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Abstract

This thesis presents the development of two approaches—thermal normal-ordered expo-
nential (TNOE) and thermofield coupled cluster (TFCC)—for simulating quantum dynam-
ics and statistical mechanics in quantum chemistry, grounded in quantum field theoretical
formulations. The TNOE approach employs a normal-ordered exponential ansatz to param-
eterize the thermal density operator, allowing the calculation of thermal properties through
cluster expansions and imaginary time integration of equations of motion (EOMs). The
TFCC approach introduces a fictitious space and Bogoliubov transformation to express the
thermal density operator as a "pure state," similarly enabling thermal property calculations
through imaginary time integration. The two approaches are verified to be mathematically
equivalent and they are applied to two specific problems: the electronic structure prob-
lem and the vibronic coupling problem. The application on the thermal electronic structure
problems encounters challenges due to N-representability issues. Modifications to the TNOE
approach lead to the vibrational electronic coupled cluster (VECC) method, effectively sim-
ulating the quantum dynamics of vibronic coupling systems with impressive efficiency and
accuracy. The statistical mechanics formulation of the VECC method, vibrational electronic-
thermofield coupled cluster (VE-TFCC), utilizes imaginary time integration to successfully
calculate thermal properties of vibronic coupling systems with enhanced efficiency and ac-
curacy compared to conventional methods. Overall, the VECC and VE-TFCC approaches,
in combination with vibronic models, provides a robust framework for simulating quantum
dynamics and thermal equilibrium properties of vibronic coupling systems.
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Chapter 1

Introduction

1.1 Problem and scope of the thesis

Quantum chemistry is a subject that applies fundamental laws of quantum mechanics to
understand properties of chemical systems. As been stated by Dr Paul Dirac decades ago “the
underlying physical laws necessary for the mathematical theory of ... the whole of chemistry
are thus completely known, and the difficulty is only that the exact application of these laws
leads to equations much too complicated to be soluble” [1]|. Solving the quantum mechanical
equations associated with the chemical systems is the primary goal in quantum chemistry.
Unfortunately, finding the exact solutions to the Schrodinger equation (SE) for chemical
systems is an exponential hard computational task. For example, in a typical molecular
electronic structure problem that have N molecular orbital (MO)s, its wavefunction can
be expanded as a linear combination of the slater determinants with N one-electron basis
functions.

‘\D>elec = Z On1,n2,m,n1\r |7’l1,TL2,...,7’LN>7 VTLZ S {0,1} (11)

n1,mn2,...;,NN

Thus, the computational complicity to solve the time-independent Schrédinger equation
(TISE) of the electronic structure problem:

A

Helec “P>elec = E “I]>elec7 (12)
2 a7 PENROT 1 .. AL
Haee = ) _ (il D13y 15+ 5 D (islIkt)i'5'Ik, (1.3)
i ijkl

is O(2V). Although it is not always feasible to find the exact solution to the SE, system-
atical approximations can be applied in quantum chemistry that provide accurate heuristic
solutions. Thus, developing computational methods to (approximately) solve the electronic
structure problem is one of the primary goals of quantum chemistry.

Over the decades, many efforts have been made to develop ab initio computational meth-
ods to solve the molecular electronic structure problem as described in Eq. (1.1) and Eq. (1.2).
These methods make a balance between efficiency and accuracy to approximate the ground
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state and excited states energies as well as the corresponding electronic wavefunctions from
the molecular electronic Hamiltonian. The molecular electronic structure problem plays an
important role to understand the chemical properties of molecular system and mechanisms of
chemical reactions. However, the solution of energy eigenvalues and eigenstates of molecular
electronic Hamiltonian is not always sufficient to obtain properties that are of real inter-
est. There is a gap between these solutions and quantities that can be directly observed
through experiments such as spectroscopy, state populations and thermochemistry proper-
ties. To fill this gap, computational methods that can simulate the statistical mechanics and
quantum-dynamics of chemical systems are required. This is the motivation of this thesis.

