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Abstract

Lead screw drives are used in various motion delivery sgstanging from manufacturing to high
precision medical devices. Lead screws come in many diffesfeges and sizes; they may be big
enough to move a 140 tons theatre stage or small enough to @ uselOml liquid dispensing
micro-pump. Disproportionate to the popularity of lead screws amdvtide range of applications,
very little attention has been paid to their dynamical be@na@nly a few works can be found in the
literature that touch on the subject of lead screw dynamitshee instabilities caused by friction. The
current work aims to fill this gap by presenting a comprehensivdy of lead screw dynamics
focusing on the friction-induced instability in such systems.

In this thesis, a number of mathematical models are develope@ad screw drive systems.
Starting from the basic kinematic model of lead screw anddyaamic models are developed with
varying number of degrees of freedom to reflect different compeméra real lead screw drive from
the rotary driver (motor) to the translating payload. In theseets, velocity-dependent friction
between meshing lead screw and nut threads constitute the main source ritgnlinea

A practical case study is presented where friction-inducedtidbrén a lead screw drive is the
cause of excessive audible noise. Using a complete dynamical ofiddisl drive, a two-stage system
parameter identification and fine-tuning method is developed itmagst parameters of the velocity-
dependent coefficient of friction. In this approach the couplifftness and damping in the lead
screw supports are also estimated. The numerical simulasoafisreising the identified parameters
show the applicability of the developed method in reproducing ¢healasystems behavior when
compared with the measurements. The verified mathematicall msatien used to study the role of
various system parameters on the stability of the systainttee amplitude of vibrations. These
studies lead to possible design modifications that solve the sgstegessive noise problem.

Friction can cause instability in a dynamical system throudlerdiit mechanisms. In this work,
the three mechanisms relevant to the lead screw systemsonsidered. These mechanisms are: 1.
negative damping; 2. kinematic constraint, and; 3. mode coupling.

The negative damping instability, which is caused by the negatadient of friction with respect
to sliding velocity, is studied thorough linear eigenvalue arsabfsa 1-DOF lead screw drive model.
The first order averaging method is applied to this model to de@per insight into the role of
velocity-dependent coefficient of friction and to analyze the l#ialoif possible periodic solutions.

This analysis also is extended to a 2-DOF model. It is also shieatnhigher order averaging



methods can be used to predict the amplitude of vibrations with improved accuracy.

Unlike the negative damping instability mechanism, kinematic tcins and mode coupling
instability mechanisms can affect a system even when tefficent of friction is constant.
Parametric conditions for these instability mechanismdoaned through linear eigenvalue analysis.
It is shown that kinematic constraint and mode coupling instaiigghanisms can only occur in
self-locking lead screws.

The experimental case study presented in this work demonstihatesxeed for active vibration
control when eliminating vibration by design fails or when it is eassible. Using the sliding mode
control method, two speed regulators are developed for 1-DOF and=2da@ screw drive system
models where torque generated by the motor is the controlled Inpilese robust controllers, no
knowledge of the actual value of any of the system paramsteesjuired and only the upper and
lower bounds of parameters are assumed to be available. Simulatids shsul the applicability and
performance of these controllers.

The current work provides a detailed treatment of the dynamhilesad screw drives and the topic
of friction-induced vibration in such systems. The reported findiegarding the three instability
mechanisms and the friction parameters identification appraathngprove the design process of
lead screw drives. Furthermore, the developed robust vibration cergrolin be used to extend the
applicability of lead screws to cases where persistenttidbsacaused by negative damping cannot

be eliminated by design modifications due to constraints.
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Chapter 1
Introduction

Lead screws are used in various motion delivery systemsewiwaver is transmitted by converting
rotary to linear motion. Packaging industries, industrial autemathanufacturing, medical devices,
and automotive applications are some of the areas where lead screws can destmindrews come
in many different shapes and sizes; they may be large enough totsambonove a 140-ton theatre
stage [1], lightweight enough to be considered for wearable oohpplications [2], or even small
enough to derive micro-pumps used in medical applications for diggefidid volumes of less the
1ml with great precision [3].

The sliding nature of contact in lead screws puts great imp@tan the role of friction on the
performance of these systems. In addition to efficiency concernggdtorque requirements, or
wear, friction can be the cause of dynamic instabilities inleahd screw drives, resulting in self-
excited vibrations which deteriorates the performancehefdystem and may cause unacceptable
levels of audible noise.

In Section 1.1, an overview of the lead screw features and despgiets is presented. Application
areas, benefits, and drawbacks of lead screws are discush&dsection. Two real-world examples,
where the lead screw drive generates unacceptable lefvelsdible noise due to friction-induced

vibrations, are presented in Section 1.2. The present research istetbbydahese two examples.

1.1 Lead Screws

A very interesting historical account of the developmersgapéws fromArchimedes'water snail to
the works ofLeonardo da Vinciand up to the twentieth century is given in [4]. In this refezenc
geometrical specifications of “translating screws” — as opposedtenfag screws — are presented. In
applications where transmitting power (rather than positiorigngj primary importance, translating

lead screws are also known as “power screws” [5,6]. When useriical applications, these



systems are sometimes called “screw jacks” [1].

Set forth by the general conditions under which lead screws are tradjtiosatl, the mechanics of
the lead screws is limited to the factors affectingrtetatic or quasi-static performance, such as
efficiency, driving torque requirements, and load capacity [4-6].€Iae, however, numerous other
important aspects involved in the successful design of a lead sdvevegistem. Some of these issues
are summarized in Figure 1-1. It is important to mention that, te stegree, almost all of these

issues influence the other aspects of the lead screw design.
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Starting from the applications of the lead screws, there aregémeral areas: applications where
transmission of power is of primary importance, and applicatidrere accurate positioning of the
translating part is the prime objective. The formehis fiocus of this research. In either application
area, the conversion of rotary to linear motion can be achieyesther rotating the lead screw or
rotating the nut. The two examples presented in the next sectioondgeate each of these two
configurations.

There are a number of thread geometries available for ats that are designed to address
various requirements such as ease of manufacturing, loathgacapacity, and the quality of fit [4].
The most popular of these geometries are the Acme and stub-fpes See Figure 1-2 for the

schematic view of a meshing stub-Acme lead screw and nut.
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Figure 1-2: Meshing “Stub Acme” lead screw and nut (cut view). Detail: radial and axial clearances

Manufacturers offer a wide range of products in response to diverseatipps where lead screws
are utilized. For positioning stages, high precision grounddeszlvs with or without anti-backlash
nuts are offered as an alternative to the more costly bahmore efficient ballscrew driven stages
[7,8]. There are various designs developed by the manufacturéne fanti-backlash nut. These nuts
essentially have two halves connected with preloaded springs that mbvespéct to one another to
compensate for backlash and wear [7,9-11,16]. The drawback of usiegntitess in the increased
friction force, which lowers the efficiency and increases the reduiriving torque.

In addition to their lower cost compared to ballscrews, thera awgmber of distinct features that
make a lead screw drive the favorable choice in many applications. fEaas®es include [13-15]:

Quieter operation due to the absence of re-circulating balls usedsorbat,

! The features of this design are further discugs&ection 3.1



Smaller moving mass and smaller packaging,

Availability of high helix angles resulting in very fast leads,

Availability of very fine threads for high resolution applications,

Possibility of self-locking to prevent the drive from being Kehivable thus eliminating
the need for a separate brake system,

Lower average particulate generation over the life of the system

Elimination of the need for periodic lubrication with the wdeself-lubricating polymer
nuts, and

Possibility to work in washed-down environments.

Design factors given in Figure 1-1 are discussed by the maurdectas part of their public
technical information or product selection guidelines (see kamele [9-12,16,17]). There is,
however, a major exception: friction-induced vibration. This ingurfactor — the subject of this

research — has been barely touched by the scientific community, as wiltbssdid in Chapter 2.

1.2 The Audible Noise Problem

This research was motivated by two real-world examples where leadssamewsed to convert rotary
motion into translation. In both of these examples, the system produces unacdepédblef audible
noise under normal operating conditions.

The first example involves the horizontal motion drive of an automotive poweatddjaster. The
complete automotive powered seat adjuster is shown in Figure The. horizontal drive is
constructed of two parallel lead screw slider systems. Togjtransmitted from a DC motor to the
lead screws through two worm gearboxes. Two flexible couplings coreegearboxes to the motor
and to the two lead screws. The nuts are stationary and are muhh®the seat frame. The lead
screw sliders together with the motor and gearboxes move witledheslead screws advance in the
nuts. In many cases, an extra force applied (by the passémglee) direction of motion causes the
system to generate audible noise, which is unacceptable to the carchameufa

In laboratory tests, under certain load and travel speed condititmseat adjuster produced a
significant audible noise with the dominant frequency of around 150Hz2nplsaf these test results

is shown in Figure 1-4. This system is studied in detail in Chapter 4.
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Figure 1-4: Time-frequency signature of the soundr  ecorded from the powered seat adjuster

The second example is a micro-pump for medical applicationsle@ldescrew drive components
are shown in Figure 1-5. A stepper motor rotates the nut, whiclegratéd into the rotor. The rotary
motion is converted by the lead screw to translation, which drineepiston. By moving the piston
back and fort, the pump aspirates and then dispenses predeteroiomes of fluid. Figure 1-6
shows results of a test performed on the pump when the flugd$ hvere not connected. It is
interesting to see that the pump generated noise with diffélsquency contents in aspirate and

dispense phases. Similar to the case of the powered sederdjusliminary observations suggest



that the source of vibration is the friction-induced vibrationtled lead screw drive. Further

experimental and theoretical study of this system, however, is not ureteitiatkis research.
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Figure 1-5: Components of the lead screw drive mech  anism
found in a type of variable volume pump
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Figure 1-6: Time-frequency signature of the soundr  ecorded from the pump

1.3 Thesis Overview

This thesis consists of eight chapters and nine appendides.tAé present introductory chapter, a
review of the relevant previous work is presented, in Ch&pt€his review is divided into two parts.

In the first part, Section 2.1, the general subject of émetnduced vibration in dynamical systems is



reviewed and the three major instability mechanisms relagwathte lead screw systems are studied.
In the second part, Section 2.2, publications on the lead screw dynamics avedevie

The mathematical models of lead screw systems used intticig are developed in Chapter 3.
These models cover a wide range of configurations. In Chapter 4paningental case study is
presented. In this study, a horizontal drive of an automotive poveedadjuster is considered. A
two-step system and friction parameters identification approaateveloped and applied to the
experimental data. The identified parameters are used iatlaematical model of the system to
perform parameter studies through numerical simulations.

The friction-induced instability caused by the negative slope irfrition-velocity curve is the
subject of Chapter 5. In Section 5.1, eigenvalue analysis isrped on a one degree-of-freedom
(DOF) lead screw model to establish conditions for the negativpidg instability mechanism to
occur. The method of averaging is used in Section 5.2 to further ttedyystem’s behavior. In this
analysis, a more complete picture of the system stability propertidxtained.

The kinematic constraint and mode coupling instability mechanismsualiedsin detail in Chapter
6. In Section 6.1, the parametric conditions for instability due tanidtie constraint mechanism for
a 1-DOF model are derived. Using the eigenvalue analysis ofirtbarized systems, stability
conditions for the steady-sliding fixed point are derived for twWieint 2-DOF models in Section
6.1 and 6.2. These sections cover both kinematic constraint and coagding instability
mechanisms. Mode coupling instability in a 3-DOF system model idybdistussed in Section 6.3.

Chapter 7 discusses ways to actively attenuate vibration in lead sivesvchused by the negative
damping instability mechanism. In Section 7.1, a robust sliding moateotier is developed for a 1-
DOF simplified system model that assumes all of the rgatarts (from driveri.e. motor, to lead
screw) are all rigidly connected. This assumption is relaneSection 7.2 and another sliding mode
controller is developed to regulate lead screw angular velocitlye face of uncertainty in friction
and other system parameters. In the proof of stability sfribwel controller, the first order averaging
method is used extensively.

Conclusions drawn in this thesis are summarized in Chaptefs8. iA that chapter, areas for
future research are identified and presented.

For the sake of the continuity of the main results, some adalitroaterials and contributions are
relegated to the appendices. In Appendix A, details of the tessagtad in the study of the powered
seat adjuster (discussed in this chapter and Chapter gjemented. A modified first order averaging

theorem which is used in Chapters 5 and 7 is stated and proven in ApBehdAppendix C, steps



taken to evaluate a definite integral encountered in teedider averaged equations are presented.
The existence and the stability of the steady-state solubiotie first order averaged equation of 1-
DOF lead screw drive (Chapter 5), are discussed in Appendix D.

Two extensions of the first order averaging results of Chd&ptee given in Appendices E and F.
In Appendix E, general expressions for the second and third ordexgag methods are presented.
Also in this appendix, a numerical example is presented to dentertsieamproved accuracy of the
higher order averaged equations compared to the first order eslerggation in the prediction of the
amplitude of steady-state vibrations. In appendix F, the first enkmaging method is applied to the
equations of motion of a 2-DOF lead screw system to studyfteetsof the negative damping
instability mechanism.

The kinematic constraint and mode coupling instability mechanigesegplored further in
Appendices G and H. In Appendix G, the conditions for the local stabflthe steady-sliding fixed
points of two different 2-DOF lead screw models are compared rapdrtant similarities and
differences are pointed out. In Appendix H, several numerical simulagisults of a 2-DOF lead
screw model are presented and the effects of variousrsysteameters on the nonlinear behavior of
the system and the mode coupling instability mechanism are discussed.

Finally, in Appendix I, theorems cited in the proof of stability of the second slidoue controller

developed in Chapter 7 (Section 7.4) are included for reference.

1.4 Contributions

The current research was motivated by real-world problems amsl aimed to present a
comprehensive study covering the field of friction-induced vibratin lead screw drives. The
significance of this work is further emphasized by the nabke lack of previous studies on the
dynamic behavior of lead screw drives that adequately accourhé friction-induced instability
mechanisms. The major contributions of this work can be summarizedoassfol
Mathematical models: The mathematical models developed in &Hapresent a unified
framework for the study of lead screw dynamics taking immoant rotation/translation
and loading directions as well as important system elements.
Friction parameter identification: A novel two-step identificatapproach is developed
that is capable of identifying friction as well as damping satiffiness parameters. The
presented experimental results confirm the applicability of the developed methet as

the utility of the mathematical models in accurately predidtiegvibratory behavior of the



lead screw drive systems.

Friction-induced instability mechanisms: Parametric conditiamstlie three types of
friction-induced instability mechanismd.€. negative damping, mode coupling, and
kinematic constraint) are established in a unified framework.

Comprehensive study of the negative damping friction-induced ingtamkechanism
utilizing the averaging method: In addition to presenting a cetmglicture of the stability
properties of the nonlinear system, the obtained results highlight the ptyssihilsing the
perturbation technique (specially, higher order averaging)naacaurate and efficient
method to predict the steady-state amplitude of vibration in paramedérsst
Comprehensive treatment of the kinematic constraint instabiichanism in lead screw
drives: The possibility of friction-induced instability due teématic constraint is studied
in detail for 1-DOF and 2-DOF models. Exclusive to Multi-DOlBd®mls, a secondary
kinematic constraint mechanism is identified and its role orexpansion of the unstable
domain in the space of system parameters is explored.

Comprehensive treatment of the mode coupling instability mechanism in leaddsores:
The mode coupling instability, as one of the major mechanismsiaforfrinduced
vibration in lead screw systems, is studied and parametric stajoifityitions are derived.
Active vibration control: Two robust sliding mode controlldratteffectively regulate the

lead screw drive velocity in the face of parameters uncertangyleveloped.



Chapter 2
Literature Review

In this chapter, the major previous works published on the frigtiduced vibration of the dynamical
systems including lead screws are reviewed. The friction-sedluastability mechanisms are
reviewed in Section 2.1. Literature on the effects of fricbonlead screw systems are reviewed in
Section 2.2.

2.1 Friction-induced Vibration

A historical review of structural and mechanical systenth friction is given by Feengt al.[18].
Their paper starts from the first human experiences in filkdrgand early inventions of the ancient
cultures to the early works @konardo da Vingiand expands to the modern-day scientific advances
in friction utilization and prevention.

An essential part of any study on the behavior of a dynamical nsystigh friction is to
appropriately account for the friction effect using a suffitie accurate friction model. There are
numerous works found in the literature on the various friction mddelsimulation and analysis of
dynamical systems. In one of the first survey papers onafmictiodeling by Armstrong-Helouvrst
al. [19], various friction models are studied. These models can ldediinto the following two
categories:

Models that are based on the micro-mechanical interaction between rougbsarfd@im
to explain the friction force.

Models that incorporate various time or system dependent pamsniet reproduce the
effect of friction in a dynamical system.

The latter category is the subject of numerous works as caedpein review papers by lbrahim
[20], Awrejcewicz and Olejnik [21], and Berger [22]. As reporiedhese works, friction can be

considered dependent on any of the following factors: relatigmglvelocity, acceleration, friction
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memory, pre-slip displacement, normal load, dwell time, temperature, etc.

The friction models used in the dynamic modeling of systems edunrther divided intcstatic
models andlynamicmodels. In the dynamic friction models such as the so-called LuGdel [23],
the friction force is dependent on additional state variablésthagoverned by nonlinear differential
equations stemming from the model for the average deflection obttiacting surfaces. At the price
of increased complexity of the system dynamics, these modelsapable of reproducing various
features of friction such as velocity and acceleration depeadgme-slip displacement, and
hysteresis effect.

Depending on the specific problem being investigated, appropriaierfrrmodel should be chosen
to reflect the relevant features of the physical sysfBme simplest approximate friction model may
be given by (see for example [19,22])

F, = n(v)N sgr(v) (2.1)

where F, is the friction force,v is the relative sliding velocityrr(v) is the velocity-dependent

coefficient of friction, andN is the normal force pressing the two sliding surfaces togetimgs
model is extensively used in the study of friction-induced vibration.

When some form of lubrication is present between the sliding bodiegrilagions of friction with
velocity is typically explained by the Stribeck curve [24]. gtoown in Figure 2-1, four different
regimes are identified in this model [25].

\ Regime I

Coefficient of friction

Regime 11
Regime IIT
Regime IV

Sliding velocity

Figure 2-1: Stribeck curve [25].

The first regime is the static friction where lubricdoies not prevent the contact of the asperities
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of the two surfaces and friction acts similar to the noidalot situation. In the second regime, the
sliding velocity is not enough to build a fluid film betweere thurfaces and lubrication has
insignificant effect. In the third regime with the increaseelbcity, lubricant enters the load-bearing
region, which results in partial lubrication. In this regime, iasiieg the sliding velocity decreases
friction. Finally in the fourth regime, the solid-to-solidntact is eliminated and the load is fully
supported by the fluid. In this regime, the friction force is the reduhe shear resistance in the fluid
and increases linearly with velocity.

Different models have been proposed to reproduce this typeamfityeflependent friction (see for
example [26,27]). The important feature of these models is thieeogsof a region of negative slope
in the friction-velocity curve, which may lead to self-excitetrations. This type of instability is
discussed in Section 2.1.1 below.

Wherever sliding motion exists in machines and mechanismsiofirieiduced vibration may
occur, and when it does, it can have severe effects on the funétiba system. Excessive noise,
diminished accuracy, and reduced life are some of the adversegeenses of friction-induced
vibration. To this end, lead screw systems are no exception,thimtead screw threads slide against
meshing nut threads as the system operates.

Numerous researchers have studied self-excited vibration phenomevexiety of frictional
mechanisms [20-21,28]. Possibly the closest mechanism to a lead drive in terms of dynamics
and friction-induced instabilities, is a disk brake. Fortunatdigre are innumerable publications
found in the literature that are dedicated to various aspediskobrake noise and vibrations. Major
experimental and theoretical works on the automotive disk Isqleal problem are reviewed in a
paper by Kinkaidet al. [29]. Major self-excited vibration mechanisms in the systeiitis fsiction
relevant to the lead screw drives can be categorized into thred2gg@%]:

1. Decreasing friction force with relative velocity or negative damping
2. Kinematic constraint instability,

3. Mode coupling.

2.1.1Negative Damping

The negative slope in the friction/sliding velocity curve or the dfiee between static and kinematic
coefficients of friction can lead to the so-called stick-sliprations (see for example [24,32]). In
most instances, researchers adopted the well-known mass-oneax@omodel to study the stick-slip

vibration (See for example [33,34,27]). This simple model is shown gar&i2-2. Here, for
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simplicity, the coefficient of friction is considered to decreaseakly with relative velocity.

R %,
b J
aa ... 1 0 e .
c m
Vv

© B O

Figure 2-2: 1-DOF mass-on-a-conveyer model

The equation of motion for this model can be written as
mx + o+ kx= Ny, - x)sgr(v, - X) (2.2)

where N >0 is the normal force between the mass and the conveyey,an@ is the conveyer’s

constant velocity. Transferring the steady-sliding state to the origis gi

my+ oy +ky=N[{y, - y)sar(v, - v)- nfw,)] (2.3)

wherey = x- X, and X, =%(m- myv, ).

Considering small perturbations around the steady-sliding firét wherev, - y >0, linearized

equation of motion is found from (2.3) as
my+(c- Nm)y+ky=0 (2.4)

It is obvious that wherc < Nm,, the system (2.4) is unstable. In this situation, the vibration

amplitude grows until it reaches the stick-slip boundiaey v, - y=0.

Using an exponentially decreasing model for the coefficienticfdn, Hetzleret al.[34] used the
method of averaging ([35]) to study the steady-state solutionsydtam similar to the one shown in
Figure 2-2. They showed that as damping is increased, the unstddy-sliding fixed point goes
through a subcritical Hopf-bifurcation ([36]), resulting in an unstdbhit cycle that defines the
region of attraction of the stable fixed point. Thomsen and Fi8lfhdlso used averaging techniques
to derive approximate expressions for the amplitude of stipkesid pure-slip (when no sticking

occurs) vibrations in a model similar to Figure 2-2. They us#dré-order polynomial to describe
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the velocity-dependent coefficient of friction.

In cases where the coefficient of friction is a nonlineaction of sliding velocity €.g. humped
friction model), the presence of one or more sections of negsitipe in the friction-sliding velocity
curve can lead to negative damping and self-excited vibration.dryghé of friction instability, no

sticking occurs between the two rubbing surfaces (see for example [20,38,39]).

2.1.2Kinematic constraint instability

When friction is present, the constraint equation used to madahktic pairs in dynamical systems
can lead to instabilities even when the coefficient of facti® assumed to be constant (see for
example [28] and references therein). In the context of camstranulti-body system dynamics with
friction, the same mechanism is the cause of “jamming” or “wegig40]. In the study of disc brake
systems, this type of instability is sometimes refercedd “sprag-slip” vibration (see for example
[29] and references therein). This type of instabilityusially characterized by violation of the
solution existence or uniqueness conditions of the system’s equationsiaf 1)

The simplest example to demonstrate the kinematic instalsilgpown in Figure 2-3 [29]. In the
model shown, a massless rigid rod pivoted at point O is contactigglanoving plane. A forcé is

pressing the free end of the rod against the moving plane. The nornfattoa force applied to the

rod are given bN and F;, =m,N wherem), is the constant kinetic coefficient of friction. It can be

shown that at equilibrium

1- m tanq
O
0 L
Fy
<t _ 4 |

N

Figure 2-3: Simple model to demonstrate kinematic ¢ onstraint instability [29].

14



From (2.5) it is evident that ig® tan’l(]/n](), then N® ¥ and further motion becomes

impossible. In a more realistic setting where some flexjbiitassumed, the motion continues by
deflection of the parts (see for example Hoffmann and Gaul. [A#Pr sufficient deformation of the
contacting bodies, slippage occurs which allows the bodies to afiseimeriginal configuration and

the cycle continues. This situation is known as the sprag-slip limit cycle.

2.1.3Mode Coupling

In the context of the linear dynamical systems, the effifat®n-conservative forces on stability are
well understood (see for example [43]). Consider the equations of motian second order

undamped multi-DOF linear autonomous systeh as
Mg+ (K +S(h)ja=0 (2.6)

where q is the vector of generalized coordinatd4, is a positive-definite symmetric inertia matrix,

K if the symmetric stiffness matrix, arﬂh) is an asymmetric matrix originating from the non-
conservative forces, artil is a parameter of interest. The natural frequencies of thisnsyge found

from the solutions of the characteristic equation given by
Dw?,h) = detK +S(h)- wM) (2.7)
Assuming the initial systenh(= h,)) is stable, the stability may be lost by divergence otefias
the parameteh is varied. The divergence instability boundahy= h ) is found from ([43])
detK +S(h))=0 (2.8)

At this critical value, one of the roots of (2.7) vanishdse Tlutter instability boundary can be

found by setting

J—)ﬂDWz’h =0 (2.9)

w?

where D is given by (2.7). The flutter boundarp € h, ) is characterized by the coalescence of two

of the system natural frequencies. By further variatiothefparameter beyond its critical value, two

! These systems are also knowrtiasulatory systems.
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roots become complex conjugate. In cases Wlﬁ(l'é is skew-symmetric, system (2.6) can only

become unstable through flutter instability as divergenceots possible [43]. The addition of

velocity-dependent forces to this system yields
Mq+(C+G)g+(K +S)q=0 (2.10)

where C is positive semi-definite matrix an@ =-G' defines the gyroscopic forces . It has been
shown that the addition of damping can have a complex effect onathigty of the system and it
may even destabilize the otherwise stable system [43].Uftiref details on this subject, see also
[44].

The role of friction as a follower force in destroying the syetsgnof the stiffness matrix resulting
in flutter instability was first used to explain brake sqy28l. Onoet al. [45] and Mottershead and
Chan [46] studied hard disk drive instability using a similar concept.

Consider the 2-DOF system shown in Figure 2-4 studied by HoffmaGand[47]. This model
consists of a point mass sliding on a conveyer. The mass imdespesing vertical and horizontal
linear spring and dampers. An additional spring placed aadgle is also considered which acts as

the coupling between vertical and horizontal motions. Thedrickbrce is modeled using Coulomb

friction law; F, =nt_, where i is the constant coefficient of friction. Also the conveyet Il

moving with constant velocity ofj, >0. The downward force R is assumed large enough to ensure

contact between mass and conveyer belt is not lost.

450 > %j[&/‘
¢

Figure 2-4: A simple 2-DOF model capable of exhibit  ing mode coupling instability [47].
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The equation of motion for this system can be written in matrix form as

m O x ¢ 0 x K+
+

1
2 (2.11)
O mz O0¢c z -1k k,+3ik z -R

Shifting the equilibrium point (steady sliding state) to thegin by setting X = x- x, and

Z=12- z,, where

X _ kc+ik -ik+nk, T 0 (2.12)
z T -3k k+ik R |
gives
m 0 X, 6 0 % ktik -ikenk X nk(Z+z)i- sorly- %] (2.13)
0 5 0 c, 7 _%k kz+%k y4 0

The symmetry-breaking role of friction is clearly shown in (2.M\B)te that the right-hand-side of
this equation non-zero only when£ - v, . In a small neighborhood of the origin, (2.13) simplifies to

a linear homogeneous differential equation

m 0 X c, 0 X k,+ik -3ik+nk, X 0
_+ _+ . = (2.14)
0 m Z 0 c, Z - 3k k,+ik Z 0
Comparing (2.14) with (2.10), it can be concluded that
m O c, O k. +ik -1k 0 nk
M = ,C= ,G=0,K= " 72 27 andS(m = z
0 m 0 c -3k k,+3k (@ 0O O
Neglecting dampintg from (2.9) the flutter instability threshold is calculated as
2
m = 2m(k, +k, +k)* - 2k k, - kk- kk (2.15)

k k

If m=m the two natural frequency become identical, given by

! For further discussions including the effects afirging and numerical examples refer to the origiagler

[47] and also [48].
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le = le = /kx+—;z+k (2_16)

Note that (2.16) can be obtained from (2.9). Increasing the ceeffiof friction beyond its flutter

critical value,m>m, , results in the a pair of complex conjugate squared nateédncies, which

indicates instability of the steady sliding fixed point.

Recently, a great number of papers were published on the systbibiirlg mode coupling
instability due to friction and the complex effect damping on sudesgs See papers by Hoffmann
and his coworkers [49-51] and Jézéquel and his coworkers [52-59]. Other recenbmvtirisssubject
include [60-64].

2.2 Lead Screw Drives

As mentioned earlier, when it comes to translation lead scremg few published works are found
that discuss the dynamics of these systems and the effect of frictibeiowilbratory behavior.

Olofsson and Ekerfors [65] investigated the friction-induced noiserefv-nut mechanisms. They
discussed the tribological aspects of lubricated interabitween lead screw and nut threads, which
accounts for the Stribeck friction. Based on experimentaltseghey have concluded that: a) the
squeaking noise is the result of self-excited vibration betwessh $crew and nut threads; b) in the
system studied (consisting of a long and slender screw), th@ations excite bending mode shapes
of the lead screw, and; c) the squeak noise is generated oniytlhaut is in the vicinity of one of
the nodes of the bending mode shape of the lead screw.

In a study of the effect of friction on the existence and uniqeeniethe solutions of the equation
of motion of dynamical systems, Dupont [41] considered a 1-DOF modeleaid screw system. He
investigated the situations under which no solution existed andydi@antified one of the sources of
instability in the lead screw system. the kinematic constraint instability mechanism. For the self
locking screws, he found that there is a certain limiting rlagéitween the lead screw inertia (rotating
part) and the mass of the translating part, beyond which no solution exists.

Based on a case study, Gallina and Giovagnoni [1] discussed the des@ew jack mechanisms
to avoid self-excited vibration. They developed a 2-DOF model afad kcrew system which
included lead screw rotation (coupled with the nut translatiod)lead screw axial displacement.
Using eigenvalue analysis of the linearized equations, they found relapietisai define the stability

domain in terms of the parameters of the system. They conclbdedot avoid vibration in self-
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locking derives, lead screw should have low axial and high torssiiffiless. Gallina [66] further
expanded this study and, using both eigenvalue analysis and expsrigiented that by increasing
lead screw inertia it is possible to avoid instability under cedaimitions.

Oledzki [67] studied self-locking mechanisms. He classifiddtygles of mechanical drives,
including worm gears and lead screws, with the emphasis on teibipysof self-locking. A unified
notation was used to present geometrical features of thesdmebto derive the equations of motion
of a general kinematic pair. He also modeled the kinerpaircusing elastic contacts instead of rigid
contacts. The simulation results presented showed the possibilityotSsBp” vibrations.

Generally, in high-accuracy linear positioning applications,|“f@ews” are used because of their
low friction, high lead accuracy, and backlash-free operation [6@hs€juently, the majority of
works in the literature regarding position control and dynawicsrew drives focus on ball-screws
[69-76]. Lead screws are also used for similar positioning apiplica For example, Otsuka [69]
compared a high-precision lead screw drive equipped withhasbacklash nut with two types of
ball-screw drives for nanometer positioning applications. Tiperxental results obtained showed
the possibility of achieving nanometer accuracy with allghsgstems. Particular to the lead screw,
the nonlinear behavior of the drive due to the stick-slip phenomenostudied. The anti-backlash
nuts were found to have an adverse effect due to preloading of the threadseaskohériction.

Sato,et al. [77] considered the dynamics of a lead screw positioningmsysiith backlash. They
set up an experiment using a sliding table, a lead screw, 8@l motor. In their experiments the
table position, screw rotation angle, and DC motor current weesured. Although they did not
undertake detailed modeling of lead screw and nut interaction, vilkeey able to estimate lead
screw/nut friction using a disturbance observer under thienacf a linear proportional plus
derivative feedback controller.

It is worth mentioning that lead screw drives were also useddundant positioning systems for
only coarse table motion [70,71]. In these systems, a high-precisiatep positioning system such
as a piezo actuator is used for fine-tuning. Another example wdheby Satoet al. [78], where
they introduced an active lead screw mechanism. By using two comsected together by a
piezoelectric actuator, they were able to actively controklaah to achieve position accuracy of
better than 1Gm
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Chapter 3

Mathematical Modeling of Lead Screw Drives

In this chapter, a collection of mathematical models areloieee which are used throughout this
thesis to study the dynamic behavior of lead screw systems.n@iageon the system elements
considered and the type of analysis undertaken, different modeds\atoped with varying number
of degrees of freedom.

Figure 3-1 shows a typical lead screw drive system. A motor — possibly thrgeginteox — rotates
the lead screw via a coupling. The rotational motion is convéotéranslation at the lead screw-nut
interface and transferred to the moving mass. The weight ofntihhéng mass is supported by

bearings. The lead screw is held in place by support bearings &téisezid.

Moving mass
/ DC Motor - Gearbox

—
Lead screw .
er;;% -(;é;; Coupling /

v
<1 A A &
_ X

K, ad
B / g FAFFFFFFFZ 3

Lead screw Nut Lead screw
support support

Figure 3-1: Lead screw drive system

In Section 3.1, a set of meshing lead screw and nut is consideeekirmammatic pair and related
kinematic and kinetic relationships are presented. The velocityrdepefriction model used in this
thesis is discussed in Section 3.2. The basic 1-DOF lead scresvnaoidel is developed in Section
3.3. This model will be used in Chapters 5 and 6 to study negaittierfrgradient and kinematic

constraint instability mechanisms, respectively. A model of leadw with anti-backlash nut is
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presented in Section 3.4 and the role of preloaded nut on the imtremsien is highlighted.
Additional DOFs are introduced to the model in Sections 3.5, 3.6, and 3.gcdona for the
flexibility of threads and the axial flexibility of leaccrew supports. These models are used in
Chapter 6 to investigate the mode coupling and kinematic condtraiability mechanisms. The 2-
DOF model of Section 3.5 is also used in Chapter 4 to obtain siomulgesults based on the
identified system parameters. By combining the DOFs of the ImadeSections 3.5 and 3.6, a 3-
DOF model of lead screw drives is developed in Section 3.8.1mbdel is used in Chapter 6 to study
the mode coupling instability mechanism. In Section 3.8, a complensysodel is presented that
includes all of the elements of a typical linear drive aystThis model is used in Chapter 4 as the
basis of the developed friction parameters identificatioratetRobust controllers are developed for

simplified versions of this model in Chapter 7.

3.1 Lead Screw and Nut — A Kinematic Pair

The rotary motion is converted to linear translation at thefatte of lead screw and nut threads. The

kinematic relationship defining a lead screw is sirhply
x=r_ tan I>q (3.1)

where q is the lead screw rotatiorx is the nut translatior, is the pitch angle, ang, is the pitch

circle radius.

The interaction between contacting lead screw and nut threaddecaeasily visualized by
considering unrolled lead screw and nut threads [5]. This wayptagon of lead screw is replaced
by an equivalent translation. Assuming one thread pair to be inct@ttany given instant, Figure
3-2 shows the interaction of the lead screw and nut threads torlddthanded and right-handed
screws. The sign conventions used for the contact faWceis shown in this figure. In the
configurations shown, when the right-handed lead screw is rotabekwese/moved up (rotated
counterclockwise/moved down) the nut moves backward/right (forleétyd/For the left-handed
screw, the direction of motion of the nut is reversed. Also, whenuhéhreads are in contact with
the leading (trailing) lead screw threads, the normal componearansdct forceN, is considered to
be positive (negative).

