induced vorticity is zero when z ≥ l and

z/l = m refers to the start point of the simulation region next to the wall at z+ = 100.

Substituting Ω(z, l) from equation (5.27) in equation (5.24) and normalizing by the

friction velocity Uτ , we get:

d⟨u1⟩/Uτ

dz
=

∫ δc

δ1

4

9l2
u1(z)

Uτ

(2z − l)H(l − z)go(l)dl. (5.28)
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We analyse the formulation of equation (5.28) to ascertain the equivalence of individual

terms with AEM, followed by a direct numerical integration of the equation to substantiate

the creation of a linear logarithmic region in this R-ODT model.

Equation (5.28) can be converted to the form of equation (5.4) of AEM by rearrang-

ing the terms and substituting go(l) ≈ 1/l, which has been depicted in figure 5.4 and

corresponds to a −1 probability power law. We obtain:

d⟨u1⟩/Uτ

dz
=

∫ δc

δ1

4

9

u1(z)

Uτ

(
2z

l
− 1

)
H(l − z)

1

l2
dl. (5.29)

The expression on the right-hand side of equation (5.28) exhibits similarities to the

AEM formulation: (i) the eddy probability density: go(l) ≈ 1/l (see equation (5.3)), (ii)

a linear vorticity distribution Γ1(z/l) ≈ (2z/l− 1), similar to the third category of type-A

eddy considered [131], and (iii) the velocity scaling: u1(z)/Uτ . The velocity scaling in the

current model differs from AEM, as the latter uses the eddy characteristic velocity scale

Uo, instead of the local velocity u1(z).

The integral to evaluate d(⟨u1⟩/Uτ )/dz in R-ODT resembles that of the AEM formula-

tions described earlier. We compute the resultant velocity profile as done in AEM. Similar

to the analytical proof of the occurrence of the linearity of the logarithmic velocity profile

by Perry and Marusic [131], we analyse the limiting behaviour of the terms in equation

(5.29) after specific transformations. The term u1(z)/Uτ can be approximated by the loga-

rithmic mean velocity profile at the steady state, and marginally varies inside the log-layer

especially at low l/δc, thus can be treated as a constant. This assumption of constancy of

u1(z)/Uτ is justified for low l << δc, as is the case for characteristic eddy velocity Uo in

AEM. First, we introduce the logarithmic transformations: ξ = log(l/z), ξ1 = log(δ1/z),

ξE = log(δc/z), and define the function h(ξ) = 2z/l − 1. Then, by combining all the

constants into the constant κ and defining the velocity deficit with respect to free-stream

flow: U∗ = (U∞ − ⟨u1⟩)/Uτ , we get:

dU∗

dξE
=

∫ ∞

−∞
κe−ξh(ξ)dξ. (5.30)
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Figure 5.5: Vorticity distribution and transformed terms of equation (5.30) show similar

behaviour to descriptions of third category of type-A eddy in AEM [131]. m refers to the

ratio of δ1 to the eddy size l considered.
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Proving that the integral on the right-hand side of equation (5.30) is constant effectively

shows that d((U∞ − ⟨u1⟩)/Uτ )/d(log(δc/z)) produces the log-law profile. To establish this

constancy, we consider the terms in the integral as depicted in figure 5.5. The function

h(ξ) is non-zero only in the depicted range, and is multiplied by κ. Because κ is invariant

in the considered range of ξ, the integral in equation (5.30) is independent of z, and the

log law is hence recovered.

Now, considering the direct integration of equation (5.28), the probability density func-

tion go(l) is substituted using expressions in Eqs. (5.16), (5.17) and (5.25). The evaluation

of equation (5.28) involves a nested integral, where the expression for probability density

accounts for all the eddies that induce vorticity at the considered location z, see equation

(5.31).

d⟨u1⟩(z)
dz

=

∫ δc

l=δ1

C

l

4

9l
u1(z)(2z − l)H(l − z)︸ ︷︷ ︸

I

(
g(0, l)∫ δc

l=δ1
g(0, l)dl

)
︸ ︷︷ ︸

II

dl, (5.31)

where,

g(0, l) =
1

Λ̂l

∣∣∣∣ 49l2
∫ l

0

u1(z
′)(2z′ − l)dz′

∣∣∣∣ (5.32)

The velocity derivative d⟨u1⟩/dz obtained at each z is integrated, starting from zero

velocity at the wall, to reconstruct the velocity profile for the next iteration. We add

a multiplicative constant C in the integrand of equation (5.31) to adjust the turbulence

intensity, analogous to the C parameter typically used in ODT simulations. Each iteration

comprises of two steps: (i) the probability density go(l) is computed for varying eddy

sizes, using equation (5.25) and (5.32), as a functional of the current velocity profile u1(z)

in term (II) of equation (5.31). As a result of the normalization of g(0, l) to obtain go(l)

in term (II), the parameter Λ̂ is eliminated. (ii) Evaluation of the net vorticity induced at

location z by the aggregate effect of individual eddies, which in turn is given by term (I).

The iterations are carried out until convergence to a steady-velocity profile is achieved.

The results obtained by numerical integration of equation (5.31) for various starting

velocity profiles consistently produce the logarithmic region of the velocity profile, see
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Figure 5.6: Mean streamwise-velocity profiles ⟨u1⟩ obtained for four different arbitrary

initial conditions normalized with the streamwise velocity at start of log-layer Uo(z =

100δν) from the R-ODT formulation at C = 2 exhibit linear regions close to the wall. A

line fitted to the straight section of the produced profiles are shown in red.

figure 5.6, showing that the R-ODT model captures the essence of the wall-attached eddy

structure.

Increasing the ODT turbulence intensity parameter, C, causes an increased slope of the

logarithmic velocity profile in the current model due to direct amplification via equation

(5.31). However, increasing C in F-ODT models from Refs. [44, 140] flattens the velocity

profiles farther from the wall due to the increased momentum transfer with increased eddy

occurrence. This difference can be attributed to the higher occurrence of detached eddies

in F-ODT models with higher values of C.
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5.3.2 Reynolds stress reconstruction

F-ODT models have been reported to provide accurate predictions of turbulent stresses,

with the exception of an under-prediction of the normal stresses [140]. This discrep-

ancy is attributed to a modelling artifact arising from the inadequate treatment of three-

dimensional information in the ODT formulation. Nevertheless, we study the essential

elements of ODT that contribute most prominently to modelling the Reynolds stresses

using the R-ODT model.

The AEM hypothesis uses the velocity components induced by the isolated eddies to

infer Reynolds stresses, where the intensity functions Iij(z/l) are defined as being solely

dependent on the geometry of the eddy. In this work, an aggregate effect of ODT eddies is

considered to evaluate the Reynolds stresses. We do not use the Markov chain analogy to

arrive at the steady state velocity profile for computing the Reynolds stresses. Instead, the

analysis to obtain Reynolds stresses is restricted to the steady state where the logarithmic

mean velocity profile is used to evaluate the eddy probabilities that are used to represent

the cumulative effect of instantaneous velocity profiles. This approach of applying eddies

to an assumed mean velocity profile has also been used by Movaghar et al. [119] to model

the steady-state statistics of turbulence quantities.

Transverse normal stresses, ⟨u′23 ⟩, are estimated via the mapping-induced transverse

velocity d/τ [78], see equation (5.33), where the mapping causes a displacement d over

the eddy time scale τ . Here, d(l|z) is the displacement induced at z by an eddy of length

l (z ≤ l), computed via the triplet-map definition [77]. The formulation for transverse

normal stresses,

⟨u′23 ⟩(z) =
∫ δc

l=δ1

C

(
d(l|z)
τ(l)

)2

H(l − z)go(l)dl, (5.33)

resembles the form of equation (5.1) of AEM.

The probability density of an eddy of size l is identical to the expression substituted in

equation (5.31). The integrals are evaluated only for the eddies that influence the velocity

at location z. Only the eddies that encompass the current z location, with eddy size

l ≥ z, contribute to the Reynolds normal stresses, as enforced by H(l− z). The transverse
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Figure 5.7: Transverse normal stress profile for two R-ODT cases and an F-ODT case at

Re = 22, 000. Experiments (symbols) from Wei and Willmarth [179] and DNS (dashed-

line) results from Graham et al. [49]. The region between the two vertical dashed lines

refers to the transition region between the buffer layer and the log-law region.

normal stress profile obtained from the current model matches the functional form from

experimental results and F-ODT results, see figure 5.7. The constant C is used to scale

the model results for ease of shape comparisons. The F-ODT results show a characteristic

peak at about z+ = 10, which was also previously reported [140]. The location of the

peak in F-ODT is closer to the wall when compared with R-ODT, DNS and experimental

results, and this peak location is an outcome of the smallest size of eddies considered in

F-ODT. A close match of the current model with F-ODT is attained with peak location

closer to the wall, if smaller eddies are permitted in R-ODT, as seen for δ1 = 20δν in figure

5.7. A slope discontinuity occurs at z+ = δ1/δν , which can be attributed to the fact that

all sizes of eddies produce stresses at z+ < δ1/δν , however, once z
+ > δ1/δν , the eddies

that do not reach the analysed z+ stop contributing to the stresses. This sudden jump is

most pronounced in the computation of normal stresses in the vicinity of z+ = δ1/δν .
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The ODT eddies induce mass and momentum transfer via linear eddies and the cross-

correlation between streamwise and wall-normal fluctuations does not directly represent

the shear Reynolds stresses ⟨u′1u′3⟩ in the ODT framework. An assessment of the Reynolds

shear stresses follows from ensemble averaging of eddy-induced transfer of velocity com-

ponents via the mapping process over time. A control volume analysis reveals that ⟨u′1u′3⟩
corresponds to the ensemble average net rate of advective transfer of ⟨u′1⟩ through a wall-

normal location z [78, 80]. The logarithmic mean velocity profile ⟨u1⟩(z) is used to eval-

uate the stresses. The evaluation of ⟨u′1u′3⟩ involves: (i) finding the net transfer of the

streamwise-velocity component induced by ODT eddies, denoted by ∆u1, per unit time

interval (τ) considered. Similar to computation of Reynolds normal stresses, only the ed-

dies that encompass the current z location contribute to the Reynolds shear stresses, as

represented by H(l − z). (ii) Integration of ∆u1 from the wall (z = 0) to the location z.