Before looking at the detailed problems (as will be elaborated in the later chapters),
let me firstly define the problem in a general context. For a general quantum many-body
system, the statistical average of an arbitrary physical observable O in a thermal ensemble
is defined as:

: T (0D(3) A
(0(9) = ———F 5 DB = e, (14)
Tr(D(5)>

and its time-dependent properties is defined as:

SN IO
(00) = “tmragy PO =" 20). (15)

The two seemingly very different properties described in Eq. (1.4) and Eq. (1.5) are actually
closely related if we reformulate them in a form of differential operator equations:

d - o - )
Z'EU(T) = HU(7); U(t) = e A7, (1.6)

and d )
—ﬁf)(ﬁ) = HD ; D(B) =e P, (1.7)

Both Eq. (1.6) and Eq. (1.7) are first order ordinary differential equation (ODE)s and the
only difference is that the real time (7) is replaced by the imaginary time () in the latter
equation. Both equations can be regarded as the time-dependent Schrodinger equation
(TDSE). However, with the same arguments as discussed in the electronic structure problem,
solving the TDSE in Eq. (1.6) and Eq. (1.7) is computationally exponential hard when
resolving them in a finite basis set for a general quantum many-body Hamiltonian.

Therefore, computational methods that can more efficiently (heuristically) solve the
TDSE in Eq. (1.6) and Eq. (1.7) without the exponentially hard direct sum over states
is required. The original idea of this thesis is based on the quantum field theoretical formu-
lation of the statistical mechanics, in which standard interaction picture and perturbation
theory are adopted. The first attempt to obtain thermal properties from this idea in quan-
tum chemistry can be dated back to 1990s when Mukherjee and his co-workers developed

the thermal cumulant approach. |2, 3, 4, 5] In recent years, there is a resurgence of this topic.
The approaches can be mainly classified into three types: the time dependent coupled cluster
(TDCC) approaches [0, 7, 8, 9], many body perturbation theory (MBPT) approaches |10,
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, 12,13, 14] and self-consistent Green’s function approaches [15, 16, 17, 18, 19].

However, most of these formulations are closely tied to single-reference perturbation
theory, which poses challenges for studying the thermal properties of systems. To effectively
investigate these properties, a system must exhibit a significant thermal population of excited
electronic states at finite temperatures. This often requires multiple low-lying electronic
states, with the ground state exhibiting a multi-reference nature. Therefore, we take a
different approach, avoiding conventional perturbation theory and the interaction picture.

In this thesis, we develop the thermal normal-ordered exponential (TNOE) approach to
directly calculate the thermal and quantum dynamics of chemical systems without explicitly
relying on perturbation theory. The TNOE approach employs a normal-ordered exponen-
tial ansatz to parameterize the thermal density operator, enabling the expansion of thermal
properties via generalized Wick’s theorem and unique contraction rules. This allows for the
extraction of thermal (dynamics) properties through numerical integration of ODEs involv-
ing low-ranking (e.g., singles and doubles (SD)) cluster operators, yielding computational
efficiency due to its low-order polynomial scaling with respect to the degrees of freedom in
the quantum many-body system.

Additionally, we utilize thermofield (TF) dynamics [20, 21, 22] to simplify our formu-
lation. In TF dynamics, the thermal density operator of a statistical ensemble can be
propagated as a “pure state” by introducing the physical-ancillary dual space and applying
the Bogoliubov transformation [23, 24]. As a result, the orginal TNOE ansatz reduces to
the simple exponential ansatz as in the conventional single reference coupled cluster (SR-
CC) approach without explicitly introducing normal-ordering and the equations of motion
(EOM)s are significantly simplified.

1.2 Roadmap of the thesis

This thesis is organized as follow.

In chapter 2, we give an introduction of quantum chemistry in three aspects: the elec-
tronic structure theory, the statistical mechanics and the vibronic coupling problem. This
chapter serves as the theoretical basis of this thesis. In the later chapters, the knowledge
covered in this chapter is applied for the specific problems.