The friction force is given by

! By properly orienting the-axis, this relationship applies to both left-hamdi right-hand threads.
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F, =nN|sgr(v,) (3.2)

wheren is the coefficient of frictiohand Vv, is the relative sliding velocity. The friction force acts

tangent to the contacting thread surfaces and always opposeisetttiom of motion but does not

change direction when normal foré¢,changes direction.

Right -handed (R H) Lead Screw Left-handed (LH) Lead Screw

Nut thread Lead screw thread Lead screw thread Nut thread

Leading nut thread in contact, N<O Leading nut thread in contact, N<O

Lead screw thread Nut thread | Nut thread Lead screw thread

Figure 3-2: Sign convention for contact forces betw een nut and lead screw

Before moving on to the dynamic models of lead screw systamgffects of thread geometry on

! See Section 3.2.
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the contact forces are considered here. The force interattiom in Figure 3-2 is essentially correct
for the square threads where the normal force is parallbetéetd screw axis. For Acme or other

types of threads, a slight modification is needed to take into accountehd dmgle.

Figure 3-3 shows the thread semi-angles as measured on a sectmh tthe axis of a screw, ,

and as measured on a section perpendicular to the lyglixUsing the geometric relationship in

Figure 3-4, one can write [79]

(3.3)

X, = X, cosl (3.4)

Figure 3-3: Effect of lead angle on the measurement  of thread angle

Xa

Figure 3-4: Geometry of the threads on two differen  t section planes
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Combining (3.3) and (3.4) gives

tany , = tany , cosl (3.5)

Figure 3-5 shows a portion of the lead screw with localczattact forceN (perpendicular to the
thread surface) and friction fordg. The X-axis of XYZ coordinate system is parallel to the lead
screw axis. The x-Z plane is perpendicular to the helix. Toggion of contact force on the x-y (or

X-Y) plane is calculated as,

N =N cosy , (3.6)

\%

n

Figure 3-5: Forces acting on a thread

Since N is the normal force, using (3.2) the friction force for teape threads is calculated by
F, = ﬁ+l\]‘sgr{q), wheref is the true coefficient of friction. One can define dpparentcoefficient

of friction as

N |-

m= ficosy |, = n{tanzy ,cog | +1) ' (3.7)

Using (3.6) and (3.7), the friction force is written convenienslyFa = n'bN|sgr{q), which is the

same as (3.2) and will be used throughout this work.
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3.2 Velocity-dependent Coefficient of Friction

The rubbing action of contacting lead screw threads againshmatds is assumed to be the main
source of friction in the systems considered in this thésgsmentioned in Chapter 2, numerous
velocity-dependent coefficient of friction models can be found @ litierature [19,21,22]. These
models generally include the following three parts:

1. Coulomb or constant friction

2. Stribeck friction

3. Viscous or linear friction

In this work, the following model for the friction coefficient is considre

|V

m=iM +m(e * - ) +my,| (3.8)

where ~rq ﬁlz and ﬁg represent Coulomb, Stribeck, and viscous friction coefficientpectisely.

Vv, is the relative sliding velocity between contacting nut ttiseand lead screw threads. Alsg,

controls the velocity range of the Stribeck effect. See Figtbdor a schematic view of the velocity

dependent coefficient of friction given by (3.8).

A Coulomb, (i, )

Stribeck, (it,.v,)  Viscous, (fi,)

Figure 3-6: Velocity dependent coefficient of frict ion

The reasons for choosing this friction model are twofold. The nsideiture allows for the three

above-mentioned components of friction to be easily separated for hespwf focused analysis. In

! This model is sometimes known as the Tustin mfjl
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addition, it was found that this particular formula lends fitsery well to the experimental
observations reported in Chapter 4.

Based on Figure 3-3, the sliding velocity can be written as

v, = m_q (3.9
cosl
Substituting (3.9) into (3.8) and rearranging,
m=m +me " +m/d (3.10)
r ~ o~ ~ ~ T
wherer, = —0 =m-m, =m, andm, = T In the remainder of this thesis
0 cos v, m=m-mnm, m=m m nEcosI

(3.10) is used as the basic model for the velocity dependent coefficieiatioh.

3.3Basic 1-DOF Model

Figure 3-7 shows 1-DOF lead screw drive models with both right-kaffitld) and left-handed (LH)

lead screws. Note that, with the choseaxis direction, the kinematic relationship (3.1) holds for
both LH and RH lead screws. In these modg|sjs the input rotational displacement applied to the

lead screw through a flexible coupling (torsional spkndr is the axial force applied to the nut and
is the linear damping coefficient of the lead screw suppbrésd m designate inertia of the lead
screw and mass of the translating part, respectively.

Based on the force diagrams shown in Figure 3-2, and irrespective b&nd of the lead screw, it

can be writteh
I9=k(g, - g)- cg+r,(Nsinl - F, cosl )- T,sgrlq) (3.11)
and

mx=- Ncos - F, sinl +R- F,sgr(x) (3.12)

! Based on the selected conventions for the axe$omoes in Figure 3-7, the equations of motiontfar drives
with left-handed screws are identical to those witfint-handed screws. As a result, from this paint the

handedness of the lead screw is assumed to be Kmatvis not included in the discussions.

26



where the termsl, sgr(q) and F, Sgr(x) represent the friction in lead screw supports and the

bearings of the translating mass, respectively.

_’ <_
Z %
Réii F REiE F
Iz 1
72 A
J J

i Ak ALk

G g

{(a): Right-handed lead screw (b): Left-handed lead screw

Figure 3-7: 1-DOF model of a lead screw system

EliminatingN between (3.11) and (3.12), yields

(1 - r tanix m)q+kq+cq =k, - x(R- F,sgrlg))- T,sarlg) (3.13)

where (3.1) and (3.2) were used and

¢ n, - tanl (3.14)
1+m tanl
where
m = rrsgr(qN) (3.15)

was used for abbreviation. The normal contact force is calculated as
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N = (R- Fo sgn(q»l +mr, tanl [k(Q- g)+ca+T, sg'{Q)]

(cos +msinl )(1 - r, tanlx m) (3.16)

Note that due to the appearance scgr(N) through m,, in the denominator of (3.16), this

equation can only be solved iteratively far

The equation of motion derived in this section can also describe other variatitye basic model.
These models reflect other possible configurations that mayulred fin various applications. In
Section 3.3.1, the inverted basic model is introduced where unlikedtel of this section, nut is
rotated causing the lead screw translate. A configuratidm fixéd nut and another with fixed lead
screw are presented in Sections 3.3.2 and 3.3.3, respectively. éntwizesnodels, the rotating part

also translates.

3.3.1Inverted Basic Model

In some applications, the nut is rotated which causes the dema 0 translafe Figure 3-8 shows
this configuration for a simple 1-DOF model. It can be shown thahi®iconfiguration, the equation

of motion is identical to (3.13).

Figure 3-8: Inverted basic 1-DOF model

! See, for example, the micro-pump shown in Figuge 1
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3.3.2Basic Model with Fixed Nut

In another possible configuration, the nut may be fixedi the lead screw rotation is converted to its
translation together with other connected pargs rotor, frame, payload, etc.). This configuration is
shown in Figure 3-9. As mentioned before, the equation of motion ofykiem is also given by
(3.13).

X
‘_
Lz
o| iy
& =H
N
I.m -
(—)l %k C Tu
7

Figure 3-9: Basic 1-DOF model with fixed nut

3.3.3Basic Model with Fixed Lead Screw

The last variation of the basic lead screw drive model coresideere is shown in Figure 3-10. In this
configuration, the lead screw is fixed in place and the nut rotatesingait to translate along the lead
screw together with other moving parite (motor, gearbox, payload, etc.). The equation of motion of

this system is also given by (3.13).

! See, for example, the powered seat adjuster im&igy-3.
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Figure 3-10: Basic 1-DOF model with fixed lead scre  w

3.4 Anti-backlash Nut

As mentioned in Chapter 1, anti-backlash nuts are commonly usedntecthe effects of backlash
and wear in a lead screw drive. An anti-backlash nut is usuallie raf two parts that are connected

together through a preloaded spring. Figure 3-11 shows a schematicofmadiead screw drive with

a two-part nut. The spring, is preloaded such that a forée=k,d,, acts between the two halves of
the nut and wherel_ is the initial compression of the spring. Neglecting the no@gke nut, the

Newton’s second law gives

lg=k(q, - q)- cq+rm(leinI - msgr(q)NlcosI )

+rm(- N, sinl - msgr(q)NzcosI ) T, sgr(q) G0
mx=- N,cod - msgrlg)N, sinl +R- F,sgr(x)+P (3.18)

where
P=N,cod - msgr(q)stinl (3.19)

where N, >0 and N, >0 are the thread contact forces corresponding to left and rigist gfathe

nut, respectively. Combining (3.17), (3.18), and (3.19) and using (3.1), gives
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(I - I tanix 1m)q+kq+cq =kq; - Xl(R' Fo sgr(q))- T sgr(q)- (Xl +X2)P (3.20)

where

X =t n’sgr(q); tanl
* ™1+msgrig)tanl

_ n’sgr(q)j-‘tanl (3:21)

% =T msgr{g)tan
X
‘_

. e

e
7 _k”
LA\
ai
0, k¢ 7,

Figure 3-11: Lead screw model with anti-backlash nu 't

Compared with (3.13); (x1 +x2)P term is the additional resistive torque caused by the preloaded

nut. The contact forc&, (for left threads in Figure 3-11) is found as

_(R- F,sgnig)l +mr_tanl [k(q- q,)+cq+T,sgnlg)| +(I +r,, tanix ;m)P
N, =

. (cost +msgrig)sinl [I - r,, tanix ,m) (5:22)

where, again, compared with (3.16), the contact force is increased dugteltaeP.

Note that the above simplified formulation is valid as lond\gs> 0. If this condition is violated,

(i.e. the left contact is broken) for the duration of such motionntiraber of DOFs is increased to
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two. In such cases, which may be caused by fafge 0, the dynamics of the system is more

complicated since the impact of the threads and repeated loss of contatt&hoamhsidered.

3.5Compliance in Lead Screw and Nut Threads

In Section 3.3, the lead screw and nut were modeled as a kingraatiteading to an iterative
equation for determining the sign of the contact force. The anahymjsbe greatly simplified by
assuming some degree of compliance in the lead screw and/dreadd Figure 3-12 shows the
same system as in Figure 3-7(b) except for the contact betiwesds which is now modeled by

springs and dampers. With this change, the number of DOFs is increased to two.

o
I

7

Figure 3-12: 2-DOF lead screw drive model including thread compliance

Conforming to the sign convention defined in Figure 3-2, the defle@tioimterference) of threads
can be calculated as

d=xcosd - r,gsinl (3.23)

The simplest way to approximate the contact force is by modilaéprce/deflection relationship

! Refer to Section 6.1.1.
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of the threads as that of linear springs and dampers. Thus
N =k.d+c.d (3.24)
Substituting (3.24) into (3.11) and (3.12) and using (3.23) Yields

lg=k(q, - q)- cq+r k. (xcos - r_gsinl )(sinl - mcod )

+r.c,(xcod - rgsinl (sinl - mcosl )- T,sgrlg) (3.25)

mx = -k (xcod - r gsinl )(cos +msinl )
. . (3.26)
- c,(xcos - r,gsinl Jcos +msinl )+R- F,sgr(x)

wherem, is defined by (3.15).

3.6 Axial Compliance in Lead Screw Supports

Another important source of flexibility in the system maythe compliance in the lead screw
supports. To model this feature, as shown in Figure 3-13, skriagd dampingc, are added to the

basic model of Section 3.3, which allows the lead screw to move axially.
Similar to Section 3.3, (3.11) and (3.12) give force/acceleratidetionships for lead screw

rotation and nut translation, respectively. Moreover, the lead staasldtion DOF is governed by
mx, =-kXx - ¢x +Ncos +F,sinl (3.27)

The kinematic relationship between X, and X, is given as
X- X =r_tanlq (3.28)

Eliminating N between (3.11) and (3.12) and also between (3.12) and (3.27) and3.u2Bjgand
(3.2) yields

(1 - r_ tanlx m)g- xmx, =k(q, - q)- cq- x(R- F,sgn(x))- T, sgr(q) (3.29)

rm

! For the model of this section, the relative velpgiven by (3.9) should be changed v, = cosxmsmk'
However, in practical situations where the leadefig) is small and threads are almost rigid the t5tana is

negligible and it is omitted.
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(m +m)x +mr_tanl q=-kx - ¢, +R- F,sgn(x) (3.30)

whereX is given by (3.14).

0
m
k,
W~
P
0 T LE
01 ]

xl ei | Cﬁ]ﬂo

Figure 3-13: 2-DOF lead screw drive model including compliance in the supports

The normal contact force is calculated as

I I I
C(R-Rosgrix))+ ko + o - tanl k(g - @)+, tanl (ca+T, sar{a)
N = m m (3.31)

. | |
| .
(cosl +msinl ) m+ml

- 1, tanlx

3.7 Compliance in Threads and Lead Screw Supports

By combining the two models presented in Sections 3.5 and 3.6, a 3¥DO& of the lead screw
drive results, which is shown in Figure 3-14. The equationsatiom of this system are defined by
(3.11), (3.12), and (3.27). The only change is in the calculation of coateetN given by (3.24); the

threads deflection, instead of (3.23), is calculated by

d=(x- x)cod - r_gsinl (3.32)
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Figure 3-14: 3-DOF lead screw drive model including compliance in the supports and compliance in the
lead screw and nut threads

3.8 A Complete System Model

In this section, another model is developed which includes onments in the power transmission
chain, namely a DC motor and a worm gearbox. Figure 3-15 shows tl@F4ebnfiguration
considered.

For the motor, Newton’s second law gives
IMqM :TM - TfM sgnqy +k1(vi = Qu )' Cu Awm (3.33)

whereq,, is the rotor’s angular displacement,, is the inertia of the rotorT,, is generated (input)

torque, T,, andc,, are the internal friction and damping of the motor, respelgtiAlso, k; is the

torsional stiffness of the coupling connecting the motor to tlebge, andq, designates the

angular displacement of the worm.
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Figure 3-15: A 4-DOF lead screw drive system model

For lead screw and nut, similar to (3.11) and (3.12), one can write

Iq= k(qG - q)- cq+rm(N sinl - F, codl ) Tosgr(q) (3.34)

mx=- Ncos - F,sinl +R- F,sgn(x) (3.35)

whereN is given by (3.24). For the worm and worm gear, Newton’s second law gives

L = k(G - Gu)- Gy - B4 Wsint , +myoW|sgna, cos , )- Ty, sang,, (3.36)

IGqG = k(Q' QG)' Cels +d%(\NCOSI w " mNG[\N|Sgan sinl W)' TfG Sgngq (3.37)

where |, and |, are the inertia of the worm and worm-gear, respectivgly.is the angular

displacement of the gead,, and d; are the pitch diameters of worm and worm gear, respegtivel
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W s the normal component of the contact force between meshing thoeads and gear teeth,,,
and T, are the internal friction torque of the worm and the wornm,geapectivelyl , is the pitch

angle of the worm andy,; is the coefficient of friction of the meshing worm and worm gear.

EliminatingW between (3.36) and (3.37) gives

(lw +tayXyle )qG + (Cw +tawXwCs )QG + (kl + awxwk)QG
0

(3.38)
- klanM - awxwkq"'(awaW +aWXWTfG )Sgan =
where
_ Oy
a,, =——tanl ,, (3.39)
ds
is the gearbox ratidj.e. Js; =a,0y) and
Xy = dW,(tanl wt m/.VG Sg.r(qu)) (3_40)

de (1' My Sgr(QGW)tanl W)

The equations of motion for the 4-DOF model in Figure 3-15 arendiye(3.33), (3.34), (3.35),
and (3.38).

3.9 Some Remarks Regarding the System Models

Depending on the configuration of an actual lead screw drive, one or more of modeitegrasthis
chapter may be suitable to accurately capture the most proane/or relevant features of the
system’s dynamical behavior. This is certainly the caséénstuibsequent chapters of this thesis.

However, many other features are not included in this work. The featohede:

Dependence of friction on position: As the lead screw turns, th@rogtesses along the
lead screw threads creating the possibility of a position-dependefiicient of friction. In
this work, the mathematical friction model is assumed to be imdiepé of position for

simplicity of mathematical modeling. From an experimental pwiatv, as the case of

! For the worm gearbox considered heke= ny, / ns wherens is the number of gear teeth amglis the number

of worm starts.
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Chapter 4, the identified friction (and other possible positiggeddent parameters) may be

considered as an averaged value for the working portion of the lead screw.

Nonlinearity: The only nonlinear effect considered in this weodmes from friction.
However, many other sources of nonlinearity are possible incaderew drive, which are
excluded here to simplify the study of the friction-induced vibrat Most notable factors
are: presence of nonlinearity in the contact forces of disreaused by deflection, nonlinear

torsional stiffness of the couplings, and discontinuity due to backlash.

Torsional deflection of lead screw: For a long and/or slerebad screw, the frequency of
the first few torsional modes of vibration may be low enoughnfluence the system
dynamics. Moreover, the winding/unwinding action of torsional defiastimay affect the
threads clearance and the overall load distribution causing faigh&tion from the models
considered here. In this work, the lead screws are considgifexestly stiff and modeled

as rigid bodies.

Axial deflection of lead screw: Similar to the previous pothis effect may influence the
lead screw-nut interaction in two ways: by introducing new maofevibration and by

affecting the threads clearance and load distribution.

Lateral deflection of lead screw: Three situations mayl l® this type of vibration: lateral
loading, excessive axial loading leading to buckling (a factotoing slender lead screws),
and finally whirling (for very high rotation speeds). All thesteiations are considered to be

outside the scope of this work.

Misalignment: Design and/or assembly problems may lead to affsalt of the centerlines
of lead screw and nut. The misalignment may also occur inotine ¢f a skewed nut. In
both of these cases (which are excluded from the currentcbyettiread contact and load

distribution may be effected severely.

Manufacturing issues: Depending on the manufacturing method and aiali product,
lead screws can suffer from lead error (particularly in éondesigns). There may be
external contaminants or surface defects on lead screwtoAlliough these and other

similar issues may have significant impact on the functioa lead screw drive, they are
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excluded from this fundamental study of the friction-induced vibration.

Additional elements: The study of lead screw drives, or any other mechamigghsgan be
augmented by other mechanical elementg.@ vibrating component on the moving part,
additional DOF due to the flexibility of the moving part, extenirale-dependent forcing,
etc.). These cases are outside the scope of this work aeddieg on the problem they

represent, may warrant a separate study.

Backlash: Lead screw drives generally suffer from batklaHere, backlash is not
considered since the focus is on the effects of friction on psaremvs where the resisting
load is considered to be constant and the system is considerecthtiving with a constant
input velocity. Backlash certainly will play a major rahe“positioning” applications of lead

screws, a subject that is outside the scope of this work.

Wear: Throughout the operating life of lead screw drives, veaaises changes to the
contacting surfaces, thereby affecting the load distribwmnss the threads. This effect is

considered to be outside of the current study.
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Chapter 4
An Experimental Case Study

As mentioned in the Section 1.2, one of the motivations behind thearolswas the excessive
audible noise generated from the horizontal drive of an autonsdateadjuster. In this chapter, the
experimental work, theoretical modeling, and system paranustification of the horizontal drive
mechanism of this seat adjuster are presented.

In Section 4.1 some preliminary observations are made regatdingutible noise generated by
the system. These observations are followed by a focused study aetiof friction as the source of
vibrations and the generation of audible noise. The details qfataneter identification approach,
which consists of two steps, are presented in Sections 4.2 anth 4k first step, parameter
identification formulations are formed based on the steady4staeslip behavior of the system. In
this step, external settingse( applied axial force and preset motor angular velocity) are relatie t
friction and damping elements of the system, making it poswikibentify various parameters from
experimental results using the least squares technique. |ddmé8alts for the lead screw drive of
the seat adjuster are presented in Section 4.3. In the second step, Section 4igdq p@r@meters are
fine-tuned based on the open-loop vibrating behavior of the systethis step, an optimization
technique is utilized to match the model response to the meanisemhen the system trajectory
follows a limit cycle. Parameter studies based on the fine-tumadkel are given in Section 4.5.

Conclusions are summarized in Section 4.6.

4.1 Preliminary Observations

The first step in finding the causes of excessive audible mo&e operating mechanical system may
be to analyze the noise signal and the external conditions unddr suth a noise is generated. In

this section, some of the preliminary observations made on the gobweat adjuster investigated
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here are presentked
In the first step, a series of tests were performed ondimplete seat adjuster. Figure 4-1 shows
the test setup and instrumentation used to study the completadgestef. A pneumatic cylinder

mounted on the wall was used to apply axial force.

Load Cell

Position
Transducer

Pneumatic
Cylinder

Microphone

Sound Level Meter

Figure 4-1: Test setup for complete seat adjuster

A sample these measurements are presented in Figure 4-2. As ishBigure 4-2(c), the applied
force of approximately 180caused the seat adjuster to generated audible noise. Figutesh@ys
that seat was traveling at a velocity of approximatetyia. The sound level meter measurements in
Figure 4-2(b) shows an approximately 10dB jump occurred in the noisk(fenn the background
noise level) during a portion of the seat travel. During the dateeval, the audible noise time-
frequency plot in Figure 4-2(a) clearly shows the sustainedepce of noise with a dominant
frequency of approximately 160Hz. The frequency content of tise istgnal is also shown in Figure
4-3 att =8s.

! See Section 1.2 for the details of the seat agfjusechanism.

2 For the instrumentation details see Appendix A
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Figure 4-2: Sample test results from complete seat adjuster tests.
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Figure 4-3: Audible noise frequency content for the test results shown in Figure 4-2 (at 8s). Peak
amplitude at 162Hz

The investigation was then continued by a second series offeesising only on the sliders
comprising the horizontal motion system of the seat adjuster. As mentioried daeltwo sliders are
equipped with lead screw systems driven by a single DC motore$hsetup for this series of test is

shown in Figure 4-4, which is similar to the setup used for the completadjester tests.
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Pneumatic Cylinder Load Cell Sample Lead Screw/Nut Assemblies ~ One of the Two Sliders

N

DC Motor
Position /
Transducer

———_ Gearbox

/'

Sound Level Meter Microphone

Figure 4-4: Single-track test setup

Sample measurement results from one of the single slideratesfgesented in Figure 4-5. In this
test, a horizontal force of about 20QFigure 4-5(c)) was needed to induce the noise at a traveling
velocity of approximately 20m's (Figure 4-5(d)). The audible noise continued for abauivith a

dominant frequency of about 150Hz (Figure 4-5(a)) accompanied bynaista?0dB increase in the
noise level (Figure 4-5(b)).

Figure 4-5: Sample test results from single-track t  ests.
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The frequency spectrum of the recorded noist=aBs is plotted in Figure 4-6. This plot clearly

shows the dominant signal frequency of 150Hz.

Figure 4-6: Audible noise frequency content for the test results shown in Figure 4-5 (at 3s). Peak
amplitude at 150Hz

These tests and many similar others under different famdevelocity settings revealed a strong
correlation between the two test setups, confirming the intiesg as to the source of audible noise:

friction-induced vibration in the lead screw drive

4.2 Step 1: Friction and System Parameter Identificatio

The first step in the friction identification process isnfiatated based on the system response under
steady-state pure-slip conditionse( no rotational vibrations and constant lead screw angular
velocity). The aim of this formulation is to relate the m@able system inputs and states to the
internal friction and damping parameters through the mathematiodél described in Section 3.8.
This model corresponds to the third test setlgveloped for these studies, which is shown in Figure
4-7.

! For the instrumentation details see Appendix A
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Figure 4-7: Schematic view of the test setup

Similar to the test setup shown in Figure 4-4, only one of theltders was included in the setup.
The working parts of the test setup were taken from an asgasladjuster. Two encoders were used
to measure the angular displacement of the lead screw and the motor. Alleataeded to measure
the force exerted by the pneumatic cylinder. The input voltagecarrent to the DC motor were also
measured. With the help of a controller regulating the cuiirgnitt to the DC motor [80,81], the
slider was set to move at constant preset velocities iagpkcable range. At each test, the following

guantities become available as averaged values over the consideetdttioke of the nut:

Motor angular velocityw,,
Motor torque,T,,

Axial Force,R
The angular velocity of the motor is calculated by numerical diffextion of its measured angular
displacement. The motor torque is calculated from the measyretidurrent and the known motor’s
torque constant.
The steady state relationships are derived from (3.33), (3.34), ,(a38)(3.38) by setting all
accelerations to zero and assuming positive angular veloditiessteady-state equations are found

as

TM - TfM +k1(aw-lCIG - Qy )' Cu Wy =0 (4.1)

k(ge - )- ow- Ty +r,(Nsinl - F, cod )=0 (4.2)
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- Ncod - F;sinl - F;,+R=0 (4.3)

(C\N TayXwoCs )WG + (kl + awxwok)QG - klanM

(4.4)
- awxwokq + (awavv +ayXyol i ) =0
wherew=wg =a,,W,, are the constant angular velocities and
+
de(l' My tanl W)
EliminatingN between (4.2) and (4.3) gives
k(gs - 9)- ow- T, - x,(R- F,)=0 (4.6)
where

nsgr(N)- tanl “.7)

0= Imy msgr(N)tanl

Since the aim of this study is to investigate cases wherxtheload is applieth the directionof

motion, N is assumed to be positive. Consequently, at steady-stafe>dr,, (4.7) is simplified to

- tanl
Xog =l ——

= »r_lm- tanl 4.8
™1+ mtanl m( ) (48)

where the approximation is obtained by assumirtgnl <<1. Combining (4.1), (4.4), and (4.6)

yields
Ty =Cw,, +T; +Xy0%,(R- Fy) (4.9)
where
C=C, +ayXy,C (4.10)
T, =T, 0 +Xwolo (4.11)
and
C, =Gy T ayXwoCs T Cy (4.12)
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Tio=Tom +Tow tXwolts (4.13)

To separatéorce effects from thevelocityeffects, (4.9) is rearranged as

T = bO(WM )+ (R' FO)bl(WM ) (4.14)

where
by(w, ) =T, +Cw,, (4.15)
bl(WM ) = XWO >9(0 (WM ) (416)

For each motor speed setting/,(hi,l), the straight line described by (4.14) can be fitted to the

experimental data point<dQ(j),Th$|i'j)> to obtainbg) and bf) as functions of motor angular velocity.

Based on (4.15), another straight line can be fitte(:il\l@,bg)> data points to obtaiff; andC.

Expanding the second velocity dependent coefficib{(w,\,, ) using (4.8), gives

™ (m{w)- tanl ) (4.17)
At steady-state velocity olv = a,,w,, , the coefficient of friction defined by (3.10) becomes

m=m +me "™ +ma, w,, (4.18)

Substituting (4.18) into (4.17) and rearranging gives

Jo
b, (w, )= [1 g foPw wM] o, (4.19)
0,
where
G = Xwo(m - tanl ) (4.20)
G = Xwolm (4.21)
gZ = rmXWOaWrn% (422)
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Now the curve described by (4.19) can be fitted to the previosigined data pointsi.€.

<W(,\i/|),b§i)>) to estimate the three new parametgs; §,, and g,. Using the least squares technique,

one finds

“=(aTAJ'ATB (4.23)
where

=6 & @l (4.24)
and

2)
A= Wi (4.25)

B= (4.26)

wheren is the total number of data points available. Note thagiven by (4.25) is dependent ap,

which is one of the unknown parameters describing the Strigféest in the assumed model of the

velocity dependent coefficient of friction. To rectify this probleamsimple optimization routine is

used to find the best value fgy such that the curve fitting error of (4.23) is minimized. Define

e(1) (ro) ~

@)
0l 5. ac) oo a2
& (ro) 9, (ro)

where dependence oy is made explicit. The optimized value ¢f given by f, is now found

simply as
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f, = argmin e(zi)(ro) (4.28)

Tomin £70 ETomax i=1

This task may be performed using a number of numerical optionizégchniques. In the next

n
section, e(zi)(ro) is simply computed and plotted over a range of appropriate vajye9, and
i=1

the minimum is found graphically.

4.3 Experiment Results

In this section, the parameter identification approach destrib Section 4.2 is applied to the
measurements performed using the test setup shown in Figure 4-7.

Before exploring the friction torque produced at the contact betleeel screw and nut threads, a
preliminary step is required to estimate and isolate intela@aping (4.12) and friction (4.13) of the
DC motor and the gearbox. This step is present first irddedt3.1 and then the lead screw friction

and damping identification results are presented in Section 4.3.2.

4.3.1DC Motor and Gearbox

In a series of preliminary tests, DC motor and gearbox @ismnnected from the lead screw, and
the input current of the DC motor was measured at diffeevdld of preset constant angular

velocities. Figure 4-8 shows the results of these testsittygfa straight line to these data points

using the least squares technique, the overall damgiggand residual friction torquel;,, were

estimated. These results together with other known system paraaretgrgen in Table 4-1.
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Figure 4-8: Resistive torque of the motor and the g  earbox.
Dots: measurements, dashed line: fitted line to the data points

Table 4-1: Known or assumed system parameter values

Parameter Value

Lead screw pitch diameted, 10.366mm
Lead screw lead anglé, 5.57

Mass of translating partsy 3.8kg
Average resistance of the slide, <2N

Assumed contact stiffness — lead screw and iut, 108 N/m
Assumed contact damping — lead screw and gut, 10° kg/s

Lead screw inertial 312 10°kg.nf
Worm pitch diameterd, , 9.442mm
Worm gear pitch diameted 20.04mm
Worm lead anglej , 18.53
Gearbox ratioa,, 319

Nominal torsional stiffness of the couplink, 1.12N.m/rad
Assumed coefficient of friction of gearbox mest),, 0.2

OverallDC motor and the gearbox internal dampigg,| 0.0121 N.m
OverallDC motor and the gearbox internal friction, | 561 10° N.m.rad/s

4 .3.2ldentification Results

Figure 4-9 shows data points collected from all of the measuaterperformed. In this figure, motor
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torque (measured from motor input current) is plotted agaiesisared force and measured speed.
Fluctuation in the supply air pressure to the cylinder, togethétr theé speed-dependent internal

friction of the piston rod, caused variations in the applied force from onérarpe to the next.

Figure 4-9: Collection of data points showing Torqu e/Speed/Force

As described in the previous section, a straight line isdfitb the data points at each velocity
setting, which gives variation of motor torque versus applied otiege according to (4.14) for each
of the available velocity set points. Figure 4-10 shows adamples of these curve fittifgdhe
curve fitting results according to (4.15) and (4.19) are shown gar&i4-11 and Figure 4-12,
respectively. The estimated parameters are listed in Table 4-2.

Table 4-2: Identified parameters

Parameter Value Unit
T, 0.0146 N.m
C 7.34e-005| N.m.s/rad
r 0.38 s/rad
Co 1.54e-003 m
(o} 2.59e-005 m
C, -8.99e-008] m

! In these calculations, the effectffwas neglected since preliminary observations shdiat the slider

friction force is consistently less thaN,2which is less than 2% of the applied forRe,
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Figure 4-10: Sample measurement results. Variation of motor torque with applied axial load at constant
speeds. Dots: measurements, solid line: fitted line to the data points

Figure 4-11: Variation of o with motor angular velocity

Based on (4.11) and using valuesTgf, from Table 4-1 andl; from Table 4-2, the residual

friction of the lead screw support§, is found to be

T, » 001N.m

where based on the parameter values in Table 4-2 andX¢o¥» 0.27 was used.
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Figure 4-12: Variation of 1 with motor angular velocity

Also using (4.10) andC, from Table 4-1 andC from Table 4-2, the damping coefficient of the

end support is found to be
c» 4 10* N.ms/rad

This value is adjusted in Section 4.4, since the systenbditstgin simulations) depends heavily
on the damping of the lead screw, and in the experimental results, there twaslguof variability.

Using (4.20), (4.21), and (4.22) and their identified values in Table the?,three friction
parameters defined by (4.18) can be calculated. These valuesetten Table 4-3 and the resulting

velocity-dependent coefficient of friction is plotted in Figure 4-13.

Table 4-3: Numerical values of the identified param  eters

Parameter Value Unit
m 2.18e-1
m, 2.03e-2
m, -4.47e-4 s/rad
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Figure 4-13: Identified velocity dependent coeffici ent of friction

4.4 Step 2: Fine-tuning

The identification formulation in the Section 4.2 depends on the knowlefdthe sliding coefficient

of friction of the gearbox If,,; is given in Table 4-1) through the appearancexpf in (4.10),

(4.11), (4.20), (4.21), and (4.22). Uncertainty in the value of thianpeter, together with the
unknown nonlinearity of the coupling stiffness, necessitates laefustep of parameter identification
and fine-tuning.

The approach in Section 4.2 was based on steady state (no vibratiditjons. Accordingly, in
Section 4.3, tests were performed while keeping the angular velocity of thedeadhearly constant
under the action of a speed controller. In this section, resolts & series of tests on the system
without the controller (normal operating conditions) are usedine-tune the model through
identifying variations in damping, stiffness, and friction.

Figure 4-14 shows the changes in the vibration amplitude as thedpgial force and the input
angular velocity of lead screw is changed. Each point in €igufi4 represents the averaged
experimental values of amplitude of vibration over a 2 ms intemtgere a limit cycle was detected.
These results show that the amplitude of vibration inceeastlh gearbox output angular velocity.
Figure 4-15(a) shows a sample of the test results. In the-gfpsiew in Figure 4-15 (b), the stick-
slip rotational vibration of lead screw can be seen clearly.

Note that in the actual lead screw system, various p#&easne.g.lubrication, surface conditions,
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and load distribution on lead screw and nut threads) chanbe astttranslates along the lead screw.
This means that the estimated parameters obtained from theune@ents are effectively the

averaged values over the distance that the nut was set to #raafeg the lead screw in the tests.

Wg

Figure 4-14: Experimentally obtained variation of | imit cycle vibration amplitude with input angular
velocity (gearbox output) and axial force

(@) (b)

Sticking

N

Figure 4-15: a) A sample of test results showing st ick-slip in open-loop tests, b) zoomed view. Black:
lead screw angular velocity; grey: DC motor angular velocity

Consider the following cost function
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Y(k )_ =y \ i:l(d“” )
&S/ maxq" (i ))2 (miaxa

- %()f
\ 4.29
v (l))2 (4.29)

which calculates the weighted sum of squared differences betwmeasured (superscript) and

simulated (superscrig®) angular displacement",q°) and angular velocityq™ ,g%). The “~”
signifies that the mean value is removed. Als@ the number of data points included in the time
window during which the measured system trajectory follows a limitecycl

Additional parameters in the cost functidh in (4.29) are defined by the following modifications

to the velocity-dependent coefficient of friction defined by (3.10)
m= rme ™ +mld 1- €™ 4.30
Sp M +M, mq (4.30)

where 0.9 <5, < 1.1 is a scaling added to the identified friction to account for anyti@m&in I,

from one experiment to the next. In addition, the friction coefficiemsmoothed over near zero
relative velocities to facilitate numerical integration amgrove conformity of the simulation results
to the test data as the trajectories approach the zero sliding ywélogitdary.

Because of the high gear ratio of the worm gear, frictioliréed vibrations of the lead screw do
not cause considerable fluctuations in the angular velocitheofDC motor (See Figure 4-15, for
example). Hence, from this point on, in the numerical simulatiibris,assumed that the angular
velocity output of gearboxq;, is constant. The resulting simplified model is given in Section 3.5.