An estimate of the net ∆u1 follows by integrating the effect of individual eddies, where

the kinetic energy change induced by an eddy: u21,K , is considered to compute the induced

velocity. The time scale τ is computed by averaging the time scales associated with the

individual eddies.

(∆u1(z
∗))advective =

1

τ

∫ δc

l=δ1

4C

9l2
u1(z

∗)(2z∗ − l)H(l − z)go(l)dl (5.34)

⟨u′1u′3⟩(z) =
∫ z

0

(∆u1(z
∗))advective dz

∗ (5.35)

The recreated profiles for the shear Reynolds stress in figure 5.8 exhibit the characteristic

⟨u′1u′3⟩ profile reported for turbulent boundary layers [179]. The rise of shear Reynolds

stress is observed in the viscous sub-layer and buffer layer, followed by an almost linear

drop in the log-layer and beyond.

With inclusion of only the wall-attached eddies, as per the formulation in equation

(5.34), the stresses drop to zero before half the thickness of the boundary layer is reached.

For a realistic profile of the shear Reynolds stress, we include the detached eddies, with

114



0.0 0.2 0.4 0.6 0.8 1.0 1.2
z/δc

0.00

0.25

0.50

0.75

1.00

1.25

1.50
−
<
u
′ 1
u
′ 3
>
/u

2 τ
R-ODT, AE & DE, C = 0.015

R-ODT, AE, C = 0.05

Re = 2970

Re = 14914

F-ODT

Figure 5.8: Reynolds shear stress variation in the boundary layer for two R-ODT cases

and an F-ODT case at Re = 22, 000. AE refers to R-ODT with only wall-attached eddies,

and AE & DE refers to R-ODT with both attached and detached eddies. Experimental

data is from Wei and Willmarth [179].

the probability density given in section 5.3.1:

(∆u1(z
∗))advective =

1

τ

∫ δc−zo

l=δ1

∫ δc

zo=0

4C

9l2
u1(z

∗)(2(z∗ − zo)− l)·

H(zo + l − z)H(z − zo)g(zo, l)dzodl.

(5.36)

Here, the Heaviside-step function H ensures that the eddy region [zo, zo + l] includes the

current z−location, for non-zero contribution to the Reynolds shear stresses. The obtained

results for the cases including or excluding wall-detached eddies are depicted in figure 5.8,

with C values chosen for ease of shape comparisons. The steep increase in shear Reynolds

stress in the immediate vicinity of the wall is produced by the large cumulative velocity ∆u1

induced by eddies (see figure 5.9(a)). Linear drop of ⟨u′1u′3⟩ for z/δ > 0.1 is an outcome of

the approximately constant value of ∆u1 in the log-law region as observed in figure 5.9(b).
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Figure 5.9: Variation of ∆u1(z) with wall-normal distance to explain the evolution of

shear Reynolds stresses in the R-ODT formulation with logarithmic (a) and linear (b) z+,

at Re = 22, 000.

The deliberate simplifications introduced to extract the essential features of ODT

precludes exact agreement with established benchmarks reported in F-ODT simulations

[140, 44]. However, the role of the velocity profiles in determining eddy probabilities, com-

bined with the nature of the mapping, is found to have a central influence on turbulence

characteristics. The transverse displacement induced by the ODT eddies, supported by the

well-defined occurrence probabilities, turn out to be the major contributor in the Reynolds

stress evolution with wall-normal distance. The formulation in R-ODT bears close resem-

blance to the AEM Reynolds stress formulations, and the role of AEM’s intensity function

Iij is played by the displacement function linked to the ODT eddies.

5.4 Discussion

ODT provides a dynamic one-dimensional representation of turbulence by virtue of the

eddies that are operations that modify the flow state, unlike the AEM models with a hier-

archy of static vortex structures that characterize the flow state. Despite this underlying

difference in the nature of the two models, the averaged statistics from finite-duration ODT

eddies capture the same effects as the static AEM structures in the turbulent boundary
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layer.

This work isolated the essential features of ODT through a simplified formulation (R-

ODT), addressing the probabilities of eddies and their aggregate effects on velocity profiles,

which have been shown to produce desirable trends in wall-bounded turbulence character-

istics. The simplification in complexity of the ODT model in the present work is done to

recast the equations in a form that resembles AEM in order to fulfill the objectives of the

work.

Following points are inferred to establish the core equivalence of the two methods, AEM

and ODT , for turbulent boundary layer modelling:

1. Consistent representation of the statistics of eddy occurrences is a major factor for

modelling wall-turbulence. ODT provides a generalized framework to generate eddy

time-histories valid for diverse flows including free and bounded shear flows. The

occurrence of ODT eddies is favoured when the mean flow gradients are high, resulting

in a higher eddy frequency in the region closer to the wall, similar to the AEM

hypothesis.

2. High velocity gradients arise close to the wall in ODT , irrespective of the initialized

velocity profiles, by virtue of the no-slip boundary conditions. The presence of the

wall is felt into the boundary layer generating the logarithmic velocity profile and

AEM-like eddy structure at steady state.

3. The vorticity distribution induced by an ODT eddy, by virtue of the triplet-mapping,

is similar in character to the one produced by some of the assumed eddy shapes in

AEM, thus supporting the equivalence of ODT eddy geometry effects in addition to

the similarity to eddy-occurrence probabilities of AEM.

4. AEM structures are not external to the flow field, but in fact they are the Fourier-

packet equivalent of the velocity oscillations, and in turn reproduce the velocity

profiles via the Biot-Savart law. The ODT eddies also are internal to the flow field

deriving energy from the velocity profiles via their gradients and, in turn, inducing

velocity changes.
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The fundamental connection between the eddy frequency and the velocity profiles ev-

ident in ODT resembles the turbulent kinetic energy production term in RANS models.

The inverse relation between eddy frequency and the distance of their centres from the

wall in AEM is a specialized case of the ODT approach, where high velocity gradients

close to the wall produce same effect as AEM. The downside with ODT lies chiefly in the

incomplete representation of the three-dimensional eddy geometries.
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Chapter 6

Predicting the hypersonic turbulent

boundary layers with

one-dimensional turbulence

Associated reference:

Nath, Pranav and Hickey, Jean-Pierre, “Predicting the hypersonic turbulent boundary

layers with one-dimensional turbulence”, under revision in Physical Review Fluids.

Abstract

The scaling laws for the hypersonic turbulent boundary layer flows are assessed against

a limited set of DNS available in the open literature. The computational expense of

the DNS limits both Reynolds number and wall-to-recovery temperature ratios, which

impacts the ability to generalize the scalings to extreme hypersonic conditions. In this

work, we explore a reduced-dimensionality model, the one-dimensional turbulence (ODT),

and develop a computationally tractable tool that can provide DNS-like near-wall statistics

at a fraction of the computational cost. Unlike other modelling paradigms, ODT does not

rely on classical RANS-based assumptions or on an assumed turbulent Prandtl number

Prt. Instead, ODT is a stochastic tool that models the effects of the three-dimensional
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eddies on the one-dimensional domain. This work explores the model parameters under

diabatic turbulent boundary layer conditions and validates the statistics against published

results at M ≈ 5.86. Statistical sampling of ODT is shown to provide a quantification of

the wall temperature and pressure probability distribution.

6.1 Introduction

The hypersonic non-adiabatic turbulent boundary layers (TBL), in a time-averaged sense,

is characterized by a large mean flow temperature gradient, which strongly impacts the

local viscosity and contributes to the shear stresses near the wall. The mean flow TBL

quantities are important as they inform drag and aerothermal heat transfer necessary

for the design of aerodynamic control and thermal protection systems. However, further

characterization of the near-wall turbulence is critical as it is the strongly intermittent tem-

perature, pressure, and shear stress fluctuations, often caused by the coherent structures

in the boundary layer [98], that drive ablation [191], fluid-structure interactions [17], local

dissociation and chemical kinetics [114, 34, 110]. Although these fluctuating quantities can

be either modeled or even inferred, the characterization of the probability distribution and

the frequency of occurrence of these extreme events in highly-cooled, hypersonic turbulent

boundary layers demands careful consideration for predictive modelling.

The mean streamwise velocity profile in the cooled hypersonic TBL can be estimated, to

a good degree, using the RANS model; a turbulence modelling strategy which remains the

favored approach for industrial, high-speed CFD. Although the RANS turbulence models

have been tuned to the specificities of hypersonic flows, they must rely on strong modelling

assumptions to characterize the turbulent heat transfer [138]. In classical CFD modelling

approaches, a constant turbulent Prandtl number, Prt, relates the turbulent momentum

transport to turbulent heat transport. This convenient simplification is known to be prob-

lematic near the wall. Some works have proposed a variable Prt [182, 147, 128], but with

these more complex modelling approaches, the user is faced with the conundrum of trading

robustness and resilience of the model for a slightly more accurate heat transfer approxi-
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mation. Furthermore, the strong thermodynamic non-linearities near the wall induce some

errors in incorrectly accounting for the fluctuating component of the molecular viscosity,

which is often lumped in with the mean field closure. Thus, although RANS provides an

invaluable approximation, its limitations are reached due to the modelling assumptions.

RANS exhibits an inability to deal with strong thermodynamic non-linearities, and to fully

characterize the frequency of occurrence and probability distribution of extreme near-wall

turbulent events which is necessary in hypersonic turbulent flows.

DNS of high-enthalpy TBL at hypersonic conditions is a valuable tool to assess the

state of turbulence at the wall [107, 108, 35, 31, 32, 89, 137, 192]. The large computational

expense of DNS precludes its use for applied hypersonic configurations but provides the

ability to generate a database to quantify near-wall turbulence and help develop TBL scal-

ing laws to address the challenges at highly cooled conditions. Trettel and Larsson [171]

observed that the viscosity variation arising in high-speed flow explains the slight discrep-

ancy observed in the van Driest scaling, which motivated a series of works to correct the

near-wall velocity [51, 190, 23, 22] and temperature [24] scaling for highly cooled hypersonic

boundary layers. These new scalings are critical towards the improvement of wall-modeled

LES at hypersonics conditions. The generalizability of these scaling laws is limited by the

relatively low Reynolds number of DNS and the extent of the existing DNS database in

covering the relevant conditions–especially at low wall temperature. High-enthalpy exper-

imental measurements, ground-based or in flight, present the best opportunity to charac-

terize the turbulent quantities of interest but face the concurrent difficulty of combining

an extremely high temporal resolution with the need to sample over a large measurement

window to characterize extreme near-wall events.