In chapter 3, we introduce theoretical framework to directly calculate thermal and time-
dependent properties. The discussion is in a general context which does not specify the
quantum many-body system and this family of approaches can be in principle applied to a
general form of Hamiltonian (either Fermionic or Bosonic). The chapter starts by introducing
the TNOE approach that is based on the work by Nooijen and Bao. [25] A detailed first
principle derivation is given. Then we introduce an alternative formulation which is known as
the thermofield coupled cluster (TFCC) theory. It is firstly introduced to quantum chemistry
by Harsha et al. |26, 27, 28, 29, 30] We provided an independent derivation of the TFCC
equations. Our derivation is slightly different from the original formulation, in which we do
not rely on the response theory and A-equations to calculate thermal properties. Instead,
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the thermal properties are mapped directly through the cumulant expression of the thermal
density matrix which follows the track in the TNOE approach. Finally, the connection
between the TNOE and TFCC is discussed.

In chapter 4, we discuss about the application of the general theory on the thermal
electronic structure problem. Explicit formulation and implementation are elaborated. The
approach does not produce expected results due to the N-representability problem. We
discuss in details about this problem and attempt to resolve it by systematically applying
the constraints to the thermal reduced density matrices. Theoretical insights are obtained
through the benchmark studies on model magnetic systems and small molecular compounds.

In chapter 5, we discuss about another specific application of the general theory: simula-
tion of spectroscopy and quantum-dynamics properties of the non-adiabatic vibronic models.
This chapter is based on the work by Bao, Raymond and Nooijen. [31] We introduced a
compact representation of the time-dependent wavefunction (|¥(7)) = e 7 |U(7 = 0))) by
applying the TNOE ansatz (in its reduced form and modified) and resulting a favourable
computational cost. Though this computational method is fully quantum mechanical, it is
an operator based approach which is basis set free and has a classical (polynomial) scaling
over the degrees of freedom (DoF)s of the non-adiabatic vibronic models.

In chapter 6, we discuss about the application of the general theory on calculating thermal
properties for vibronic coupling systems (typically Jahn-Teller (JT) systems). This chapter
is based on the work by Bao, Raymond, Zeng and Nooijen. [32] The computational method
developed in this chapter can be regarded as a statistic-mechanical formulation of the method
discussed in the chapter 5. The major difference is that the real time propagation is replaced
by the imaginary time propagation to calculate properties at the thermal equilibrium. We
showed that this method in conjunction with vibronic models can be applied as a effective
protocol to calculate thermochemistry properties that incorporate the dynamical JT effect.

In chapter 7, we draw conclusions and give final remarks of this thesis.



Chapter 2

Background knowledge

In this chapter, we will provide essential background information that forms the theoretical
foundation of this thesis. Our aim is to keep the discussion brief and focused. For further
details on the topics addressed, please refer to the cited references.

2.1 Quantum chemistry of many-electrons: electronic struc-
ture theory

We begin our discussion with electronic structure theory, which aims to understand the
interaction between many-electron systems and nuclear potentials in polyatomic molecules.
The electronic structure of a molecule determines how chemical bonds are formed, ultimately
leading to the stability of the molecular system. Therefore, it is crucial for understanding
the fundamental mechanisms of chemical reactions.

2.1.1 Born-Oppenheimer approximation (BOA)

In this section, we introduce one of the most important approximations in quantum chem-
istry: the BOA. Our starting point is to solve the TISE of the quantum molecular Hamilto-
nian (H):

HY(R,7) = EV(R,7). (2.1)

A

In this TISE, the full quantum molecular Hamiltonian (H) can be written as

2l 1 1 1 . .
L DB ACEEDRNED Db DBy

i<j o,

(2.2)
=Ty 4T+ Vie + Ve + Varw,

which consists five terms: the nuclear kinetic operator (TN), electronic kinetic operator
(T¢), electron-electron interaction operator (Ve.), nuclear-electron interaction operator (Vi.)
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and nuclear-nuclear interaction operator (VNN). We can separate electronic Hamiltonian
operator at a particular nuclear configuration R from the full molecular Hamiltonian:

~

Hel(ﬁ) = Te + ‘A/ee + ‘A/Ne + VNN; (23)

in which we exclude the nuclear kinetic operator (T) term in Eq. (2.2).