The parameters minimizing Eg. (4.30) are found for every incideheee a limit cycle is found in
the measured response (Figure 4-14) over a wide range of gearbox andplér velocities and
applied axial forces. In Figures 4-16 to 4-21, sample results arenghatvcompare measurements

with the simulation results obtained from the 2-DOF model ofi@e®.5 with the fine-tuned

parameters.
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Figure 4-16: Measurement vs. simulation example.
Inputs: R=1529(N),w, =35.6(rad/s) - Parameters: k =118 Nm/rad),c = 186" 10*(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation

Figure 4-17: Measurement vs. simulation example.
Inputs: R=2739(N),w, =34.3(rad/s) - Parameters: k =131Nm/rad),c = 337" 10 *(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation
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Figure 4-18: Measurement vs. simulation example.
Inputs:  R=3143(N),w, =403(rad/s) - Parameters: k =165 Nm/rad),c= 304" 10 *(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation

Figure 4-19: Measurement vs. simulation example.
Inputs: R=3275(N),w, =83.7(rad/s) - Parameters: k =175Nm/rad),c= 407" 10*(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation
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Figure 4-20: Measurement vs. simulation example.
Inputs: R=3308(N),w, =37.3(rad/s) - Parameters: k =188 Nm/rad),c =579 10 *(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation

Figure 4-21: Measurement vs. simulation example.
Inputs: R=3367(N),w; =27.9(rad/s) - Parameters: k =167(Nm/rad),c= 400" 10 *(Nms/rad)
a) phase plot, b) frequency response. Gray: measure  ments, black: simulation

These results show the effectiveness of the fine-tuningrsteatching the dynamical behavior of
the model with that of the real system.

In order to perform parameter studies through simulation, twedseribilinear fitting was
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performed for each of the four parameters in (4.29) with respetiiet gearbox output angular

velocity, Wy, and the applied axial forcR, Contour plots in Figures 4-22 to 4-25 show the results of

these fittings.

Figure 4-22: Variation of coupling stiffness, k, with gearbox output velocity and axial force

Figure 4-23: Variation of friction boundary effect, 1/r,, with gearbox output velocity and axial force
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Figure 4-24: Variation of lead screw support dampin g, ¢ (’ 10’3), with gearbox output velocity
and axial force

Figure 4-25: Variation of friction scaling, S, with gearbox output velocity and axial force

It is interesting to note that, as expected, coupling stiffnedesymainly with the axial force and

exhibits a “work-hardening” behavior. Also, the friction scal{rgy) was found to be very close to

one which shows that the initial estimate fgy; was quite accurate.
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4.5 Parameter Studies

Using the identified and fine-tuned model parameters, various penfice maps can be obtained to
study the effects of the variation of system parameters @nnitiation of limit cycles and the
amplitude of steady-state vibrations. The amplitude of vibrat®mkréctly related to the generated
audible noise from the system. In the following, the effeciamit angular velocity, damping of the

lead screw supports, and coupling stiffness are investigated.

4.5.1Effect of Input Angular Velocity

Figure 4-26 shows the contours of steady-state vibration amplitgscee$uaction of gearbox output
angular velocity and the applied axial force. It can be $e®n this figure that, beyond a certain
value of applied axial force, increasing the angular velocityeases the amplitude of vibration. This
finding is well correlated with the subjective tests ondhdible noise intensity levels from the lead

screw system and the experimental results in Figure 4-14

Figure 4-26: Contour plots of the steady state vibr  ation amplitude vs. applied axial force and gearbox
output speed

4.5.2Effect of Damping

To investigate the effect of damping on the threshold of irgie®i the above simulations were

repeated for three values of the constant damping coefficiguiieF4-27 shows the result of these
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simulations where a vibration amplitude of 0.@ddj has been taken as the approximate threshold of
stable/unstable regions. It can be seen that, by increasirtatiyging, instabilities occur at higher
levels of axial force. This phenomenon will be analyzed furtheChapter 5 using the eigenvalue

analysis method and the method of averaging.

Figure 4-27: Effect of lead screw rotational dampin g on the threshold of instabilities.
The thick black line corresponds to the instability threshold in Figure 4-26.

4 5.3Effect of Stiffness

The effect of the torsional stiffness of the coupling was atswsidered. Figure 4-28 shows the

variation of the vibration amplitude as a function of applie@laxirce and the torsional stiffness of

the coupling. This map was obtained from numerical simulations asgum = 40(rad/s). Similar

plots can be obtained for other preset angular velocities.

Figure 4-28 shows that if the applied force is below NQ®y either increasingr decreasing the
stiffness of the coupling from its current design value, rantali vibration leading to excessive noise
may be eliminated. Note that the horizontal axis is a scglarg@meter applied to the coupling
stiffness of the system. At higher axial loads, by usingestdbuplings — beyond 10 times the current
value — much lower vibration amplitudes are obtained. Howeveer atbésign requirements may
prevent the use of a high stiffness coupling in the systdns finding opens the door for two

possible design modifications, which can either eliminate the sstatly rotational vibrations or
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reduce its amplitude in such a way that no audible noise isednfibm the system. The former is
accomplished by incorporating a very soft flexible shaft &edldtter by replacing the flexible shaft
with a solid shaft, which guarantees high torsional stiffnEsperimental results showed that by
implementing each of the above solutions, in identical situstitve audible noise is eliminated from

the originally noisy system.

Figure 4-28: The effects of coupling stiffness and axial loading on the dynamic behavior of the lead
screw - Gearbox output angular velocity 40 (rad/s)

4.6 Conclusions

In this chapter, a two-step identification/fine-tuning approach is developstir@ge various friction

and damping parameters of the system. In the first step, tisingteady-sliding test results, the
velocity effects ite. damping and velocity-dependent parts of friction) were separatedtfre force

effects(i.e. coulomb coefficient of friction) and appropriate parameter®wstimated using the least
squares technique. Then, using the open-loop test results in wimithcycles were observed,

effective load-dependent torsional stiffness of the lead ssystem was estimated by minimizing a
cost function that quantified the difference between measurddcalculated displacements and
velocities. In this step, friction and damping parameters wke adjusted so that maximum
conformity between measurements and simulation results wasveathi€he presented numerical
simulations showed the accuracy of the identified mathematindé¢ihof the lead screw system under

a wide range axial loading and input speed settings.
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Parameter studies were performed to assess the effetéad screw rotational damping and
coupling torsional stiffness on the onset of instabilities. Sinaratesults showed that by increasing
the damping, instabilities occur at higher levels of appliedefoin addition, it was shown that the
torsional stiffness of the coupling could change the axial loading rangen@ent on the input speed)

where the system generates significant audible noise.
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Chapter 5
Negative Damping

The conversion of rotary to translational motion in a lead seystem occurs at the meshing lead
screw and nut threads. The contacting threads slide agauisto#izer creating a friction force
opposing the direction of motion. The friction-induced instability meisgmas in dynamical systems
were introduced in Chapter 2. In this chapter, the role of the velocity-depérickear coefficient on
the stability of lead screw systems is studied. As obsamddeported in numerous previous works
found in the literature, a decreasing coefficient of friction with regasliding velocity can effectively
act as a source aofegative dampingausing instabilities that lead to self-excited vibrdtion this
study, the 1-DOF model of Section 3.3 is used, which capturesd Hile essential features of the
system dynamics pertaining to the negative damping instability mechanism

The equation of motion of the 1-DOF lead screw model is pregémtSection 5.1. In Section 5.2,
eigenvalue analysis method is used to study the local statfilihe steady-sliding state and to drive
parametric conditions for the negative damping instability meshanThis study is expanded in
Section 5.3, using the method of first order averaging. A complete picttive stability properties of
the system is obtained in this section. The results fromuemging analysis can also be used to
predict the amplitude of vibrations when instability occurs nstudy the effect of various system
parameters on the steady state vibrations. This concept is ampant understanding the role of
friction-induced vibration on the generation of audible noise froead kcrew drive mechanism. A

summary of results and conclusions is given in Section 5.3.

5.1 Equation of Motion

To study the negative damping instability mechanism, the 1-DOF Inobdgection 3.3 is chosen.

! See Section 2.1.1.
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NeglectingF, and T, for simplicity, (3.13) becomes
Gg+kg+cq=Kkg, - xR (5.1)
where
G=1-r, tanlx m (5.2)

and X is given by (3.14). Also, the velocity-dependent coefficient of friction is defind@.09).

Let z=q- g, thenz=q- w and z=q wherew = dg, /dt is a constant representing the input

angular velocity. Substituting this change of variable into (5.1), gives

Cz+ z+kz=-cw- xR (5.3)

At steady-sliding we have =0,z =0, and z = z,. Substituting these values in (5.3) yields

- WHEXR (5.4)
k
where
and
my =m +me " +mjw (5.6)
The change of variabla = z- z, converts (5.3) to
Gu+au+ku=(x,- x)R (5.7)
Also, (3.10) becomes
m{u) = m +me ! +mu + (5.8)
Furthermore, the equation for the contact force, which was given by (3.&@)pified to
_ GR+m, tanl (ku+cu) (5.9)

(cosl +m,sinl )G
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where G, is found from (5.2) by replacing with X, and the abbreviation (3.15) is now written as

m(u,u) = m{u)sgr(N(u,u))sgr(u +w) (5.10)

5.2 Eigenvalue Analysis
The equations of motion in state-space form can be formulated by the folldveingecof variables
y,=U, Y,=u (5.11)
AssumingC1 0, (5.7) is represented by two first-order differential equations

Yi=Y
_ - ky- oy, - (x- xR (5.12)
Y, = G

The stability of the system’s fixed pointg. the origin) can be locally evaluated by calculating the

eigenvalues of the Jacobian matrix of (5.12). Rewriting (5.12Y asf (Y) whereY = [yl y2]T

andf = [fl(Y) fz(Y)]T , the Jacobian matrix is written as

aA=T (5.13)

Y Y=0

Assumingw andR to be away from zero, carrying out the differentiations yields

0o 1
A= _Kk _c+C Ggro (5.14)
G G
whereG, =1 - r_tanlx ;,m and
. r 1+ tan?l
c= m( )R| (5.15)

(1+m,sgr(Rw)tanl *
whered,, is the gradient of the coefficient of friction curve vs. relatiglgity and is given by
d_=-rme ™" +m, (5.16)
Note that C is the equivalent damping coefficient due to the velocitgeddent friction and
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becomes negative ., <0. The eigenvalues of the Jacobian matrix evaluated at thedoiatl(.e.
A) are given by

c+c 1 ~
e =-——+_—_[(c+&)?- 4k (5.17)
e = et ag) (c+¢) - 4G

When G, > 0*, the steady sliding fixed point becomes unstable if

c+E<0 (5.18)

The above instability threshold can be stated alternativetgrms of the applied axial forcg,

The system is unstable if

2
IR >- c(1+ m Sgr(R‘zN)tanl ) andd,, <0 (5.19)
rm(1+tan I )dm

Stable/unstable regions according to (5.19) for varying valfi®sand m, is shown schematically

in Figure 5-1.

Figure 5-1: Local stability of fixed points of the 1-DOF lead screw system.

! Violation of this inequality may also lead to iaisility. In Chapter 6, this type of instabilitydéscussed in
detail.
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Expectedly, when negative friction damping is preseh{<0), there is a limiting value of axial
force, beyond which the system becomes unstable. This limit piepedly increases by increasing
the damping in the lead screw supports. It is interesting tothatdéhese findings are in agreement
with the experimental results reported in Chapter 4.

5.2.1Numerical Examples

The parameter values used in the numerical examples preserdeatdgiven in Table 5-1. Most of

these values are taken from experimental study of Chapter 4 given in Tahhel 4-dlde 4-3.

Table 5-1: Parameter values used in the simulations

Parameter Value Parameter Value
d, 10.37mm m 0.218
I 5.57 m, 0.0203
| 312" 10°kg.nf n, - 447 10°* s/rad
k 1 N.m/rad o 0.38rad/s
c 20" 10°° Nms/rad R +100N
m 3.8kg W +40rad/s

For an axial force ofR=2100N and input angular velocity ofv =+40rad/s, the critical

damping coefficients¢ =, , according to (5.19) are found as
If sg(Rw) = +1 thenc,, » 225" 10™*

If sg(Rw)=-1 thenc, » 243 10°*

Figure 5-2 and Figure 5-3 show the system trajectorie€fKc, and C>c,, respectively. In

r?
each simulation the initial conditions wag = (O,- W). As expected, for the damping level below

(above) the critical value, the fixed point is unstable (stabighd unstable cases, system trajectories
are attracted to a limit cycle. Using the method of averagirtheimext section the periodic solutions
of the nonlinear equation of motion (limit cycles) are studied andathplitude of steady-state
vibrations are estimated.

It is interesting to note that results in Figure 5-2 show, timtases where force and angular
velocity have the same sign.g( force assisting the motion), the displacement amplitude is

considerably smaller than cases where the axial force réwstsation (e. Rw <0).
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Figure 5-2: system trajectories for c¢=2" 10™ < c4; unstable steady-sliding fixed point (0,0)

Figure 5-3: system trajectories for c¢c=3" 10" > c,; stable steady-sliding fixed point (0,0)

5.3 First-order Averaging

The eigenvalue analysis of the previous section does notl ramgainformation regarding the
behavior of the nonlinear system once instability occurs. eXigtence of periodic solutions (limit
cycles), region of attraction of the stable trivial solution, ancffexts of system parameters on these

features as well as the size of the limit cycles (annbditof steady-state vibrations) are important
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issues that are addressed in this section. The powerful methaderHging is the perturbation
technique utilized here to study the behavior of the 1-DOF |leadvsnodel as aveaklynonlinear
system For the lead screw equation of motion to be considered askdywemlinear system, the
friction and damping coefficients must be small. The relaswmaaliness requirement of these
parameters will be put into a more concrete setting later in thersecti

Before performing the averaging, (5.7) must be transformedatedard form[35]. To that end,
some simplifications are necessary. In the following sectifins, the equation of motion is
simplified and then converted into a non-dimensionalized form. Imétxe step, a small parameter,

€, is introduced and the new dimensionless parameters aretdarmach an approximate weakly

nonlinear equation of motion accurate up()(e).

5.3.1Assumptions

As mentioned earlier, the current study is only concerned withngiability caused by negative
damping. Thus, it is assumed tiat> 0 for all u.

From (5.10), it is easy to see that the equation of motion ofltb®©F lead screw has a

discontinuity wheneverq crosses zero. To deal with this situation, the coefficienfriction is

smoothed at zero relative velocitye( u+w = 0) according to

mu) = (n1 +me "+ mlu+ W|X1 e r1“‘+M) (5.20)

where 1, >0 is a relatively large number. Note that in Chapter 4, alainifiction-velocity

relationship was usédSubstituting (5.20) into (5.10) yields

m(u,u)= (m+me ™ +mu+wa- e )sgru+w)sgrN(uu)  5.21)

It must be noted that, although (5.21) is discontinuouksl @,u)=0, the differential equation of

the system, given by (5.7), is continuous, since in its original,fgiven by (3.11) and (3.12), only

the productntN appears.

From (5.9), we have

! Similar smoothed friction models were used by mthsee for example [34,82,83].
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sgnN =sgn i+ku+cu (5.22)
mr_ tanl

5.3.2Equation of Motion in Standard Form

The first step towards transforming the equation of motion to pepfform for averaging is to non-
dimensionalize the parameters. This is an important steggppoopriately “order” each parameter

according to its “size”. Expanding (5.7), yields

m, - tanl mu+outku=r m,sgr{Rw)- tanl _ m - tanl R (5.23)

| - r_tanl
1+m tanl 1+m,sgr(Rw)tanl 1+ m tanl

Introduce the dimensionless tinte= Wt , where

w=Jk/I (5.24)

The derivative with respect tas given as

d0) _yd0) (5.25)

Also, define non-dimensional parameters

m

m= rmzl—tanl (5.26)
__c
C=—— 5.27
T (5.27)
R:ﬁ%’“R,wl 0 (5.28)

Using these new parameters, (5.23) is transformed to

L. m- tanl mu@rEu¢+u:M mysgr(Rw)- tanl  m_- tanl R (529
1+m tanl W 1+msgrn(Rw)tanl 1+m tanl

where prime denotes derivate with respectt toNow that the equation of motion is in its non-
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dimensionalized form, based on physical insight, parameters anedrdsing the small positive

paramete€. The new parameters,

Mo

:_5' = 5.30

m tarl m tarl ( )

c=—°_ (5.31)
tarl

together withm and R are all assumed to b’.é(l) with respect tee wheree = tanl is taken as the

small parameter. Assuminw/W: re wherer is O(l) and scalingl as

u=erv (5.32)
gives

[1- X, (v,vée)mv & ecve+v = eR[X, (e)- X, (vee)] (5.33)

where

— Sgr(RW)no -1
X, (€)= 1+ sgr{Rw)m, (5.34)
_ (v, vie)-1

X, (v,v¢e) = 1+ Em(ved (5.35)

Also, the expression for thegnedvelocity-dependent coefficient of frictiom(v(, e), in terms

new dimensionless parameters, is

nl(v, v¢e) = (ﬁl + ﬁ.be- fol [ Wi vérw + ﬁEHV\Iivq;"' V\4X1' e rIHV\I‘va‘)

(5.36)
~ sgrwver w)sgn % - eX,(e)R+v+ecve
wherem =m/tanl ,i = 123. After rearranging, (5.33) becomes;
ve+v =ef (v,v(e) (5.37)
where,
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(v, ve) = - (1- ex,m) Y[ cver X+ R(X, - X,)| (5.38)
It is important to notice that, despite the presence ofvileestgn functionsif(e. Sgr(v(+1) and

sgn = - e m’;l

R+v+ecve ) in (5.38), f(v,v(,e) is bounded and Lipschitz continuous with
m 1l+em

respect to its arguments f()v,v(, e)T D’ [O, eo], and D is any compact subset & and e >0is
some constant. To show this, we only need to investi@éVeV(, e) at instances wher&(+1=0 and
N =0 (which is equivalent toR/m- eXO(e)R+v+ecv¢= 0). For the first case, notice that

m(v,- ].,e) =0 andm, is continuous av(= - 1, provided thatN * 0. Furthermore

= 00 = (i + i )rwsgr(N), N 2 0

i (v, ve.€) fim I (v,v€) (
v - 1* Mve v® - T ve

(v, v €) M (v,vie)

q =0 for all (V,V() in the domainD and
\

uniformly in €. Also, =0 and

N?1O.

For the second case, Id(v,v¢e)= R/m- eXO(e)R+v+ ecve. Substituting this relationship into
(5.38) givesf (v,v¢e) = - e{ df1- eX,(v,v¢e)m] * - (R/m+v)}. Since X,(v,v,€) is bounded and
continuous onD” [O,eo]- {v,v¢qd(v,v¢e)1 O}, and also sincel - eXl(v,V(, e)m is away from

zerd, f(v,v(,e) is continuous onD” [O,eo]. Also it is easy to see tkgfgi{)lg—f(v,v(te),
\

. qf Il . qf . qf . qf .
lim W(V v¢e),(!g(r)|+ T (v,v¢e), lim T (v,v¢e), (Ij!@rgﬁ(v,v(t’e), and lim E(V vée) exist and
are bounded, thus confirming the Lipschitz continuity of (5.38) with respétst arguments.

To transform (5.37) into the standard form, the following change of variabledis use
v=acoyg ,Vv(=-asinj (5.39)

This leads to

! This is the consequence of initial assumptibr0 (see section 5.3.1).
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al=-¢ef (acosj ,- asinj ,e)sinj (5.40)

je=1- gf(acosj - asinj ,e)cos (5.41)

Sincej ¢ is away from zerg dividing (5.40) by (5.41) yields

da_ f (acog ,- asinj ,€)sinj eqli 2.6) (5.42)
di 1- :f(acosj - asinj ,e)cos

5.3.3First Order Averaging

In this section, the averaging method ([35]) is applied to (5.42pbtain the first order averaged
equations, the right-hand side of (5.42) must be averaged over a peridd< 2p ) while keepinga

constartt This gives

e
a¢:2— o(j ,a0)dj
0 (5.43)
e . N
=-— f(acog ,-asinj 0)sinj dj
2p,
There are a few variations on the basic theorem for the peficediorder averaging [35,44, 84]. In
Appendix B, a slightly modified version of the theorem proven i igHpresented and proved which
establishes the error estimate of the averaged sysiet3),(with respect to the original differential

equation, (5.42). Substituting (5.39) into (5.38) and then substituting the res\(&.48) gives

! Note that the change of variable (5.39) is onlgveéd in situations where the RHS of (5.41) reméiosnded
asa approaches zero [84]. Here, this change of va&aid allowed whemR is away from zero, since after

expanding (5.38) using power series, we ge(acosj - asinj ,e):af~(a,j ,e) for some bounded function
f(aj) for 0£a<a, and for sufficiently small, <1 such thatN * 0.

2 For simplicity of notation, from this point on,ipre denotes differentiation with respeci to
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e
at=- > (casinzj +masinj cog +mRsinj )dj
0

(5.44)
e® . .
+2— (masmj cog + Rsinj )n’Ldj
0
After carrying out the integration of the first term, becomes
_ca. e® . . AR
alt=-e—+— (masmj cog + Rsinj )mS(J ,a)dj (5.45)
2 2p,
where
ITL(J ,a):(ﬁl‘FﬁEé ro|w- [wiasinj | +ﬁg‘W' |V\43.Sinj ‘Xl' e rl‘w—\w‘asinj‘)
(5.46)

’ sgr(w- wasinj )sgn %+acosj

The averaged differential equation given by (5.45) is too coatplic to be approached

analytically. Limiting our study to the situations whaxe> 0 and also wherd? >0 is large enough

such thatN remains positive over the domain of interagt,simplifies to

m(j.a)= (r“q+r“nze' i asi| 1 fwfL- asinj |)(1 g it aSinj‘)sgr(l- asinj )  (5.47)
Substituting (5.47) into (5.45) and simplifying yields

2p
ca e . : i
at=-e—+—R sin ,ald 5.48

2 "2 JnL(J )J (5.48)

0

In addition to the assumption dfl >0, if the maximum amplitude is limited to le. O£ a£1,

(5.47) further simplifies to
m( ,a)=(m +me™=" - masinj J1- r,e" ) (5.49)
wherer, =€ " and also

m =M +mw (5.50)

m, =me " (5.512)



m, = mw (5.52)

Substituting (5.49) into (5.48) and simplifying gives

2p . 2p B
at=- ew+ € mR sinj glowasinj dj - e r,mR sinj grvasi d
2 2p 0 2p o
(5.53)
e * 2 inj e 2p ( ) L
+ r aR S|n . erlwasm] d - R S|n ero+|r1 wasinj d
2p er!s . J J 2p Zn.b i J J

Carrying out the rest of the integrations, one finds

c+mR
2”& a+emRL ,(rwa)- er,mRL ,(rwa) (5.54)

+ erzr@aRl— 2,0 (rlwa) - enm RL 10 ((ro + rl)Wa)

at=-e

where

2
L..(2) =1 “sinf cognf e df (5.55)
n,m 2p .

General formulae for (5.55) are derived in Appendix C. For the integrédso4), one finds
¥

n 2n-1

L 1,0(2) = :lng(n!)zz

(5.56)

L 2,0(2): ' —(ZI’]- 1)n z%"2

5.57
- 22n—1(n!)2 ( )

In the next section, steady state solutions of (5.54) are stitdiedst be noted that, in cases where

stable (unstable) non-trivial solutions exist ameF @ £1, the above averaging process guarantees

that the original system, (5.29), has stable (unstable) liyjeiedn an O(e) neighborhood of the

circler = Wa*/W, with a periodO(e) to 2p for sufficiently smalle > 0[84].

5.3.4Steady State Solutions

Substituting (5.56) and (5.57) into (5.54) and rearranging
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(5.58)

1

+eR - ( ')2 (I’erg (2n B 1)r12n_ “+ rrbwrozn_l B rzmwrlzn_l B rz”EW(ro + rl)2n-1)a2n.
nl
It is obvious thata =0 is the trivial solution. To determine its stabilitga¢/da is derived and

evaluated & =0. From (5.58)

dac
dd

_e

- E ) (C + ”ER)"' R(rzrrg +IMPWI, - F,MWI, - rz”EW(ro + rl))] (5.59)

a=0

From (5.59), one can find a parametric condition for the stabilityheftrivial solution i(e.

(
924 < 0), which is found to be

a=0

c> R((rz - 1)% + MW, - LMW, - rzmzw(ro + rl)) (5.60)
By substituting the original system parameters, (5.60) is simplified to

c>c, =- rmRﬂ—j (5.61)
ﬂu u=0

It is interesting to note that, (5.61) is accurate()(ez) when compared to what was found from

linear eigenvalue analysis ((5.15) and (5.16)):

1+ tar? | ‘ﬂm|

c>-r.R
(1+m tanl )? ﬂyZ‘yfo

m

,R>0,w>0 (5.62)

Unfortunately, the other possible solutiong.(stable or unstable limit cycles) can only be found
numerically due to the complexity of the averaged equations. Honswae important insights can
be gained be examining (5.58). In Appendix D, it is shown that, dependimg eydtem parameters
one of the following three cases defines the dynamic behavior of the edesysiem:

1. The trivial solution is stable and no other solution exists.
2. The trivial solution is stable and is surrounded by an unstable limit cyicleh wefines the
region of attraction of the trivial solution. The unstable linyitle is inside a stable limit

cycle.
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3. The trivial solution is unstable and is surrounded by a stable limit.cycle

Two natural extensions of the averaging results of this sectmrinaluded as appendices. In
Appendix E, the possibility of using higher-order averaging to imptieeaccuracy of the predicted
vibration amplitudes of the 1-DOF is shown. The method of first-aagleraging is applied to a 2-
DOF model of Section 3.6 in Appendix F.

5.3.5Numerical Simulation Results

In this section, a few numerical examples are presented. $e theamples the system’s parameter
values, unless otherwise specified, are those listed in Tablé-&-2he parameter values and the
initial conditions selected, all simulation results satigfy - 1 and N >0 conditions. As a result,

the simplified averaged system equation given by (5.53) or (5.583eid. Computationally, it is
much more efficient to use (5.53) instead of the infinite sum of (5.58).

Table 5-2: Parameter values used in the simulations

Parameter Value Parameter Value
d, 10.37mm m 0.218
| 557 m 0.0203
| 312" 10°°kg.nf n, - 447 10* s/rad
k 1 N.m/rad ry 0.38rad/s
c 20" 10 Nms/rad r 2rad/s
m 1kg W 40rad/s
R 100N

Figure 5-4 and Figure 5-5 show comparisons between numericalaiiegof the approximate
(truncated) equation of motion given by

ve+v =ef (v,v(0) (5.63)
and the fixed points of the averaged amplitude equation, (5.53), fovales of lead screw
damping; c=2" 10" <c, and c=3 10 >c,, respectively. Note that in these figures, both

amplitudes are scaled /W to reflect the physical system’s vibration levels.

Results show very accurate prediction of the steady-atapditude of vibration by the first order

averaging method. However, when compared with the original (untrupedgedtion of motion,
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(5.37), the averaging results have some differences as showguire B-6 and Figure 5-7. This
deviation is caused by the effects of the higher order temiged from the first order averaging
process. It must be noted that, the steady-sliding amplitudésrafion in Figure 5-6 and Figure 5-7

are predicted very accurately by the averaged equation for the paramiees given in Table 5-2.

“a (rad)

/

u,

Figure 5-4: First order averaging results. c=2 ~ 10*
Grey: truncated equation of motion; Black: amplitud e of vibration from first order averaging

“a (rad)

/

u,

Figure 5-5: First order averaging results. c=3 ~ 10*
Grey: truncated equation of motion; Black: amplitud e of vibration from first order averaging
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“a (rad)

/

u,

Figure 5-6: First order averaging results. c=2 ~ 10*
Grey: original equation of motion; Black: amplitude of vibration from first order averaging

“a (rad)

/

u,

Figure 5-7: First order averaging results. c=3 ~ 10*
Grey: original equation of motion; Black: amplitude of vibration from first order averaging

Figure 5-8 shows the bifurcation diagram of the amplitude equatid8)(5vhere the damping
coefficient,c, is taken as the control parameter. The trivial solufientbe fixed point of the original

system) undergoes a subcritical pitch-fork  bifurcation [36] aipproximately
Cc, = 232 10*N.ms/rad. It can be shown that this bifurcation corresponds to a Hopf bifomnca

of the original system [36]. The unstable branch, shown by theddintie, determines the domain of
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attraction of the trivial or steady-sliding fixed point.

Figure 5-8: Bifurcation diagram of the averaged amp  litude equation.
“~" Stable; “— —" Unstable

The limiting valuesc, and ¢, in Figure 5-8 correspond to the limits discussed in Appendix D,
Section D.3.
Figure 5-9 and Figure 5-10 show the effect of Stribeck frictioy) (and linear negative friction

(m,) parameters on the amplitude bifurcation diagram, resgdgtivn these figure, bifurcation plots
are drawn with respect to the applied axial foReas the control parameter. As showm, controls
the domain of attraction of the stable trivial solution withgighificant change to the limiting value
of R. The reason for this is that the tempe” " is negligible for the considered valuesrgfand w
(see (5.60)). Howevemn, directly controls the threshold of instability of the trivaal steady-state

solution.

Further examples and discussions are presented in Appendix D.
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Figure 5-9: Effect of Stribeck friction on bifurcat ion

Figure 5-10: Effect of negative damping on bifurcat  ion.

5.4 Conclusions

In this chapter, using the 1-DOF model of a lead screw drivelojead in Section 3.3, the instability
caused by the negative gradient of the friction coefficiith respect to velocity was studied. The
local stability of the steady-sliding fixed point of the systawvas studied by examining the
eigenvalues of the Jacobian of the linearized system. Isih@sn that the steady-sliding fixed point

of the system loses stability if the condition given by either (5.18) or)(& Fatisfied.
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The eigenvalue analysis result was extended by the applicdtibe method of averaging. It was
shown (see Appendix D) that depending on the system parameters, éoiothiag cases define the
dynamic behavior of the system:

1. The trivial solution is stable and no other solution exists.

2. The trivial solution is stable and is surrounded by an unstabiedycle that defines the
region of attraction of the trivial solution. The unstable linyitle is inside a stable limit
cycle. The presence of Stribeck effect is a necessary condition stémario.

3. The trivial solution is unstable and is surrounded by a stable limit.cycle

The numerical simulation results presented, also showed theadgliycof the averaging results
in approximating the amplitude of periodic vibrations. The amurof the approximations — as

presented in Appendix E — can be improved by using higher order averaging.
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Chapter 6
Kinematic Constraint and Mode Coupling

Instability Mechanisms

In Chapter 2, three friction-induced instability mechanisms went@duced. Negative damping
instability was studied in the previous chapter. In this chaphter two remaining instability
mechanismsg,e. “kinematic constraint” and “mode coupling”, are studied. In cahti@the negative
damping instability, these two mechanisms can affect a system even whegfflueat of friction is
constant. The mode coupling instability mechanism is exclusive to moFi$ystems.

In Section 6.1, the kinematic constraint instability mechanisstudied using the basic 1-DOF
lead screw model of Section 3.3. Mode coupling instability is siuidieSections 6.2 and 6.3 using
the 2-DOF models of Section 3.5 and Section 3.6, respectively. In sketiens, the kinematic
constraint instability is also studied. Mode coupling in the 3-DOF nufd&éction 3.7 is discussed in
Section 6.4. In each section, numerical examples are given to desw®nise findings. Conclusions

drawn in this chapter are reviewed in Section 6.5.

6.1 Kinematic Constraint Instability in 1-DOF Lead Screw Model

To study the kinematic constraint instability, the same FMdel used in the previous chapter is

considered here. For simplicity, a constant coefficient ofidncts assumed.e. m=m, =m). The

eigenvalues of the Jacobian matrix given by (5.17) are simplified to
\C* - 4kG (6.1)

From (6.1), it is evident that regardless of the linear dampirfg(@), divergence instability occurs

e.l. e2 :_i+i
26 2g)
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whenever G <0. In terms of systems’ parameters, the fixed point is unstaiblenever the

following inequalities hold simultaneously:

1) m> tanl
1) Rw>0 (6.2)
) G-=I-r,tanlx ;m<0

The first condition in (6.2) is the “self-locking” condition in tkacrew drives [5,67]. The second
condition states that instability can only occur if the axiaté (load) is applied in the direction of
motion (assisting) The third condition establishes a limiting ratio between lgcrew inertia and the

translating mags

6.1.1A Note Regarding the Solution of the Equation of Mboon

Before presenting a numerical example, it is worthwhileudysthe unstable behavior of the system
when conditions (6.2) are fulfilled. Settirfg, and T, to zero for simplicity, the contact force given
by (3.16) becomes

| - mr_ tanlx ,)R+mr, tanl (ku+ cu)
(cos +msinl )(I - mr, tanix )

N = ( (6.3)
where the change of variables (5.11) was used. Limiting our stualgdse wher& >0 andw >0,

(5.5) simplifies to

n, - tanl

=T, (6.4)
1+m, tanl

Xo

Also, in the case of a constant coefficient of friction withhkw >0, X given by (3.14) reduces to

n,sgn(N)- tanl
1+my(N)tanl

(6.5)

m

It can be seen that, under the kinematic constraint instability corglitfon

! See Section 6.1.3 below for further discussions.
2 This relationship holds for other system configiaras (See Section 3.3) whdrandm designate the inertia of

the rotating parts and translating parts of thd Eaew drive, respectively.
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mr_tanl (ku+cu)>- (I - mr tanix ,)R (6.6)

then (6.3) has no squtio;nszettingsgr(N) =1 in the RHS of (6.3) results in a negative contact force,
and settingsgr(N):- 1 results in a positive contact force. If such a situation happkirther

motion is impossible and the lead screw is to be consideréidnsty (.e. u+w=0). The
instantaneous lead screw seizure is accompanied by an infinite inikaelaermal force.

On the other hand, if under the same conditions as above
mr_tanl (ku+cu)<- (I - mr, tanlx ;)R (6.7)

then (6.3) has two distinct solutions:

_ (1 - mr tanlx ,)R+mr, tanl (ku+ cu)

= , N>0 6.8
(cos +msinl )(I - mr, tanix ,) (6.8)
and
- + +
N = (I - mr_ tanix 'O)R mr, tanl (ku cu)’ N <0 (6.9)
(cosl +msinl )(I - mr_ tanix _)
- +
wherex, =X, = rmM andx. =- rmw.
1+m tanl 1- mytanl

These two solutions in turn lead to two different possible solutionbdéogdquation of motion given

in state-space form by (5.12). One finds

- (ku+ ) andN <0® u=— (ku+ )
| - mr tanlx , I - mr tanlx

N>0® u=

(6.10)

Dupont [41] has studied the problem of existence and unigueness ifortterd dynamics
equations of frictional systems and reported similar results for a lead. $Epossible way to resolve
this problem is to give the contacting bodies flexibility [85, 86].sTihidone in the model presented
in Section 3.5, where nut and lead screw threads can deform. In theiaairagample presented

next, both rigid and flexible models are used to simulate the “spgdssihavior of the lead screw.