A more extensive database of canonical cooled-wall hypersonic TBL is needed to im-

prove existing RANS models, extend the generalizability of the scaling laws, and better

characterize the frequency of near-wall turbulent events. In this context, we explore a

reduced-dimensionality model as an alternative to the expensive DNS simulations to model

the hypersonic TBL. The ODT model, proposed in the seminal work by Kerstein [78] and

further developed since work by Refs. [6, 95], provides a computationally tractable alterna-

tive to DNS that is based on a number of modelling assumptions that need to be assessed for

121



hypersonic conditions. The ODT approach considers a one-dimensional domain normal to

the wall and uses stochastic linear eddies to represent the effect of three-dimensional turbu-

lence on the one-dimensional line. Incompressible wall turbulence was extensively studied

with ODT by Kerstein [78], where only the streamwise-velocity component was considered;

this was followed by the inclusion of transverse-velocity components in Ashurst and Ker-

stein [6]. ODT has been shown to capture the salient features of incompressible TBL in

temporally [139] and spatially [140] developing boundary layers. Recent work by Nath and

Hickey [121] has shown inherent similarities between the Attached Eddy Model and ODT;

thus, further support the use of the approach for high-Reynolds number boundary layers.

Jozefik et al. [73] used a pseudo-compressible solver in ODT to study the RM instability.

Chen et al. [20] developed a Eulerian-based ODT approach of the compressible NS equa-

tions and validated their findings on high-Reynolds number compressible channel flow. To

address some of the shortcomings of previous ODT formulations and explore the use of

these models in highly cooled, hypersonic TBL, we developed a fully compressible fluid

model in a Eulerian reference frame [122], coupled with the stochastic turbulence model

of ODT. The current work provides a compressive assessment of ODT under relevant hy-

personic conditions with a complete characterization of velocity and thermal profiles and

near wall statistics. Once validated, the ODT framework can be used to generate a large

dataset of hypersonic TBL that can be used to generalize wall scalings and improvement

of RANS models at these extreme conditions.

In this work, we compute compressible TBL profiles up to Reτ ≈ 1221 and Mach

number M ≈ 6, with wall-to-recovery temperature ratios: Tw/Tr = 0.73, 0.45 and 0.26.

The methodology for the compressible ODT formulation is first described, followed by a

description of the simulations. The mean velocity and mean temperature profiles obtained

by the current model, accompanied by Reynolds shear and normal stresses for the two cases

of Tw/Tr are then provided. The obtained mean velocity and temperature profiles, along

with the Reynolds stresses, are shown to align well with the comparative DNS results.

Subsequently, the results pertaining to the energy transport and statistics of the thermal

properties are described.
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6.2 Model formulation

6.2.1 Governing equations

We model a high-Mach number, zero-pressure gradient, cooled-wall turbulent boundary

layer flow using ODT. The ODT approach allows for a full resolution of all relevant spatial

and temporal scales along a single dimension in the TBL. The one-dimensional domain is

oriented normal to a non-slip moving wall and is bounded, far in the freestream, by a fixed,

non-slip wall. The ODT approach solves the compressible form of the NS equations and

utilizes a multiscale sequence of triplet mappings that stochastically represent the mecha-

nistic behaviour of three-dimensional eddies acting along the one-dimensional domain. In

this work, the conservation equations for mass, momentum and energy, closed with the

ideal gas equation, are solved in a fully Eulerian framework, unlike the original Lagrangian

formulation of ODT [78, 6].

The ODT domain is aligned along the spatial direction z, while x is along the streamwise

direction and y is in the spanwise direction. The variable ui represents the ith velocity

component, where the indices i = 1, 2 and 3 refer to the components along the x, y and z

directions, respectively. The terms ρ, P,E represent the density, pressure, and total energy

(sum of internal and kinetic energy: E = e+ 1/2(u21 + u22 + u23)), respectively. We use the

conservative form of the NS equations with variables ρ, ρui (i = 1, 2, 3), and ρE, while

neglecting the derivatives normal to the ODT domain:

∂ρ

∂t
+
∂(ρu3)

∂z
= 0,

∂(ρui)

∂t
+
∂(ρuiu3)

∂z
= −∂P

∂z
δ3i +

∂σi3
∂z

,

∂ (ρE)

∂t
+
∂ (ρEu3)

∂z
= −∂(Pu3)

∂z
− ∂q3
∂z

+
∂uiσi3
∂z

(6.1)

Assuming the flow to be Newtonian, the simplified deviatoric stress components are com-

puted in a truncated form as:

σ13 = µ
∂u1
∂z

, σ23 = µ
∂u2
∂z

, and σ33 = 2µ
∂u3
∂z

+ λs
∂u3
∂z

, (6.2)
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where µ is the dynamic viscosity and λs is the second viscosity coefficient. The variation

in µ with temperature, T , is given by a power law, µ ∼ T 3/4, and the second coefficient of

viscosity is given by λs(T ) = −2/3 µ(T ). The heat flux, q3, is modeled using Fourier’s law:

q3 = −kt
∂T

∂z
, (6.3)

where kt is the thermal conductivity.

The numerical implementation of the flow solver uses the WENO 5th order scheme in

conjunction with the HLLC solver, as described in Houim and Kuo [55]. The time inte-

gration is done using a third-order Runge-Kutta scheme, and the time step is acoustically

constrained using the obtained maximum values of the instantaneous flow velocity and

sound speed. The current implementation is a modification of the formulation presented

earlier in Nath and Hickey [122], which is an extended version of the open-source code

originally developed by Stephens and Lignell [169]. An adaptive meshing scheme is used

that refines the grid in the near-wall regions of higher gradients.

6.2.2 Turbulence model

Stochastic eddy using triplet-map

The turbulence model in the ODT approach employs stochastic one-dimensional eddies

that represent the action of three-dimensional turbulence on the one-dimensional domain.

The stochastic one-dimensional eddies were first introduced by Kerstein [77], and then

later adopted in the seminal work describing the ODT method [78]. The one-dimensional

(linear) eddies produce the energy cascade by transferring energy from the larger to the

smaller scales via certain transformations in the flow properties. These transformations

are stochastically carried out at sampled locations with an associated length and time

scale of the turbulent eddies, using the predefined mapping known as the triplet mapping.

The mapping is measure-preserving, and introduces higher wavenumbers in the domain

without introducing any jump discontinuities. In the present formulation, the conservative
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Figure 6.1: Conceptual illustration of the ODT domain in a turbulent boundary layer (top)

and the representation of the triplet-map applied to the variable q(z).

variables undergo triplet mapping, which is given as:

f(z) = zo +



3(z − zo), zo ≤ z ≤ zo +
1
3
l

2l − 3(z − zo), zo +
1
3
l ≤ z ≤ zo +

2
3
l

3(z − zo)− 2l, zo +
2
3
l ≤ z ≤ zo + l

z − zo. otherwise

(6.4)

Here, zo and l are the start location and length of the eddy, respectively. In the region

where the eddy is applied, three copies of the variable profile q(z) are made, compressed, the

middle copy is inverted, and then the three segments are stitched together, see figure 6.1.

The displacement induced by the eddy is defined using a kernel function K(z) = f(z)− z,

which integrates to zero over the eddy region by definition.

The original ODT formulation of Kerstein [78] considered a single velocity compo-

nent; however, the later formulation in Ashurst and Kerstein [6] accounted for pressure-
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scrambling effects while incorporating all the three velocity components. The pressure-

scrambling causes a return-to-isotropy and, to model this effect in ODT, the available

energy is redistributed among the velocity components using a transformation subsequent

to the triplet mapping. Even though this energy transfer among the velocity components

is energy-conserving, the momentum along each coordinate is not necessarily conserved,

and an additional term is added to the post-triplet-map velocity transformation to en-

sure momentum conservation. Section 3.1.4 describes an energy balance during the post-

triplet-map energy redistribution and associates a kinetic energy to the eddy per unit

cross-sectional area of the ODT domain, given by Ekin.

Time scale associated with the eddies

The eddy time scale, τ , is a physical parameter dependent on the instantaneous state of

the system over the region impacted by the eddy and changes as the system evolves.

The scaling of the eddy kinetic energy, 1/2m(l/τ)2, helps to define the eddy-time scale,

where m is the mass of the fluid inside the region impacted by the eddy and l/τ is the

eddy-velocity scale. The mass can be expressed as m = ⟨ρ⟩lAc, where ⟨ρ⟩ refers to the

average density of the affected domain volume. The affected domain volume is given as lAc,

where Ac is a notional cross-sectional area normal to the one-dimensional ODT domain.

The average density ⟨ρ⟩ is expressed as ⟨ρ⟩ = ρKK/KK, where KK =
∫ zo+l

zo
K2(z)dz and

ρKK =
∫ zo+l

zo
ρ(z)K2(z)dz. Using the introduced definitions, the scaling for the eddy-kinetic

energy per unit Ac is given as:

Ekin =
1

2
m · u2 1

Ac

≈ 1

2
⟨ρ⟩(lAc)

Ac

l2

τ 2
=

1

2

ρKK

KK

l3

τ 2
. (6.5)

Introducing the notation τ(zo, l; t) for the time-scale of an eddy that occurs at an instant

of time t, with start location zo and length l, and rearranging equation (6.5) gives:

1

τ(zo, l; t)
≈
√

2KK

ρKK l3
Ekin. (6.6)

where, Ekin is a measure of the kinetic energy as described in Sect. 3.1.4.