To solve the TISE in Eq. (2.1), we can expand the full molecular wavefunction (R, 7)
into a completed basis:
U(R,7) =) o7 R)XA(R), (2.4)
A
where the basis function in the expansion consist of a product of the electronic wavefunction
ox(7; R) and the nuclear wavefunction X,(R). The electronic wavefunction ¢, (7} R) is a
function of the coordinates of electrons 7 and parametrically depends on the nuclear coordi-
nates R. At a fixed nuclei, the electronic wavefunction is defined as the eigenfunction of the
electronic Hamiltonian H,; '

Ha(R)oa(7 R) = ES(R)oa(7 R), (2.5)

where the energy eigenvalues Ef\l(ﬁ) are functions of the nuclear coordinates and it is known
as the potential energy surface (PES) and the eigenstates are known as the adiabatic or the
Born-Oppenheimer states. While, the nuclear wavefunction X ,\(R‘) is a function of the nu-
clear coordinates R . The expansion in Eq. (2.4) is known as the Born-Huang expansion [33]
and under infinite basis limit, the expansion leads to exact solution to the TISE in Eq. (2.1).

In the Born-Huang expansion in Eq. (2.4), if we drop the summation and use one of the
basis functions to approximate the full molecular wavefunction, we obtain the BOA [31]:

U(R,7) ~ ¢(7 B)X(R). (2.6)
Substituting Eq. (2.6) and Eq. (2.5) into the original TISE, we get:
(T + ES{(R)) Xan(B) = EnXon(R) (2.7)

In this way, the TISE for the nuclear wavefunction can be solved separately from the elec-
tronic structure problem.

As shown in Fig. 2.1, under BOA, the PESs can be defined as functions of nuclear
coordinates. The TISE of the full molecular Hamiltonian in Eq. (2.1) can be decomposed
by separately solving equations of electronic and nuclear problems. This allows us to tackle
the complete quantum molecular problem in two steps. Firstly, we determine the minimum
of the ground state PES by solving the electronic structure problem outlined in Eq. (2.5) at
the optimized nuclear configuration. Secondly, we apply the harmonic oscillator (H.O.) and
rigid rotor (R.R.) approximations to the vibrational and rotational problems centered at the
minimum of the ground state PES to solve the nuclear TISE.

!Sometimes, this is known as the clamped nuclei.



This approach to solving the TISE for full molecular problems is generally applicable to
most systems, though it does have some limitations. The BOA relies on the assumption
that the nuclear wavefunction is decoupled from the electronic wavefunction in a quantum
molecular system. This assumption holds because the energy separation between different
electronic eigenstates is typically much greater than that of the nuclear eigenstates. Conse-
quently, the influence of nuclei manifests as fine structures in molecular spectroscopy.

However, the assumption that the large energy separation between electronic eigenstates
is not universally applicable. The BOA fails at molecular systems with close-lying electronic
states. In section 2.3, we will discuss these scenarios and explore quantum chemistry that
extends beyond the BOA.

Different Electronic States
electronic arrangements)

Vibrational Levels Rotational Levels

Figure 2.1: Illustration of the PESs in a molecular system. [35]

2.1.2 Hartree-Fock (HF) method

Under the BOA, the electronic structure problem involves solving the TISE as defined in
Eq. (2.5) for a specific nuclear configuration. However, finding an exact solution to the TISE
for this problem is computationally exponential hard. Fortunately, heuristic approximate
solutions that balance efficiency and accuracy are feasible.

One of the most fundamental approximation methods is the HF method. [30, 37, 38, 39,

| The HF method employs a single Slater determinant ansatz (|®)) to approximate the

ground state electronic wavefunction, such that |U) .~ |®). Through the self-consistent

field (SCF) procedure, the HF method optimizes the single-particle functions, or canonical
MOs, within the framework of this single Slater determinant.