6.1.2Examples

The parameters values used in the numerical simulations afeittion are listed in Table 6-1. First,
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notice that the self-locking condition is satisfied for the el value of the constant coefficient of
friction (i.e. m= 0.218> tan(557°) = 0.0975).

Table 6-1: Parameter values used in the simulations

Parameter Value Parameter Value
d, 10.37mm C 20" 10° Nms/rad
| 557 R 100N
| 312 10°kg.nf n 0.218
k 1 N.m/rad W 40rad/s

Using (6.2), the critical translating mass is found tonfpe» 10.10(kg). Figure 6-1 shows the

evolution of the real and imaginary parts of the two eigenvajinen by (6.1) as the translating

mass,m, is varied. Fom>m,, the system loses stability due to divergence.

Figure 6-1: Evolution of the eigenvalues as the tra  nslating mass, m, is varied.

Figure 6-2(a) and Figure 6-2(b) show the phase plane plots of the 1¥d@& for m=10(kg)
and m=11(kg), respectively. It can be seen that, by crossing the kinematability threshold, the

system becomes unstable. This instability is characterizedvigient motion accompanied by very
high decelerations and contact forces.
To see what happens during the “sprag” phase, the same systemefmas are used in the

numerical simulation of the 2-DOF model of Section 3.5. In thisngka, very high contact stiffness
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and damping values are selectégd;= C, =10°. The Y, - Y, projection of the trajectories shown in

Figure 6-3(a) is almost indistinguishable from the 1-DOF systajactories plotted in Figure 6-2(b).
The impulse-like peaks in the contact force as the sygtera through the “sprag” phase is shown in
Figure 6-3(b). For the selected values of the contact stiffaed damping, this force peaks to about
320kN.

Figure 6-2: System trajectories for constant .(@m=10<my (b)m=11>m,

Figure 6-3: Instability caused by kinematic constra int - 2DOF model with very high contact stiffnressa  nd
damping. (a) phase-plane, (b) contact normal force

As mentioned earlier, damping does not affect the stabilitthef 1-DOF model when the

kinematic constraint instability mechanism is active. H@vedamping has a considerable effect on
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the behavior of the nonlinear system. Figure 6-4 shows phaseoplitits 1-DOF model with three

levels of lead screw support damping.

Figure 6-4: Effect of damping on the unstable syste m

For each of these three simulation results, the N(el,u) =0 is also drawn. In agreement with
the discussions of Section 6.1.1, the onset of lead screw seizilre pint where the trajectory
reaches this line. Note that from (6.3), the INéu,u) =0 is given by

| - mr, tanlx ,

u=- Eu - R (6.11)
Cc mr tanl

As damping is increased, the amplitude of vibrations is sligetlyced. As shown in Figure 6-5,
increasing damping increases the mean deflection of couplingemiemhich increases the mean
thread normal force.

The results presented in Figure 6-3 were obtained using a 2#W®kery high contact stiffness

and damping. As shown in Figure 6-6, by decreasing the contact pararpet k, and c_) the

trajectories become smoother and the deflection of the couglérgent ie. torsional springk)
becomes positive during the sprag phase. In the next section, biligystd this 2-DOF model is

studied in detail.
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Figure 6-5: Effects of damping on the steady-state vibration of the lead screw system
under kinematic constraint instability

Figure 6-6: Effect contact parameters on the respon  se of the system under kinematic constraint
instability

6.1.3Region of Attraction of the Stable Steady-sliding Fxed Point

The linear eigenvalue analysis of Section 6.1 showed that wheonléions given by (6.2) amot
satisfied andc > 0, the trivial fixed point of the system is asymptotically Eablowever, there can
be situations where the region of attraction of the stalkedfipoint is quite small, leading to

instabilities even when (6.2) does not hold.
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Consider the case whengy, >tanl , R<0, andw> 0. It is obvious that only the first condition
of (6.2) is satisfied and hence the steady-sliding fixed pointtables Further, assume that

2
m

| Mo~ tanl
1+m, tanl

| - r “tan m<O0 (this is the third condition of (6.2) iR>0). First, notice that for

any initial condition such thaN(u(O),u(O))> 0, no motion is possible and velocity instantaneously
resets to zeroi.g. u(O*): - W). This behavior conforms to the same argument as in Section 6.1.1,
when no solution exists.€. settingsgr(N) =1in (6.3) results in a negative contact force and setting
Sgr(N)= -1 yields a positive contact force). At this poimne( (u(O),-W)), if N is negative, the

system’s trajectory follows a path below the= - w line (.e. reversed rotation of the lead screw) and

reaches the N=0 line again. This cycle continues until the  point

) (I - mr tanix O)RJrC\_N

,-W , where theN =0 line intersects the horizontal =-w line.
kmr, tanl k

Also note that initial motion from conditions WheNa(u(O),u(O)) <0 and u(O) <-W is not possible
(this also follows a similar argument as Section 6.1.1), andytbem’s trajectory instantaneously
transfers to(u(O),- W) from which the motion continues towards to origin.

The solutions that start from initial conditions, satisfyiht(u(O),u(O))< 0 and u(0)3 -W are

attracted towards the origin and, if they do not touchNhe O line, reach it asymptotically. Because

of the assumption of constant coefficient of friction, (5.7) is simplifiedithese solutions satisfy

Gu+au+ku=0 (6.12)

If any of these trajectories reach thid =0 line say att=t, then the motion stops

instantaneously and starts from the res(uzéltl),- W). This pattern continues and may even result in a

limit cycle at steady state. Otherwise, the solution reachesitiie asymptotically.

Figure 6-7(a) shows two trajectories starting well awaynfthe equilibrium point folR = - 50N
and c=10°%Nms/ . Other system parameters are taken from Table 6-1. Althoajgictories cross

the N =0 line, the origin is stable. In Figure 6-7(b), the applied axiatefois increased to
R=-10N while the other parameters are unchanged. In this caseystemstrajectories are

attracted to a limit cycle.
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Figure 6-7: System trajectories for =40 (rad/s). (a) R=-50 (N); (b) R=-10 (N)

From the above discussions, one can conclude that,Rf is large enough such that every

(1 - mr, tanix )R  ow
kmr, tanl

trajectory starting from(uo,- W) where U, £ - asymptotically reach the

origin, the steady-sliding fixed point is globally stable. Othse, the region of attraction is only a

subset ofA 2.

6.2 Stability Analysis of the 2-DOF Lead Screw Model wh

Compliant Threads

In this section, the 2-DOF model of Section 3.5 with constant cm@ffiof friction is considered. In
what follows, first, the equations of motion of the systemsarglified and the steady-sliding fixed
point is transferred to the origin by introducing a suitable change of varidbles, the local stability
of the steady-sliding fixed point is studied by evaluating theneaaes of the Jacobian matrix of the
linearized system. In Section 6.2.1, the case of an undampethsgsémalyzed and necessary and
sufficient conditions for instability are derived. The caseaafamped system, which is somewhat
more complicated, is treated in Section 6.2.2. The analyses preseviddve both analytical and
numerical approaches.

The equations of motion given are given by (3.25) and (3.26)
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lg=k(q - q)- cq+r_k.(xcos - r _gsinl )(sinl - m codl )

6.13
+rmcc(xcosl - r.gsinl )(sinl - mcosl ) (643

mx = - k_(xcod - r_gsinl )(cos +msinl )
_ . (6.14)
- cc(xcosl - rgsinl )(cosl +m,sinl )+R

where m, is defined by (3.15). Also, here, and T, are neglected for simplicity. To simplify the

subsequent analysis, the steady-sliding fixed point of thersyst&ansferred to the origin. Towards
that end, let

U =0- ¢

(6.15)
u, = X- rtanlq

Substituting (6.15) into (6.13) and (6.14) and settipg- U, =u, =u, =0 yields u, =u,, and

u, =U,, where

2R (6.16)

1 R
"0 7 oo 1+m, sgr(Rw)tanl

+r tanl u, (6.17)

whereX, is given by (5.5). To transfer the fixed point to the origin, let

Y1 =0d- U,- G
_ X-Uy (6.18)
Y2 r tanl 4

Substituting (6.18) into (6.13) and (6.14) and rearranging yields

My +Cy +Ky =f(y,y) (6.19)

wherey =[y, y,]" and

(6.20)
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_ k+I2C - m)sgr(Rw)cotI 126 - 120 +m)sgr(Rw)cotI 126
K=" . A . (6.21)
- k. - m)sgr(Rw)tanl K. kc+rn)sgr(Rw)tanI k.

_ c+6, - msgr{Rw)cotl & - & +m sgr{Rw)cotl &,

- ¢, - msgn(Rw)tanl & & +m,sgn(Rw)tanl &, (6.22)
~ ~ A R -\ cotl
£(y,y) = (msor(Rw)- msgr(N(y, WKy, - ki + 6.y, - &3+ R) o 62
whereN is given by (3.24) and

k. =r ?sinl k, (6.24)
& =r *sin’l ¢, (6.25)
m=r_“tar’l m (6.26)

A r_tanl
R= o 6.27
1+m, sgr(Rw)tanl (6.27)

Note that for a constant coefficient of frictiomg m, ), the nonlinear force vector given by (6.23)

is non-zero only when the response trajectory reaches theshidkceundary ¢, = 0) or when the
contact force changes sign. Setting the force vector to gies the linearized version of the
equations of motion for the case of constant coefficient of friction. @ds fi

My +Cy+Ky =0 (6.28)

From (6.21) and (6.22), the role of friction in breaking the symnudttige stiffness matrix and the

damping matrix is evident. Because of this effect, eitheranying the constant coefficient of friction

(m), the coupling torsional stiffnesk §, or the contact stiffnesk(), the linearized system (6.28)

can have identical undamped natural frequencies, which definemnsia¢ of the flutter instability
[43].
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6.2.1Undamped System

The natural frequencies of the undamped system are the roots of the follquatipe
detK - w’M)=0 (6.29)
which is a quadratic equation W . Expanding (6.29) yields
aw'+aw +a, =0 (6.30)
where
a, =ml
a, =k cotl (msgn(Rw)- tanl )- kI (1+msgn(Rw)tanl )- ki (6.31)
a, = kk_(1+msgn(Rw)tanl )

Sincea, >0 and a, > 0*, instability occursi(e. natural frequencies become complex numbers)
whenever
a, >0 (6.32)
or
a,’ - 4a,a, <0 (6.33)
Instability condition given by (6.32) can be rearranged as
a, =- (L+msgr{Rw)tanl )k (I - x,r,, tanl m)- k>0 (6.34)

where X, is given by (5.5) and also (6.26) was used. ObviouslyGif | - X,r,tanl m>0,
inequality (6.34) cannot be satisfied. On the other hanSgi(va)=1 and r >tanl then for

suitable values of system parameters, the inequ@jjty O is satisfied. In this case, the system is

unstable if

! In this work, it is assumed that the conditiorgot always holds. Violation of this condition wouldyére a
very high coefficient of friction in a lead screvitiva helix angle greater than%5vhich is not encountered in

any practical situation [4].
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cog | (1+mtanl ) x,r,, tanl - L >kL (6.35)
m

C

where (6.24) and (6.26) were used. It is interesting to note Hbahecessary (but not sufficient)
condition for instability to occur according to (6.35) is the saméhe kinematic constrain instability
conditions derived in the previous section for the 1-DOF model. Hesetype of instability is called

the “secondary kinematic constraint” instability mechanisndiginguish it from the case of the

previous section, wheresgr(va):L n>tanl , and G <0 were sufficient conditions for
instability.

Moreover, sincen, = 0 satisfies (6.33), the boundary that is definedayy= O is inside the region
defined by (6.33). Ak, ® ¥, the undamped 2-DOF model reduces to the 1-DOF model of the

previous section and (6.35) becomes the same as the condition foraimatic constraint instability
of the 1-DOF model.

The second instability condition, given by (6.33), represents the noegédirg (flutter) instability.
The equation for the flutter instability boundarye (coalescence of the two real natural frequencies)
is found by replacing the less-than sign with the equal si¢6.88). After some manipulations, one
finds

bk +b,kk +bk? =0 (6.36)
where

b, =[m(1- megr(Rw)cotl )+ I (1+msgr{Rw)tan! )]’
b, = 2m[M(1- msgn(Rw)cotl )- 1 (1+msgn(Rw)tanl )] (6.37)

— A2
b,=m

This equation is quadratic ik and 120 and can be solved to find parametric relationships for the
onset of the flutter instability. The conditions for the solwitmbe real positive numbers are (either

for kK as a function ofzc or vise versa)
b’ - 4bb, % 0 (6.38)

b, <0 (6.39)
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Inequality (6.38) can be expressed as
16°1 (1- msgr(Rw)cotl )1+ msgr(Rw)tanl )£ 0 (6.40)
which holds if and only i, > 0. This in turn requires that
m3tanl U Rw>0 (6.41)
The second inequality (6.39) can be expressed as
(1+msgr(Rw)tanl )(I +r_ tanlx ,m)>0 (6.42)

which is satisfied foix, > 0.

Hence, for the undamped system, mode coupling can only happen inftloelsey lead screw

drives whereRw > 0 (i.e. where the applied force is in the direction of the translation).

6.2.1.1Numerical Examples and Discussion

Figure 6-8 shows the stability region of the 2-DOF model (6.29) fop#inameters values in Table
6-1 andm=5. Note thatG, (@ >0 for O£ n £ 0.3. As a result, stability is not affected by (6.32).

The hatched region corresponds to the parameter range, wheteothgatural frequencies are

complex and the system is unstable. The boundary of this regtbe #utter instability boundary

defined byw, =w, .
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Figure 6-8: Stability of the 2-DOF system as contac t stiffness and coefficient of friction are varied.
m =5and R >0. Hatched region: unstable.

It is interesting to note that the flutter boundary is tangent tarthdanl line (atk_ » 1.7° 10°).

As predicted in the above, the instability region lies entioelyhe right of this line. Figure 6-9 shows
the variation of the real and imaginary parts of the eigensabfethe undamped system for

n=02>tanl . It can be seen that flutter instability occurs as ¥ natural frequencies merge.

Further increase of the contact stiffness uncouples the two modes atability & restored.

Figure 6-9: Variation of the real and imaginary par  ts of the eigenvalues
as the contact stiffness is varied. m¥ 0.2, m=5.
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For larger values of the translating mass, inequality (6.32) can also become active in the
considered ranges of parameters, thus creating a mixed situdtene Wwoth mode coupling and
secondary kinematic constraint instability mechanisms infleethe stability of the system. An

example of this situation is given by the stability map ofuFég6-10. The translating mass is

increased tom=15kg, resulting inG, vanishing atir » 0.178. The hatched regions in this figure

show parameter ranges where these two mechanisms are active.

Consider the variation of the system parameterand k, along the dashed line in Figure 6-10. In
the stable region, the two frequencies are distinct real numftettse flutter instability boundary, the

two frequencies mergee. WLZ2 =a,a>0. By further increasing the parameters, the frequencies
become complex-valuedi.e. WLZ2 =azib,a,b>0. At the secondary kinematic constraint

instability boundary the real part (lezz vanishes,.e. WLZ2 =ib,b>0. If the parameters are
increased even further, the real part of the squared frequebeesmes negativej.e.

WL22 =-azib,a,b>0. At the second boundary of flutter instability, the squared frejeermre

identical and purely imaginarige. WL22 =-a,a>0. Beyond this threshold, squared frequencies are

different but remain purely imaginary.

Figure 6-10: Stability of the 2-DOF system as conta  ct stiffness and coefficient of friction are varied , when
m=15and R >0. The hatched area: mode coupling instability region;
the  hatched area: secondary kinematic constraint insta bility region.
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The variation of the real and imaginary parts of eigenvaliies natural frequencies) for

n=0.218>0.178 ask, is varied is plotted in Figure 6-11. Mode coupling instabilityurs@t the
flutter boundary: k, = 965 10°. It is interesting to note that, due to the secondary kinematic

constraint instability, the systems remains unstable even Whélarge enough that the two modes

decouple.

(@) (b)

Figure 6-11: Variation of the real part () and ima  ginary part (b) of the eigenvalues
as the contact stiffness is varied.  m¥ 0.218, m = 15.

6.2.2Damped System
The eigenvalues of the damped 2-DOF systémi(=1 4) are the solutions of the fourth-order
equation

deth®M +hC+K)=0 (6.43)

Assuming all of the system parameters to be non-negativeabiitg conditions based on the

Routh-Hurwitz criterion are found as

D,=¢.D,+cm>0 (6.44)
D, =k_D, +ki+ o&, (1+nmsgn(Rw)tanl ) >0 (6.45)
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D,D, - (dEC + éck)(1+ msgr{Rw)tanl )>0 (6.46)

{D2D3 - il (dzc + éck)(1+ msgr{Rw)tanl )}(dzC + éck)- k.D,” >0 (6.47)
where
D, = I (1+msgn(Rw)tanl )+ m(1- msgr{Rw)cotl ) (6.48)
These inequalities are too complicated to be useful in estalglistosed-form parametric stability

boundaries. However, some important special cases can be proven, whistediseke.

Special Case No. Trhe system’s fixed point istablewhen the force is applied opposite to

the nut translation directione. Rw<0.

Special Case No. ZThe system’s fixed point istable when the force is applied in the

direction of the nut translation and the lead screw drive is tfelosking, i.e. Rw >0 and

nm<tanl .

It is clear that self-locking, as well as applicationhs toad onto the nut in the direction of travel,

are the two necessary (but not sufficient) conditions for thabitisy to occur.

Special Case No. 3fhe system’s fixed point isnstablewhen Rw >0, n>tanl , and

c,=0Uc!? 0.

Special Case No. 4fhe system’s fixed point isnstablewhen Rw >0, n>tanl , and

c, 1 0Uc=0.

The presence of damping only in the rotational DO#: lead screw support damping),or in the
translating DOFi(e. contact dampings.) destabilizes the system. Similar qualitative observatoas

found in the literature involving simple systems (see for exar8gl®0]).

Special Case No. For very large contact stiffness and damping. Kk.,C, ® ¥ ), the
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system’s fixed point istableif D, >0 andunstableif D, <O which agrees with the

conditions for the kinematic constrain instability of the 1-D@édel in Section 6.1 since

sgnD, =sgnG,.

6.2.2.1Numerical Examples and Discussions

In Figure 6-12, the two damping coefficients are chosee as10’ and c=2"10"°. The other

system parameters are selected as beforenard. It can be seen that the addition of damping,

contrary to common experiences, has reduced the stability region.

Figure 6-12: Regions of stability of the 2-DOF mode | with damping.
Black: stable, white: unstable. R >0, m=5, c.=10% and c=4" 10",

Variation of the eigenvalues for this case are plottedgare 6-13 forn = 015. The coalescence
of the natural frequencies can be seen in this figure. It bwistoted that, due to the presence of
damping, the two frequencies do not match exjctgd the instability region does not necessarily

correspond to the range where they are close.

! Matching of the frequency of the two coupled moidesxact for the special case of proportional damgsee

for example [90]).
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Figure 6-13: Variation of the real part of the eige  nvalues (a) and the natural frequencies (b),
as the contact stiffness is varied.  m¥ 0.15, m = 5, c.=10% and c=4" 10>

By increasing the damping, as shown in Figure 6-14, the stajilenres expanded beyond the

instability region of the undamped system. In this figure thmapitag coefficients arec, = 2” 10°

and c=4"10"*. Similar to Figure 6-13, Figure 6-15 shows that the evolutionhefreal and

imaginary parts of the eigenvalueslgsis varied, forn = 015. The increased damping has resulted

in the “overdamping” of the lower mode of vibration for roughkly< 196" 10°. More importantly,

in this higher damping level, the range over which the two Hafigguencies are close has been

almost completely eliminated.
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Figure 6-14: Regions of stability of the 2-DOF mode | with damping.
Black: stable, white: unstable. R >0, m=5, c.=2" 10°%, and c=4" 10™.

(@) (b)

Figure 6-15: Variation of the real part of the eige  nvalues (a) and the natural frequencies (b),
as the contact stiffness is varied.  m¥ 0.15, m = 5, c.=2" 10°, and c=4" 10

Similar to the undamped case, the effect of secondary kiteeraonstraint instability on the

damped system is considered next. The translating mass is now increased.tkg . At this value,

G changes sign at approximatetg=m,» 0.178. Figure 6-16 shows the stability region of the

system forc, =2" 10° andc =4 10".
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Figure 6-16: Regions of stability of the 2-DOF mode | with damping.
Black: stable, white: unstable, Grey: region of ins tability of the undamped system
R >0, m=15, c.=2" 10°, and c=4" 10"

As it was the case in the previous examples, the addition gpidgrhasdecreasedhe stable
parameter ranges. The evolution of real and imaginary parts didgkavalues for two values of

constant coefficient of friction is plotted in Figure 6-17.

@) (b)

Figure 6-17: Variation of the real part of the eige  nvalues (a) and the natural frequencies (b),
as the contact stiffness is varied. m = 15, ¢ =2" 10% and c=4" 10™. Solid: m¥ 0.15; dashed mw 0.2.
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As shown, atn =015 the system becomes unstable approximately or 925 10°. The

system is unstable over the entire range contact stiffness vatues 0.2.
By further increasing the damping coefficients, the stableomegrows. However, due to the

presence of secondary kinematic constraint instabiligy (3 <0), the stable region is bounded by

the vertical line D, =0 where D, is defined by (6.44). The bound in terms of the friction

coefficient is found from this equation as

1+%ﬁ+%c

=tanl ——~——= 6.49
rrl:lskc 1- %'ﬁtan2| ( )

It is interesting to note that in (6.49) only the ratio of the wamping coefficients appears.
Consequently, for a fixed ratio af/C, the system will be unstable fon>m,. regardless of the
size of damping coefficients. It must be mentioned that, for lafge, the bound obtained by (6.49)

will be too high as instability may occur at much lower ealof the coefficient of friction. On the

other hand, forc/¢, ® 0, m,.® m,., where QJ(erC) =0; this becomes the special case No. 4
mentioned above where the system is unstable fertanl .

Figure 6-18 shows the stability map of the systemcfor 4 10" andc=8" 10'%, which are 20

times higher than the values used in Figure 6-16. The ratio of dangoiefficients here is

c/C, » 008. The stable region is entirely on the left side of the vertical lineettby m=m,,..

In Figure 6-19, the evolution of the real and imaginary partseokipenvalues are plotted for the

same parameter values as in Figure 6-18rard0.218. The lower mode of vibration is overdamped

almost over the entire range kf. The system becomes unstable kpr> 365" 10" .
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Figure 6-18: Regions of stability of the 2-DOF mode | with damping. Black: stable, white: unstable, Gre y:
region of instability of the undamped system. R >0, m=15, c.=4" 10" and c=8" 10"

(a) (b)

Figure 6-19: Variation of the real part of the eige  nvalues (a) and the natural frequencies (b),
as the contact stiffness is varied. m =15, ¢ =4 10%, ¢c=8" 103, and m¥ 0.218

6.3 Stability Analysis of a 2-DOF Model with Axially Compliant

Lead Screw Supports

In this section, the 2-DOF model of Section 3.6 is considered. Asbwillliscussed below, the
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stability conditions of the lead screw model with axially cdenyil lead screw supports bears many
resemblances to the study of previous section, where the souflexibility was the compliant
threads (see Appendix G for a comparison of the stability conditf these two systems). There are
some distinct and important differences that will be highlightewhat follows. First, the system
model is simplified and converted to a suitable form for lization and stability analysis. Then,
similar to the previous section, the local stability of theady sliding fixed point is analyzed using
the eigenvalue analysis method. The stability of the undampedicaliscussed in Section 6.3.1
while the system with damping is covered in Section 6.3.2. In these analysespbethaupling and
kinematic constraint instability mechanisms are encountered.

The equations of motion are given by (3.29) and (3.30)

(I - xmr_ tanl )g- xmx, =k(g, - q)- cg- xR (6.50)

(m +m)x +mr tanl g=-kx - ¢x +R (6.51)

where, once agairk, and T, are neglected for simplicity. To bring the steady-slidingdigeint to

the origin, the following change of variables is used

g=Yy,+tq +uy,

(6.52)
X =r,tanl y, +u,,
where
U, = W XoR (6.53)
k
U, =R (6.54)
K,
Substituting (6.52) into (6.50) and (6.51) and after some simplifications
My +Cy +Ky =f(y.y) (6.55)
where
| - xmr tanl - xmr tanl
M = (6.56)
m m+m
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c=, N (6.57)
k 0

K= . (6.58)

f= (%o 'OX)R (6.59)

Notice that, unlike the model studied in Section 6.2, here thaanadtrix is asymmetric, and
stiffness and damping matrices are symmetric. For the afasenstant coefficient of friction, the

linearized equations of motion are given simply by

My+Cy+Ky =0 (6.60)
where
| - x,mr, tanl - x,mr_ tanl
M, = (6.61)
m m+m

wherex, is given by (5.5).

Similar to the steps taken in previous section, the casedaimped system is considered first, and

then the damped system is studied.

6.3.1Undamped System

The natural frequencies of the undamped system are the roots of the follquatipe:

detK - wPM,)=0 (6.62)
which is a quadratic equation i* . Expanding (6.29) yields

aw' +aw’ +a,=0 (6.63)

where
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a, =1 (m+ ml)- mmx,r,, tanl
a, =- k(m+m)- k(I - x,mr_tanl ) (6.64)
8 =Kk

Sincea, > 0, instability occursi(e. natural frequencies become complex numbers) whenever

a, <0 (6.65)

or
a,>0Ua, >0 (6.66)

or
a,” - 4a,a, <0 (6.67)

In terms of system parameters, the instability condition given by (6.63%)ecarritten as

~

G =1 - mx,r,tanl <0 (6.68)
where
fm=—"N (6.69)
m+m

The necessary condition foéb <0 is X, >0 which, in turn, requiressgr(va)=1 and
n>tanl . It is interesting to note that (6.68) takes the form of therkatic constraint instability
condition given by (6.2) witim as arequivalentranslating mass.

The instability condition (secondary kinematic constraint) according to)(6acbe written as

my(1 - mx,r., tanl )+ml >0

k(m+m)+k, (I - x,mr, tanl )<0 (6.70)

For the instability to occur according to (6.70), the following cbods are necessary and

sufficient

| - mx,r,tanl <0 (6.71)
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X,mr tanl - 1 >£ (6.72)
m+m, K,

It is interesting to note that inequality (6.71) is the saméhaskinematic constraint instability
condition given by (6.2).

Finally, inequality (6.67) gives the necessary and sufficientther mode coupling instability.
Replacing the less-than sign with an equal sign for thabilisy boundary and after simplifications,

one finds
bk,” +b,kk +bk®>=0 (6.73)

where

(I - xomr, tanl )*
:2[ml(x0mrm tanl - 1)- m(x,mr_ tanl +I)] (6.74)

by
b,
b, = (m+m,)*

This equation is quadratic ik and k; and can be solved to find parametric relationships for the

onset of the flutter instability. The conditions for the solutions tebkpositive numbers are
b?- 4bb, 3 0 (6.75)

In terms of system parameters, inequality (6.75) becomes

16x,mer tanl (m+m) | - mm X fptanl 30 (6.77)
m+m
which yields
- MMy ¢ tanl @ 0Ux, >0 (6.78)
m+m
The second inequality given by (6.76), yields
Mxormtanl -1<0 (6.79)

m+m
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which is satisfied whenever (6.78) is satisfied. From (6.68) and (& 8 be concluded the mode

coupling and the (primary) kinematic constraint instabilityisas have no overlap in the parameter
space.

6.3.1.1Numerical Examples and Discussion

Figure 6-20 shows the stability region of the undamped 2-DOF mode ig t m parameter space.

Other system parameter values not given in the figure edleeted according to Table 6-1. The
hatched region corresponds to the parameter range where the two naturakfesgale complex and
the system is unstable. The boundary of this region is the fimgeability threshold defined by

W, =W, . In this figure, flutter boundary is plotted for two other higher values of &tkderew mass,

m, . For small values of lead screw mass, this plot is almost idetdi€&jure 6-8.

Figure 6-20: Stability of the 2-DOF system as suppo 1t stiffness and coefficient of friction are varied
m =5 and R >0. Hatched region: unstable.

By increasing the translating massno=15, the condition (6.71) is satisfied for approximately
m>m, » 0.178. As shown in Figure 6-21, there are two overlapping areas ik, thén parameter

space that constitute the unstable region. These regions corresptimel noode coupling and
secondary kinematic constraint instability mechanisms.
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Figure 6-21: Stability of the 2-DOF system as suppo 1t stiffness and coefficient of friction are varied , when
m=15and R >0. The hatched area: mode coupling instability region; th e hatched area: secondary
kinematic constraint instability region.

For the above mentioned value of the translating mass) #11.6, then condition (6.68) is
satisfied for m>m_ » 0.285. As a result, the vertical liner » 0.285 becomes thelivergence
boundary in the parameter space, as shown in Figure 6-22.

The variation of the real and imaginary parts of the eigelegale. W*) are plotted in Figure 6-23
for k, =4" 10° as a function coefficient of friction. For this value of the supptifiness, the system

becomes unstable due to mode coupling as the real part of thegemérequencies merge. A second

instability region also exists far > 0.285, where the system becomes unstable due to the kinematic

constraint. Similar to the results of Section 6.1, at the thrégifdhe kinematic constrain instability,

one eigenvalue is at infinity.
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Figure 6-22: Stability of the 2-DOF system as suppo  rt stiffness and coefficient of friction are varied , when
m=15and R >0. The hatched area: mode coupling instability region;
the hatched area: secondary kinematic constraint insta bility region, and; the || hatched area: primary
kinematic constraint instability region.

(@) (b)

Figure 6-23: Variation of the real parts (a) and im  aginary parts (b) of the eigenvalues
as the contact stiffness is varied. k =4 106, m=15,andm,=11.6
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6.3.2Damped System

The eigenvalues of the damped 2-DOF systémi(=1 4) are the solutions of the fourth-order

equation
deth®M,+hC+K)=0 (6.80)

Assuming all of the system parameters to be non-negative nsintherstability conditions based

on the Routh-Hurwitz criterion are found to be

D, = I (m+m)- mmx,r, tanl >0 (6.81)

D, =c(m+m)+c(l - x,r, tanl m)>0 (6.82)
D, =k(m+m)+cq +k,(I - x,mr_ tanl )>0 (6.83)
D,D, - (k¢ +ck )D, >0 (6.84)

{D,D, - (k¢ +ck )D,}kg +ck )- kkD,> >0 (6.85)

Once again, the resulting conditions are too complex to be usefpdufametric study of stability.
However, as shown in Appendix G, there are many similati&een these conditions and those
derived for the 2-DOF model in Section 6.2. Expectedly, similaciapeases as in Section 6.2.2 can

be proven for the model of this section. These cases are listed here.

Special Cases Nos. 1 andThie system’s fixed point istableif X, <0. From the definition

of X,, (5.5), it is easy to see thaf <0 only if Rw<0 or n<tanl , which coincides with

the first and second special cases of Section 6.2.2.

Special Case No. 3The system'’s fixed point ignstablewhen Rw >0, n>tanl , and

¢, =0Uc? 0.

Special Case No. 4fhe system’s fixed point isnstablewhen Rw >0, n>tanl , and
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c ! 0Uc=0.

Special Case No. Fhe system’s fixed point becomesstabledue the kinematic constrain

instability mechanism whel, <0.

6.3.2.1Numerical Examples and Discussion

Figure 6-24 and Figure 6-25 show samples of the regions of stabitite slystem asn and k; are

varied. The hatched region in these figures is copied from F@gdfeand corresponds to the region

of instability of the undamped system. In Figure 6-24 the two dangmefficients were chosen as
¢, =10° and c=2"10°. It can be seen that the addition of damping has reduced thktystabi

region. However, by increasing the damping further, as showngird=-6-25, the stable region is

expanded beyond the instability region of the undamped system. dnfigiire the damping
coefficients werec, =2” 10° and c=4" 10“. In both series of examples, it can be seen that by
increasing the lead screw mass,, the stability region grows towards the unstable regiorhef t

undamped system.

Figure 6-24: Regions of stability of the 2-DOF mode | with damping. (&) m 1=0.232 kg, (b) m 1=2.32 kg, and
(c) m;=11.6 kg. Black: stable, white: unstable, and
hatched: undamped instability region. R >0, m=5, ¢1=10°, and c=2" 10®
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Figure 6-25: Regions of stability of the 2-DOF mode | with damping. (&) m 1=0.232 kg, (b) m 1=2.32 kg, and
(c) m1=23.2 kg. Black: stable, white: unstable, and
hatched: undamped instability region. R >0, m=5, ¢c1=2" 10°, and c=4" 10"

If the translating mass is large enough such the soluti(ﬂe})(ﬂf) =0 lies in the considered range

of the coefficient of friction, then an upper bound for the stag@n may be found. The solution of

Q(@ =0 is given by

I—+rmz tar’|

My = — (6.86)
r?-— tanl
m

m

Replacing > by = in the second stability condition (6.82) gives this limitihge\far the coefficient

of friction. Solving D, =0 for i, yields

Coqem ot +r.2 tar’ |
¢ m m
Mhske = (687)

|
r2tanl - O 1+ 4+ tanl
¢ m m

Similar to (6.49), only the ratio of the two damping coefficsemppears in (6.87). As a result, for a

fixed ratio, no matter how large the damping is, the stable region will be onttheléebf the vertical
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line m=my, in the k; - m parameter plane. Note that, for largke, such that (6.87) does not yield
a positive solution, other stability conditions must be checked/¢f ® 0, then my, » My..

However, in this case, the system stability is defined bgiabease No. 4 above. On the other hand,
for values of m such that (6.81) is violated (kinematic constraint instabjlitiggn regardless of

damping and stiffness parameters, the system is unstatiie>on, . where

+r_*tar’|

3+

Me =

(6.88)
r -1

m

tanl

3|m |3

1
+
m,
Figure 6-26 shows the stability maps of the 2-DOF systermferl5kg. At this vaIue,Q(m) =0
at m=m,_ » 0.178. The damping values are the same as the previous exagppi®” 10° and

c=4"10". For m =0.232 and m, = 232, one hasm,,_» 0.258 and m,,_» 0.270. Vertical

lines for these two cases corresponding¥e m,, . are shown in Figure 6-26.

Figure 6-26: Regions of stability of the 2-DOF mode | with damping. (&) m 1=0.232 kg, (b) m 1=2.32 kg, and
(c) m;=11.6 kg. Black: stable, white: unstable, and, hatc  hed: undamped instability region. =~ R >0, m=15,
¢1=2" 10°, and c=4" 10"
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For m =116, the system is unstable due to kinematic constraintfam,, » 0.285 regardless
of the damping and stiffness parameters of the system. Fig@re ahd Figure 6-28 show the

evolution of the real and imaginary parts of the eigenvaluesnfor11.6 as support stiffnessk()

and coefficient of friction are varied, respectively.
In Figure 6-27, the real part of the eigenvalues and the dampg@lrfa¢quencies are plotted for

three close values of the constant coefficient of frictkenthe support stiffness is varied. It is
interesting to note that, although the variation of the nattggliencies remains mostly unchanged,

the stability of the system is very sensitive to the changes in dfiic@nt of friction.