126



Previous ODT approaches typically subtract a viscous penalty Evp from the term Ekin

that sets the lower limit on the allowable eddy size [6]. Although Evp affects the eddy

selection criterion, it does not have an impact on the nature of the transformation by the

eddy. The viscous penalty introduces a second mechanism of viscous dissipation, adding

to the diffusive effects of the viscous terms in the governing equations.

1

τ(zo, l; t)
=

√
2KK

ρKK l3
(Ekin − ZEvp). (6.7)

The viscous penalty is defined as Evp = µ2
eddy/(2ρeddyl), where, ρeddy represents the average

density of the flow and µeddy is the average dynamic viscosity, computed within the eddy

region. A viscous penalty parameter Z is introduced to scale the viscous penalty term.

A potential energy term Epe is often added to Ekin term in the ODT formulation to

model the effect of other forces involved in the system, for example, the effects of unsteady

dilatation and shock-turbulence interaction. However, the term is ignored in this work due

to the absence of external forcing mechanisms.

Eddy occurrence rate

In ODT, each eddy is considered as an instantaneous event, and these eddies are sequen-

tially invoked at a controlled rate. The rate of occurrence of eddies in the parameter range

zo ∈ [z, z+dz] and l ∈ [l, l+dl] at an instant of time t, can be expressed as λr(zo, l; t)dzodl,

where the eddy rate distribution λr(zo, l; t) is given as:

λr(zo, l; t) =
1

l2τ(zo, l; t)
. (6.8)

Integrating λr(zo, l; t)dzodl over the entire parameter space for eddy start location (zo) and

size (l) gives the overall eddy rate:

Λ(t) =

∫
zo

∫
l

λr(zo, l; t)dzodl (6.9)

The ratio λr(zo, l; t)/Λ(t) gives the instantaneous joint probability density function for the

occurrence of eddy with start location zo and size l, and has direct dependence on the eddy

time-scale τ(zo, l; t).
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In principle, the eddies could be sampled via a discrete Poisson process at the rate Λ(t),

depending on the instantaneous system state, and the admittance of the eddy could be

tested based on the joint PDF given by λr(zo, l; t)/Λ(t). However, continually reevaluating

Λ(t) and τ(zo, l; t) at each time-varying frozen flow state is too computationally expen-

sive and the probability of the considered eddy is factored into two guessed probability

distributions, g1(zo) and g2(l), for eddy start locations and sizes, respectively.

We use a uniform distribution for the eddy start location, g1(zo), along with the preset

distribution for eddy size in Stephens and Lignell [169] with s = 1, g2(l):

g2(l) =
c1
ls+1

exp
(
−c2
ls

)
. (6.10)

Here, the parameters c1 and c2 are set to approximately achieve the desired flow-specific

eddy-size distribution. The guessed distributions g1 and g2 have a negligible influence on

the simulation results.

The sampled eddy is then subject to an acceptance-rejection method based on the

probability:

pe =
C∆te

l2g1(zo)g2(l)τ
, (6.11)

where, the parameter C is an ODT parameter used to modify the turbulence intensity. ∆te

is the mean time interval for eddy sampling, which is usually chosen to be small enough

so that the eddies are sampled at a rate much higher than the prescribed rate Λ(t). The

discrete sampling of eddies followed by the acceptance-rejection procedure produces the

physically prescribed ensemble of eddies.

6.2.3 Set-up of the ODT simulation domain

In this work, a turbulent boundary layer is created by inducing a flow of air with molecular

mass (M = 28.96 g/mol) between two infinite parallel plates by moving one of the plates

at high speeds (M ≥ 5). The approach is similar to the incompressible regime ODT

simulations of Rakhi et al. [139]. The considered setup was found to be beneficial to

model a zero-pressure gradient boundary layer in the ODT framework, as opposed to
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the approach used in Chen et al. [20], wherein the pressure-gradient-driven channel flow

profiles are utilized to infer characteristics of the turbulent boundary layers. The separation

between the plates is large enough so that a significant fraction of the flow close to the fixed

plate does not experience any eddy-induced disturbances, and the velocity gradient at the

fixed wall is zero. The variation of Reynolds stresses in Sect. 4.3 reveals that the fixed

domain length adequately accommodates the turbulent boundary layer as the turbulent

shear stress drops to zero at less than half the domain length.

The one-dimensional ODT domain extends from z = 0 at the moving plate all the

way to the fixed plate. Dirichlet boundary conditions for the velocity components and the

temperature are set at both ends of the domain. The plate at z = 0 is set at the desired

wall temperature (TA) and moves at a velocity u1 = uwall along the streamwise direction,

with zero u2 and u3 velocity components at the plate location. The fixed plate, at the

other end, is held stationary with all velocity components set to zero, and temperature set

as TB, the freestream temperature.

6.3 Results

The results obtained from the simulations are transformed to represent the characteristics

of the turbulent boundary layer developed by the zero-pressure gradient driven flow at a

freestream Mach number (M∞) over a fixed flat plate at z = 0. A Galilean transformation

is performed by subtracting the streamwise velocity of the moving plate (uwall) from the

entire domain. The remaining properties such as temperature, density, pressure, and other

velocity components remain unchanged. The freestream Mach number is set using M∞ =

uwall/c∞, where c∞ is the speed of sound in the freestream. The results presented henceforth

have undergone the mentioned transformation and can be directly compared to the DNS

studies of turbulent boundary layers over stationary flat plates.
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Case Reτ C Z M∞ Tw/Tr δν (10−5) Uτ (ms
−1) Mτ

I 401 10 100 5.97 0.734 5.0 38.4 0.111

II 497 15 100 5.97 0.733 4.4 43.3 0.125

III 517 20 100 5.96 0.737 4.3 45.0 0.130

IV 548 25 100 5.94 0.738 4.0 47.8 0.138

V 560 20 50 5.96 0.734 4.1 46.6 0.135

VI 495 20 200 5.96 0.734 4.4 43.1 0.125

VII 426 20 300 5.93 0.740 4.3 44.3 0.128

Table 6.1: List of cases of compressible TBL in the present study with a domain length

L = 0.05, Lmin = 1.5× 10−5 and Tw/Tr ≈ 0.73.

6.3.1 Mean-statistics obtained at Tw/Tr ≈ 0.73

Table 6.1 provides the parameters and results for an initial set of simulations, in which

the parameters C and Z, from Eqs. (6.11) and (6.7), are systematically varied. Figures

6.2 and 6.3 provide the profiles for mean velocity, mean temperature, Reynolds shear and

normal stresses for the various ODT parameters. The domain length is given by L and

the minimum allowable eddy size is Lmin. Here, the wall-to-recovery temperature ratio is

defined as Tw/Tr, where the recovery temperature is Tr = T∞(1+0.89((γ−1)/2)M2
∞). The

mean velocity profile is presented after being subjected to the van Driest transformation:

⟨u1⟩V D/Uτ =
1

Uτ

∫ ⟨u1⟩

0

√
⟨ρ⟩/⟨ρwall⟩d⟨u1⟩ (6.12)

The transformations introduced in Refs. [171, 190, 24] could also be used to compare the

present results with DNS, however, we restrict the comparisons to van Driest transformed

velocity profile as this transformation was reported in comparative DNS studies.

The Reynolds normal stresses are directly computed from time averaging the instanta-

neous streamwise velocity and are normalized by the friction velocity Uτ . On the contrary,

Reynolds shear stress are not directly given by the cross-correlation of the fluctuating ve-

locity components u′1 and u
′
3, and an indirect approach is used. Ensemble averaging of the

130



100 101 102 103

z+

0

5

10

15

20

25

30

〈u
1
〉/
U
τ

(a)

10−1 100 101 102 103

z+

0.0

0.2

0.4

0.6

0.8

1.0

(〈
T
〉−
〈T
∞
〉)
/(
〈T
w
a
ll
〉−
〈T
∞
〉)

(b)

0.00 0.01 0.02 0.03 0.04
z

0.0

0.2

0.4

0.6

0.8

1.0

〈ρ
u
′ 1
u
′ 3
〉/
τ w
a
ll

(c)

C=10, Z=100

C=15, Z=100

C=20, Z=100

C=25, Z=100

100 101 102 103

z+

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

u
1
,r
m
s
/U

τ

(d)

Figure 6.2: Comparison of ODT simulations with different C parameters at Tw/Tr ≈ 0.73.

The DNS results from Zhang et al. [192] are shown in solid black and the dashed line in

(a) corresponds to the von Kármán’s law of the wall.
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Figure 6.3: Comparison of ODT simulations with different Z parameters at Tw/Tr ≈ 0.73.

The DNS results from Zhang et al. [192] are shown in solid black and the dashed line in

(a) corresponds to the von Kármán’s law of the wall.
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eddy-induced transport of velocity components through the mapping procedure over time

yields an estimate of Reynolds shear stress. A control volume analysis shows that ⟨ρu′1u′3⟩
represents the ensemble averaged net advective flux of streamwise momentum ⟨ρu′1⟩ across
a given wall-normal position z [78, 80]. The evaluation of ⟨ρu′1u′3⟩ comprises of two steps:

(i) compute the net rate of transfer of the streamwise momentum induced by the ODT

eddies at a wall-normal location z∗, given by ∆ρu1(z∗), and (ii) Integration of ∆ρu1(z∗)
from the wall (z = 0) to the location z.

The values of C and Z suitable for a close match with the DNS profiles differ from

other studies, which is expected as the result of different TBL configurations, boundary

layer thicknesses and flow physics in the current compressible formulation. The values

of C and Z have a compound effect on the mean profiles, as observed in the results of

Rakhi and Schmidt [139]. Increasing the value of C causes increased turbulent mixing in

the logarithmic region, lowering the slope of the mean velocity profile. On the other hand,

increasing the Z parameter keeps the slope of the mean-velocity profile virtually unaffected

in the log region, and causes an increase in the ⟨u1⟩/Uτ profile uniformly across z. The

predominant increase in ⟨u1⟩/Uτ occurs due to a reduction in Uτ with increasing Z, as

evident from Table 6.1.