The HF method is summarized in the flowchart in Fig. 2.2. We define the related quan-
tities as follows:



The Slater determinant:

wi(r1) wi(r2) ... @ilry)
L dei(r) w(r2) o pi(ra)

|®) = Wi = |ipj.-- 1)

ei(r) @i(r2) .. @i(ry)

(2.8)

where @;, ..., ¢ single-particle function and they form orthonormal canonical MO basis {|¢;) }:

(piles) = dij.

(2.9)

The canonical MOs can be constructed by linear combinations of atomic orbital (AO)s:

i) =D 1xa) Coe

The one electron integrals:

where

The two electron integrals:
NN = S\ 3., 13
(pv)|od) = Xu(rl)XV(@)r—Xa(Tl)Xr(Tz)d r1d°ry
12
The overlap matrix:

S = / X (F)xw (F)dr

The one-electron reduced density matrix:

Dy, =>»_ CrC

i€0cc

Fock matrix (for closed shell systems):

= hy + Z (uv|od) — (uv|do))D

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Notice that both the Fock matrix and the two-electronic integrals are currently defined
in the AO basis. Both of them can be transformed to the canonical MO basis based on the

MO coeflicient defined in Eq. (2.10):

F,,(AO basis) — Fp,((MObasis))
(uv|oT) (AO basis) — (pq|rs) (MO basis)

(2.17)
(2.18)



Form initial guesses:

hyy, (uvloT), Sy

Fock matrix Diagonalization:
FC = SCe
D = cnct

Fock matrix formation:

No Fuw = Ry + ) Avlom) = (uv]70)) Do

SCF converged ?

Yes

Figure 2.2: Tllustration of the HF procedure

The HF method is significant for two reasons. First, it can achieve approximately 99%
accuracy in predicting the ground state energy for most molecules at their optimized geome-
tries.? Second, the HF method serves as a foundational step for more advanced wavefunction-
based methods, such as the coupled cluster (CC) method, which will be discussed in sec-
tion 2.1.4.

2.1.3 Second quantization

In the HF method, all quantities are defined within the framework of first quantization.
However, for more advanced electronic structure methods, it is often more convenient to
use second quantization, which provides a more intuitive representation of excitations in
molecular electronic structure. In this section, we will introduce the second quantization
technique.

We recall the definition of the normalized Slater determinant in Eq. (2.8) (|®) = |¢ip;...1))-
To introduce the second quantization, we can introduce another representation of the Slater

2However, the accuracy of the HF method is often insufficient for many chemistry applications, as its
errors typically exceed the threshold of chemical accuracy (1 kcal/mol).
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determinant. For an arbitrary Slater determinant it can be represented with M basis func-
tions as:
|q)> = ‘nlan27"7nM>7 (219)

where n, is defined as the occupation number for the spin orbital p.

1,if spin orbital p is occupied

Vpel,..,M:n,= { (2.20)

0, if spin orbital p is unoccupied

For convenience, in the rest of this section, we denote labels ,7,k,l to be occupied orbitals
and labels a,b,c,d to be unoccupied (virtual) orbitals. Based on this new representation of
the Slater determinant and the second quantized construction operators can be defined as
follow: For arbitrary spin orbital p:

1. Creation operator d; is defined as

d; |1, oy ey Ny oy iag) = (1 — 1) (—1)™ (01, Mg, ooy Mgy ooy ) (2.21)

2. annihilation operator a, is defined as:
ap M1, M2y ooy Ny oy pg) = Np(—1)™ 0y, Mg, ooy My, oy M) (2.22)
In these definition the prefactor (—1)" takes account of the permutation of spin orbitals and

7, denotes the number of occupied orbitals in front of the spin orbital p.