(a) (b)

Figure 6-27: Variations of real parts of the eigenv  alues (a) and damped natural frequencies (b) as a
function of lead screw support axial stiffness, k 1. =0.11,0.12,0.13

The plots in Figure 6-28 show the occurrence of the kinematictraons instability at

m=m), » 0.285. Similar to the undamped case and the 1-DOF model of Section 6the at

kinematic constraint instability boundary, one eigenvalue isfiaitin Also note that, in Figure 6-28
the system is unstable over a small range of coefficiefiiation below the kinematic constraint

boundary due to mode coupling.
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Figure 6-28: Variations of the real part of eigenva  lues (a) and the damped natural frequencies (b)as a
function of the coefficient of friction, . ki= 4 10°

Figure 6-29 shows similar stability maps as those in Figi@e ®ut with 20 times larger damping
coefficients. As predicted, for they = 0.232 and m, = 232 cases, the proportional increase of the

damping coefficients expanded the stability region towards théingn m=m,. line. For

m, =11.6, the limiting value of the coefficient of friction is unchadgesompared to Figure 6-26,

since the kinematic constraint threshold is independent of damporgthis case, however, the
damping increase expanded the stability region into the mode mgupktability region of the

undamped system.
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Figure 6-29: Regions of stability of the 2-DOF mode | with damping. (&) m 1=0.232 kg, (b) m 1=2.32 kg, and
(c) m1=11.6 kg. Black: stable, white: unstable, and hatch  ed: undamped instability region. = R >0, m=15,
¢1=2" 10* and c=4" 107,

For the case ofn, =11.6, Figure 6-30 shows the evolution of the real and imaginary patteeof
eigenvalues as a function of support stiffnessnfer 0.2. The increased damping has resulted in the
overdamping of the lower vibration mode for most of the paramateye considered. The system
loses stability due to mode couplingkgt» 3.16" 10”. In Figure 6-31, the evolution of the real and
imaginary parts of the eigenvalues is shown as the cagfficif friction is varied fork, =5" 10°.
The system loses stability due to kinematic constraimaim,. » 0.285, which is exactly the same

value as in Figure 6-28.
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@) (b)

Figure 6-30: Variations of real part of the eigenva  lues (a) and damped natural frequencies (b) as a
function of lead screw support axial stiffness, k 1. =0.2.

(c) (@) (b)

Figure 6-31: Variations of the real part of eigenva  lues (a) and the damped natural frequencies (b)as a
function of the coefficient of friction, . ki=5"10° (c) Close-up view of the real part of eigenvalues

6.4 Mode Coupling in a 3-DOF System

In this section, local stability of the fixed point of the 3-D@fedel described in Section 3.7 is

investigated. The focus of this section is on the mode couplingbility mechanism. Parameter
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studies and comparisons are done numerically. Similar to whatage in Section 6.2 and Section

6.3, the equations of motion are first transformed to a suitalbhe ¢orresponding to the steady-

sliding fixed point. The equations of motion are given by (3.11), (3.1#),(&27). Neglecting,

andT,, these equations simplify to

g = k(qi - q)- cq+rm(N sinl - F, cod ) (6.89)
mx=-Ncos - F,sinl +R (6.90)
mx, =-kx - ¢x +Ncos +F,sinl (6.91)

Introducing the change of variables

U =q- ¢
u, = X- rtanlqg ; (6.92)
Us =%
into (6.89), (6.90), and (6.91) and setting all time derivatives m #ee steady-sliding fixed point is
found as
W = cw+Xx,R
10 k
Uyy = ! R +r,tanl u, +R (6.93)
k.cog| 1+m,tanl k,
U = R
30 ),
K,

To transfer this point to the origin and present the systestate-space form, the following change

of variables is applied

Y1=Q-Q - Uy

Y>=0- W

Y3 = X- Ty tanlq i = Uy (6.94)
y, = X- r tanlw

Ys =X - Uy

Yo =%
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which results in a system of six first order differential equations
y = fy)i=1 6 (6.95)

To study the stability of the steady-sliding fixed point, the rerglues of the Jacobian matrix are

evaluated ay = 0. The Jacobian matrix is given bir® O,w? 0)

0 1 0 o0 0 O

ng gZZ gZS 924 gZS 926

It 0 0 0 1 0 O
—i = (6.96)
ﬂy] y=0 g41 g42 g43 g44 g45 g46

0O 0 O O O 1
O1 G2 o3 Goa Y5 Gos

where g, 's are given in Table 6-2.

Table 6-2: Elements of the Jacobian matrix for the 3-DOF model

_ kT wok.r2sinl 1ok T, sinl g, =- 20K: Iy SIN
O =-c+t——"7— Ip=—""— 61
I [ m m
. C, TGl Sinl_ hycosl . [ oCelmSinl_hosinl | o _ M aoCelm SINl hgsinl
=-- - = - b2 =
2z | [ . m m m m
g, = ol 1ok, cos . Lok, cosl = 20K COSl
23 | 43 m r‘nl
_r.f,c.cod I g, = 2 cosl
Gy = - e g = -~ b
I m m,
_ 'l 10k cod 0. = I oK. cod Oe = - k, T yk. cos
25 | 45 m rnl m
0. = f 10Cc COSl _ I €, cosl O =- G TpC.cod
26 I 46 m rr‘l rnl
= i - - ol
ho - rm‘kc cosl (U3o - Uso)' kcrm sinl Ulo‘dm dm =-rme T +m,
I, = - sinl +m sgn(Rw)cosl r,, =cosl +m,sgn(Rw)sinl

Figure 6-32(a) shows the variation of the three undamped natugaéfreies of the 3-DOF model
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with a constant coefficient of friction as a function of leatkw support stiffnessk{) and contact
stiffness _). Lead screw parameters are taken as before mith5 kg and m =0.232kg. The

corresponding stability map, which is obtained by examining thepaalof the eigenvalues, is
depicted in Figure 6-32(b). This map shows that the system beeorstble whenever two of the
system modes merge. Note that the parameter range wherengdugtiiveen the first and the second

modes occurs agrees with instability range of the undamped 2rbgdel of Section 3.5 (Figure

6-8) for large values ok, and also the undamped 2-DOF model of section 3.6 (Figure 6-20) for large

values ofk; .

Figure 6-32: a) Evolution of the three natural freq  uencies of the undamped 3-DOF system (with constant
coefficient of friction) as a function of k ¢ and k1. b) Stability map.

Figure 6-33 shows the stability maps of the 3-DOF model as thectatiffness k.) and the
support stiffnessK;) are varied. In the 3 by 3 series of plots included in figisré, the contact

damping coefficient ¢, ) and lead support translational damping coefficien) (ake the valuestO,
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10°, and 10°Ny,. Also the lead screw damping (angular) coefficient is chosen

c=3"10*Nms/ . Other parameters are selected as before. These maty chow the role of

damping in bottstabilizingan unstable fixed point amtkstabilizinga stable one. It is also interesting

to note that, based on the symmetry of the plots and for the selettied and ranges of values of
parameters, the stiffness and damping of the two translafi@gb {.e. X and X;) have a similar

effect on the stability of the system.

Figure 6-33: Local stability of fixed points of the 3-DOF lead screw system with constant coefficient of
friction. Black: stable, white: unstable

6.5 Conclusions

In this chapter, the kinematic constraint and mode coupling ingtafriechanisms were studied.
Together with negative damping instability studied in Chaptdhése mechanisms constitute the
three friction-induced instability mechanisms relevant to the leaivssystems.

It was found that both kinematic constraint and mode couplingbitistanechanism share the

same necessary conditions — namely, that the lead screw musif-loeksng (.e. m>tanl ) and

applied axial force must be in the same direction as the atangslpart i(e. Rw > 0). It was also
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found that the quantity

m- tanl
1+ mtanl

plays a central role in almost all of the instability scename®ied in this chapter.

Specific to the type of instability mechanism and the systeahein parametric relationships were
found that define the conditions for the local stability of #teady-sliding fixed point. An itemized
list of the major findings is given here.

1. Kinematic constraint instability in the 1-DOF basic leadscrew model: Inequality (6.2),

i.e. G <0 defines the instability relationship in terms of frictionpgeetry, and the inertia of

the rotating and translating parts of the lead screw drive.

2. Mode coupling instability in the undamped 2-DOF model wit compliant threads: The
flutter instability boundary is given by (6.36), which defines theupater region where the
two natural frequencies merge and become complex-valued.

3. Secondary kinematic constraint instability in the undamped 2-DOF model with

compliant threads: For the parameter values that sati€y< 0, inequality (6.35) defines the

conditions leading to secondary kinematic constrain instabilitych overlaps and expands
the mode coupling instability region.

4. Mode coupling instability in the damped 2-DOF model with cmpliant threads: The
Routh-Hurwitz stability conditions are given by (6.44) to (6.47).

5. Mode coupling instability in the undamped 2-DOF model with axially compliant
supports: The flutter instability boundary is given by (6.73), which defines ghrameter
region where the two natural frequencies merge and become complex-valued.

6. Secondary kinematic constraint instability in the undampeé 2-DOF model with axially

compliant supports: For the parameter values that sati€y<0, inequality (6.72) defines

the conditions for the secondary kinematic constrain instabilibych overlaps and expands
the mode coupling instability region.

7. Kinematic constraint instability in the undamped 2-DOF model with axially compliant

supports: For the parameter values that satisfy bé<0 and inequality (6.68)ij.e.

E% <0, the system is unstable and the IiE?g:O defines the divergence instability

boundary.
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8. Mode coupling instability in the damped 2-DOF model with akally compliant supports:
The Routh-Hurwitz stability conditions are given by (6.82) to (6.85).
9. Kinematic constraint instability in the damped 2-DOF nodel with axially compliant

supports: Since damping does not affect the instability caused by tiemitic constraint

stability, conditions are the same as in the undampedi&a@, <0.

Mode coupling is by far the most complex instability mechanisnthef three mechanisms
considered in this work. In Appendix H, various numerical examplegiaa that show the complex
effect of system parameters on the mode coupling instabilitghencksulting behavior of the system
(e.g.amplitude and frequency of steady-state vibrations).

In this chapter, using a 3-DOF model, it was shown that when modplirng instability
mechanism can affect a system, all of the relevant D@k be included in the model. It was also
shown that the compliance caused by the thread flexibility hatasieffects on the stability of the

system as the axial compliance in the lead screw supports.
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Chapter 7
Vibration Control

When efforts towards designing a lead screw drive fail to gtegavibration-free operation due to
design constraints, material properties, or variations éndperating conditions, active vibration
attenuation may become necessary. Other system performanicemsis such as accurate tracking
of certain position and velocity profiles, may also necessitate the gkesefl-loop control.

In this chapter, robust control strategies are develope@ddrdcrew drive systems with the main
goal of suppressing vibrations caused by the negative dampingilibstanechanism while
regulating the lead screw angular velocity to a constanterafe velocity. Furthermore, the
controllers are designed to perform these tasks in situation® wiere is significant uncertainty in
the value of various system parameters.

The controllers developed here are based on the “sliding mode Itan&thod, which was
pioneered by Utkin [91]. The basic idea is to design a control itiait confines the system’s
trajectories to a predefined “sliding surface or manifoldi this surface, the system dynamics are
governed by an asymptotically stable differential equation. Tdwra law that moves system
trajectory to the sliding mode is typically discontinuous andchws between two values based on
the states of the system. The popularity of this approacheinehign of feedback controller stems
from its robustness properties to model uncertainties [84,92]. Numgublished works are found in
the literature on the applications of the sliding mode control tiows mechanical systems (see for
example the survey paper [93]).

The main drawback of the sliding mode control approach is whatown as chattering. In the
implementation (or when the otherwise neglected dynamicheofattuators are included in the
model), the delay in the switching action required by the discaniswcontroller results in high
frequency vibration that can deteriorate the performance otdhé&oller or lead to instabilities
[84,92].
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A number of approaches were put forward by many researcheaitmdo reduce or eliminate
chattering [94]. These methods include; continuous approximation of ttumtiisious controller law
[84,92,95,96], observer-based sliding mode control [94,97], and higher-order sfiditg control
[98]. The most popular approach — the one adopted here — is the consiidimgsmode control by
linear approximation of the control law or “boundary layer” meth@@l 99]. In this approach, in a
small distance of the sliding (switching) surface.the boundary layer), the control law is replaced
by an approximate linear high-gain feedback. Elimination of etiag with this approach usually
leads to reduced performance of the controller, since the trajectariesly guaranteed to stay inside
the boundary layer and not on the sliding surface. Integrahglichode control is one of the
approaches proposed to counteract this effect [99].

In this chapter, a simplified version of the model presente8eiction 3.8 is considered. The
mathematical model of this system presented in Section 7.1. Theéaimgein the system parameters
is discussed in Section 7.2 and sample parameter values usedimultaions are given. In Section
7.3, a sliding mode controller is designed with the assumption thatntime drive from power
generator€.g.DC motor) to the moving load is rigidly connected, and thus thersyist represented
by a single DOF. The rigidity condition is relaxed in Secfioh leading to a 2-DOF system model.
Another sliding mode controller is developed to deal with the addeg@lerity of this model. The
special feature of this controller is its ability talsitize the system in the face ahmatched
uncertainties[84]. Numerical simulation results are included that dematsstihe effectiveness of

both of these controllers. Finally, the conclusions are presented in Section 7.5

7.1 Mathematical Model

A slightly simplified version of the model presented in Sectioni8.&nsidered here as shown in

Figure 7-1. For the motor, Newton’s second law gives;
‘]qM =TM - TfM sSgnqy, +k2(QW - Qu )' Cu Awm (7.1)
where q,, is the rotor's angular displacememd, is the inertia of the rotor, anfl, is the generated

(input) torque.T,,, andc,, are the internal friction and damping of the motor, respdgtitdso, k;

is the torsional stiffness of the coupling connecting the motgetobox, andq, designates the

input angular displacement of the gearbox. For the lead samedwut, similar to (3.11) and (3.12),

one can write
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lq= kl(qG - q)- cq+rm(N sinl - F, cod ) T,sgnq (7.2)
mx =- Ncosl - F,sinl +R- F,sgnx (7.3)

where the termd,sgnq and F,sgnx reflect the friction in lead screw supports and bearings of the

translating mass, respectively. Also the normal contact forcees ¢y (3.16), where}, = Q.

Figure 7-1: lead screw drive model

For simplicity, that the gearbox is assumed to be mass-lesgietmohfess. As a result, for the

gearbox, the following kinematic relationship holds:

ki(q' qe) = r_lkz(qw - Oy ) (7.4)

where
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Oc = MOw

EliminatingN between (7.2) and (7.3) yields

Gq+kg+cq=kgqg - X(R- F sgnq)- Tosgnq

where
G=1-r, tanlx m
n, - tanl
X=r, ——
1+m tanl

and as beforem, = msgr(u +W)sgnN . Also
)= m +me s mu s ulfe- o)
From (7.4) and (7.5) one finds

gk K

:qG

(7.5)

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

Substituting (7.10) into (7.1) and (7.6) yields the equations of motion of the 2-DOF mode

Gy+k(q- ray )+cg=- X(R- FosgnOI)- T,sgnq

Jay =Ty - Ty SGNQ, +rk(q' qu)' CumQwm
where

= kk
k, +1°k,

The contact forcdy, is given by

_IR- IF,sgng+ mr, tanl T,sgng+ mr, tanl cg- mr, tanl k,(rq,, - )

N Glcos +msinl )
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7.1.1A Note on the Friction Model
The friction model (7.9) includes a linear tem5|u +vv| which could cause problems in the

subsequent global stability analysis wheg <0. Although, in practical situations}n'!3| is small
enough such that over the velocity range of interestoes not become too close to zero, here we

need to formally set a limit on the velocity, ., such that fow>w,_ , the coefficient of friction

max !
tapers off and becomes a constant. The easiest way to aigtothfd while keeping the smoothness

properties of the friction model is to modify the velocity-dependent camffiof friction to

nu)= m+me folusuf mw, . tanh |l\JN;W1 (1 e ’”‘”M) (7.15)

max

wherew, .. >0 is a large velocity such theg +mw,., >0.

max
The modified velocity-dependent coefficient of friction given ByL6) is used in the subsequent

sections only where global system properties are consideredl. other cases, it is assumed that

|u+vv| <<Ww

max?

such that the difference between (7.15) and (7.9) is negligible.

7.2 Parameter Uncertainty

As mentioned earlier, control strategies are sought that are rolpestimeter uncertainties. The only
information assumed here are the bounds on each of the parametérss kection, some
relationships for the upper and lower bounds of system paranaetemesented which are used in
the numerical examples presented in the subsequent sections.

From (7.15), one finds

0£n{v)<m (7.16)
where

m=mn +m, I, £0

N (7.17)
Mm=m+m +mWw,,| ,m>0

Based on (7.16), the upper and lower bound«falefined by (7.8) are given by

XEXE X (7.18)
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where

m+tanl - T - tanl
X=-f ——— X=Tr1

_— 7.19
™1- mtanl ™1+ mtanl (7.19)

Note that)_(<0 while §<‘x‘ can be negative, positive or zero depending on the direction of

motion. It follows from (7.7) and (7.18) that

g£GET (7.20)

where

g=1-mx g=1I-mx (7.21)

It is assumedg >0 to exclude parametric conditions where kinematic constrastability can
occur. In (7.21) it is assumed thei£ | £1 and 0£ m£ m. For all of the other system parameters

in (7.11) and (7.12), only the knowledge of upper bou_n)ja(nd lower bound_() are assumed to be

available. Throughout this chapter, numerical simulation reatdtpresented that are obtained using
parameter values listed in Table 7-1. These values are nalstly from the experimental case study
of Chapter 4. The "Min.” and “Max.” columns are the assumed abailbounds on the uncertain

parameters. In addition, the “Nom.” column lists the nominal values.

Table 7-1: Parameter values used in the simulations

Parameter | True Value Min. Nom. Max. Unit
r. 5.183 - 5.183 - mm
I 5.57 - 5.57 - deg
r 3/19 - 3/19 - -
m 112kg 0.5 1.0 2 kg
| 312" 10° 30°10° | 31°10° | 33 10° kgm2
J 857 10° 70°10° | 85°10° | 90" 10° kgm2
k 1 0.75 1.0 1.5 Nm/rad
o 20" 10° 10" 10°® 30" 10° 40° 10° | Nms/rad
Cy 51 103 27103 6" 103 10" 10® | Nms/rad
R 100 80 100 120 N
T 127102 0 17102 | 20”102 Nm
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Table 7-1 (continued): Parameter values used in the  simulations

Parameter | True Value Min. Nom. Max. | Unit
m 0.218 015 02 03 =
m, 0.0203 00 002 004 =
My - 447°10* | -10°10* | -1710° | O | s/rad
oy 0.38 1 0.4 0.2 | s/rad
r 2 0.2 2 5 s/rad
T, 0 0 0 0 Nm
F 0 0 0 0 N

7.3 Sliding Mode Control* for Rigid Drives

The rigid drive is obtained be assumintp be very large which yields

=0 =IOy =y (7.22)
Eliminating (q- qu) between (7.11) and (7.12) and using (7.22), yields
(J +r2G)q =- (CM +r2c)q+rTM - IT,, Sgnq- rzx(R- Fosgnq)- r’T,sgnq  (7.23)
The normal contact force is now calculated from
2 2 2
N = (r I +J)(R- Fosgnx)+rm tanl m(r T,sgnq+rT,, sgng- T, +c,q+r cq) (7.24)
(cosl +msinl )r’G+J) '
The second order differential equation (7.23) can be written in state-spacad
X =%
(7.25)
X, =- C(Xz)xz + G(Xz)[u - D(Xz)]
where
=q- wt
%= (7.26)
X, =0Q-W

andw is the reference constant lead screw angular velocityand,, is the controlled input. Also

! The approach followed in this section is takemrf{&4].
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c, +r’
C(x) =M 7.27

G(x) :ﬁ (7.28)

D(x):TfM sgr(x+w)+rx(R- Fosgr(x+w))+ rTosgr(x+W)+(r'lcM +rc)\N (7.29)

Note that0< C,;, £ C(x) < C,.. 0<G,;, £ G(x)<G,,,, and|D(x) £ D,,,, where

cy +ric c, +r<&
Con=—m =, C,=2"lC (7.30)

J+rg J+rog

r r
G, == . Gy = 7.31
min J +rzg g_'_rzg ( )
D, =Ty +rT,+ r‘>_<‘(ﬁ+ F)+ (G, +rcw (7.32)
Let

s=ax +x,,a>0 (7.33)

define the sliding surface. Note that wher O, we haveXx, = - ax, and if it is substituted in the

first equation of (7.25)x = - ax is exponentially stable. The differential equation goverrsing

found as
s=ax +X,
(7.34)
=ax - C(Xz )Xz + G(Xz)[u - D(Xz)]
Selectr (xz) such that
|ax2 - C(Xz)xz - G(Xz)D(X2)| £ |aX2 B C(Xz)xz - G(Xz)D(X2)|
‘ G(XZ) ‘ Gmin (735)
£ (a+ Cmax)|éZ| + GmaxDmax =r (Xz)

min
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Then the control input is chosen as

u=-b(x,)sgr(s) (7.36)
where
b(x,) =1 (x,)+b, (7.37)

for some b, >0. With this controller, the Lyapunov function candidate for (7.34)hesen as

V= %sz. The derivative oW/ along the system trajectories is

V = s=dax - Clx)x, - Gx,)o(x, )]+ sGlx, Ju
E[sr (x)G(x,)+ sGlx Ju
£[5G(x)r (x.)- b(x. ]

£ - bOGmin H

(7.38)

Therefore, the trajectories starting away from the slidiméase reach it in finite time and once on
the sliding surface, cannot leave it. It was already showntridgectories on the sliding surface are
exponentially attracted to origin.

The controller given by (7.36) is discontinuous and suffers fronchiagtering problem in the
implementation. One way to deal with this problem is to approxirfat6) using a saturation
function

u=- b(xz)sa(%) (7.39)

where the saturation functioea@, is defined as

safu) = u |u£l
~osgn(u) Ju[>1

Repeating the previous analysis, one finds that the systentdragecstarting outside the boundary

Iayer{xl H £ e} reach it in finite time and once inside, cannot leavimside the boundary layer the

X, equation becomes

x =-ax+s, |gEe (7.40)
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The derivative oV, = %xlz satisfies

V, =-ax’+sx £-ax’ +[x[e£-al- I)x7 "[x/? % (7.41)
a
where0 < J <1. As a result, the trajectories reach the set

W, ={[x|£ ¢/, |4 £ ef (7.42)

in finite time and remain inside it for all future time. Thésult shows ultimate boundedness with an

ultimate bound that is a function af and can be made arbitrarily small. Further analysis is ndeded

see what happens insid®/,, where the control is given by = - b(xz) axrx . The closed-loop
system equations are

X =X

= -Clx - Gl)olx)- Glxble) 2% 749

This system has an equilibrium point(aq0 ,O) where

(7.44)

To shift the equilibrium point to origin, se, = X - X, and Yy, = X,. The system’s equations

become
Yi=Ye
g = Clo - Gloy.)- Glybly) 2% 29
o
Yi=Ye
y,=- M yi- Cly,)+ G(yzib(yz) v, +0ly,) (7.45)
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where Q(y, ) = G(yz)b(yz)w - G(y,)D(y,). Note thatQ(0) = 0.

Inside W,, we haveinf x, =-e. Consequently, fore<|V\,1, Q(yz) is a Lipschitz continuous

e

function. From the Lipschitz continuity & , assuméQ(y) < k|y| for somek . Take

a - 7 udu

V(YpYz):Z—eyl + W (7.46)

0

as a Lyapunov function candidate. Sir@éu) >0 and b(u) >0 for " ul W,, it is obvious thaV is

a positive definite function oéyl, yz). The derivative oV along the trajectories is found as

Ve % Wy G(yji)(yz) Y
=2y1yz+G(y3;(y2) - aG(yze)b(yZ)yl- C(y2)+—G(yzlb(y2) Y, +Q(Y,)
- C(yz) +E y. 24 Y2Q(YZ) (7.47)
Gy, bly,) e *  Gly,hbly,)

C( 2)' k +1 2
£ Sl e

From (7.47) it is evident thaf can be made semi-negative definite by choosirgmall enough,

regardless of the value ok. Using LaSalle’s invariance principle [84], and since thé se

{(yl,yz)‘V(yl,yz):O} contains only the trivial trajector)(0,0), one concludes that the point

(x10 ,O) is asymptotically stable.

7.3.1Numerical Examples

The controller designed in this section is simply a lineapmitional plus integrator controller
followed by a saturation function. To illustrate the effectiverdsthe developed controller, some

numerical results are presented here. The parameter valuesearédeak Table 7-1.

7.3.1.1Example #1

Figure 7-2 shows two system trajectories under the action oflitieg mode controller (7.39).
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Controller parameters are selectedsas1000, b, =0, ande =1. The boundary layer is shown by
two parallel dashed-dotted lindse( X, =- ax = €). Inside the boundary layer, system (7.43) has an

asymptotically attractive equilibrium point(xlO,O), given by (7.44). In this example,

X, » -4” 10*rad . The controlled input time histories are shown in Figure 7-3.

Figure 7-2: System trajectories under the action of the continuous sliding mode controller.
Dashed: X(O) = (O,- 10) solid: X(O) = (O;LO); dashed-dot: boundary layer

Figure 7-3: Controlled input. Dashed: X(O) = (O,- 10) solid: X(O) = (O;LO)
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7.3.1.2Example #2

Figure 7-4 and Figure 7-5 show simulation results obtained usingathe settings as the above
except fore which was increased to 5 (resulting in a much wider boundary)layere, the time

required to reach steady state is increased but the requir@dsigpal is smoother. In addition, the
displacement error has increased xg » - 2 10 %rad (about 20 time higher compared to the

previous example).

Figure 7-4: System trajectories under the action of the continuous sliding mode controller.
Dashed: X(O) = (O,- 10) solid: X(O) = (O;LO); dashed-dot: boundary layer
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Figure 7-5: Controlled input. Dashed: X(O) = (O,- 10) solid: X(O) = (O;LO)

7.3.1.3Example #3
Figure 7-6 shows system trajectories starting fm(ﬁ) = (O,- 10) (dashed lines) and starting from
X(O) = (O;I.O) (solid lines) for two values db,. Other control parameters age=10000ande=5.

Results show that by increasitiy,, which increases the control gain as per (7.37), trajectgdes
through a shorter reaching phase. Moreover, the steady state elispltd@rror decreases as given by

(7.44). The steady state errors ar8” 10°° and- 3" 10°°® for b, =5 andb, =50, respectively.
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Figure 7-6: Effect of b0 on the performance of the controller

7.3.1.4Example #4

In the foregoing Lyapunov stability analysis, it was shown thaat@ lasymptotic stabilitye must
be chosen small enough according to (7.47). Otherwise, the best provable result wioeldltimate

boundedness given by (7.42). In this example, parameters are cohademdnstrate this situation.

The control parameters are selectedias50000, € =5, and b, = 001.
Figure 7-7 shows system trajectories starting frx(m) = (0,- 10) (dashed lines) and starting from
X(O): (O;I.O) (solid lines). It is clear from this figure that ttweo trajectories remain in the invariant

set W, shown by the hatched region. In the close-up view depicted in Figdiré €an be seen that

the controlled system trajectories are attracted to & liytle. The pulsating behavior of the

controlled system is shown in Figure 7-9. The velocity error varies bat#e/3 to 1.43 rad/s.
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10

Angular velocity error, %, (rad/s)
o

-10 ™ '
-2 -1 0 1 2

Angular displacement error, X, (rad) , 49"
Figure 7-7: System trajectories under the action of the continuous sliding mode controller.

Dashed: x(0) = (0,- 10) solid: x(0) = (010);
hatched region: bounds on the solution given by the stability conditions.

Figure 7-8: Close-up view of system trajectories sh  owing limit-cycle behavior.

Dashed: x(0) = (0,- 10) solid: x(0) =(010)
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Figure 7-9: A portion of velocity error time histor y

For the selected parameters, according to (7.4i8),limit cycle disappears foe £ 0.8 and

trajectories converge asymptotically to the eqtillim point.

7.4 Sliding Mode Controller for Flexible Drive

The controller presented in Section 7.3 was dedifmea simplified system model where the system
elements are considered to be rigid and rigidlyneaied. The rigidity of the drive, however, is aot
realistic assumption in many cases, and it is ahtir assume some degree of flexibility in the
couplings, gearbox, or even the lead screw itstdfe, a sliding mode controller is developed far th
2-DOF model presented in Section 7.1 that propaailyresses the increased complexity of the model
and the effect of the velocity-dependent coefficfriction.

One of the challenges in designing a sliding modstroller (or any robust controller for that
matter) is the appearance of the so-calieahatchedincertainties in the system modetarting with

(7.11) and (7.12), and introducing the followinginoge of variables

! Unmatched uncertainties do not satisfy the matchamdition. Under the matching condition, the utaia

terms appear in the state equation of the systeheatame point as the control input [84].
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X, =Q-1Qy
X, =0- W (7.48)
X3 =0y - riw

the equations or motion in the state-space forrh thitee states can be written as

X =X, - IX,
c k 1 c
- 2%, - —% - =XR- = 7.49
*TTER e e 6 i
1 1 . rk C Cy .-
stju-ijMsgl’(Xg+r1W)+TX1-TMX3-TMI’1W

whereC andx are defined by (7.7) and (7.8), respectively amlthe controlled input. Alsd@, and
F, were neglected for simplicity.

The first step in designing a sliding mode congmolfor (7.49) is to find the sliding surface:
X5 =] (xl,xz). Once confined to this surface, the system trajest must asymptotically attract to
the origin. This process can be viewed as findingade feedback for the first two of the system

equations wherx; is seen as the control input.

X =% - 1j (%,%,)
X, =- EX - E - lxR_ EW (750)
R A e G

Once such a surface is found, the next step waoalltbldesign a controller action that brings the
system trajectory from any initial point in the i@gof interest to the sliding surfagg=j (x1 xz)

Here the sliding surface is chosen as

d_ d
X =E% 5% (7.51)

whered, andd, are constants to be determined.

7.4.1The Sliding Phase

Upon substituting (7.51) into the first two equasaoof (7.49), the governing equations of the stjdin
motion are found as

148



X - d1X1 + (dz +1)X2

= 7.52
X, -G'%kx-G'x-GXR- G'ow (7.52)

Converting (7.52) to a second order differentialaggpn, gives
G, +(c+ G x, +((d, +1)k +cd,)x, =- (d, +1)cw+xR) (7.53)

where the lead screw angular velocity ernor,(argument ofx and Cfunctions) is given by

+
x, = 0% (7.54)
d,+1
Inspired by the results of Section 5.3, one wouigeet that a similar analysis using the averaging

method should reveal that there is a positive aDWSal (dependent ond, and other system

parameters), such that settirdj > al would lead to asymptotic (exponential) stability the
equilibrium point of (7.53).
The equilibrium point,(xio, xzo), of (7.52) is the solution of

- d1X10 + (dz +1)X20 0

- KX~ C% - X,R- CW "o (7:59)
where
n, sgn(R)sgn(x,, +w)- tanl
° " ™ 1+m,sgn(R)sgn(x,, +w)tanl (7.50)
and
m = ”(Xzo) (7.57)
where n(>) is defined by (7.15).
From (7.55),X,, is found as the unique solution of the followirggation
K+ cd X0 T X,R+cw=0 (7.58)

d,+1

and
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00 = d +1X10 (7.59)
Let
Z=X - X, (7.60)
then (7.53) becomes
Gz+(c+Gd,)z+((d, +)k +cd,)z = (d, +1)R(x, - X) (7.61)

The contact forcey, is simplified from (7.14) to

z+d,z
R+mr, tanl c —2= +mr_tanl kz

N = ’ 62
Glcod +msinl) (7.6

Let t =Wt where

w= [0k lek (7.63)

Note that compared with (5.24), the natural fregyeof the undamped unperturbed system is

multiplied by ,/d, +1. Also, define the non-dimensional parameters

m= rmzlmtanl (7.64)

c=__° (7.65)
Jd, +2)ki

R:ﬁ%R (7.66)

Note that (7.64) and (7.66) are the same as (|88)(5.28), respectively. (7.65) differs from
(5.27) by a factor ol/ d, +1. Also, define
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J=d | d

=d, [—— = 7.67
"W(d,+1)k W (7.67)
Using these new parameters, (7.61) is transformed t
PRSI B e i L Sl L B TP
1+mtanl 1+m,tanl
(7.68)

_ m,sgn(Rw)- tanl _ m - tanl MR
1+m,sgr(Rw)tanl  1+mtanl W

where prime denotes derivate with respect to theedsionless timd . Now that the equation of
motion is in its non-dimensionalized form, simitarSection 5.3.1, parameters are ordered using the

small positive parameter. The new parameters

ns — rT0
= , = 7.69
m tarl m tarl ( )
g=_9 (7.70)
tarl
c=—2 (7.71)
tarl

together withm and R are all assumed to t@(l) with respecte wheree =tanl is taken as the

small parameter. Finally,is scaled ag = erv, wherer >0 is O(l) and it is assumed
W/ W=re (7.72)
The system equation, (7.68), becomes

[1- X, (v,vée)m|v @ ecve+ ed[1- X, (v, vée)m]ve

7.73
+v+elcdv = eR[X,(e)- X,(v,v¢e) (773)
where, similar to (5.34) and (5.35),

- Sgr(RW)no -1
X8 = 1y e sgr{rum, (7.74)
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n (v,vie)- 1
1+e’m(v,v¢e)

X, (v,v¢e) = (7.75)

Also, the expression for tregnedvelocity-dependent coefficient of frictiomrg(v,vﬂ e), in terms

of the new dimensionless parameters is
m(v, v, e) = n{v, v, e)sgr(z)sgr(N (v, v, e)) (7.76)
where
v, vge) = (i +fine 7 + i, tanH(z]/w,,, fL- &) (7.77)

andm =m/tanl ,i =123, and

z(v,v¢e):ﬂv¢+er 4y O% 4y (7.78)
d,+1 d,+1 d,+1

Also, from (7.62), one finds
sgn(N)=sgn % eX R+ ecve+ (1+ ezcd)v (7.79)

After rearranging, (7.73) becomes
ve+v =ef (v, v e) (7.80)

where
f (v,v¢e) = - dve- (1- ele)'l[cv¢+ mX,v+ecdv + R(X, - XO)] (7.81)

Comparing (7.80) with (5.33), we can see that apiiagnterm, - dv¢, and a higher-order term,

ecdv, are added to the system’s equation. Note tha6)has similar Lipschitz continuity properties
as (5.33) with respect tb/ V¢, e) :

To transform (7.80) into the standard form, théofeing change of variables is used
v=acoyg ,Vv(=-asinj (7.82)

This leads to
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a(=-ef (acog ,- asinj ,e)sinj (7.83)

je=1- gf(acosj - asinj ,e)cos (7.84)

Sincej Cis away from zero, dividing (7.83) by (7.84) yield

%Le f(acosj ,- asinj ,e)sinj o eg(j a e) (7.85)

1- :f(acosj - asinj ,e)cos

The system equation (7.85) is in standard form witbounded periodic right-hand side. The

averaged amplitude equation can be found as

e
a¢:2— 9(j ,a0)dj
p o2p (7.86)
= 23 f (acog ,- asinj ,0)sinj dj
0

Expanding (7.86) gives
e

at= - 2_p ((c+d)asin2j +masinj cos +n1)ngr(va)sinj )dj
0

e
+2_IO (masinj cog +Rsinj )nl(l a)dj

0
which immediately can be simplified to

2p

at=-e c+d a.,.%‘ 0sinj acog +% rrg(j ,a)dj (7.87)
where
m,( @)= (i + e o= iy - v asing - @)
- . R (7.88)
" sgr(v, - v ,asinj )sgn acos +
and
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Y = G, +W (7.89)

v, = M (7.90)

Note that by settingd, =d, =0, (7.88) simplifies to (5.46). In the following, éhcase of

R= O(l) is treated first and then the caseRF O(e) or R=0 is discussed.