A notable observation is the significant improvement in the obtained streamwise Reynolds

normal stresses u1,rms as compared to earlier ODT studies. The ODT profiles for Reynolds

normal stresses were consistently reported to be underpredicted by previous ODT studies

[139, 140] compared to DNS results. However, the current work with a compressible for-

mulation shows a close match with DNS in terms of the shape and values of the streamwise

Reynolds normal stresses. The other components of Reynolds stresses show subnominal

values due to inadequate three-dimensional effects in ODT and have been omitted as they

are not critical in the near-wall dynamics.
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Case Reτ Lmin (10−6) M∞ Tw/Tr δν (10−6) Uτ (ms
−1) Mτ

I 497 15 5.97 0.733 44.0 43.3 0.125

II 844 7.5 5.80 0.449 18.9 38.3 0.145

III 1221 3.0 5.81 0.260 7.4 36.6 0.184

Table 6.2: List of cases of compressible TBL in the present study with a domain length

L = 0.05.

6.3.2 Prediction of compressible TBL profiles in flows over cold-

walls

The compressible formulation of the current work allows ODT simulations at extreme

scenarios of practical importance at a fraction of the computational cost of DNS. We

tested the performance of the developed model at low values of Tw/Tr, which are often

encountered in the TBL in hypersonic applications. The ODT parameters that give the

closest match to the DNS results at Tw/Tr ≈ 0.73 (from Sec. 6.3.1) are tested for their

applicability to the case with cold walls (Tw/Tr ≈ 0.26, 0.45).

The low wall temperature significantly impacts the computational cost. Since low wall

temperature causes reduced dynamic viscosity, the viscous wall unit δν is considerably

lower. The reduction of δν demands increased resolution close to the wall, which could be,

in principle, achievable without a drastic increase in grid count by reducing the overall size

of the domain. However, to maintain consistency across different ODT simulations with

respect to the ODT parameters, we preserve the domain size in the cases with Tw/Tr ≈ 0.73.

The minimum allowable eddy size Lmin is reduced when Tw/Tr is reduced; see Table 6.2.

Table 6.2 gives simulation results for three cases of compressible cold wall TBL, and

figure 6.4 shows the corresponding profiles of important properties. The velocity profiles

exhibit a linear region in the log layer, with slope consistent with the von Kármán’s the-

oretical solution, an expected result given the previously explained similarities with the

Townsend’s Attached Eddy Model in the TBL [121]. The profiles in log-regions show a

shallower slope with a lower Tw/Tr ratio, which can be counteracted by a slight reduction
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Figure 6.4: Comparison of ODT simulation results at Tw/Tr values of 0.26 (blue), 0.45

(green) and 0.73 (red) in solid lines with C = 15 and Z = 100. The DNS results from

Zhang et al. [192] are shown in dashed lines with Tw/Tr values of 0.25 (blue) and 0.75

(red). The black dashed line in (a) corresponds to the von Kármán’s law of the wall.
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in the C parameter to achieve an exact match with the DNS profiles. The characteristic

peak in the temperature profile observed in the DNS results at z+ ≈ 20 is captured with

the developed formulation. As observed in the results at Tw/Tr ≈ 0.73, the cold-wall cases

with Tw/Tr of 0.26 and 0.45 exhibit a close match of the Reynolds normal stresses with

the DNS results (see figure 6.4(d)).

The limitation of ODT simulations is approached as Tw/Tr is further reduced. Very

low Tw/Tr is accompanied by a significantly reduced viscosity in proximity to the wall,

which leads to extremely fine resolution requirement. Refined resolution leads to smaller

eddies being accepted, and the extremely small eddies introduce massive velocity gradients

after the triple-mappings. The large-gradient post-map energy and velocity profiles in

such cases, coupled with the numerical diffusion and stochastic variations, intermittently

introduce unphysical values of pressure via negative internal energy, e. Hence, we restrict

Tw/Tr of the simulations to a lower limit of Tw/Tr ≈ 0.25.

6.3.3 Turbulent energy transport

The developed model allows the investigation of the role of turbulence in heat and mass

transport in the hypersonic TBL. The momentum and heat transfer induced by the eddies

can be computed by comparing the streamwise velocity and temperature profiles, respec-

tively, before and after the eddy occurrences.

The production rate of turbulent kinetic energy (TKE) is calculated using the product

of shear Reynolds stresses ⟨ρu′1u′3⟩, calculated as shown in Sec. 6.3.1, with the mean stream-

wise velocity gradient d⟨u1⟩/dz. Figure 6.5 shows the TKE production rate normalized by

the quantity ⟨ρwall⟩2U4
τ /µwall. Normalized production rate profiles exhibit a collapse with

the maximum production rate located at approximately z+ = 10.

An important quantity that relates the turbulent transfer of momentum to that of heat

is the turbulent Prandtl number, Prt, which is defined using:

Prt =

( ⟨−u′1u′3⟩
∂⟨u1⟩/∂z

) (
∂⟨T ⟩/∂z
⟨−T ′u′3⟩

)
. (6.13)
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Figure 6.5: Variation of normalized TKE production rate with wall-normal distance for

Tw/Tr ≈ 0.26 (blue) and 0.73 (red).
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RANS models heavily rely on the set value of the turbulent Prandtl number (Prt) to relate

turbulent heat diffusion to turbulent mass diffusion. In contrast, in ODT, the instantaneous

flow stastistics can be used to directly compute Prt as an output of the simulations since

the linear eddies physically represent transport of heat and momentum due to the fluid

turbulence.

The Prt profiles converge to Prt 0.9 at the wall, which is slightly higher than the DNS

just above the wall [192] but similar to what has been reported in the RANS modelling

literature [58], see figure 6.6. However, the ODT simulations show larger oscillations in Prt

with a higher mean as the outer region of the boundary layer approaches, similar to the

DNS of Zhang et al. [192] but showing a discrepancy from Huang et al. [57]. The increased

oscillations can be attributed to the combined effect of an insufficient number of eddies

in the freestream and the turbulent transport term in the denominator ⟨−T ′u′3⟩, tending
towards zero in the freestream. However, individual ODT eddies singularly represent the

physical transport of momentum and heat using the same underlying mapping process.

The commonality of the mechanism for turbulent transport of momentum and heat, and

a significant number of eddies close to the wall, lead to the Prt being just below unity on

the wall.

6.3.4 Statistics of fluctuating thermodynamic quantities

RANS models provide averaged flow quantities; however, practical applications often re-

quire realistic estimates of the fluctuating quantities, for example, instantaneous tempera-

ture wall normal profiles. The fluctuation in temperature profiles causes large oscillations

in the instantaneous heat transfer to the wall. The current model provides a framework

to quantify these fluctuations, owing to the absence of time averaging in the governing

equations. The probability distribution functions (PDFs) of the instantaneous tempera-

ture and temperature gradients are shown in Figs. 6.7 and 6.8, respectively. The PDFs

have been normalized using the standard deviation at each wall normal location and the

mean quantities have been subtracted from the abscissa coordinates. The PDFs are not

Gaussian and show an inherent bias towards negative or positive values as a function of
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Figure 6.7: Normalized probability distribution function of T (z) for (a) Tw/Tr ≈ 0.73 and

(b) Tw/Tr ≈ 0.26.
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wall-normal distances. Closest to the wall location (z+ = 1), the temperature gradients ex-

hibit a skewed distribution with higher occurrences of positive values (∂T/∂z > ⟨∂T/∂z⟩),
with a reversal in the trend slightly further away from the wall (shown in green). The

PDFs become symmetric higher up in the boundary layer. A similar skewness is seen in

the normalized PDFs of T (z), with the same nature of asymmetry as seen in temperature-

gradient PDFs. However, the cold-wall cases (Tw/Tr = 0.26) exhibit sharp distortions even

up to z+ = 50.

Fluctuations in wall pressure induced by turbulence can cause significant structural

loads in hypersonic vehicles, and quantifying them has been a focus of several DNS studies

[9, 33] in the context of hypersonic TBL. Stack and Wagnild [168] uses a wall-modeled LES

to study wall pressure fluctuations with hypersonic flow over a sharp cone. The pressure

fluctuation spectra close to the wall are computed from the pressure oscillations measured

in the current model, and comparisons are made with the analytical Liepmann model [93],

see figure 6.9. The spectra for both cases: Tw/Tr = 0.73 and Tw/Tr = 0.26, show a match

with the slope of the analytical curve. The spectrum for Tw/Tr = 0.26 shows a shift to a

higher frequency range due to the presence of turbulent eddies with smaller length and time

scales, which is expected due to the reduced dynamic viscosity at the wall. The developed

model shows the applicability of the Liepmann model, which has been extensively studied

in the incompressible regime, to the hypersonic flows.

6.4 Discussion

Presenting an alternative approach to the generation of exhaustive DNS datasets for com-

pressible TBL, the current work shows the potential of ODT to produce important wall

turbulence statistics with a significantly lower computational cost, which is attributable

to the dimensionality reduction of the method. This approach can be used to explore

a wide parameter space at hypersonic conditions and contribute to further validate wall

scalings and inform near-wall RANS modelling. The obtained mean velocity and tempera-

ture profiles show the trends observed in DNS datasets, along with the expected variation
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[93] using the analytical formulation of Grasso et al. [50].

of Reynolds stresses. The ODT framework can characterize the heat transport and the

momentum transport in the cold-wall hypersonic TBL, which is the first such attempt in

a fully compressible framework, as per the author’s knowledge.

The developed model overcomes some of the shortcomings of the RANS models that are

used predominantly in industrial settings for hypersonic applications. The Prt in the ODT

framework is an outcome of the physical mechanism of transfer of momentum and heat

by the eddies invoked, thus eliminating the arbitrary setting of Prt in RANS as input to

the simulation. The developed formulation also provides access to statistics of fluctuating

quantities, unlike the RANS simulations, which show only averaged statistics. PDFs of

temperature statistics in the near-wall region of compressible TBL aid in the estimation

of the fluctuating wall heat transport.