According to the Pauli exclusion principle, it is not allowed on add one electron from an
occupied orbital:
al |®) = 0. (2.23)

It is not allowed to remove one electron from an unoccupied orbital neither:
aq |®) = 0. (2.24)

The definition of second quantized construction operators in Eq. (2.21) and Eq. (2.22) nat-
urally adapt with the conditions in Eq. (2.23) and Eq. (2.24). 3

From the definition of the second quantized construction operators, the Slater determi-
nant in Eq. (2.8) can be defined as:

@) = |pipj.pr) = Glal..a] |01, 00, ..., 0pr) (2.25)

where |01, 0, ...,0,/) is defined as the vacuum state in the Fock space. For simplicity we
denote: |0) =04, 02, ...,0p/) in the rest part of this thesis.

In addition, the second quantized operators obey the canonical anti-commutation relation

3For occupied orbitals n, = 1 and for unoccupied orbitals n, = 0.
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for arbitrary spin orbitals p and ¢:

{af,aly = afal + afal =0, (2.26)
{ap, 4} = a4 + ayig = 0, (2.27)
{ap,al} = ayal + ala, = 6, (2.28)

to adapt with the anti-symmetry of the many-electron wavefunction:
(Wetee(T1y ooy Ty Ty o)) = = [Weree(T1, oy Ty Ty o)) (2.29)

For the convenience of algebraic derivation, we can redefine the creation and annihilation
operator based upon the a reference Slater determinant |®q). This approach is referred
to as the quasiparticle formalism. We designate a single Slater determinant as the "Fermi
vacuum".* |vac) = |®) In this framework, the creation and annihilation operators are
redefined relative to the "Fermi vacuum" rather than the physical vacuum |0). These new
operators are termed g-creation and g-annihilation operators. For hole states (occupied

orbitals) 7,7,k,l, the g-creation and g-annihilation operators are defined as:
b; = al, (2.30)
bl = ;. (2.31)

For particle states (unoccupied orbitals) a,b,c,d, the g-creation and g-annihilation operators
are defined as:

by = g, (2.32)
bl =al (2.33)

From the definitions of the quasiparticle operators, single Slater determinant |vac) serves as
the “vacuum state”:
(vac| b’ = blvac) = 0. (2.34)

The canonical anti-commutation relation of the original construction operators (in Eq. (2.26),
Eq. (2.27) and Eq. (2.28)) still holds for the quasi-particle construction operators.

Based on the second quantization formalism, a general linear operator can be defined as:

A=Y An XY, (2.35)

XY
where X and Y are ordered products of annihilation operators:
X,Y = G4lp....,p < q < ... (2.36)

From this definition of the general linear operator in Eq. (2.35), the electronic Hamiltonian

4This Slater determinant can be obtained from the mean-field approximation, such as the HF method,
for the ground electronic state.
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operator in Eq. (2.3) can be defined as:

Hy=h+V, (2.37)
where R X A
h=Y " hjald; (X =a;,Y = a;) (2.38)
ij
and 1
V=1 Z ij|lklalalaan(X = a;a:, Y = ). (2.39)
ijkl

The second quantization representation offers several advantages compared to other rep-
resentations. (1) It transfers the anti-symmetry property of the wavefunction from the Slater
determinant in the first quantization framework to operators, utilizing the anti-commutation
relations of Fermionic creation and annihilation operators. [11| (2) It inherently preserves
the symmetry of spin and particle number because of the anti-commutation relations of the
second quantized operators. Specifically, [S?, Hy] = 0 and [N, Hy] = 0. This is in contrast
to the qubit representation of the electronic Hamiltonian that is developed recently, in which
a basis of Pauli words is applied (]f[ =>; Clpl), can lead to the breaking of particle conser-
vation and spin symmetry without additional constraints [12] (3) The second quantization
framework allows for effective wavefunction parameterizations, such as those used in the CC
method, which will be discussed in section 2.1.4.

2.1.4 Coupled Cluster (CC) theory

In this section, we introduce the CC theory for the electronic structure problem. CC is
a quantum many-body wavefunction-based method that employs the second-quantized ex-
ponential ansatz to parameterize the many-electron wavefunction, effectively incorporating
electron correlation in electronic structure calculations. The CC method was first introduced
by Cizek and Paldus in 1966 [13, 11] and has since become one of the most widely used elec-
tronic structure methods in quantum chemistry. We will provide a brief overview of CC
theory in this section.