7.4.1.1The Case ofR=0(1)

For R= O(l , there isay —H such thatsgn %+ acog =sgn % = sgr(R) for O£a<a,.
Also, since for0£ a<|v,|/v , we havesgr(v, - v ,asinj ) =sgr(v,) then
m( ,a)= (fq + g folvall-aasii) fyv,[(L- aasinj ) )(1 g ilval(t-aasin )sgr(v ) (7.91)

for 0Ofa<a , wherea = min(aN ,‘a'l‘) anda =Y2. Substituting (7.91) into (7.87) yields
v 1

c+dja

at=-e +2_pR smj m(j,a)d , 0£a<a’ (7.92)

0

For simplicity, here it is assumed, > 0. Simplifying (7.91), one gets

m( ,a)=(m +me* =" _ masinj Ji- r,ew 2 ) (7.93)
wherer, =€ ** and
m =iy + v, (7.94)
m, = me " (7.95)
m =My ,a (7.96)

It is interesting to note that (7.93) is very samito (5.49). Substituting (7.93) into (7.92) and
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carrying out the integrations, one finds

c+d+mR

at=-e a+emRL,,(r,v,aa)- e,mRL,,(rv,aa)

(7.97)
+ ererEaRL 20 (rlv 1aa) - eLm, RL 10 ((ro + rl)v 2 a)

whereL 1,0(’) andL 2'0(>) are defined by (5.56) and (5.57), respectivelyeAlinearization, one finds

that the origin is locally exponentially stabl€iif terms of the original system parameters),

c+d,l >- rde— (7.98)
dZ z=0
Comparing (7.98) with (5.61), it is clear that thay difference is the addition al,| to the linear

damping which is caused by the controller.

System (7.97) is structurally identical to (554hd as such, results obtained in Section 5.3.4 and
Appendix D apply here. Consequently, there exibt3 O, such that selectind > d, guarantees that
the origin is an exponentially stable fixed poifittiee averaged equation (7.97), and no other fixed
points exist overal [O, a*] . Since the right-hand side of (7.85) is twice ammiusly differentiable
with respect to(a, e)T [O, a*]' [O, eo] and g(j ,O,e)° 0, then, based on Theorem 1 of Appendix |,
for sufficiently smalle, the origin of (7.85) is also exponentially stable

For a>a , based on the arguments of Section 7.1.1 and)({7AB8) is replaced by

tanh ViV ,asinj (1 o ilva-v asin \)
w

max

mija)= i eine = i

max

(7.99)
. . R
Sgr(Vl - VvV ,asin| )Sgn acos +E

which is bounded and periodic with respecy to Substituting (7.99) into (7.87) yields the aEa

amplitude equation. Due to the boundedness (7t88)following two definite integrals are also
bounded:

! Replacec +d by ¢ andy,a by w and (7.97) becomes (5.54).
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2p

1®
yl(a)=2—ID sinj cog m(j ,a)dj <y, (7.100)

0

2

1. . : .
yz(a)=2—IO sinj m(j ,a)dj <, (7.101)

0

Using (7.100) and (7.101), from (7.87) we have

2p
at=-¢e C+2d a+2—i (masinj cog +Rsinj )m@ ,a)dj

0 (7.102)
£-e C+2d a+emaVl+eRV2

Let

d, = max (2my, - c), 2mvl+?v2 -¢c 0 (7.103)

thena(a)<0 for d >d, anda>a’.

Selectingd > ma><(d1,d2) guarantees that the origin is an exponentiallplstéixed point of the
averaged system for initial conditioa(0)=aOT [O,¥). Since the right-hand side of (7.87) is

continuously differentiable with respect @& Theorem 2 of Appendix | states that the solutiohs

(7.87) and (7.85) that start from the same initialue a,1 [O,¥) remain O(e) close for all

il D 0,¥). Consequently, for sufficiently sma#l and after a finite time, the solution of (7.85)

enters[O, a*] where, as discussed above, the solution is expiatgrattracted to the origin. This

property naturally extends to the original systéfih2).

7.4.1.2The Case ofR=0(e) or R=0

Here it is assumed th& = eR, whereR = O(l) with respect tce . The subsequent arguments apply

to the case oR =0 by simply settingR=0 andR=0.

SubstitutingR = eRinto (7.73) gives
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vy =ef (v,v¢e)+e? f,(v,v¢e) (7.104)
where
f,(v,v¢e) = - dve- (1- eX,m)*(cve+ mX,v +ecav) (7.105)

and
f,(v,v¢e) = (1- ex,m)*(X, - X,)R (7.106)

where X, and X, are given by (7.74) and (7.75), respectively. fremnore, the scalindg? = eR,

reduces the size of,, given by (7.58), frorrO(l) to O(e). In terms oforderedsystem parameters,

(7.58) is rewritten as

1+&d Mo SGR)Sgre +W)- 10 o (4 49 -0 (7.107
(+e C)XIO(e)+er 1+m, sgr{R)sgr{x, + W) +erc(d, +1)sgr(w) ( )

where (7.63), (7.65), (7.66), (7.67), (7.69), (7,78.71), and (7.72) were used. Assumihg= O(1),

it is clear thatx,, = O(e). The first order averaged equation (7.87) is reduce

2p
ao--o ke em [cosi [mj ,a)d (7.108)
2 2p 0
where
n’!;(] ’a): ﬁ]_+|’nze_ ) w-\M@sinj‘ +ﬁg‘w- |W1d a+1sinj 1- e— I&W—\V\I‘@sinj
2 (7.109)
. a .
sgn w- | 0 7SN

The following two expressions were used to reach0g). First, from (7.78) and after substituting
the solution of (7.107), we have

z(v,v¢0) = ﬂvmw

2+1

Second, from (7.79)
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sgr(N(v,v¢e)) = sgn % - e?X,R+ecvl+ (1+ ezcd)\/

® sgn(N(v,v¢0)) = sgr{v)

If O£ a<1+d,, thensgn w- |w| 5 a+1sinj =sgr(w) and consequently, (7.109) is simplified
2
to
: . . - oW 1—di+lsinj R a o
,a)= +me 2 + 1- sin
mi,a)= i+ | 1- = sin
,0£a<1+d, (7.110)
-nw -2 sinj
1-e = sgnw)
Define
12
ys(a)==-sinj|cosj |m/(j ,a) (7.112)
2p,
then there existy 5, such that
y.(a)<y,, 0f£a<l+d, (7.112)

In order to guarantee exponential stability of tregin of the averaged system for the initial

conditions satisfyinga(0)1 [0,1+ dz] , it suffices to selecd > max(O, ds) where

d,=2my,-cC (7.113)

for then, (7.108) yields

a¢z-e£¥k+emay3(a)<-e£¥k+ema73<-ba,b>0

where (7.111) was used. Moreover, since (7.116)ite continuously differentiable with respect to

a uniformly in | , the right-hand side of (7.85) is twice contindgudifferentiable with respect to

(a,e)T [O,a*]' [O,eo] . Also, since g(j ,O,e)° 0, based on Theorem 1 of Appendix |, for
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sufficiently smalle, the origin of (7.85) is exponentially stable.
For a3 1+d,, based on the discussions of Section 7.1.1, (¥.19D9nodified to guarantee

boundedness aa® ¥ . (7.109) is replaced by

: . . —row—Mﬁsinj .
m(j.a)= e 1w, tanh L2

(7.114)

_rlw—‘Mﬁsinj ‘ a o

1l-e ? sgn w- sin

gn w- |w g, 1o

Due to the boundedness of (7.114), thereY¥s,asuch that

ys(@)<y,, "a®1+d, (7.115)

Whereys(a) is given by (7.111) after substituting (7.114).c@ragain, exponential stability of the
origin of the averaged system for the initial caior a(O)T [1+ d2,¥) is guaranteed, if we select

d> max(O, d4) where
d,=2my,-c (7.116)

Selectingd > max(O, d,, d4) guarantees that the origin is an exponentiallplstiixed point of the

averaged system for the initial conditi@r(O): aOT [O,¥). Since the right-hand side of (7.108) is
continuously differentiable with respect & Theorem 2 of Appendix | states that the solutiohs

(7.108) and (7.85) that start from the same initialue a, 1 [O,¥) remain O(e) close for all
] ] h 0,¥). Consequently, for sufficiently small and after a finite time, the solution of (7.85)
enters[0,1+ d2] , Where as discussed above, the solution is expiaiigrattracted to the origin. This

property extends to the original system, (7.52).

7.4.1.3Remark 1

The above arguments did not provide a closed fafationship in terms of system parameters to

determine the two control parameted, and d,. It is, however, possible to calculate these
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parameters based on the values of the system paramé available, or their upper and lower

bounds.

7.4.1.4Remark 2

The above proof of stability is based on the metbbdveraging and is applicable to systems with
weak nonlinearities. In the preceding derivatictms requirement on the “size” of the nonlinear

terms is quantified by the introduction of tkenall parametere. In particular, Theorem 1 of
Appendix | states that, under the assumptions eftkieorem, there exists a@ >0, such that
for" el [0,€'] the exponential stability of the origin of the uaeaged system can be deduced from
the exponential stability of the origin of averaggdtem. Consequently, the upper bound on the size

of the nonlinear terms is defined &y . Here, it is assumed that system parameter vgbretheir

respective upper and lower bounds) are such thattibve condition is satisfied

Now that it has been shown that there exists cbptm@metersd, andd, such that the subsystem

(7.52) {.e.the governing equation of the sliding motion)xp@nentially stable, we can proceed with

the design of a control input that brings the sy&estate to the sliding surface in finite time.

7.4.2The Reaching Phase
Based on (7.51), the equation of the sliding serfagiven by

s=0 (7.117)
where the variableis defined as

S=X,- %xﬁ%xz (7.118)

A controller is sought that bringsto zero in finite time. Differentiating (7.118) thirespect to

time, gives

! Considering the complexity of the system equati@msl the number of parameters involved, the
straightforward calculation of an upper boundedne. €*) can be very difficult. Numerical simulations mbag
used as an alternative to estimate this bound farticular lead screw drive. See, for exampleQ[1®here a

similar issue is discussed in the context of thetrod of the underactuated manipulators.
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s:xs-%xﬁ%xz (7.119)

Substituting (7.49) into (7.119), yields

1 1 o rk d, k o
s=-u-=-T,s +riw)- Mw+ —- 2= x+ d- -2
JJfgr(XS )Jr 7 AT Ay %
d  d,c 1d (7.120)
- L+22 x - = 2(xR+ow)
rrG Gr

Take the Lyapunov function candidate \As= %52; its derivate along the system trajectories is

found as
V=s
1 1 C 1d
=-us- =TS +riw)+ Mw+ =2 (xR+cw) s
3 3 gr‘(X3 ) Ir Gr( )
rk d, k C d _d,c (7.121)
+ .22 + d -M - A4 27 o5
3 re T ATy T g
1 1
£3us+3(r0+r1|x1|+r2|x2|+r3|x3|H
where,r,,i =0 3 are assumed to be known constants satisfyingttmving relationships
i Cy Jd,
T SO +1 1w)+—w+6—(xR+cw £r, (7.122)
r r
d, k
rk- J—2—£r 7.123
T 129
‘Jiuiﬁ £r, (7.124)
r r G
dyJ - cy| £ 1 (7.125)

Using known upper and lower bounds of the pararsgtere can find
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- T, Jd =
ro=T; +TMW+§TZQ)_(‘R+C ) (7.126)
- -d, k
r,=rk +J72§ (7.127)
- d d,C
r,=3 Tl+72é (7.128)
r,=dJ+c, (7.129)
Let
u=- (b(x) +b, )sgr(s) (7.130)
where
b(x) =14+ x| +1 x| +14[x] (7.131)

andb, > 0is some known constant, (7.121) becomes

1 1
VE jus+j(r o+ 1|+ Pl +1 )
= - (blx) by )sarfs)s +Tblx)s (7.132)

1
=" jb0|5|

This result implies that the system trajectorieachethe sliding surfacs =0 in finite time and,
once on the surface, they cannot leave it.
The sliding mode controller consisting of a reaghiinase and a sliding phase is now developed.
However, a few issues remain to be addressed bsifpniazng off on this controller. These issues are:
The steady-state error,
Chattering, which is caused by discontinuous natdiréhe controller and delays in the
actual switching controller implementations, and
Initial high torque demand.

In the following three sections, several approadrespresented to modify the controller in order
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to circumvent these problems without jeopardizimg $tability properties of the original controller.

7.4.3Feedforward Input

From (7.53), we saw that the origin is not an eguilm point of the governing equation for the

sliding motion. This equilibrium point was calcddtby (7.58) and translated to a lead screw velocit
error given by (7.59), which in turn results in ®tor velocity error when considering the sliding

surface equation given by (7.51). In this sectiarfeedforward input is considered to reduce the
velocity error as much as possible, depending enattailability and the accuracy of the nominal

values for the system parameters.

For the system (7.49), the constant input
U, =T, +C, I ‘W+rx,R+rcw, w>0 (7.133)

is required to have the steady state point at

X,R+cow
XlO ) k
X0 = 0 (7.134)
Xz0 0

However due to parameter uncertainty, baghand X, are unknown values. As a compromise, it

is possible to modify the controller input with

u=v+uy, (7.135)

where U, is the feedforward input obtained from (7.133)xgshominal values of system parameters.

Substituting (7.135) into (7.49) and setting
X, =% = X (7.136)

where X, is obtained from (7.134) by using the nominal eysparameters, the equations of motion

become after simplification

163



0 (7.137)
+ -lxR-EA%OFA{-V—Vc-EAé + 0 v
G K G K J
A A A k
- —( fsgr{x3+r ]w)- Tf)- %(CM - cM)+—(xOR+cw) 1- P

where the tilde orx; was dropped to simplify the notations.

The development of the sliding mode controllerdat the same steps as described above and,
except for pointing out the differences, it is nepeated here. The second order differential eguati

governing the sliding motion, (7.53), becomes

Cx, +(c+Cdy)x +((d, + 1)k +cd,)x,

~ A 7.138
=-(d,+1) xR- EXOR +w C- Eé ( )

where the “hat” designates the nominal parametieresa Note that had we known the “true” system

parameters, (7.138) would yield,, =0. However, one would expect that by the additiorthef

feedforward component, a smallgy, is obtained when the nominal parameter valueseasonably

close to the true values. This in turn translatesmaller steady state velocity errors for motad an
lead screw.
The addition of the constant input also changesslideng mode controller law. The equation for
S, given by (7.120) is changed to
1 rk d, k d  d

s=—y+ —- 2 - + -2
J J rGX1 rr

oOlo

X+ d, - CTM X, +D (7.139)

where
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D:-l('l'f sgr(x3+r']w)- 'I:f)- 1d, xR-if(OFA{ rwe- Ke
J Gr k k
- ) (7.140)
- %(cM - (A:M)+%(XOR+6W) 1- M

The only difference compared with the previous waler is inr ;, which is now given by

ro= max@T_f - T[T - If‘)+%%maqu&ﬁ- l_o?(ﬂ KXR- ‘&o%)
+é%wmaxqél2- G k- R€{)+"?"maxﬂgM - &ullew - &) (7.141)
+%(>A<Oli+éw)maquz- Kl,|K - E‘)

7.4.4Continuous Sliding Mode Controller

The continuous version of the controller given ByL80) can be constructed by replacing signum

function with a unit saturation function
S
u=-(b(x)+b,)sat = (7.142)
e

For this controller, the previous Lyapunov analysé only show that the trajectories starting

outside of the boundary layere(, |s1 £ e)) reach it in finite time and, once inside, canleaive it for
all future time. Namely, (7.132) for the derivafdtte Lyapunov function, now reads
1
VE- 3b0|q |93 € (7.143)
To ensure that the trajectories inside the bountigrgr remain bounded, the boundedness of the
solutions of the following system must be shown
X = (dz +1)X2 - d1X1 +Is
c. k., 1._ c .lsfe (7.144)

XZZ'E z'a)g'aXR' EW

where (7.144) is obtained by substituting (7.118d ithe first two equations of (7.49). However,
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since the aim of the controller is to eliminatedearew vibrations, proof of boundedness will net b
sufficient. Instead, the analysis continues byiziiy the “high gain” behavior of the sliding mode
controller inside the boundary layer to prove thgnaptotic stability of the system towards its fixed
point (which is not the origin). This task is acquished by considering the system as a singularly
perturbed problem. The stability property is thereg by Theorem 3 of Appendix I.

To use this theorem, the control law given by (@)18wst be modified slightly to give it the

required smoothness properties. Note that thegbaiérivatives ofb(x), given by (7.131), with

respect tox, i = 1,23, are not continuous. Herb(x) is replaced b)E(x), which is defined similar

to (7.131), except that the absolute functiongepéaced by

LT
Sal 2—1du2+g Ju<d

(7.145)

where d >0 is a parameter designating the extent of the dmedotegion. As illustrated in Figure

7-10, functionsd(.) is continuously differentiable to any order mg(u)3 |u| " u.

Figure 7-10: Smoothed absolute function

Now the modified controller

u=- (5(x)+bo)§, EEX (7.146)

is continuously differentiable inside the boundaer. ForH £ e, the equations of motion become
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%* 5% e e e
e = - = (b(x)+b,) X - Orllxl+%xz +elekX1_ ele X, (7.147)
& T tanhm +r7'c,w

J e,

wheresgr(z) was replaced byanl(z/ez) for some smalle, >0 as an approximation that has the

required smoothness properties. The system dedchie(7.147) resembles a standaidgular
perturbationproblem [84]. To convert it to the standard fotire fixed point must be transferred to

the origin. Let

Z % %)
2= 4 = %" XZO(el) (7.148)
Z, X Xg(e)

where X,, is given by the solution of the following equation

~ d
(B¢) o) <0300 + xR+ 0+ (e, + 1y

+ elr ? (CXZO + XOR + CVV) + elCM XZO (7 149)

X0 +W
re,

+e ITy, tanh +cyw =0

Also, X, = (xio,xzo,xeo) andX, :x(xzo). X, is found from
_ 1
X0 = - E(c><20+x0R+ cw) (7.150)

also

Xgo = X/ T (7.151)

For e, =0, (7.149) simplifies to
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— XO(XZO)R+C\N 7.152
%20 dl Cd1+k(d2+1) ( 15 )

which has a unique solutiorx;O. Since (7.149) is continuously differentiable wiéspect tox,, and
its derivative does not vanish at, = X, and e, =0 (stability requirement setd, >0), based on

theimplicit function theorenfil01] it has a solution for sufficiently smadi, . Substituting (7.148) into
(7.147) yields
2=2,- 11
C k X c
=- =z, +%X,,)- =\za + -—R-—=w
2= 5@t x)- S(@+%)- GR- ¢

1 d_ d,_ 1
&7z, =- 3(b(2+><o)+bo) 7~ 27427, 4 {(dy 2o - dixo) (7.153)

rk
+elT(zl+xm

-1
)% X % Ty tanh 2,410 +W)

20 -1
z,+ 2 +r7'c, W
r e,

which is in the standard singularly perturbed féomthe autonomous systems [84], given by

x=f(x,y,e€)
ey=9(xy.e)
for x:(zi,zz), y=z,ande=¢g,.
First, the “reduced model” and the “boundary-lageadel” are defined. Setting, = 0, the third

differential equation degenerates to an algebrgia#on. The unique solution of this equation is
given by

d_ _d,

z=h(z2)=" 2z %7 (7.154)

where the fact tha@b(z)+b0) 1 0 is used. Also, fore, =0, X, and X,, coincide with the solution
of (7.58) and (7.59), which give{sl, +1)x,, - dX|, , =0-

Substituting (7.154) into the first two equatiorig153) and setting, =0, the reduced model is

found as
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7, =-diz +(d, +1)z,

:-E ) E ) X=X, R (7.155)
% 622 GZ1 G

which can be expressed as a single second-orderedifial equation, given by
Gz+(c+Gd,)z+((d, +)k +cd,)z = (d, +1)R(x, - X) (7.156)

Note that (7.156) is exactly the same as (7.619,the analysis of Section 7.4.1 proves that the
origin is an exponentially stable equilibrium podrithe reduced model.

To obtain the boundary-layer model, we first agply following change of variable
d d
y=ze-7121+7222 (7.157)

Upon substituting this into the third equation 0f163), one finds

1(~ 1 rk
ey=- j(b(Z+XO)+bo) y+?((d2+1)x20- dlxlo) +elT(Zl+X10)
-1
- _ele 23+% % T, tanh LT e(X2°+W) +r7'c, W (7.158)
2
d d
e ate g

Define thefasttime scale ag = el'lt, which yieldse y = dy/dt . Substituting this into (7.158)
and settinge, to zero, yields

dy:_

¥ =- 2 [BE) by (7.159)

(S S

which can be shown to have an exponentially stabigin (.e. y=0). Let V, =1/2y* be the

Lyapunov function candidate. The derivativevodlong the system trajectories is found as

iVl = yﬂ =- %(5(2) + bo)y2 £- % y? (7.160)

Citing Theorem 3 in Appendix |, it is concludedttitze system (7.153) has an exponentially stable
equilibrium point at the origin for sufficiently st e .
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7.4.5Variable Velocity Set Point

The error is inversely proportional @, +1 and by choosing a large enoudh, the position error

can be limited to some allowable maximum thus reduthe lead screw and motor velocity errors.

Unfortunately, this approach may increase the dirdarge torque demand on the motor at the
beginning of motion when the difference betweenesysnitial state (usually at rest,= 0) and the
desired stated=w,) is significant. From a practical point of vievhid may not be desirable or

feasible. An effective way to reduce the input terglemand is to increase the preset velocity from
zero to its desired value, gradually.

If w= W(t) then the change of variable (7.48) gives

X =q-1qy
X, =0-W (7.161)
X, =0y - W
As a result (7.49) becomes
X, =X, - Xy
X, =- Ex2 - Ex1 1xR- Cw-w (7.162)

1 1 rk C C
=Zu- =T, sgnx, +rw)+—x - M x, - Myrtw- riiw

From (7.162), it is easy to see that thhequation given by (7.119) changes to

1 1 C rk d, k C
s=-u- =T, S +riiw)- Mw+ —- 2 x+ d -2
J JfMgn()% )Jr T R
d d,c 1d d,+1 (7.163)
- L+22 x - Z2(XR+ow)- 2w
r r G Gr r

+1 . .
where the term- d, w is the only difference compared to (7.120). To pensate for this
r

bounded addition, only , in (7.126) needs to be modified. Let

d,+1_

Su a (7.164)
r

r

d,
;

Fo =Ty +-MW+ Q>_<‘§+Ev_v)+

Q) | <
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wherea andW are chosen such that

a3 supw(t) andw 2 supwft) (7.165)

t30 t30

Note that since/v(t) and W(t) are known functions of timew anda can be chosen to be time-
varying too.

We also need to know the effects of chang\'m(g) on the stability of the sliding phase. Adopting

the same sliding surface as before, the goverrgogtens of the sliding motion become

X =- d1X1 + (dz +1)X2

C k1 C (7.166)
X, =- axz- Exl EXR- EW- w

where compared to (7.52W has entered into the second equation. In thewollg, (7.166) is

converted to a form where the variation W(t) appears as boundedperturbation. The ultimate

boundedness of the sliding motion is then followsnf the global exponential stability of the
unperturbed system

Let

W(t):wd -V (t) Ofv (t)f,Wd (7.167)

where w, is the finaldesiredconstant angular velocity value anc(t) is the variable part. For the

problem considered here, (t) is assumed to be a decreasing function, afith v (O):WOI and

v (t)—O, "t3 1t for somet, >0. Also, v (t) is bounded for" t3 0. Substituting (7.167) into
(7.166) yields
X == d1X1 + (dz +1)X2

x,=-Sx - Ky - Lyr- Cw, +d (7.168)
2 G 2 G G d

where

! See for example [84, Lemma 9.2].
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d(t, x,) = ———v (t)+v (t) (7.169)

Glx,)
is a bounded term based on the above assumptiorvs(f)J andv (t) and also based on the fact that
G(Xz) is away from zero fol X, .
Setting d© 0, (7.168) reduces to (7.52) with constamt=w, which is globally exponentially
stable. This property, together with the boundeslrtefsd(t,xz), guarantees that the solutions of

(7.168) remain bounded [84]. Furthermore, oricet,, the perturbation term vanishes and the

exponential stability of the equations of motiortted sliding phase is restored.

7.4.6Numerical Examples

In the numerical examples presented here, thealtartiaw defined by (7.142) is used. The system
parameters and their bounds are given by Table7dddition, the system is considered to be 4dt res

at the start of simulations.

7.4.6.1Example #1

In the first example, the feedforward input of $mtt7.4.3 and the variable velocity set point of

Section 7.4.5 are not used. The selected contjudlexmeters are listed in Table 7-2.

Table 7-2: Controller parameters for example #1

Parametef Valud| Parameter Value
d, 25 W 40rad/s
d, 0 € 10
b, 0

Figure 7-11 shows the time histories of the leadwand motor velocity errors. As can be seen,

the sliding mode controller is able to dampen #elscrew vibrations in a short time. The steady

state error is approximately,, » - 21729, (about%5) for the lead screw, which is equivalent to a
X5 » - 13.1729/ error in the steady state value of the motor'sutargvelocity, according to (7.151).

The time history of thex; state is shown in Figure 7-12(a). This variabkeasally represents the

torsional deflection of the elements (coupling) mecting the motor to the lead screw. The steady
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state deflectionx,,, is approximately- 0.054rad in accordance with (7.150). In Figure 7-12(b),

the time history of the normal contact force of theeads is plotted. Note that, during the simalati

contact force remains greater than zero and atlststate reaches approximateli , » 985 N

which can also be found from (3.16) as

N, = R
*  cod +m,sgn(Rw)sinl

The controlled input time history is given in Figur-13. As expected, at the beginning of motion,

the controller demands high torque from the motor kring the system’s state from

0,- 40- 40° 1—39 towards the boundary layer. The initial torqueaiout 623 N.m. At steady

state, the torque required to maintain the systeworstant velocity igi, » 1.3 N.m, which agrees

with (7.133).

Figure 7-11: Controller performance of example #1;
(a) lead screw velocity error, (b) motor velocity error
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Figure 7-12: (a) Variation of the torsional deflect  ion of the coupling, (b) variation of normal contac t force

The system’s trajectory is shown in Figure 7-14e o planes in this figure are defined by

X5 - (dl/r)x1+(d2/r)x2 =+e and are added to visualize the boundary layercaks be seen, the

trajectory enters the boundary layer at point “Atlaonce inside, remains there for all future time.

Figure 7-13: Controlled input of example #1
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Figure 7-14: System'’s trajectory for example #1

7.4.6.2Example #2

In this example, the velocity set point is graduatried from O tow, according to

t-t,

tanh g +tanh tg
w(t) = w, t (7.170)
1+tanh HO

wheret, andd control the onset of speed change and steepnéssastent, respectively. Note that,

Wy

based on (7.170w(t) £ "t 0.

d 1+tanh )
d

The controller parameters are selected as thequewxample. Also for this examplg,= 025s

andd = 0.1s. Figure 7-15 shows the lead screw and motor angelocity time histories. The plots
in this figure show successful tracking of the ahke velocity set point. The controlled input fhist
example is shown in Figure 7-16. Compared with FEEgl+13, it is clear that by varying the velocity

set point from zero to the desired final value,itiigal high control torque is eliminated.
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Figure 7-15: Lead screw (a) and motor (b) angular v elocities of the closed loop system.
Black: system response; dashed gray: velocity set p oint

Figure 7-16: Controlled input of example #2

7.4.6.3Example #3

In this example, the effect of the paramekgon the performance of the controller is investgat

The parameter values used in this example arel list€able 7-3.
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Table 7-3: Controller parameters for example #3

Parametef Valuel| Parameter  Value
d, 40 Wy 40rad/s
d, 0,110 t, 025s
b, 0 d 0.1s
€ 1

Figure 7-17 shows the lead screw and motor velagityr time histories for three different values
of d,. It can be seen from this figure that by incregdime value ofd,, the steady state velocity

error decreases, as was shown by (7.152).

Figure 7-17: Effect of d » on the performance of the controller.

In Section 7.4.1, it was shown thdt has a stiffness-like effect on the reduced ordedeh of
sliding phase. It is interesting to note that theusation results of Figure 7-17 show this effday;

increasingd, , the amplitude of the transient vibrations of leeed screw is reduced.

7.4.6.4Example #4

In this example, the feedforward input of Sectiof.3 is added to the controller. To implement the

feedforward input together with the variable vetpdliding mode controller of Section 7.4.5, the
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feedforward input defined by (7.133) is changed to
=T, + 6,1 Wt)+rx,R+ réwt) (7.171)

Also, the termr , given by (7.141) for the feedforward input of $ewt7.4.3, and the term,

given by (7.164) for the variable velocity methddection 7.4.5, are combined to give

o sl 5
+6r_|2wmaxﬂ )+_maxch & hfow - &) (7.172)

i( XoR+6 maqu ka k‘) Aoty

Finally, the sliding mode control law given by (Z2) is changed to
u=-(b(x)+b,)sat > (7.173)
&

where X = [x1 +X, % XS] and X, is calculated by substituting nominal values iftd.34).

The controller variables for this numerical examgite given in Table 7-4. Figure 7-18 shows the
performance of the sliding mode controller with amithout the feedforward input. The addition of
the feedforward component clearly improved the dstestate results. It must be noted that, this

improvement is highly dependent on the accuradii@hominal values of the system parameters.

Table 7-4: Controller parameters for example #4

Parametef  Valuel| Parameter  Value
d, 25 W 40rad/s
d, 0 t, 025s
b, 0 d 01s
e1
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Figure 7-18: Effect of feedforward part on the perf  ormance of the controller.
Gray: without feedforward; black: with feedforward

The controller effort is shown in Figure 7-19 foettwo cases considered in this example. It can be
seen that the addition of feedforward input onighdly increased the input. The reduction of the
sliding mode controller gain (comparing (7.172)lw{7.164)) is compensated by the nominal input

(7.171), resulting in reduced steady-state errors.

Figure 7-19: Controlled inputs of example #4. Black  : with feedforward input;
gray: without feedforward input.
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For comparison, Figure 7-20 shows simulations teswhenonly the feedforward input was
applied (open-loop system). The system is unstahkd the lead screw DOF exhibits stick-slip
behavior. The vibration amplitude of the motor,the other hand, is significantly smaller which is
due to the high gear ratio, between motor and lead scfeWhe error in the steady state value of
motor velocity error is attributed the differencetweeen nominal values and true values of the system

parameters.

Figure 7-20: Performance under the action of feedfo  rward input alone

7.4.6.5Example #5

In the development of the sliding mode controllethis chapter, the velocity-dependent coefficient
of friction was smoothed to satisfy the smoothnesglirement for the averaging process of Section

7.4.1 and the singular perturbation analysis otiSed.4.4. However, there is no limit on the sife
r, parameter, since this parameter does not appeheinontrol law. The only difference is that a
somewhat larged, value may be needed to guarantee stability dtieetincreased negative slope of

the friction curve at the lower relative velociti@his, however, does not affect the stability fueé t

! Similar behavior was observed in the open-loopresults of Chapter 4. See Figure 4-15(a).
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system once the variable reference velocity reaithelesired final value. This feature can be used

effectively recover the cases where the coefficiginfriction does not vanish near zero relative

velocity by selecting very large values ot

In this example, the actual value for is set to 10000 (compared with the previous exaspl
where 1, = 2). The resulting coefficient of friction is shown Figure 7-21. Controller parameters

used in this example are given in Table 7-5.

Figure 7-21: Smoothed coefficient of friction

Table 7-5: Controller parameters for example #5

Parametef Valued| Parameter  Valde
d, 40 W 40rad/s
d, 0 t, 025s
b, 0 d 0ls
€ 1 r 10000

The performance of the controller is shown by threretime histories plotted in Figure 7-22. The
stick-slip transient vibration in the lead screvgalar velocity is clearly visible in the close-ujgw

of Figure 7-23. The controlled input for this exdenjs shown in Figure 7-24.
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Figure 7-22: Lead screw (a) and motor (b) angular v elocities of the closed loop system.
Black: system response; dashed gray: velocity set p oint

Figure 7-23: Close-up view of the transient vibrati  ons of the lead screw
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Figure 7-24: Controlled input for example #5

7.5 Conclusions

Active vibration control for lead screw systems waglied in this chapter. Based on the sliding mode
control method, two robust regulators were desighatare capable of stabilizing the steady sliding
fixed point of the system to a predefined set pdihiese controllers actively diminish the vibraton
caused by the negative damping mechanism thatsgmesi to be present in the system. To
implement these controllers, no knowledge of anyhef system parameters is needed and only the
bounds of the parameters are assumed to be aeailabl

In Section 7.3, the model of the lead screw dries simplified under the assumption that all of the
rotating parts, from motor to lead screw, are hgabnnected. The problem of chattering, whichris a
inherent consequence of all discontinuous (switghicontrollers such as the sliding mode, was
addressed, and a continuous version of the comtraths developed to avoid chattering. Stability of
this controller was proven using an appropriatepyev function. Numerical simulation results also
confirmed the applicability of the controller.

This assumption of rigidity was relaxed in Sectibd. In this section, a more realistic 2-DOF lead
screw drive system was analyzed. First, a basiinglimode controller was developed that addressed
the presence of unmatched uncertainties in themsysthe process of the proof of stability of this

controller involved the analysis of the governirguations of sliding motion as a weakly nonlinear
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system. Drawing heavily on the results of Sectidd & was proven that for a suitable choice of
sliding surface, the sliding motion is globally exgentially stable.

Three areas of deficiency were identified regardimg performance of the basic sliding mode
controller. Each of these issues was addressedgdiran appropriate modification to the basic

controller that retained its stability properties:

1. Chatter — This problem stems from the discontinuvatsire of the controller. Similar to
the case of Section 7.3, boundary layer approxinsatgrol law was introduced. The
asymptotic stability of the system inside the barmdayer was proven by recasting the
equations of motion into a standard singular pbetiion problem

2. Steady state error — The origire( zero steady sliding error state) is not the fipeiht of
the sliding phase. As a result, the stable systdmibiés a steady state difference between
the attained velocity and the desired set point. réduce this error, an additional
feedforward input was added to the controller thtdizes the available knowledge of the
system parametersg. nominal values).

3. High initial torqgue demand — For initial conditiotigat are away from the sliding surface,
the controller requires high torque at the starttred motion. It was proven that the
developed sliding mode control is capable of stabgd the system while the velocity set
point is varied. The proof of stability only reqesr bounded variations velocity set point
with bounded rate of change. By gradually varyimg ¥elocity set point from zero (system

at rest) to the desired value, the initial higlgter was eliminated.