The assumptions inherent in the turbulence model of ODT are rooted in the multiscale

nature of turbulence and thus do not bring in the same level of empiricism like RANS

or LES. Although ODT shows significant promise as a predictive model for cases of com-
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pressible TBL currently beyond the reach of DNS, it does not negate the importance of

fully three-dimensional simulations in DNS, which are indispensable for complete charac-

terization of wall-bounded flows. The developed model can be extended in the future to

systematically generate exhaustive datasets for higher Reynolds numbers, by automatized

setting up of the ODT domain based on the targeted Reτ . Extension to Tw/Tr < 0.25 will

potentially require smaller domains while maintaining the grid size, contrary to the present

model, where the domain size is kept fixed for consistency among all simulations. Such

simulations will require systematic variation of the C parameter to counteract the change

in domain size. Finally, this work will be extended to investigate the thermal protection

system with both ablation and transpiration cooling.
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Chapter 7

Conclusions

This thesis explores the use of dimensionality reduction in turbulent flows as a methodology

to develop a computationally tractable alternative to expensive DNS simulations, while

retaining the essential physics of the problems. In this context, the canonical problems of

homogeneous isotropic turbulence and turbulent boundary layers are studied. The models

developed exhibit desirable characteristics of turbulence, reproducing characteristic results

of the specific problem. For instance, the TKE spectra of HIT shows the −5/3 slope of

the energy spectra in addition to the characteristics of dissipation region spectra. The

TBL profiles have the desirable linear logarithmic region in the mean-velocity profiles with

slopes matching with DNS results and other structural models such as AEM. Additional

insights are gained with statistical variations of velocity-gradients and structure functions

in HIT, and of fluctuations of thermal properties in the compressible TBL.

The primary benefit of advancing ODT lies in the computational savings in the ex-

ploration of extreme multi-scale turbulent flows. The computational cost of DNS scales

with approximately Re6λ, meaning that further high-Reynolds number flow exploration

will be continue to be constrained, even under the most optimistic projections of hard-

ware improvements. The computational expense of ODT scaling with Re3λ means that

continued exploration of high-Reynolds turbulent flow–without the conventional modelling

assumptions–remains possible.
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Chapter 3 first describes the foundational ODT model which was developed from using

an incompressible assumption, and then introduces the essential elements that form the core

of the developed compressible solver. An Eulerian framework is used to replace the original

Lagrangian approach for compatibility with the compressible regime finite-volume schemes.

The shift to an Eulerian framework aids in setting up of the zero-gradient boundary condi-

tions, which require an intricate movement of cell walls in the Lagrangian approach. The

ODT eddies are reformulated in the present model to transport conservative properties

instead of primitive variables.

Chapter 4 evaluates the developed model for simulating high-Reynolds number HIT

with Reλ varying from 218 to 5428. The highest Reλ = 5428 simulated is well be-

yond the current state-of-the-art DNS simulations. The potential of ODT to enable high

Reynolds number modelling is rooted in the significantly lower computational cost of the

one-dimensional system. The created turbulence datasets exhibit turbulent energy spec-

trum and energy flux spectra consistent with the DNS simulations and classical analytical

findings. Extreme fluctuations are studied via probability distribution of velocity gradi-

ents, dissipation rate, and longitudinal structure functions. Stretched-exponential tails

are observed in the dissipation rate statistics, which signify the intermittent characteris-

tics of the generated turbulence. The intermittency is also quantified by analysing the

scaling exponents of the high-order structure functions, and a clear deviation from the

intermittency-free line is seen.

The focus of the work subsequently shifts to the turbulent boundary layers. Before

proceeding to the analysis of compressible TBL, understanding the parallels of the ODT

eddy model to the Attached-Eddy Model from Townsend was necessary; a foundational

mechanistic model to extreme Reynolds number wall-bounded turbulent flows. In chapter

5, the ODT eddies show stark commonalities with the AEM approach in terms of the

mathematical nature of the simplified R-ODT formulation, which is shown analytically and

using numerical integration. ODT exhibits an inverse dependence of the eddy occurrence

probability density with the eddy length scale, similar to AEM. In addition, the linear

vorticity distribution and presence of a velocity scale in the expression for mean-spanwise

vorticity show further equivalence of the ODT and AEM approaches. We further build on
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the equivalence to use essential aspects of ODT to estimate Reynolds shear and normal

stresses. The analysis identifies the central features of the ODT approach that produce

the desirable trends in the TBL models.

The complete compressible ODT model was also used to simulate hypersonic TBL at

M ≈ 5.86 and its performance was assessed at low wall-to-recovery temperature ratios in

chapter 6; conditions which are particularly challenging for both DNS and experiments.

The low Tw/Tr flows are of practical importance as hypersonic vehicles often have cooled

walls and such conditions are encountered. The availability of DNS datasets at these ex-

treme conditions is limited, and the developed model can provide a valuable alternative to

the expensive DNS models. The present work is the first known attempt to produce ther-

mal property variation in the context of hypersonic turbulent boundary layers using ODT

framework. From the developed model, we can directly compute the turbulent Prandtl

number, Prt, as an output of the coupled heat and momentum transfer from turbulent

eddies, contrary to RANS, where Prt is arbitrarily set to constant value, which signifi-

cantly alters the simulation results. The stochastic nature of the model also enables collec-

tion of statistical properties of fluctuations of temperature and its gradients on the wall.

The wall-pressure fluctuations predicted by the model for different Tw/Tr conditions show

characteristics of the analytical spectrum, and provides inputs crucial for computation of

structural loads on hypersonic vehicles.

Though ODT provides a nimble computational framework to model turbulence at high

Reynolds numbers and compressible regime by virtue of reduced dimensionality, this work

does not propose to replace the other well-established methods. DNS remains to be the

cornerstone of complete three-dimensional simulation of turbulence introducing no approx-

imations in the procedure–other than the inherent approximations used to derive the NS

equations. The present model nevertheless provides an insight into the characteristics

of turbulence at Reynolds numbers beyond the reach of the current models. The current

model can be used as a stand-alone tool in situations where a clear characteristic dimension

exists, which is the case with canonical turbulent flows. For complex three-dimensional

flows, the model can aid in the development of sub-grid scale models, as is done in some

LES formulations.
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7.1 Future work

Multiple future directions can be undertaken to build on the developed ODT model. These

relate to the parallelization of the algorithm and alternate configurations of the turbulent

eddies.

• The simulations conducted in this work are performed on a serial algorithm on single-

core machines. The sequential implementation of the ODT eddies for manifestation

of energy cascade was important, hence a parallelized approach was not followed.

However, to further accelerate the algorithms, it will be necessary to explore parallel

implementation of ODT eddies. This parallel implementation is supported by the

stochastic nature of the eddy implementation procedure; however, the maintenance

of the correct eddy occurrence rate and correct energy flux spectra requires careful

consideration. Future ODT algorithms could use massively parallel implementation

of eddies if the base state is already stabilized. Other works have considered massively

parallel realizations of the entire ODT simulations and collection of statistics in this

regard, however, it will be particularly beneficial to have multiple eddies occurring

in parallel.

• The extension of the model to compressible TBL revealed a limitation at low wall-

to-recovery temperature ratios (Tw/Tr). The extremely fine resolution leads to un-

physical oscillations as a result of the triplet mappings and leads to sudden crash

of the simulations. This was avoided in the current simulations by restricting the

lower limit of Tw/Tr. It will be important to explore alternate methodology for eddy

implementation to avoid these large spurious oscillations.

• The systemization of ODT parameters C and Z over a range of flow configurations

for HIT or compressible TBL is desirable for future exploration of a wider solution

space. It will be beneficial to estimate the required values C and Z even before

establishing the simulations, based on specific details of the flow configurations, to

associate universality with the values of the parameters.
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Appendix A

Algorithms for the reduced-ODT

model

This appendix describes the implementation of the algorithms utilized to integrate the

equations in Chapter 5. The codes were written in MATLAB R2024a.

A.1 Mean-velocity profile

This code carries out the iterations to find a steady-state mean-velocity profile. The code

uses ’y’ as the wall-normal direction. We begin by setting up the case in terms of kinematic

viscosity (nu), boundary layer thickness (deltac) and Taylor scale Reynolds number (kt).

This is then used to find out utau and viscous wall unit (delnu).

nu = 5e-5;

deltac = 1;

kt = 1.0e3;

utau = kt*nu/(deltac);

delnu = nu/utau;
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Initialize the velocity profile. Here, the constants a, b and g are used to define various

initial scenarios for the velocity profile. The vector visc provides the velocity profile in

viscous region and buffer layer, which is used for velocity values before the start of the

region of analysis defined later. The value ”val200” is used to provide a notional point at

z+ value of 200. Typically, our analysis begins at y=99delnu and the visc table is useful

upto y=99*delnu.

a = 5;

b = 11;

g = 6;

val200 = (1/0.41*log(200.0))+5.45; %g*sin(a*200*delnu)+b;

%(1/0.25*log(200.0))+5.45; %4*sin(10*200*delnu)+6.5;

%(1/0.25*log(100.0))+5.45;

visc = [0.001 0.101

0.10000000000000013 0.10198604401502892

0.1264304989484073 0.09677623062107235

0.14782676955877883 0.11887846926210022

0.17162000142216907 0.16671402860661066

0.202094993819108 0.18865839411448823

0.23798150674918608 0.21060275962236905

0.27825594022071265 0.23270499826339688

0.3139883829881841 0.2555966025701759

0.35683638893327674 0.3039057813141367

0.39980834238849017 0.352530706324398

0.4674692909505851 0.42578384010609066

0.5312618643164371 0.499668466420384

0.6167703060931606 0.5219285781945622

0.7059361662912154 0.6212307789460381

0.837219829782166 0.7964699567427627
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0.9582558549602653 0.870196709923906

1.07365363185358 0.9955479776451627

1.211527658628589 1.1463168198036044

1.416558674495616 1.3218717438666285

1.60986746486779 1.4980581604622525

1.8037354444652878 1.70013577089451

2.03536346824042 1.9276309557639484

2.313116629544072 2.2828455053518986

2.5733201883099692 2.5106564364876376

2.8627941656659495 2.7640428151937098

3.0736493532164832 2.992643111995201

3.3472747235998144 3.272078557671057

3.671257230035043 3.525780682643428

3.969770792519964 3.8565248965930974

4.292556788507616 4.187269110542767

4.708033085553415 4.466546683085474

4.983458708779379 4.79776451643459

5.312618643164365 5.052098133939563

5.703912300886461 5.383000221022384

6.0806585545255025 5.662909286097688

6.390804841860306 6.071011335290959

6.81292069057961 6.42764674307726

7.472342848526841 6.860377001041963

7.965894822257484 7.293738751539262

8.49204615012796 7.5736478166145655

8.861982012601525 7.981907738940985

9.447320346528107 8.33854314672729

10.435626297753902 8.898992769410498

11.2042480752502 9.40892298948565

12.28870652992936 9.841653247450346
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13.287913432286864 10.32585014682201

14.470842848333056 10.73316283034953

15.759080145144576 11.24277730415838

17.16200014221688 11.701240882826557

19.22873070608773 12.235799311673137

21.391779510618306 12.770515613652865

24.138820729041992 13.279340721795963

27.04573356921785 13.813899150642536

29.037750072735033 14.144801237725362

32.76665426700715 14.47459821287613

35.430943387348236 14.626314293833476

200.0 val200];

Define the smallest eddy size l1 and largest eddy size l2 (which is same as deltac).