As been discuss in section 2.1.3, the electronic Hamiltonian can be represented in second
quantization as:

H, = tha aj + ~ Z ijl|kl)alalaan, (2.40)

zykl

The electronic wavefunction can be expanded by an exponential ansatz for the many-
electron wavefunction that is based upon a reference state |®y):

|\IJelec> = €T |(I)0> 5 (241)

where the reference state |®y) can be defined as a single Slater determinant that can be
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obtained from the HF calculations and the cluster operator T is defined as:
T — Z Tu (2.42)
[
In Eq. (2.42), T}, are excitation operators:
Ty = Zt“az, (2.43)

Ztab Falaa;; (2.44)

zyab

(2.45)

Applying the exponential ansatz defined in Eq. (2.41), we can derive CC equations now.
Firstly, we substitute the exponential ansatz into the TISE:

HueT |®g) = Eee @) . (2.46)

Secondly, we project against the manifolds <<I>0| e~ and (@) QT (Q# = {afa;,alalaa,), ).
Then we can derive the CC energy equation: °

Bee = (@o] (™) o), (247)
and CC amplitude equations:
0= (D, ( el€T>Cmm. Do), (2.48)
where
(®,] = <<I>0]Qﬂ,u 1,2, .. (2.49)

and the subscript conn. means that the equations are connected:
(ﬁeleT> = e*TI{[eleT. (2.50)
conn

The proof of Eq. (2.50) is shown in appendix G. *

The CC method has many good features. It is non-perturbative and size-consistent,
and unlike other electronic structure methods, such as density functional theory (DFT),
that require additional empirical parameters, the CC approach is grounded purely in first

5These operators are called excitation operators since they can be regarded as the excitation of electrons
from the occupied orbitals of the HF ground state to the virtual orbitals. In other words, they contain
g-creation operators only with the respect of the single Slater determinant reference state |®).

6The correlation energy (E.or) is defined as the energy difference of the ground state energy obtained
from the CC approach and that of the HF method (Ecorr = Fee — Enp).

In proof of the connectedness of the similarity transform Hamiltonian, we make use of the Wick’s theorem
which will be discussed in section 2.1.5.
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principles. It also establishes a hierarchy, with its infinite cluster expansion limit representing
the exact solution to the Schrodinger equation.

However, the CC method has some limitations. First, it exhibits high-order polynomial
scaling with respect to the number of electrons and spin orbitals, making it computationally
expensive and limiting its application to small and medium-sized molecular systems. Second,
the SR-CC approach, which uses a single Slater determinant as the reference state, struggles
with strongly correlated electronic systems. In such cases, multiple close-lying or degenerate
electronic states mean that the ground state cannot be adequately described by a single
dominant Slater determinant. Over the years, many efforts have been made to enhance both
the efficiency and accuracy of the canonical CC method.

2.1.5 Normal order and Wick’s theorem

As been mentioned in the previous section, to proof the connectedness of the CC equations,
the normal order and Wick’s theorem are required. We give a detailed description of them in
this section. In the single-reference quasi-particle formalism, the normal order of an arbitrary
string of construction operator A is defined as a certain order that all g-creation operators
are to the left of all annihilation operators are to the right:

~

{A} = (=1)7PWbIbEbb, (2.51)

where the curly bracket “{}” denotes the normal order and the prefactor (—1)”(15 ) takes ac-
count the permutation of the construction operator based on their canonical anti-commutation
relations defined in Eq. (2.26), Eq. (2.27) and Eq. (2.28).

Based on the definition of the normal order in Eq. (2.51), the Wick’s theorem states that
“The product of two normal ordered strings is equal to their normal product plus the sum
of all possible normal products with contractions™ [15]

[AMB} = (4B} + Y (4B} + Y {AB} + .., (2.52)

where each overline denotes the possible contraction that can be obtained by taking one
construction operator from A and one from B and in Wick’s theorem, we sum over all the
possibilities. The contraction of two fermionic construction operators (& and ¢) is defined

as:
M

Ty = zy — {z9}. (2.53)
If they are not in normal order, the contraction will be the anti-commutator and if they are
in normal order, the contraction will be zero.