The numerical simulation results showed the effecigss of the modified sliding mode controller in
dampening the vibrations caused by the negativepomnstability mechanism and regulating the

angular velocity of the lead screw to the desieddsint.
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Chapter 8

Results Summary and Future Work

In this chapter, a summary of the results obtainethis thesis is presented and possible areas for

future work are discussed.

8.1 Results Summary

This thesis covers a wide range of topics regarttiegdynamics of lead screw drives with friction.
Mathematical modeling, model/friction parametereniification, mechanisms of friction-induced
instability, and robust vibration control are thmuf areas that make up this research. The results
obtained in this work aim to fill a substantial gapthe literature regarding the dynamics of lead
screw systems with friction.

A lead screw drive consists of a meshing lead s@ee nut pair and converts rotary motion to
translation. Depending on the configuration of $glgetem, the drivere(g. electric motor) may rotate
either the lead screw or the nut. In both caseslddd may be translated by either translatindehe
screw or translating the nut. Clearly, vibratoryh&éor in any mechanical system requires some
degree of flexibility in that system. In lead scralkives, numerous compliant elements may
contribute to the overall flexibility of the systeand affect the number of degrees of freedom
required for modeling the system accurately. Irs tivork, a unified mathematical framework is
presented for modeling the lead screw drives. Ddipgron the complexity of the drives under study
and the elements (flexible or rigid) included ire tpower transmission chain, the mathematical
models developed in this work are capable of repasy the system’s dynamics while incorporating
the handedness of the screw, direction of motiowl, the direction of applied force. All models
presented in this thesis are based on the bas@R.1Bad screw drive model.

A mathematical model by itself is an abstract diogeitable only for qualitative studies. In order t

convert such a model to a design tool, a (quaivifavalidation process is needed. In this thehis,
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lead screw drive mechanism of a powered seat adjissinvestigated. The preliminary test results
show that the friction-induced vibration of the tiead screws in the horizontal motion mechanism of
this seat adjuster is the cause of unacceptabkdslexf audible noise. Based on the developed
mathematical model of the lead screw drive of #eat adjuster, a novel parameter identification
technique is introduced, which consists of an ifieation step and a fine-tuning step. Using the

measurement data collected from the drive, systaranpeters such as velocity-dependent friction
parameters, damping, and coupling stiffness aretiftel. Comparison between the measurements
and simulation results confirms the accuracy of tHentified parameters and validates the

mathematical model of the lead screw drive. Thiglehas then used to perform parameter studies,
which results in the discovery of possible simpésign modification to eliminate audible noise

problem.

Three distinct frictional instability mechanismacaffect a lead screw system. These mechanisms
are: 1. Negative damping, 2. Kinematic constrang 3. Mode coupling. In this thesis, all of these
mechanisms are studied in detail. Negative damipistgbility, which is a consequence of decreasing
friction with increasing sliding velocity, is st first. This mechanism is responsible for the
instabilities observed in the lead screw drive lté seat adjuster mentioned above. The negative
damping instability mechanism is studied using thé®OF basic lead screw model. After
linearization, local stability of the steady-slidirfixed point is investigated by evaluating the
eigenvalues of the Jacobian matrix of the systemmichwresulted in a parametric condition for
stability in terms of the coefficient of frictionrmpre precisely, the rate of decay of friction with
sliding velocity) and rotational damping of thedescrew supports. This analysis is expanded by the
application of the method of averaging. It is shdtet, depending on the value of the parameters and
because of the assumption of exponentially decagmedficient of friction, one of the following thee
scenarios define the steady state solutions chvkeaged system: 1. The origin (steady-slidinge¥tat
is stable and no other periodic solutions (limitleg) exist; 2. The origin is unstable and it is
surrounded by a stable limit cycle, or; 3. The iorig stable and it is surrounded by an unstabié i
cycle (which defines the region of attraction of gtable trivial fixed point). The unstable limjtcte
is inside a stable limit cycle.

The kinematic constraint and mode coupling stabilitechanisms can destabilize a mechanical
system even with a constant (velocity-independeogfficient of friction. The kinematic constraint
instability can occur in 1-DOF systems, whereas enmalipling instability is exclusive to multi-DOF

systems.

186



Parametric conditions for the onset of the kinematinstraint instability are found by analyzing
the eigenvalues of the linearized version of theidd-DOF model. This analysis gives three
conditions that together define the sufficient dtods for the steady sliding state to become
unstable. The first condition states that the Isaidtw must be self-locking. The second condition
requires that the force applied to the nut be imesalirection as the nut translation. The third
condition defines a limit ratio between the massheftranslating part and the inertia of the rotati
part. In other words, there is limiting value foetmass of the translating part (depending oneaé |
screw inertia, coefficient of friction, and geonyetf lead screw), below which instability does not
occur.

The mode coupling is by far the most complex infitglmechanism of the three mechanisms
studied in this thesis. In an undamped system with or more DOFs mode coupling (flutter),
instability occurs whenever two of the system moahesge. The necessary condition for the mode
coupling instability is the presence of forces tua not conservative. In lead screw systemsjdnct
provides the necessary condition for the mode @ogjphstability to occur. In this work, two 2-DOF
models and a 3-DOF model of lead screw drives tdiexl. By evaluating the eigenvalues of the
Jacobian matrix of the linearized equations, patamstability conditions are derived in each case.
These conditions, especially in the case of damsgetéms, are very complex, and numerical analysis
is necessary to evaluate the effects of each sygtgameter on stability. The two 2-DOF models
studied differ from each other in the source ofitoithl compliance. One model incorporates
compliance in the threads (contact of the leadvs@ed the nut threads are modeled with linear
springs and dampers) and the other incorporates fiexibility in the lead screw support. It is fod
that self-locking is a necessary condition for adity in both of these models. Another necessary
condition for instability (similar to the kinemattmnstraint instability) is the application of extal
force in the direction of motion. It is also showat introducing damping to only one of the two
DOFs of the system (either translational or rotal} destabilizes the steady sliding fixed point.

Design constraints, properties of the availableenmls, or variations in the operating conditions
may hinder efforts to design a lead screw drive: tpeerates without friction-induced vibrations. In
such cases, active vibration control may be appiteduarantee vibration free operation. In this
thesis, two speed regulators are designed basettheosliding mode control method. The most
important feature of these controllers is theirusitbhess to parameter uncertainties. It is assuhad t
the actual values of the system parameters ar@avadable and only their upper and lower bounds are

known.
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The first controller applies to a simplified 1-D@todel, where it is assumed that all of the rotating
parts are rigid and rigidly connected. Necessargifivations are made to this controller to elimiat
the chattering problem, which is an inherent draskiaf the discontinuous (switching) sliding mode
control law. Stability properties of the modifiedntroller are proven based on Lyapunov’'s direct
method.

The second controller is developed for a more sgalmodel that incorporates a flexible torsional
element between motor and lead screw. The presénoenatched uncertaintieisg uncertain terms
and inputs do not enter the equations at the samm) pnakes this model much more complicated
compared to the 1-DOF case. Three modificationsapied to this sliding mode controller to
improve its performance. First, to eliminate chatgg an approximate continuous version of the
controller is developed. Second, a feedforwardtimpadded to improve the steady state error. Third
the velocity set point is set to vary with timerfreero to the final desired value, thus eliminatimg
high torque demand at the start of motion. Usingdunov’s direct method, the method first order
averaging, and the singular perturbation approstethility the controller is proven for each of thes
modifications. The presented numerical simulatiesuits show the effectiveness of the two sliding

mode controllers.

8.2 Future Work

Based on the results obtained in this thesis, samas for further research are identified. These
topics are listed here.

1. The models presented in Chapter 3 do not inclugedk torsional, or axial flexibility of
the lead screw. In applications where long andd&eiread screws are used, it may be
necessary to incorporate flexibility of the leadescin to the model.

2. Although backlash can be included in the modelsidped in Chapter 3, the dynamic
effects of backlash on the friction-induced vilbwas or active vibration control are not
considered here. The study of the effects of babkla important in positioning lead
screws.

3. The micro-pump system presented in Section 1.2 stegper motor, and the additional
nonlinearities introduced by this driver to theteys warrant a further focused study.

4. In this thesis, the method of averaging was usedttmly the negative damping
mechanism. This method or other perturbation teghes can be applied to systems with

mode-coupling or kinematic constraint mechanisnuehSanalyses may provide a more

188



complete picture of the nonlinear system as wediwoximate and efficient methods to
predict steady-state amplitude of vibrations faiapaeter studies.

The controller presented in Section 7.4 assumetsalhaf the states are measured.
Further research may be directed towards the dewelot of output feedback versions

of this controller that do not require measurenuéral of the states.
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Appendix A
Test Setups

A.1 Complete Seat Adjuster Experimental Setup

As mentioned in Section 4.1, the preliminary phalsthe experiments on the powered seat adjuster
was limited to the analysis of the audible noiseegated under different operational conditions.

Figure A-1 shows the test setup developed for thgperiments.

Figure A-1: Experimental setup for preliminary test s on the complete powered seat adjuster

The instruments used, shown in Figure 4-1, weffelbsvs:
Force measurements: OME&Gpancake style LCHD 10001b capacity
Sound level (dBA): TES 1350A Sound Level Méter

! www.omega.com

2 www.tes.com.tw
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Audible noise (sound wave): A general purpose P&aphone
Seat displacement: CELES&fosition transducer SP1-12
Signals from load cell, position transducer, andnsblevel meter were collected using a PC
equipped with a Measurement Compufinigata acquisition card model PCI-DAS1602/16. A $mall
Matlab/Simulink program was written to record signeeceived by the data acquisition card. A
screenshot of the data acquisition program durimg test is shown in Figure A-2. The sampling
frequency was set to 1000Hz.
The signal from the microphone was recorded by \Wivsl standard sound recorder accessory

software. The sound sampling frequency was 22050Hz.

Figure A-2: Data acquisition in Matlab/Simulink env ~ ironment

A.2 Single Slider Experimental Setup

The experiments performed on the complete seatt&djwere repeated for a single slider. Figure
4-4 shows the test setup developed for these tBstsimplify the test setup, the lead screw slider
mechanism was installed upside-down compared titfiguration in the complete seat adjuster. In
this setup, the DC motor rotates a single leadagsamnich is horizontally fixed. As in the case bét
complete seat experiments, a pneumatic cylindeliespfhe required axial force to the system. As

shown in Figure 4-4, force is applied directly tbetnut parallel to the lead screw axis.

! www.celesco.com

2 www.measurementcomputing.com
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Instrumentations used in these tests were thdse lis the previous section.

A.3 Lead Screw Experimental Setup

The test setup used in the friction identificatexperiments of Chapter 4 is shown in Figures A-® an
A-4. See Table A-1 for a list of instruments andnponents of this test setup. Two separate sets of
experiments were performed using this setup: aeddoop tests of Section 4.2. and open-loop tests
of Section 4.4.

In closed-loop tests, the DC motor is driven thitowagservo amplifier operating in the “current
mode” (see Figure A-4). In this mode, the curranpat of the amplifier is proportional to the input
voltage control signal. Consequently, the motoquer is proportional to the control signal. The
amplifier gain and the DC motor torque constantla@e(A/V) and 0.0266 (N.m/A), respectively.

Power Supply for the DC Motor Power Supply for the Solenoid Valve
\ /

Solenoid Valve
Load Cell Signal Conditioner

dSpace Unit

~

Motor Speed Controller Program

Figure A-3: Experimental setup for the lead screw f  riction identification tests
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The control signal for the closed-loop tests isegated by the dSpaceontroller, which is
programmed in Matlab. The pneumatic cylinder isivatéd by a solenoid valve which is also
commanded by the controller. Two identical analatgny encoders (sinusoidal signal, Jvare used
to measure the angular displacement of the leasivsand the DC motor. These encoders have a
resolution of 3600 counts per revolution, whichirigerpolated up to 4000 times by the dSpace
controller and recorded. Other measured signatkese tests are the load cell signal (applied axial

force) and the motor current, which are also aeqlLiny the dSpace system.

Rotary encoder measuring angular

displacement of lead screw Load Cell
Solenoid Valve = /
(on the other side
of the slider)
/ N
DC Motor Servo Rotary encoder measuring angular
Amplifier displacement of DC motor

Figure A-4: Instrumentation used in the friction id entification test setup

Figure A-5 shows a sample of measured angularatisptent and calculated angular velocity (by
numerical differentiation) of the lead screw. Theasurement data corresponding to the accelerating
(start of motion) and decelerating (end of motipajtions of each test is discarded and the resultin
near steady-state measurements is averaged armde@cas one data point. See Figure A-6 for a

sample of near steady-state measurement results.

! www.dspaceinc.com
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Table A-1: Partial list of components of the lead s

crew test setup

NO. | ITEM SPECIFICATION MODEL MANUFACTURER
3600 lines per revolution, sinusoidal Heidenhain
1 Rotary Encoders | . : | ERN 1080
y incremental signal (1Vpp) www.heidenhain.com
Omega
2 Load Cell 200 Ibf Mini Universal Link Load Cell LC703-200
www.omega.com
; Omega
3 Load _(;ell Signal Strain Gage Amplifier DMD-465
Conditioner WWW.0mega.com
Advance Motion
4 Motor Servo Pulse width modulation amplifier 12A8M Control
Amplifier
WWW.a-m-c.com
BK Precision
5 Power Supply DC Regulated Power Supply -
www.bkprecision.com
6 Solenoid Valve 4 way, 2 solenoids valve with center | MVSC 300 Mindman Pneumatics
exhaust 4E2R www.mindman.com.tw
; Mindman Pneumatics
Pneumatic ; ; 3/ MCQNF 11-
7 Cylinder Double acting with 11%4” stroke 15-1175 . mindman.com.tw

Figure A-5: Sample test results. (a) Lead screw ang

(b) Lead screw angular velocity.
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Figure A-6: Near steady-state portion of a samplet  est results.
(a) Lead screw angular velocity, (b) Axial load, an  d (c) Motor torque.

In the second part of the experiments with thi$ sesup, the same configuration was used but
without the motor speed controller. The motor seamplifier was switched to “voltage mode” and
the dSpace system was only used to collect datandple of the open-loop experimental results is
shown in Figure 4-14(b).
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Appendix B
First Order Averaging Theorem — Periodic

Case

In this appendix, based on theorems and proofs1divé35,44], a version of the first order averagin

for the periodic systems is stated and provenishaged in Chapter 5.

Theorem
Consider the following system gtandard form
x:ef(t,x,e), x(O):xO (B.1)
Suppose
The functionf:R,~ D’ [O, eo]® R" is a T-periodic with respect ta for xI D.
DI R" is an open bounded set aggl> 0 is some number.
There exists a constaM >0 such thaff (t,x,e)|| £M .

f(t,x,e) is Lipschitz continuous with respect xoand € with Lipschitz constant$ , and

| ., respectively.

The averagef(x) = f(t,X,O)dt exists uniformly with respect t& .

17
? 0
Considered thaveragedsystem;

z=ef(z), z(0)=x, (B.2)
The solution of (B.2)z(t ;O,xo), belongs to interior subset Bfon time scalé/e.

Then
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There existsc >0, €,>0, and L >0, such that the following holds for the solutiorfs o

(B.1) and (B.2)
[x(t.€)- z(t.€)| £ ce (B.3)

ForOf£efe, andO£t £ L/e. Also,cis independent o€.

Proof:
Let
E(t,e)=x(t,e)- z(t,e) (B.4)
denote the error. From the two differential equaiqB.4) is found as
t
E(t,e)=e [f (t,x(t,e).e)- f(z(t,e))]dt (B.5)
0

The integrant in (B.5) can be written as

[f(t,x.e)- f(t,z.e)] +[f(t.z.€)- f(t,z,O)]+[f(t,z,O)- f(z)]

where argument oE , X, andz are omitted for brevity. As a result, from (B.5¢ Wwave

T ,2.0)- (et

0

|E[£e [[f(t,x.€)- f(t.z,e)jdt +e [f(t,z,e)- (t,z,0)dt +% (B.6)

0

The first and second terms on the right-hand sidéBd) can be estimated using the Lipschitz

constantl | andl

|E|£el, |E]dt +€ & +% [F(t.2.0)- f(2)at (B.7)
The third term in (B.6) or (B.7) is estimated akdios:
t 3 N T _ t _
[f(t,2.0)- F(2)]at| £ [f(t,2.0)- T)dt|+| [f(t.z0)- F(2)t (B.8)
0 i=1l(i-9T NT

whereN is chosen such thaNT £t £ (N +1)T . We have
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"t 2(t.)0)- Flelt. )t

(-7
- "l o) 1t ) 1(6- .26~ 37 O+l - 1l
which holds since
. )[ftz - 1)7.,6)0)- T(al(i- 1T &)et =0

As a result

"e,2.0)- (2]t

i=1||(i- T

_ (__”)[f (1, 2(t,6)0)- F(at,)- £(t.2((i - )T,e)0)+ F(z(( - DT, &)]t

£ (:)[Tf(t,z(t,e)) £, 2(( - T, e)0)t| + [f )- (ot )t | B9)
ea, (__”)[z(t,e)- A - T et

£ 2el T2MN

The first inequality in (B.9) holds sinc_b(x) has the same Lipschitz constantfe(&x,e) with

respect tox

) f)=) [rtx,.0)- £(t.x,. 0

]
£2 [F(t.%,0)- f(t,x, )t
T 0

I
E? ||x1 x2||dt—l ||x1 x2||

The second inequality in (B.9) holds sinzét,e) is the solution of (B.2) and as such is slowly

varying:
|z(t,€)- z((i - T, €)|£eT™

Also note that
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[f(t.2.0)- (z)]at| £ 2Tm (B.10)
Using (B.9) and (B.10), (B.8) becomes
[f(t.2.0)- F(z)]t| £ 26T°MI N +2TM £ 2TM(1 ,L +1) (B.11)

Note that in (B.11), the inequalith T £t £ L/e was used. Finally, using (B.11) the error estimate

(B.7) becomes

t
|E[£el, |E|dt +el L+2eTM(l ,L+1) (B.12)

0

Applying the Gronwall’s lemma [35,44] to (B.12) ide

[x(t.€)- z(t.e)| £l L+2T™M(I L +1)]e”~

B.13
el L+2TM(l,L+1))e " (19

Taking c = [I L+2tMm( L +1)]e' - completes the proof.
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Appendix C

A Definite Integral Used in Averaging

As seen in Section 5.3.3, the averaging equateadstio the following integral
1% -
L,.(x)==— sin"f cos"fe&*""df (C.1)
, 2p o
Using the power series expansion for the exporidatiation

¥ n

= X (C.2)
n=o Nl
(C.1) can be written as
1 ¥ 1 2p
Low(x)==-  =x* sin™f cod"f df (C.3)
2p k=0 kl 0

Noting that,

2p
sin’f cos'fdf =0 if p or q is odd.
0

The following derivations are due to Moll [102]. g following two cases are identified:

Case 1: mndm are both even numbers

Replacingnand min (C.3) by 2nand 2m, yields
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1% ¥ 1o,
L, ,mX)=—= sin*fcog™  =xsin‘f df
’ p 0 k=0 -
¥ 2p
:Zi L sinem £ cog™f df
p k=0 kl 0
1 ¥

x2k sm 2A0k) £ co@™f df
2p o (2K)

It can be shown that

2p 2

Sin®? x>xcos™ xxdx=4 sin®? xxcos™ x xdx = 28(p+%,q+%)

0 0

where B represents thBetafunction and is given by

c(p)c(a)

o092 o)

which is defined using th@ammafunction and is given fop,ql Z* as

(p-1)(a- 1)

R Oy

and in the special case

alo 35,0+ )= 0N

(p+aq)
Substituting (C.5) into (C.4) and using (C.8) y&ld

¥ (2n+2k) (2m)
o 22 (24N (n+ k) mi (n+ k + m))

L onanm(x) =

Case 2:nis an odd number anh is an even number.

Replacingnand min (C.3) by 2n- 1 and 2m, yields
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LZn_LZm(x):z—p sin®™*f cos™ f L sin f df
0 k=0 K:
¥ 2p
=L L simrett cogmt of
2p o K

¥ 2p
-1 ;xz"'l sind™<Vf cod™ f df
2P a2 (2k - 1)!

0

Once again substituting (C.5) into (C.10) and u¢®@) yields

¥4 (2n+2k - 2)(2m) o
i) ) = 2)
o 200 (2“1 (n+k- m(n+k+m-1) nm=1

L 2n-12m (X) =
Here are some special cases:

¥ 11
N A S
0,0 k:022k k|2

Lol)= oy o

- 22k- 1 k|2

¥ 1 (2+2) Y1 k(K- 1)
L 2,0 (X) - o 22(1+k) (2k)! (l+ k)!2 x* k=1 22k-1 TXZK ?
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Appendix D
Steady-state Solutions of the Averaged 1-DOF

Lead Screw Model

In this appendix, the averaged amplitude equateviveld for the 1-DOF lead screw model in Chapter
5 is examined. It will be shown that, dependinglom system parameters, the averaged equation can
have 1, 2, or 3 fixed points. The dynamic behawgifdhe system is described by one of the following
scenarios:

1. The trivial solution is stable and no other solntéxists.

2. The trivial solution is stable and is surroundedabyunstable limit cycle, which defines the
region of attraction of the trivial solution. Thestable limit cycle is inside a stable limit
cycle.

3. The trivial solution is unstable and is surrountga stable limit cycle.

Before continuing, it is important to take a closeok at the velocity-dependent coefficient of

friction given by (5.20). The coefficient of frictn as a function velocityw > 0, can be written as;

m(w) = (m +me ™ + mwfi- e ™) (D.1)
wherer, >1,>0.

As shown in Figure D-1, depending on the valuepfand m,, four cases can be identified for the
variation of the coefficient of friction with veldg®. These cases are:

Case :m,=0Um, 3 0. In this case, for the entire range of applicalgkocities we have

! Ccases wherm<0 are not considered since the tafpe ¥ is added to the friction model only to emulate the

Stribeck effecti(e. decreasing of the coefficient of friction with ieasing relative velocity at low velocities).
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I so.
w

Case I: M, =0Um, <0. In this case,ﬂ—n3 0 when O£Ew<w, and m<O when

Tw w

w>w, . w, designates the local maximum of the friction cuemel defines the boundary of

the “smoothed” neighborhood of zero velocity. Nibtet w, ® 0 asr, ® ¥ .

Figure D-1: The velocity-dependent coefficient of f  riction.

Case lll: m,>0Um, £0. This case is similar to Case Il. However, a digton is made

due to the possibility of additional periodic sabuis, as shown later in this section.

Case IV:m,>0Um, >0. In this case, similar to the Cases Il and I%I,E3 0 when
W

I M

Of£w<w,. Also ﬂ—<0 when w, <w<w,_ and ‘ﬂ_3 0 when w3 w_. Herew, is
w W
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defined as before andf,, designates the local minimum of the friction curve

It must be noted that for the cases whaxé O and particularly whem, <0, the assumed model

of friction implies a limiting value for the coeffient of friction at high velocities. Beyond a eant
value of the velocity, which is typically well oide the range of interest, the friction-velocitynae
is assumed to be constant

In Sections D.1 to D.4, each of the above casesudied separately and the existence of limit
cycles is investigated. The stability of each gohut(trivial and non-trivial) is also evaluated. &'h

study in this section, for simplicity, is limited tthe cases wher&® >0, N >0, w>0, and
g=u+w= vv(v¢+1) 3 0% The last inequality, limits the averaged ampktwjuation tdd £ a £1.

Some numerical examples are presented in Sectmn D.

Assuming a! O(for non-trivial solutions) and dividing (5.58) k& an equating the right-hand

side of the resulting equation to zero, the follogypolynomial equation i@® is reached

al ¥

—O°%y=h+ ba"=0 (D.2)
a n=1
where
R
b0 =" %"'E((rz B 1)”1% +MWI, - MW, - I’er}W(I’O + rl)) (D.3)
- WIR (r (2n+2)r,2" +mwr,™ - rmwr, ™ - rmw(r +r)2“+1) D.4
n 22n+1n! (n+1)' 2T} 1 mwr, MW, MW, + 1y ( : )
wherer, =€ .

D.1 Case l:m,=0Un,3 0

As mentioned earlier, in this cas‘l(ﬂT,— >0 for the entire range of applicable velocities. aAsesult,
W

! See Section 7.1.1.
2 See change of variables (5.25) and (5.32).
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(5.61) is satisfied for ang 2 O and the trivial solution is stable D :{aJOE a£1}. To investigate
the possibility of non-trivial solutions, (5.53) éxamined. Settingn, = 0in (5.53) and rearranging

gives

2p N 2p o
at=-eS2_ MR 1 T o quasni g Zirzn]R sinj s g (D.5)

2 p 0 p 0
From (5.56) and (5.57), we know that the two dédimtegrals in (D.5) are non-negative and also,

Ofafl1® e ™tasn) g
2p o 2p o 2p

® 2 sintj e g =1 ginzpermtasmigr £ 1 ginz g af =1
0 0 p 0

which means that the second term in (D.5) is leas br equal to zero fan,® 0. Since the first and

third terms are also non-positive, one concludeas a#(a) <0Ofor O£a£1, and there are no other

non-trivial fixed points irD. A typical plot of amplitude equation, (D.5), isosvn in Figure D-2.

Figure D-2: Schematic plot of amplitude equation fo  r Case I.

D.2 Case ll:n,=0Un, <0
First, we notice that for small velocities satigfyi

O£w<w, (D.6)

where W, is the solution of(r2 - 1)n§- r,mwr, =0, (5.61) is satisfied for ang 3 0. Thus, the

trivial solution is stable. Moreover, since all thie coefficients of (D.2) are non-positive, no othe
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solution exists. Whefv > w, , the trivial solution is stable if

c>R((r,- Jm - r,mwr,) >0 (D.7)

and it is unstable otherwise. In the case of stahlial fixed point, once again all of the coeféats

of equation (D.2) are non-positive, which impliéatt no other solutions are possible. However, if

(D.7) is not satisfiedb, (given by (D.3)) is positive while the rest of tbeefficients,b,, (given by

(D.4)) remain less than or equal to zero. Accordimdpescartes’ Rule of Signs [103], (D.2) has a

positive solution which corresponds to a stabléopk solution of the original system. Going baok t

(D.5) with my; <O the condition for the positive solution, say, to be inside the region of validity of

the approximation isa((l) £ 0. In terms of the system’s parameters, this camlitan be written as

mB, ¢
w  2r,R
<-_— _Tm < D.8
m 1/2- A+B (B8)
1 2p ) 1 2p .
where, A=— sin*fe™¥*sMdf and B=— sinfe™*"df . Also 0< A<1/2. If this
2p 0 2p 0

condition is violated the above first averagingutissloses itsO(e) accuracy. To obtain solutions
with O(e) accuracy, (5.45) or (5.48) must be used in theamieg process to obtain results with

O(e) accuracy. Typical plots of amplitude equation,5)Dfor these two cases are shown in Figure

D-3.

Figure D-3: Schematic plots of amplitude equationf  or Case Il.
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C.3Casellll: m,>0Un, £0

Similar to the previous case, for low velocitieisfging

O£w<w, (D.9)

where w, is the solution of(r2 - 1)ng +mwr, - r,mwr, - rzmzvv(r0 + rl) =0, (5.61) is satisfied for

any c2 0. Thus, the trivial solution is stable. From (D.@§ have
(r, - Ym, +rmw- r,rmw- (v, +r,)r,mw<0 (D.10)

which yields,b, < 0. Multiplying (D.10) by ro2n yields,

2n+l

2n 2n 2n
lo (rz - 1)”!% - I MW= T, (ro + rl)rzrrkw"' ly, Mw< 0

sincery" < (r, +r)", 1" <r?, (r,- Dr,”"- r(2n+1r”" <0, and m, <0, from the above

inequality one finds

2n+l

rm (2n +1)r12n - L mw- (ro tn

)2n+1

r,mw+mr,”"w<0

Consequently, from (D.4) it is obvious tHat < 0. Thus (D.2) has no other solutions.

Whenw>w, , the trivial solution is stable if

c> R((rz B 1)”% MW, - MW, - I’ZFTEW(FO + r1)) (D.11)
If (D.11) holdsh, <0 otherwiseh, > 0. Note thatr, =€ "™ is small forw > w, . For sufficiently

largem,, saym, >m,, there existsN >1 such that forl<n£ N,

n‘kroznﬂ >- r2rr!’>(2n +1)r12n + err12n+l + r2rnZ (rO + rl)2n+1
and
n‘kroznﬂ <- rer!’)(zn +1)r12n + err12n+l + r2rnZ (rO + rl)2n+l
. . wW2"Rmywr, 2™ y
for n>N. As a result, the first fev,'s are dominated byzzﬁn'bﬁ and are positive. As
niin+1)

grows, the other terms (all negative) will domin#ie positive term and change the signbpfto
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negative. Hence, depending on the parameters valneghe following three scenarios may occur;
Scenario 1:1f (D.11) holds andm, >rﬁ2, then the polynomial equation given by (D.2) hase t

sign changes in its coefficients. According to Reses’ Rule of Signs, for the first case, (D.2) can

have either two or zero positive roots. Typicaltplof at as a function ofa are shown in Figure
D-4. Note that similar to the previous case, falapzeter values such that(l) >0, the amplitude

of the stable limit cycle can be greater than 1.

Figure D-4: Schematic plots of amplitude equationf  or Case Il - Scenario 1.

The lead screw damping may act as the decidingrfhetween the above situations. A typical plot
of (D.2) is shown in Figure D-5 for the case whive positive roots exist. Since the polynomial

equation fory (i.e. (D.2)) is continuous, according to the mean-vaheotem there is a maximum

between the two roots and if this value Igr=0 is y,,, (which is a finite number), the condition

for non-existence of non-trivial solutiorise( no limit cycles) is

b0 <- Ymax

or

C>C, =G+ 2 >G>0 (D.12)

Wherecl = V\’R[(rz - 1)”% +myr, - rp,mr, - rzn'b(ro + r1)]-
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Figure D-5: The case of two positive zeros of (D.2)

Scenario 2:If (D.11) holds andm, < r‘n2 then the polynomial equation given by (D.2) hassign
changes. As a result, the trivial solution is stadnhd there are no non-trivial solutions. A typical
plot of at as a function ofa are similar to the one shown in Figure D-2.

Scenario 3:If (D.11) does not hold, then the polynomial eipragiven by (D.2) has only one sign
change. As a result, there is a non-trivial sohutim this case, the trivial solution is unstabhel a

there is a stable limit cycle. A typical plot af as a function ofa is shown in Figure D-6.

Figure D-6: Schematic plot of amplitude equation fo  r Case Ill - Scenario 3.

C.4 Case IV:n,>0Um, >0

Similar to the previous case for velocities satigfy(D.9), the trivial fixed point is stable ancetk

are no other solutions. In addition to the aboveddan, if

W>W, » - iIn m (D.13)
r.O rOrrE
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then (5.61) is satisfied for any® 0, which implies that the trivial solution is stable

For w>w, and for sufficiently largem,, $N,,N,, N, > N, 2 1 such that

2n+l

1EnEN, ® rym(2n+2)r> +mr, ™ > r,mr™ +rm(r, +1, ™ ® b, >0

N, <n£N,® r,m(2n+2)r> +mr, ™ <rmr”™ +r,m(r, +r,f™ ® b <0

. . w2 Rmywr, 2" o y
For the first few termsh, ’s are dominated bym term which is positive. Aa grows,
niin+1)

the negative terms grow faster and change theddign's to negative. For even higher valuesnof
more sign changes are possible; however, the paliiaoefficients become exceedingly small for
largen and the associated roots will be well outsideajiyglicable region of the approximations.
Based on the above argument, o> w_ or for w, <w<w,_  whenc is large enough to satisfy
(5.61), the equation given by (D.2) has at least $ign changes in its coefficients, resulting imei
two or zerovalid non-trivial solutions. Similar to the argument $ection C.3, the damping value
may act as a deciding factor between these twesclsether words, for sufficiently large damping,

no non-trivial solution exists. A typical plot @ as a function ofa is shown in Figure D-4. Finally
for w, <w<w,_, if c does not satisfy (5.61), the equation given by)Das at least one sign change

in its coefficients, resulting in one non-triviablgtion. A typical plot ofat as a function ofa is

shown in Figure D-6.

C.5 Numerical Examples

In Chapter 5, numerical examples were presentet fdtais on the accuracy of the vibration

amplitude prediction from averaging as well asdfiect of friction parameters. The parameter values
used were taken from the experimental case stu@hapter 4 and correspond to the cases Il and Il
in Figure D-1 and Sections D.2 and D.3 of this agipe Here, numerical examples are presented that

also cover case IV. In the bifurcation plots présdninput constant angular velocity,, is taken as
the control parameter. Instead af a = (W/V\l)a is plotted versus the control parameter to better

demonstrate the evolution of non-trivial solutienterms the original system vibration amplitudes.
Parameter values not given in the examples are tasm Table 5-2 and are listed Table C-1 for ease

of reference.
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Table C-1: Parameter values used in the simulations

Parameter Value Parameter Value
d, 10.37mm m 0.2
I 557 Il 0.25rad/s
| 312 10°kg.nf r, 2 rad/s
k 1 N.m/rad W 0-40rad/s
1kg R 100N

Results of the first example are shown in Figuré.Da this examplem, =0 and three different
values are considered fan, . The lead screw support damping is choseaa&” 10* (N.m.ra(%).

For each value ofn,, the coefficient of friction as a function of relee angular velocity is plotted in
Figure D-7(left). As shown in the steady-state aflan amplitude plots in Figure D-7(right), for the
selected damping value, as friction reaches itsmax the gradient becomes negativeX w, ) the
trivial solution loses its stability and a stablait cycle emerges.

For the three values ofm, selected, 001,005 and 0.1, w,

is found to be

292,208 and 1.76(rad/ S), respectively. These values are in agreement (&itB). For smaller
values of m,, the region of instability of the trivial solutios smaller. As shown in the close-up
view, larger values ofm, result in stable amplitude of vibration closetthe limiting value (for the
validity of approximations) ofa,, =1 (or &, =W/W), whereW is the natural frequency of the

unperturbed system given by (5.24). For even lasgdues of m, (not shown), the non-trivial
solution of the amplitude equation (correspondimghte stable limit cycle), (5.58), becomes greater
than 1 and is inadmissible due to violation of #&pproximating assumptions. In these ca@(g)

accurate averaging results can be found by usib)®r (5.48) and carrying on the integrations
numerically.

It is interesting to note that in this example aallvas the two examples that follow, &s is
gradually increased, the trivial fixed point figgdes through a supercritical pitchfork bifurcatemmd
then a subcritical pitchfork bifurcation at a higheelocity. These bifurcations in the amplitude

equation correspond to Hopf-bifurcations of thegioidl equation. Figure D-8 shows results for

m, =0.1 andm, =-4" 10* for three different values of lead screw damping.
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Figure D-7: First example, mp=0, c=10™
Left - variation of the coefficient of friction wit h velocity;
Right - variation of steady-state vibration amplitu de with input angular velocity

Figure D-8: Second example, nmn=0.1, mp=-5" 10,
Left - variation of the coefficient of friction wit h velocity;
Right - variation of steady-state vibration amplitu de with input angular velocity
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As expected, the trivial solution becomes unstasiev becomes greater thaw, = 1.76. As
shown, increasing the damping decreases the regiostability of the origin.