Define arrays to perform integration. The array l includes all eddy sizes, the array y starts

after the viscous region. Array yt starts from very close to the wall, all the way to the

boundary layer edge. Then we define the elements dy, dyt and dl to be used for integration.

l1 = 99*delnu;

l2 = 1;

l = linspace(l1,l2,10000);

y = linspace(l1,l2,10000);

yt = linspace(delnu,l2,20000);

dy =y(1,2)-y(1,1);

dyt = yt(1,2)-yt(1,1);

dl =l(1,2)-l(1,1);

We define the vectors that hold the values of velocity derivative dudy, ysim as a variable
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for integration, pl as the probability vector for all eddy sizes. The vectors vit and vi hold

the velocity values in the analysis region with and without the viscous region, respectively.

dudy = zeros(1,length(y));

ysim = zeros(1,length(y));

vi = zeros(1,length(y));

vit = zeros(1,length(yt));

pl = zeros(1,length(l));

Initialize the velocity profile and the turbulence intensity parameter C.

C=2.0;

for i=1:length(y)

vi(1,i) = (1/0.41*log(y(1,i)/delnu))+5.45;

%g*sin(a*y(1,i))+b; %(1/0.25*log(y(1,i)/delnu))+5.45;

%4*sin(10*y(1,i))+6.5; %(1/0.41*log(y(1,i)/delnu))+1;

end

vi = vi*utau;

for i=1:length(yt)

vit(1,i) = (1/0.41*log(yt(1,i)/delnu))+5.45;

%g*sin(a*yt(1,i))+b; %(1/0.25*log(yt(1,i)/delnu))+5.45;

% 4*sin(10*yt(1,i))+6.5; %(1/0.41*log(y(1,i)/delnu))+1;

end

vit = vit*utau;

% vio = vi;

Identify the element of yt which matches with the starting point of y. Then, substitute the

velocity profile in the region where yt is less than the first element of y using the velocity

data for the viscous and buffer region from visc.
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for p=1:length(yt)

if (yt(1,p)>=y(1,1))

yt1 = p;

break;

end

end

vit(1,1:yt1) = interp1(visc(:,1)*delnu,visc(:,2)*utau,yt(1,1:yt1));

% plot(yt,vit)

% hold on

The main iteration loop starts here.

for iter=1:10

% Initialize vii using the evolved velcity profile vi

vii = vi;

vit(1,yt1+1:end) = interp1(y,vi,yt(1,yt1+1:end));

%-----find probability of eddy : p(l) for velocity profile

%in current iteration.--------------

ptot = 0; % Total probability

% A loop over the eddy sizes to compute probability density

for k=1:length(l)

lk = l(1,k); % Eddy size considered

% Locate the upper limit of yt where the eddy reaches

for p=1:length(yt)
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if (yt(1,p)>=lk+yt(1,1))

yup = p;

break;

end

end

% Integrate vit*(2y-l)dy inside the eddy region, where the

% eddy starts at first element of yt, which is at the wall.

integ = 0;

for j=1:yup

integ = integ + (vit(1,j)*(2*(yt(1,j)-yt(1,1))-lk))*dyt;

end

integ = abs(integ);

% Multiply the constants with the probability expression.

pl(1,k) = integ*(4/9/lk^3);

ptot=ptot+pl(1,k);

end

%-----------------------------------------------------------

% Normalize probability using the total probability

pl = pl/ptot/dl;

% plot(l,pl)

% hold on

% Begin computing dudy using equation (3.14), note the constant C

for i=1:length(y)

dudy(1,i) = 0.0;

% The index for k starts from i - thus, only the eddies

%that reach the current y location are considered.

for k=i:length(l)
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lk = l(1,k);

const = C^1/(lk)*(4/9/lk^1);

dudy(1,i) = dudy(1,i) + const*vi(1,i)*(2*(y(1,i)-yt(1,1))-lk)*pl(1,k)*dl;

end

end

% With the obtained dudy, integrate dudy to find the velocity profile.

ysim(1,1) = vi(1,1);

for i=1:length(y)-1

ysim(1,i+1) = ysim(1,i)+dudy(1,i)*dy;

end

vi = ysim;

% Substitute the obtained velocity profile vsim into vi.

end

Plot the velocity profile from final and second last iteration to see the convergence.

semilogx(y/delnu,vii/utau)

hold on

semilogx(y/delnu,vi/utau)

xlabel(’y+’)

ylabel(’<u_1>/U_\tau’)
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A.2 Reynolds normal stresses

This code carries out the iterations to find a steady-state Reynolds normal stress profile.

The code uses ’y’ as the wall-normal direction.

The first few steps are identical to the procedure for computing mean-velocity profile.

We begin by setting up the case in terms of kinematic viscosity (nu), boundary layer

thickness (deltac) and Taylor scale Reynolds number (kt). This is then used to find out

utau and viscous wall unit (delnu). Initialize the velocity profile. The vector visc provides

the velocity profile in viscous and buffer region, which is used for velocity values before

the start of the region of analysis defined later. The value ”val200” is used to provide a

notional point at z+ value of 200. Typically, our analysis begins at y=99delnu and the

visc table is useful upto y=99*delnu.

Define the smallest eddy size l1 and largest eddy size l2 (which is same as deltac).

Define arrays to perform integration. The array l includes all eddy sizes, the array y starts

after the viscous region. Array yt starts from very close to the wall, all the way to the

boundary layer edge. Then we define the elements dy, dyt and dl to be used for integration.

l1 = 20*delnu;

l2 = fact*deltac;

l = linspace(l1,l2,10000);

y = linspace(l1,l2,10000);

yt = linspace(delnu,l2,20000);

dy =y(1,2)-y(1,1);

dyt = yt(1,2)-yt(1,1);

dl =l(1,2)-l(1,1);

We define the vectors that hold the values of induced normal stress as vpr, pl as the
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probability vector for all eddy sizes. The vectors vit and vi hold the velocity values in the

analysis region with and without the viscous plus buffer region, respectively.

vpr = zeros(1,length(yt));

% vprt = zeros(1,length(yt));

vi = zeros(1,length(y));

vit = zeros(1,length(yt));

pl = zeros(1,length(l));

Initialize the velocity profile and the constant C.

for i=1:length(y)

vi(1,i) = (1/0.41*log(y(1,i)/delnu))+5.45;

end

vi = vi*utau;

for i=1:length(yt)

vit(1,i) =(1/0.41*log(yt(1,i)/delnu))+5.45;

end

vit = vit*utau;

C = 0.1;

Identify the element of yt which matches with the starting point of y. Then, substitue the

velocity profile in the region where yt is less than the first element of y using the velocity

data from visc.

for p=1:length(yt)

if (yt(1,p)>=y(1,1))

yt1 = p;

break;
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end

end

vit(1,1:yt1) = interp1(visc(:,1)*delnu,visc(:,2)*utau,yt(1,1:yt1));

% semilogx(yt/delnu,vit/utau)

Find the probability for eddy size l.

ptot = 0;

%-----find probability of eddy : p(l) for velocity profile

%in current iteration.-------

for k=1:length(l)

lk = l(1,k);

for p=1:length(yt)

if (yt(1,p)>=lk+yt(1,1))

yup = p;

break;

end

end

integ = 0;

for j=1:yup

integ = integ + (vit(1,j)*(2*(yt(1,j)-yt(1,1))-lk))*dyt;

end

integ = abs(integ);

pl(1,k) = integ*(4/9/lk^3);

ptot=ptot+pl(1,k);

end

%-----------------------------------------------------------

pl = pl/ptot/dl;

% plot(l,pl)
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% hold on

Find the induced normal stress at location y and integrate the effect over all relevant

eddies.

for i=1:length(yt)

vpr(1,i) = 0.0;

% ------------------------------

% Identify the largest eddy size

lup = fact*deltac-yt(1,1);

% Identify the range of eddies that will impact the current y location--

for p=1:length(l)

if (l(1,p)>=yt(1,i))

llo = p;

break;

else

llo = 1;

end

end

for p=1:length(l)

if (l(1,p)>=lup)

lhi = p;

break;

else

lhi = length(l);

end

end

%-----------------------------------------------------------
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%Compute the induced normal stresses at each y location

%using the eddies identified above.

for k=llo:lhi

lk = l(1,k);

del2 = 0;

if (yt(1,i)<yt(1,1)+1/3*lk)

del2 = 3*(yt(1,i)-yt(1,1));

elseif(yt(1,i)>=yt(1,1)+1/3*lk && yt(1,i)<yt(1,1)+2/3*lk)

del2 = 2*lk-3*(yt(1,i)-yt(1,1));

elseif(yt(1,i)>=yt(1,1)+2/3*lk && yt(1,i)<yt(1,1)+3/3*lk)

del2 = -2*lk+3*(yt(1,i)-yt(1,1));

end

vpr(1,i) = vpr(1,i) + C*(del2)^2*pl(1,k)^3*dl;

end

%---------------------------------

end

Plot the normal stress profile.

semilogx(yt/delnu,sqrt(vpr)/utau)

xlabel(’y+’)

ylabel(’<u_3^2>^{1/2}/U_\tau’)
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A.3 Reynolds shear stresses with attached eddies

This code carries out the iterations to find a steady-state Reynolds shear stress profile using

only wall-attached eddies. The code uses ’y’ as the wall-normal direction. We begin by

setting up the case in terms of kinematic viscosity (nu), boundary layer thickness (deltac)

and Taylor scale Reynolds number (kt). This is then used to find out utau and viscous wall

unit (delnu). Initialize the velocity profile. The vector visc provides the velocity profile in

viscous and buffer region, which is used for velocity values before the start of the region

of analysis defined later. The value ”val200” is used to provide a notional point at z+

value of 200. Typically, our analysis begins at y=99delnu and the visc table is useful upto

y=99*delnu.