Figure D-9 shows results fan, = 0.1 andm, =4 10* for three different values of lead screw
damping. As expected, the trivial solution becomestable asv becomes greater tham, = 1.76.
Moreover, forc =0 the trivial solution becomes stable again wher w,_ =15.68. Note that from
(D.13), one findsw,, »1565. At higher values of, the trivial solution becomes stable at lower

velocities. As shown, increasing the damping desmedahe region of instability of the origin and

decreases the amplitude of stable periodic vibtmatio

Figure D-9: Third example, mn=0.1, mp=5" 10,
Left - variation of the coefficient of friction wit h velocity;
Right - variation of steady-state vibration amplitu de with input angular velocity
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Appendix E
Higher-order Averaging

The accuracy of the results obtained in SectiondgBends heavily on the “size” of the system
parameters. In practical applications, such ag¥perimental example of Chapter 4, l@ée) error

of the first order averaging may not be sufficigrattcurate for the entire range of parametersen th
domain of interest. A possible way to improve theumacy of the amplitude and frequency estimates
is to extend the averaging to higher orders.

A slightly different approach to finding the equetiof motion in standard form is used here. In

Section E.1, the approximate system’s equationrateuo O(e“) is derived. The steps needed to

carry out the averaging process up to the thireroade presented in Section E.2. In Section E.3, a
numerical example is presented that compares awngregsults with numerical simulation results and

actual measurements.

E.1 Equation of Motion in Standard Form

Two simplifying assumptions made in Chapter 5 tached the averaged equation (5.54) — namely,
the contact force does not change sign and leagwseelocity does not change sign. These
assumptions are made here from the start to erieerequations have the required smoothness

properties. For simplicity here the analysis isitéd to the case olR>0 (thus N >0) and

w > 0 (thus g > 0). Starting from (5.33)

v di- eX, (v, vée)m] "ovet [1- eX (v, vée)m| v

= eR[1- eX,(v,v¢e)m[X,(e)- X,(v,v¢e] ED

where Xo(e) and Xl(v,v(, e) are given by (5.34) and (5.35), respectively. @beve assumptions

simplify these functions to
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Xo(e) = o2 E2)

1+e’m,
_onfv)-1
X, (v¢e) 1+ &nlvd (E.3)
where n(v() is obtained from (5.36)
(v = (i + e Y + pn(ver )1 e i) (E.4)
Xo(e) and Xl(v(, e) can be expanded in powerseéfas
X,(€) = (m, - Dfi- &m?)+0ole) (E.5)
X, (v¢e) = (m- 1)(L- enf)+0le*) (E.6)
Also
™l 1s e(m- )m+e*(m- 1°m? +&*(m- 1)°m’
1+e’m (E.7)
- &n{m- )m+0(e")
Substituting (E.5), (E.6), and (E.7) into (E.1) &e@ping terms up tﬁ)(es) gives
v v = ef (v, v+ e f, (v, v + e £, (v, v (E.8)
where
f,(v,vd=- cv& (m- Yrv+ R(m, - m (E.9)
f,(v,v® =- (m- Jmeve (m- 2)°m?v+ R(m- 1)(m, - mm (E.10)
f,(v,vd = - (m- 2 m*cve (m- 1 mPv+ R(m- 2)°(m, - mm? E10)

+nfm- Dmv- Rm?(m - 2)- ni(m- 1)

Unfortunately, the expressions involved become dombersome to be of any practical use in

closed-form. However, if approached numericallgsth higher order approximations can be used to
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estimate the amplitude of the steady-state vitmatiefficiently.

E.2 Higher-order Averaging Formulation

In this appendix, following [104] the general foriations of first, second, and third order averaging

are derived for a system of differential equationstandard form

x = eX,(t,x) +e®X,(t,x)+ e*X,(t,x) (E.12)
where
x= & (E.13)
= _
X, = X E.14
T ox, (E.14)

To clarify the notations, the following expressi@ie given here

KX, (t,x) = K, X, (t,x) = ﬂﬂ(a ﬂ1>1(b (E.15)
MRz Phig
fa b
and
X, X,
S L
R2x (x)= & Taib (E.16)
' X, X,
fbfa 1b?
E.2.1 First Order Averaging
Introducing the followinghear-identity transform
x= +eft, ) (E.17)

where is the solution of
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=eP( ) (E.18)

whereF, and P, are unknown functions to be determined. SubstigutE.17) into (E.12) (neglecting

e’ ande® terms)

d

SOreRl D=ex(t +en )

expanding RHS using Taylor series expansion anstisuting (E.18) gives

R | oq N
eP, + e‘"—tl +e’NF, P, =eX, +e’NX, >,

Neglectinge’ terms

TR )
qt

=X,(t. )-P.() (E.19)
The solution to this equation can be written as
1 T
P()== X[t )dt (E.20)
T 0

Substituting (E.20) into (E.19) and integrating

t

R )= Xt )- RO )d+a() (E.21)

0

where following [35],a1( ) is chosen such thzﬁl(t, ) has a zero mean

[X,(t, )- P,( )otdt (E.22)

a,( )

1 Tt
) ? 00

It can be shown that the solution of (E.18) rema@(:e) close to the solution of the original
differential equation (E.12) on a time scale@(ﬂ/e), i.e.

[x(t)- (t)|Eke, " OE£LE % (E.23)
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for somek >0 andL >0.

E.2.2 Second Order Averaging

The near-identity transform is modified to
x= +eF(t, )+eR,(t, ) (E.24)

where is the solution of

=eR( )+e'py( ) (E.25)
where F, and P, are defined as before, ark and P, are unknown functions to be determined.
Substituting (E.24) into (E.12) (neglecti®j terms)

9wt rerf )=enh el Jrert, )

X, +eR(t )+eR,(, )
Expanding the RHS using Taylor series expansion

+eﬁ+eNFlX +62E+82NF2 x =eX; +eZNX1 *+ +83NX1 *,
Tt fit

3 [Fl + eFZ]T N2>(2I.J[ Fl + eFZ]

[Fl + eFZ]T Nz>(12[ I:1 + eFZ.I
+e”X, +e’NX,
Substituting (E.25) and neglectirgj terms
- 7
P2+NF1><P1+F— NX, ¥ +X, (E.26)

The solution to (E.26) can be written as

P,( )=

[le(t’ )>4:l(t' )' NFl(t’ )>Pl( )+X2(t, )]dt

0

or sinceNFl(t, )><P1( ) has a zero mean
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=L [0t R Vel Jor €27

0

where Fl(t, ) is given by (E.21). Subsequently, integrating G gives

t

Rt )= [Nt )R )- NR(E PR ()X, )- P +a()  (E28)

0

whereaz( ) is chosen such thdr_tz(t, ) has zero mean

~

az( ):%T I[le(t! )>F1(t! )' NFl(t’ )XP1( )+X2(t, )' Pz( )]dtdt (E.29)

It can be shown that giver(t) to be the solution of (E.25)
Ix(t)- )- ert, @) =0le) (E.30)

for time O( )

E.2.3 Third Order Averaging

Similar to the previous section, the near-ideritiysform is now defined as
x= +eF(t, )+e’F,(t, )+eR(t, ) (E.31)
where is the solution of
=eP( )+e’P( )+ery( ) (E.32)
whereF, F, and P, P, are defined as Section E.2 akg and P, are unknown functions to be

determined. Substituting (E.31) into (E.12)

S rerlt Jreml )+erl )=exl +or( )+er JreRl )

&%, +eR(t, )+eR )Rt )
el +ert, )+eR(t )+ )

Expanding the RHS using Taylor series expansion
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+eﬁ+eNle +62E+62NF2X +93E+93NF3X
It it i
= eX, +e°NX 3, +e’NX, F,
+e'NX, »F,

s |F,+eF, + €] R2X|F, +¢€F, + €°F)
F, +6F, + €°F,| N2X,|F, +€F, + €°F,
+e?X, +eNX, »F, +e'NX, »F, +e’NX, ¥,
o [F+eF, +€%F,| N2X,|F, +eF, + €F)

F, +eF, +€’F,| N2X,,|F, +eF, + €F)
+e°X, +e'NX, oF, +e’NX, 3F, +e’NX, »F,

Substituting known functionk,, F,, P,, and P, and neglecting higher order terms, yields

T2
T, NX, >, - NF, %P, +NX, 5, - NF, P, +X, - P3+1 FlT'EIZX“Fl (E.33)
it 2 F'N*X,F,

P, is found to be

T2
P,== RNX,>F, - NF, P, +NX, 3, - NF1><PZ+x3+1 FlT'flzxﬂFl dt (E.34)
T 0 2 Fl N X12F1

It can be shown that giver(t) to be the solution of (E.32)
[xt)- (t)- erlt, @)- &R, ()] =Ole) (E.35)

for time O( )

E.3 A Numerical Example

Here a numerical example is presented that is thkemthe test results of Chapter 4. The parameter
values are selected according to the sample simlegsults/measurements depicted in Figure 4-16.
The identified coupling stiffness, damping coetiai, and all of the friction parameters are giJen,
reference, in Table E-1. The applied axial forcd aput angular velocity values are also listed in
this table.
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Table E-1: Parameter values used in the higher orde  r averaging example

Parameter Value Friction Parameter Value
k 1.18N.m/rad m 0.218
c 19" 10° Nms/rad m, 0.0203
N3 - 447 10* s/rad
Inputs Value lo 0.38rad/s
w 35.6rad/s r 0.41rad/s
R 153N Sn 0.97

The results from the numerical averaging methogeesented in Figure E-1. In Figure E-1(b), the
measurements are compared with simulation reshltsving the accuracy of modeling and the
identified parameters similar to Figure 4-16. Igle E-1(a), the same simulation results are
compared with the first, second, and third orderaging.

It can be seen that for the selected parameteesalhe first order averaging has considerable erro
in predicting the steady-state amplitude of vilmmagi (a relative error of approximately 22%). The
second order averaging results, on the other ety significant improvement in both predicting
the steady-state vibration amplitude (relative reis@pproximately 5%) and conforming to the shape
of the observed limit-cycle. The accuracy of theragimation is further improved, though only

slightly, by the third order averaging which hapmximately 4% relative error in predicting the
amplitude of vibration.
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Figure E-1: First, second, and third order averagin g results.
(a) Numerical averaging results; gray solid: nonlin ear system equation; dotted black: first order
averaging; dashed-dot: second order averaging; soli d black: third order averaging,
(b) black: measurements; gray: simulation results
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Appendix F
First-order Averaging Applied to the 2-DOF
Lead Screw Model with Axially Compliant

Supports

In this appendix, the method of first-order avenggis used to analyze the 2-DOF model of Section

3.6. The equations of motion are given by (3.29) &130). Neglecting=, and T, for simplicity and
repeating the transfer of coordinates done in S8e&i3;

gq=Vv,+0 tUy

(F.1)
X =r,tanl v, +u,,

where u,, and u,, are given by (6.53) and (6.54), respectively. Afiiis change of variables,

equations of motion in matrix form become

M (vl)v + C(vl)v +K (vl)v =f (vl) (F.2)
where
| - xmr tanl - xmr tanl

M = (F.3)

m m+m
C= c O F4
"0 ¢ (F.4)
K= k0 F.5
0k (F.5)
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and

f - (XO - X)R
0
Also
X(v.v)=r. n,(v,v)- tanl
1+m(v,v)tanl
and

m(v,v) = m{v,)sgr(N(v, v))sgnly; +w)
where the contact normal force is given by

I I Ik Ic
—+—-r, tanlx , R+r_tanl —tv,+—2v, +ky +oy

N=.mom m

(cosl +msinl ) —+— - r_tanlx

3|—
33—

AssumingM to be non-singular

1 xmr, tanl

M- = 1 | I(m+m)
- Lrtanlx ™M __m | - xmr,, tanl
" mem) d(mem)  1(m+m)

Multiplying both sides of (F.2) byvl ', one finds

1+r_ tanlx (v,) I AL SV f:(vl)v +K (v, )v =f(v,)

(m+m)
where
c cxmr, tanl
C= cI:m A l-(z]r;rﬂgnl )

“1(m+m) I (m+m)
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(F.7)

(F.8)

(F.9)

(F.10)

(F.11)
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kxmr, tanl

k
o ! |(m+m)
K= km k(I - xmr, tanl ) (F.13)

| (m+m,) I (m+m)

1
f=_m Z(x-x,) (F.14)

The two natural frequencies of the undamped ungertlsystem are

V\/lz\/E,WZ: / K (F.15)
I m+m,

Let
m
m=r_°tanl T (F.16)
rTS
= F.17
m tarl ( )

Taking € © tanl as thesmallparameter, it is assumed thatand m, are O(l) with respect tce.

We can write the following asymptotic expansion ¥or

x=er, (m-1)- er,m(m- 1)+ (F.18)
Also
-1
mm m-1  _ mm 3
1-e =1 -1 F.19
m+m 1+e’m +em+ml(rrg )+O(e) (F.19)

Define the non-dimensionalized time tas Wit . Derivative with respect td is given by

dl> dl> o dls
g-wlg, (3® g (F.20)

Also, limiting the analysis to weakly damped systetake
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= =& F.21
“Tw T w(mem) (2

Assumew/W, =re wherer is O(1) with respect tce. Let,
v=erz (F.22)

Substituting (F.15), (F.16), (F.17), (F.21), and2@j into (F.23) and using (F.18), (F.19), and
(F.20) and truncating)(ez) terms, yields

z@HZOz =- e612¢+ em(1- a)1- ng)ﬁ oZ- eizlz+ef~0 (F.23)
where
a=—" (F.24)
m+m,
g.= bt O (F.25)
0o~ -a h2 .
~ 0 -1
K, =h?1- m)m F.26
=h - mm (F.26)
~ (o 0
C,= (F.27)
-ac ¢
~ 1
fo = Rimsgn(Rw)- m) * (F.28)
where
R:\ﬁ% (F.29)

is considered to b@(l) with respect tce. Also,h is the ratio of the two natural frequencies
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h=—= (F.30)

Assuming the two natural frequencies of the unpleet system are widely apart, let

1 0
T=,.1 (F.31)
h?-1
then
s -4 - 10
=T T= 0 1o (F.32)

Let z=Tw , systems’ equations (F.23) are transformed to
W 2w=-eT'C,Twerem(l- a)1- m) 2w- eT K, Tw +eT ', (F.33)
Finally, let

y, cost - y, sint = y,sint - y, cost

W= o , W . (F.34)
y;cosht - h™y, sinht - hy,sinht - y, cosht

Substituting (F.34) into (F.33) and expanding, raieme algebra the following four first order

differential equations istandard formare reached

yi=- ec(ylsint +Y, cost)sint
a oy
1- - t t
7 (- m){y;cost - y,sint)sin =39
- emh?(1- ms)(y3 cosht - h''y, sinht )sint

- eR(m,sgr(Rw)- m )sint

-em 1+

! Note that the more convenient choice of “amplifptiase” transform (see Section 5.3.2) is not used since

the resulting differential equations would haverbsimgular at the origin.
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ys = - ec(y; sint +y, cost ) cost

1 (1- m)(y, cost - v, sint )cost (F.36)
- emh?(1- m)(y, cosht - h'ly,sinht )cost

- eR(m, sgr(Rw)- m,)cost

-eml+

h2

2

y$=- eaTE%h;—hlcr)(ylsint +y, cost)sinht - e%(hyssinht +y, cosht )sinht

- ehm(1- a)(1- ms)(y3 cosht - h'y, sinht )sinht

+eh(1- m)ma hzl 1 a h21 1+1 (y,cost - y,sint)sinht (F.37)

+eh(1- m)m ahzil+1 (yscosht - h'ly,sinht )sinht

+ eahZL_1 R(m, sgr(Rw)- m)sinht

2

alc,- h7c

h?-1
- ehm(1- a)(1- m)(hy,cosht - y, sinht )cosht
1 1

+eh?(1- m)ma g AL (y, cost - y,sint )cosht (F.38)

y§=-e (y, sint +y, cost )sinht - ec,(hy, sinht +y, cosht )cosht

+eh(1- m)m a +1 (hy, cosht - y, sinht )cosht

h*-1
2

h?-1

+ea R(m, sgn(Rw)- m)cosht

whereO(ez) terms were neglected. From this point on, for $icitp, we assume thalN (y,y() >0.

Also not that argument m(q) (lead screw angular velocity) is given by

q=w- (y,sint +y,cost) (F.39)

It is more convenient to express the above systdirstorder differential equations as
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y(=eg(y, .e)
y¢=1 (F.40)

y¢=h
where y =[y1 Y, Y; y4]T. The right-hand-side of (F.40) is quasi-periodicti (i.e. it is 2p
periodic with respect to botlg, andy ,). Hence, the first order averaged equations catebieed
from [35]

2p2p

e _
y¢=—5 oV, 0)dy.dy, (F.41)
4p 00
After some simplifications, carrying out the intatjon for (F.35), (F.36), (F.37), and (F.38) yields
(dropping the bars)

2p

c 1 )
y1=-e§y1+eR2—p msiny ,dy,

0 (F.42)
cam1e 2 170 m) ysiny,cosy, - Lesinty, dy |
h?-1 2p 0 . ! ! A ' '
c 1%
y, =- GEYZ +eR2— n},COSY1dy1
Po (F.43)
Cem e 2 270 ) yycody, Yesiny,con, o |
hz.q 2 . i 1 W, 1 1 1
1%
Yy =- e% Y, +efn(1- a)y44—p (1' lTL)dyl
L 0 (F.44)
-ema +1y,— (1- m)dy
h2 - 1 4 4p o 1
1%
Yy =- e%y4 - eh’m(- a)y34—p (1- m)dy,
0 (F.45)

retma t +1y, b (1o m)dy,
h?-1 4p

0

231



wherem, = m(w- w(y,siny , +y, cosy ). Introducing the polar coordinates

y, =&, cos,
Y, =asinb, .
y3 = a2 COQJZ
y, =a,hsinb,
the amplitude equations are found as
2p
ag=- e%a1 + 82% msin(y, +b, )dy ,
0
. - (F.47)
~em 1+ 2 (1- m)cody, +b,)sinly, +b,)dy
h*-1 2p,
ag=- e% a, (F.48)

This equation is similar to the 1-DOF case studiieSection 5.3.3. In fact, if the same limitations

are considered as in Section 5.3.4. (sgr{q) = Sgr’(N) =1), it further simplifies to
2p

af=- e% a+ 62% msiny ,dy , (F.49)
0

wherem= r‘r(vv(l- a siny l)) and is defined similar to (5.49) by

m= (rq +me™®e": . ma, siny 1)(1- rzeﬁw""lsmyl) (F.50)

andm, m,, andm, are given by (5.50), (5.51), and (5.52), respedjiv
Notice that (F.49) is exactly the same as (5.48),ifis replaced bya. The first order averaged
equations fora,, (F.49), anda,, (F.48), are decoupled. Furthermore, (F.48) shbwas to this order

of approximations, the vibration component with tfrequency w, dies out exponentially

independent of, .
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Appendix G

Similarities in the Conditions for Local
Stability of the Steady-sliding Fixed Point
Between the 2-DOF Model of Section 3.5 and
the 2-DOF model of Section 3.6

The Routh-Hurwitz stability conditions for the 2-BOnodels of Section 3.5 and 3.6, with constant
coefficient of friction, are given in Chapter 6.6€e conditions were obtained from the characteristi
equations of the linearized system models. For 2HBOF model with compliant threads, the

characteristic equation given by (6.43) is exparated

a,h*+a,h®+ah’+ah+a,=0 (G.1)

where
a,=Im (G.2)
a, = & [(1+msgr(Rw)tanl )(1 - r_ tanlx ,m)]+crh (G.3)

a, =k [(1+msgr(Rw)tanl )(I - r_ tanlx ,m)]+ki+cE (1+nmsgn(Rw)tanl ) (G.4)
a, = ok, +6.k)1+msgr{Rw)tanl ) (G.5)
a, = kk_(1+msgr(Rw)tanl ) (G.6)
where Izc, C., andm are given by (6.24), (6.25), and (6.26), respetiviFor the 2-DOF model
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with axially compliant lead screw supports, theralageristic equation given by (6.80) is expanded as

b,h* +b,h*® +b,h* +bh+b, =0 (G.7)
where
b, = 1(m+m,)- mmx,r,, tanl (G.8)
b, =c(m+m)+c,(I - x,r, tanl m) (G.9)
b, =k(m+m)+cq +k (I - x,mr, tanl ) (G.10)
b,=kc, +ck; (G.11)
b, = kk, (G.12)

To see the similarities between (G.1) and (G.7),divide (G.1) by the strictly positive quantity
r.>sin’| (1+msgr{Rw)tanl )*. Also using (6.24), (6.25), and (6.26), (G.1) hees

agh* +agh® +agh® +ath +a$=0 (G.13)
where
ag =1(m+m,) (G.14)
ag =c(m+m,)+c,(I - x,r, tanl m) (G.15)
ag =k_(I - x,r, tanl m)+k(m+m,)+cc, +k_(I - x,r, tanl m) (G.16)
al=ck +c.k (G.17)
ag = kk_ (G.18)

wherem, is defined as

! See footnote on page 97.
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f— 1 -
= gl (1+msgn(Rw)tanl ) Lm (c-19)

Note that form > tanl and Rw >0, m, is a small negative quantity. For example, fior 0.218

andl =557, md/m»-0.012.
The coefficients given by (G.9), (G.10), (G.11)d&i.12) are structurally identical to (G.15),
(G.16), (G.17), and (G.18), respectively. In the@ twodels,k; and ¢, have the same effect on the

eigenvalues a&, andc,. The major difference between the two characteresjuations is in (G.8)

and (G.14). However, for small lead screw masg)( the difference is small. As an example,
compare Figure 6-12 with Figure 6-24. The diffeeemetween the stability conditions of the two

models becomes significant for sufficiently lamgeand m,, sinceb, canbecome negative, leading

to kinematic constraint instability (see SectioB.B), while a§ is always positive.
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Appendix H
Further Observations on the Mode Coupling

Instability in Lead Screw Drives

Although the linear complex eigenvalue analysishmétis useful in establishing the local stability
boundaries of the fixed points of a system, it doatsreveal any information regarding the dynamic
behavior of the original nonlinear system. Sinae fticus of this work is on the lead screw vibration
and the possibility of generation of undesirablés@othere is a great deal of interest in the &ctua
behavior of the system. Even when the steady-gjifiked point is unstable, there could be situation
where the resulting amplitude of steady-state tidmna is very small and consequently no audible
noise is generated from the system.

In this appendix, through numerical simulation, #féects of various system parameters on the
dynamic behavior of the lead screw drive under thede coupling instability condition are
investigated. First, in Section H.1, variationghe steady-state vibration amplitude of the leadvsc
is studied as the two damping coefficients in tH8( model of Section 3.5 are varied. The effects
of coupling stiffness and contact stiffness of shene model are investigated in Section H.2 through
five different numerical simulations. In the lagtnglation, the possibility of chaos is also briefly
mentioned.

Unless otherwise specified, numerical values oktstem parameters are those listed in Table 6-1.

H.1 Effects of Damping on Mode Coupling Instabilityin a 2-DOF

System with Constant Coefficient of Friction

In Section 6.2.2, it was proven that in the extre@ases where damping is present in only one of the
two system DOFs, the steady-siding fixed point istable. In addition, the complex effect of
damping in expandingr reducing the parameter regions of stability wasashby the examples in

Figure 6-12 and Figure 6-14. The actual variatitnghe steady-state amplitude of vibrations can
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have an even more complex behavior.

Figure H-1 shows a map of averaged amplitude oftiins of the lead screw fde, =2” 10, as
lead screw support damping and contact dampindicieeits are varied. The two natural frequencies
of the undamped system are approximately 148.2184d5 Hz. The initial conditions were chosen
close to the fixed pointul(O):uz (O):O and ul(O):u2 (O):- %,o. For each pair of damping
coefficients, the numerical simulations were caraet for four seconds. The results for the first
second were discarded to exclude the transientscafisbe seen, the steady-state amplitude of
vibrations varies considerably with the changetheftwo damping coefficients.

For the numerical value of the parameters choses b system exhibits chaotic or multi-period

behavior for many of the selected values of the damping coefficients. Figure H-2(a) and Figure
H-2(b) show the bifurcation diagrams of Poincaretisas (U, =0), as the damping parameter is

changed along the horizontal dotted line and thetica¢ dotted line in Figure H-1, respectively.

Further examples of this phenomenon are presemt8ddtion H.2 below.

Figure H-1: Averaged amplitude of vibration,y 1 (rad), as lead screw support damping, c, and conta  ct
damping c . are varied
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Figure H-2: Bifurcation of Poincare sections. a) Al ong the horizontal dashed line in Figure H-1
b) Along the vertical dashed line in Figure H-1.

H.2 Effects of Stiffness on Mode Coupling Instabity in a 2-DOF

System with Velocity-dependent Coefficient of Frigbn

In this section, results from five series of numalrisimulations are presented that show the effiect
stiffness (couplingk, and contactk.) on the stability of the 2-DOF model of Sectio®.3These
numerical studies also include the amplitude arduency of the steady-state vibration of the lead
screw.

Here the friction coefficient is assumed accordimg3.10) with parameters taken from Table 4-3.

Other system parameters, not specified in the ebemnare selected as before.

H.2.1 Example #1

For this first example, the following parameters eonsidered;
m=1,c=40"10°, ¢, =10°

and the contact stiffnesk,, is varied betweet0* to 10° (N/m). Figure H-3(b) shows the variation
of the real parts of the eigenvalues of the systefatobian matrix as the contact stiffness is garie

The steady-sliding fixed points becomes unstabtevésen k, = 191" 10° and k, = 635 10°. As
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shown in Figure H-3(a) by the two-sided Poincargtises, the amplitude of lead screw vibrations

varies considerably in this range and reaches anmiax of approximately 0.1rgd).

Figure H-3: Effect of contact stiffness
(a) Two-sided Poincare bifurcation diagram, (b) Rea | part of the eigenvalues

During this range, the two natural frequenciescimse to each other as shown by the dashed lines
in Figure H-4. It can be seen in this figure tHa¢ dominant frequency of vibrations follows the
higher linear mode at the beginning of the unstedibge and moves towards the lower linear mode at
the end of it.
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Figure H-4: (a) Black lines: Evolution of peak lead screw vibration frequencies, dashed grey lines:
eigenfrequencies; (b) Frequency content of steady-s  tate lead screw vibration at k «=4x10°

H.2.2 Example #2

In this example, parameter values are chosen the sa the previous example except for the lead
screw support damping, which is loweredae 5" 10°°. As shown in Figure H-5(b), by lowering
the lead screw damping, the system is unstableighaut the simulated range kf. The amplitude

of vibrations, as shown in Figure H-5(a), hits aximum of approximately 0.12gd) which is

slightly higher than the previous case.

It is interesting to note that at approximatdty = 8.7" 10>, the system undergoes period-

doubling bifurcation [36] which lasts until k, =95 10°. The evolution of peak vibration
frequencies are shown in Figure H-6(a). The dontindration frequency follows the higher linear
mode and then shifts to the lower mode as the itveat frequencies move closer to each other. The
dominant frequency of vibration continues to folloe lower mode as the two linear frequencies
grow apart. The period-doubling bifurcation is ailgsible in this frequency plot and in the section

shown in Figure H-6(b). At the instant plotted, t@minant frequency is 94Hz and the two peaks at

either side of it, caused by the bifurcation, ar84 % Hz.
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Figure H-5: Effect of contact stiffness
(a) Two-sided Poincare bifurcation diagram, (b) Rea | part of the eigenvalues

Figure H-6: (a) Black lines: Evolution of peak lead screw vibration frequencies, dashed grey lines:
eigenfrequencies; (b) Frequency content of steady-s  tate lead screw vibration at k «=9x10°
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H.2.3 Example #3

In this example the contact stiffness is fixedkat= 10°, and in its place the coupling stiffneksijs

varied between 0.1 and B.(rad). The other parameters are selected as;
m=1, c=40"10°, ¢, =10°

Similar to example #1 above, Figure H-7(b) shoved the steady-sliding fixed point is unstable in
a portion of the parameter range (approximately between 1.58 and 5.57). The Poinsactons in
Figure H-7(a) show that during the unstable parametnge, the amplitude of steady-state varies
considerably. There is also a discontinuity at adm05 (N.mrad). The amplitude of vibrations
remains around 0.046a(d) before the discontinuity but afterwards startditoinish.

Figure H-7: Effect of coupling stiffness
(a) Two-sided Poincare bifurcation diagram, (b) Rea | part of the eigenvalues

Parallel to the jump in the amplitude, a distinpaisle jump in the dominant frequency of lead
screw vibrations is discernable in Figure H-8(a).tlis point, the two linear frequencies start to
move away from each other and the frequency ofatitmm jumps toward the higher mode and

follows it on. A section of this figure is shownfigure H-8(b) fork = 4.
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Figure H-8: (a) Black lines: Evolution of peak lead screw vibration frequencies, dashed grey lines:
eigenfrequencies; (b) Frequency content of steady-s  tate lead screw vibration at k=4

H.2.4 Example #4

The parameters chosen for this example are extielgame as the previous example except for the
two damping coefficients which are reducectte 4” 10°° andc, =10. As can be seen from Figure

H-9(b), the system’s fixed point is stable throughthe considered parameter range. Figure H-9(a)
shows the bifurcation plot of two-sided Poincaretisas. As expected, the vibration amplitude grows
as the coupling stiffness is reduced. Also, it barseen that the system exhibits chaotic behaoror f

the selected value of the parameters.

Figure H-10 shows the evolution of dominant freques of the lead screw vibration as the
coupling stiffness is varied. Fd¢ =4, k=7, and k =1, various simulation results are plotted in
Figures H-11, H-12, and H-13, respectively.

At k =4, the spectrum plot in Figure H-11(a) shows wellasated peaks (those peaks which are
visible in Figure H-10 are at 28.6, 157.6, 1861&] 815.2 (Hz)). Theyy, projection of the system
trajectory in Figure H-11(b) shows a periodic or@iimit-cycle). The Poincare section shown in

Figure H-11(c), confirms the presence of a 15-pkperiodic solution ak = 4.
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Figure H-9: Effect of coupling stiffness
(a) Two-sided Poincare bifurcation diagram, (b) Rea | part of the eigenvalues

Figure H-10: Black lines: Evolution of peak lead sc  rew vibration frequencies, dotted grey lines:
eigenfrequencies

The spectrum plot of lead screw vibration lat=7 is shown in Figure H-12(a). The two
incommensurable dominant frequencies are 163.8227d2. The resulting quasi-periodic orbit is
shown in Figure H-12(b), by the filled out regiohtbe phase plane, and in Figure H-12(c), by the

closed-curve Poincare section.
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Figure H-11: Simulation results for lead screw at k  =4; (a) Vibration frequency content, (b) y  1-y» projection
of the trajectories, (c) Poincare section

Figure H-12: Simulation results for lead screw at k  =7; (a) Vibration frequency content, (b) y  1-y» projection
of the trajectories, (c) Poincare section

The spectrum plot of lead screw vibrationkat 1 is shown in Figure H-13(a). Here, in contrast to
the two previous cases, the spectrum has a broddibemacter. The two dominant peaks are located
at 95.2 and 147.3Hz. Thea-y, projection of the system trajectory in Figure HH)3is similar to
Figure H-12(b) and fills out a portion of the phatene; however, the possibility of chaotic behavio

is shown by Poincare section in Figure H-13(c)trinvestigation is needed to confirm that this
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attractor is indeed chaotjavhich is outside the scope of this work.

Figure H-13: Simulation results for lead screw at k  =1; (a) Vibration frequency content, (b) y  1-y» projection
of the trajectories, (c) Poincare section

! To verify that the attractor is chaotic, the sévisy to the initial conditions must be shown [36]
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Appendix |
Theorems Cited in Chapter 7

In this appendix, three theorems used in Sectidraie stated without proof. Theorems 1 and 3 are
taken from [84], and Theorem 2 is taken from [4&}e proof for these theorems is given in their

respective references.

|.1 Theorem 1 [84]

Consider the following system
x =ef(t,x,e), x(0,8)=x, (1)

Let f(t,x,e) and its partial derivatives with respect(bq e) up to the second order be continuous
and bounded foft,x, )l [O,¥)' D,” [O, eo], for every compact séD, I D, whereD1 A" is a
domain. Suppose théit is T-periodic int for someT >0 and € is a positive parameter. Lex(t,e)

be the solution of (1.1) and(et) be the solution of the average system
z=6f(z), z(0)=z, (1.2)
Then
it z(et)l D "t [0,L/¢] and x(0,e)- 2(0)=0O(e), then there exist&" >0 such that
forall 0<e<e', x(t,e) is defined and(t,e)- z(et)=0O(e) on[0,L/¢].

If the origin z=01 D is an exponentially stable equilibrium point o taverage system,

WI D is a compact subset of its region of attractiorz(O)T W, and
x(0,e)- z(0)=O(e), then there exist® >0 such that for all0<e<e’, x(t,e) is
defined andx(t,e)- z(et) = O(e) for all tT [0,¥).

If the origin z=01 D is an exponentially stable equilibrium point o taverage system,
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then there exist positive constams andc such that, for alD<e<e’, (1.1) has a unique,
exponentially stableT-periodic solutionX(t,e) with the propemﬂi(t,e)” £ ce.

If the origin z=01 D is an exponentially stable equilibrium point o taverage system,
and if f(t ,O,e):O for all (t,e)T [O,¥)' [O,eo], then x =0 is an exponentially stable

equilibrium point of (1.1).
Proof:

The proof is given in [84, Theorem 10.4].

1.2 Theorem 2 [44]

Consider the following system gtandard form

x:ef(t,x,e), x(O):xO (1.3)
wherex,x,1 D1 A". Also consider the averaged system

z=6f(z), z(0)=x, (1.4)

wheref (x)== f(t,x,0)dt .

1 T
T 0
Suppose that all of the conditions of the firstasrdveraging theorem of Appendix B are satisfied.

Assume further that:

The averaged system has an exponentially stablibeigun point z =0.
The functionf(z) is continuously differentiable with respectzoin D.

The stable equilibrium poirz =0 has a domain of attraction, I D.

Then, ifx,T D,, then
[x(t.€)- z(t.€)| £ ce (1.5)

for somec >0 independent o€ andO£t<¥ .
Proof:
The proof is given in [44, Appendix II].

Remark:
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This theorem is similar to part 2 of theorem 1 giwe Section I.1. However, the assumptions made

are much weaker here than those of theorem 1.

1.3 Theorem 3 [84]

Consider the singularly perturbed system

x =f(t,x,z,€)
ez =g(t,x,z.€)

(1.6)
Assume that the following assumptions are satisfordall (t,x,e)T [O,¥)' B~ [O,eo], where

B, ={x1 A"||x|£r}.

f(t,00,e)=0 andg(t,00,e)=0.

The equatiorD = g(t,x,z,0) has an isolated roat = h(t,x) such thath(t,0)=0.

The functionsf , g, h, and their partial derivatives up to the secorttoare bounded for
z- h(t,x)1 B, .

The origin of the reduced systexn=f (t,x, h(t,x),O) is exponentially stable.
- e%x_ . .
The origin of the boundary-layer syst = g(t,x,y + h(t,x),O) is exponentially stable,

uniformly in (t,x) :
Then, there existe' >0 such that for ale< e, the origin of (1.6) is exponentially stable.

Proof:
The proof is given in [84, theorem 11.4].
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