Define the smallest eddy size l1 and largest eddy size l2 (which is same as deltac).

Define arrays to perform integration. The array l includes all eddy sizes, the array y starts

after the viscous region. Array yt starts from very close to the wall, all the way to the

boundary layer edge. Then we define the elements dy, dyt and dl to be used for integration.

l1 = 99.0*delnu;

l2 = fact*deltac;

l = linspace(l1,l2,5000);

yt = linspace(0.1*delnu,l2,10000);

dyt = yt(1,2)-yt(1,1);

dl =l(1,2)-l(1,1);

We define the vectors that hold the values of induced velocity change by eddies as vpr,

integration of vpr in vprt, pl as the probability vector for all eddy sizes. The vectors vit

and vi hold the velocity values in the analysis region with and without the viscous plus

buffer region, respectively. The array tim holds the net time duration to be considered for

all eddies at location y.
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vpr = zeros(1,length(yt));

vprt = zeros(1,length(yt));

tim = zeros(1,length(yt));

vit = zeros(1,length(yt));

pl = zeros(1,length(l));

Initialize the velocity profile and the constant C.

C=0.05;

for i=1:length(yt)

vit(1,i) = (1/kap*log(yt(1,i)/delnu))+6;

end

vit = vit*utau;

Identify the element of yt which matches with the starting point of y. Then, substitue the

velocity profile in the region where yt is less than the first element of y using the velocity

data from visc.

for p=1:length(yt)

if (yt(1,p)>=l1)

yt1 = p;

break;

end

end
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vit(1,1:yt1) = interp1(visc(:,1)*delnu,visc(:,2)*utau,yt(1,1:yt1));

% semilogx(yt/delnu,vit/utau)

Find the probability for eddy size l.

ptot = 0;

%-----find probability of eddy : p(l) for velocity profile

%in current iteration.-------

for k=1:length(l)

lk = l(1,k);

for p=1:length(yt)

if (yt(1,p)>=lk+yt(1,1))

yup = p;

break;

end

end

integ = 0;

for j=1:yup

integ = integ + (vit(1,j)*(2.0*(yt(1,j)-yt(1,1))-lk))*dyt;

end

integ = abs(integ);

pl(1,k) = integ*(4/9/lk^3);

ptot=ptot+pl(1,k);

end

%-----------------------------------------------------------

pl = pl/ptot/dl;

% plot(l,pl)

% hold on
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Find the induced velocity change at location y and integrate the effect over all relevant

eddies.

for i=1:length(yt)

vpr(1,i) = 0.0;

% tim keeps track of net duration of eddies applied at each y location

tim(1,i) = 0.0;

% ------------------------------

% Identify the largest eddy size

lup = fact*deltac-yt(1,1);

% Identify the range of eddies that will impact the current

%y location-----------------------

for p=1:length(l)

if (l(1,p)>=yt(1,i))

llo = p;

break;

else

llo = 1;

end

end

for p=1:length(l)

if (l(1,p)>=lup)

lhi = p;

break;

else

lhi = length(l);

end

end
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%----------------------------------------------------------

%Compute the induced normal stresses at each y location

%using the eddies identified above.

for k=llo:lhi

lk = l(1,k);

const = 1/(lk^2)*(4/9);

vpr(1,i) = vpr(1,i) + C*const*(vit(1,i)*(-2*(yt(1,i)-

yt(1,1))+lk))^1*pl(1,k)*dl; %const*abs(vi(1,i)*(2*(yt(1,i)-

yt(1,1))-lk))*

end

% To get a net duration of eddies at y, we multiply the

%p(l)~1/tau(l), with tau(l), thus giving unity with dl.

for k=1:length(l)

tim(1,i) = tim(1,i) + 1*dl;

end

end

% Integrate the velocity change induced by eddies upto the

%location y.-----------------------------------------

for i=1:length(yt)

vprt(1,i) = 0.0;

for pp=1:i

vprt(1,i) = vprt(1,i)+vpr(1,pp)*dyt;
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end

end

Plot the shear stress profile.

plot(yt/deltac,(vprt./tim)/utau^2)

xlabel(’y/\delta_c’)

ylabel(’-<u_1u_3>/u^2_\tau’)

A.4 Reynolds stresses with both attached and de-

tached eddies included

This code carries out the iterations to find a steady-state Reynolds shear stress profile using

both attached and detached eddies. The code uses ’y’ as the wall-normal direction. We

begin by setting up the case in terms of kinematic viscosity (nu), boundary layer thickness

(deltac) and Taylor scale Reynolds number (kt). This is then used to find out utau and

viscous wall unit (delnu).

Initialize the velocity profile. The vector visc provides the velocity profile in viscous

region, which is used for velocity values before the start of the region of analysis defined

later. The value ”val200” is used to provide a notional point at z+ value of 200. Typically,

our analysis begins at y=99delnu and the visc table is useful upto y=99*delnu.

Define the smallest eddy size l1 and largest eddy size l2 (which is same as deltac).

Define arrays to perform integration. The array l includes all eddy sizes, the array y starts

after the viscous and buffer region. Array yt starts from very close to the wall, all the way

to the boundary layer edge. Then we define the elements dy, dyt and dl to be used for

integration.
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l1 = 99.0*delnu;

l2 = fact*deltac;

l = linspace(l1,l2,1000);

yt = linspace(0.1*delnu,l2,2000);

dyt = yt(1,2)-yt(1,1);

dl =l(1,2)-l(1,1);

We define the vectors that hold the values of induced velocity change by eddies as vpr,

integration of vpr as vprt, pl as the probability vector for all eddy sizes. The vectors vit

and vi hold the velocity values in the analysis region with and without the viscous plus

buffer region, respectively. The array tim holds the net time duration to be considered for

all eddies at location y.

vpr = zeros(1,length(yt));

vprt = zeros(1,length(yt));

tim = zeros(1,length(yt));

vit = zeros(1,length(yt));

pyl = zeros(length(yt),length(l));

Initialize the velocity profile and the constant C.

C=0.015;

for i=1:length(yt)

vit(1,i) = (1/kap*log(yt(1,i)/delnu))+6;

end
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vit = vit*utau;

% re_theta = vit(1,end)*2*deltac/nu;

Identify the element of yt which matches with the starting point of y. Then, substitue the

velocity profile in the region where yt is less than the first element of y using the velocity

data from visc.

for p=1:length(yt)

if (yt(1,p)>=l1)

yt1 = p;

break;

end

end

% vit(1,1:yt1) = interp1(visc(:,1)*delnu,visc(:,2)*utau,yt(1,1:yt1));

% semilogx(yt/delnu,vit/utau)

Find the probability for eddy size l and start location yin.

ptot = 0;

%-----find probability of eddy : p(l) for velocity profile

%in current iteration.-------

for yin=1:length(yt)

lup = fact*deltac-yt(1,yin);

if lup<l1

break;

end

for p=1:length(l)
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if (l(1,p)>lup)

ilup = p;

break;

else

ilup = length(l);

end

end

for k=1:ilup

lk = l(1,k);

y1 = yt(1,yin);

for p=1:length(yt)

if (yt(1,p)>(y1+lk))

yup = p;

break;

else

yup = length(yt);

end

end

integ = 0.0;

for j=yin:yup

integ = integ + (vit(1,j)*(2*(yt(1,j)-y1)-lk))*dyt;

end

integ = abs(integ);

pyl(yin,k) = integ*(4/9/lk^3);
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ptot=ptot+pyl(yin,k);

end

end

%-----------------------------------------------------------

pyl = pyl/ptot/(dl*dyt);

% [L,Yt] = meshgrid(l,yt);

% pcolor(L,Yt,pyl)

% axis([l1 1 delnu 0.25])

% xlabel(’l’)

% ylabel(’y’)

% shading interp

% colorbar

Find the induced velocity change at location y and integrate the effect over all relevant

eddies.

for i=1:length(yt)

vpr(1,i) = 0.0;

% tim keeps track of net duration of eddies applied at each y location

tim(1,i) = 0.0;

% ------------------------------

% % Identify the range of eddies that will impact the

%current y location-----------------------
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for xst = 1:i

lup = fact*deltac-yt(1,xst);

% Since the eddy is detached here in general, we need

%to find what is the shortest size of the eddy to be

%considered considering the current eddy start location.

for p=1:length(l)

if (l(1,p)+yt(1,xst)>=yt(1,i))

llo = p;

break;

else

llo = 1;

end

end

for p=1:length(l)

if (l(1,p)>=lup)

lhi = p;

break;

else

lhi = length(l);

end

end

%-----------------------------------------------------------

%Compute the induced normal stresses at each y location

%using the eddies identified above.

for k=llo:lhi

lk = l(1,k);
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const = 1/(lk^2)*(4/9);

vpr(1,i) = vpr(1,i) + C * const*(vit(1,i)*(2*(yt(1,i)-

yt(1,xst))-lk))^1*pyl(xst,k)*dl;

end

% To get a net duration of eddies at y, we multiply the

%p(l)~1/tau(l), with tau(l), thus giving unity with dl.

for k=1:length(l)

tim(1,i) = tim(1,i) + 1*dl;

end

end

end

for i=1:length(yt)

vprt(1,i) = 0.0;

for pp=1:i

vprt(1,i) = vprt(1,i)+vpr(1,pp)*dyt;

end

end

Plot the shear stress profile.

plot(yt/delnu,-(vprt./tim)/utau^2)
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xlabel(’y/\delta_c’)

ylabel(’-<u_1u_3>/u^2_\tau’)
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