To illustrate the Wick’s theorem described in Eq. (2.52), we give a simple example as
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follow. In Eq. (2.52), if we set t A=b Bq and B = IA)TbI,, we have:
R R RIS '_A‘ r. A
{AHBY = (B, b0L} + {BybyblbL} + {byb,b1bL} + {byb,dIbL} + {b,bb10L}
=
+ {byb blbl} + {Db,byblbT} (2.54)
— bibIb,by + pblby — 640blby, + 8,sb1D, — 6,010,
+ 0ps0gr — OprOygs

The definition of normal order, as presented in Eq. (2.51), is based on a single Slater
determinant reference state. However, it can be extended to an arbitrary reference state
which can be a linear combination of a few Slater determinants in general:

’T6f> = Cl |(P> + CQ |CI)/> + 03 |(I)”> + ... (255)

In this context, the normal ordering can be generalized to define the order of the string of
the creation and annihilation operators such that the expectation value over the reference
state is zero:

(ref| {A}|ref) = 0. (2.56)

The Wick’s theorem in Eq. (2.52) remains valid with this generalized definition of normal
order in Eq. (2.56). The generalized definition of normal ordering was first proposed by
Kutzelnigg and Mukerjee [16], and the generalized Wick’s theorem was later rigorously proved
by Kong et al [17].

In chapter 3.1, we will demonstrate that these generalized definition of the normal order
and Wick’s theorem can be applied to the statistical ensembles at thermal equilibrium. In
this case, the expectation value over the reference state is replaced by the trace over a
zeroth-order density matrix, leading to the formulation of Wick’s theorem in an analogous
manner:

(ref|O|ref) — Tr(@ﬁdﬁ)). (2.57)
This approach to normal ordering and Wick’s theorem for statistical ensembles at thermal
equilibrium has also been considered by Qin and Hirata. |14, 18| Before going in the details

of this advanced approach, we will firstly introduce the basics of statistical mechanics in
section 2.2.

2.2 Quantum chemistry at finite temperature: statistical
mechanics

Finite temperature effect plays an important role in quantum chemistry, as most chemical
reactions are thermodynamically driven. Experimental thermochemical quantities, such as
reaction energy, free energy, and entropy, depend on temperature. To incorporate these finite
temperature effects into quantum chemistry calculations, we must introduce concepts from
statistical mechanics.
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Recall the PESs illustrated in Fig. 2.1, under BOA, the electronic structure problem and
nuclear vibrational / rotational problem can be treated separately. In standard quantum
chemistry methods, only the ground electronic state is considered. Using the ground state
PES, H.O. and R.R. approximations are applied at the minimum to solve the vibrational and
rotational problems. Thermochemical properties can then be calculated by obtaining ana-
lytical expressions for the H.O. and R.R. partition functions of the vibrational and rotational
degrees of freedom separately. ®

However, these methods are valid only when the energy gap between the ground state
PES and the excited state PESs is large, making the thermal population of excited electronic
states negligible. This is not always the case; some molecular systems can exhibit multiple
low-lying electronic states, making the thermal contributions from excited states significant.
Therefore, it becomes essential to incorporate finite temperature effects into the electronic
structure problem to accurately calculate thermochemistry properties in these systems. Mo-
tivated by this need, we developed a computational method aimed at efficiently calculating
the statistically averaged thermal properties of the electronic structure problem, as will be
discussed in chapter 4.

In this section, we will cover some basics of statistical mechanics. Statistical mechanics
is a branch of physics that studies the equilibrium and evolution of collections of micro-
scopic particles, known as ensembles. It connects multiple microscopic quantum states to
their net or average behavior on a macroscopic scale. The fundamental postulate of sta-
tistical mechanics states that “if an isolated system is in equilibrium, it can be found with
equal probability in each one of its accessible states” which is also known as “equal a priori
probabilities”. [19]

2.2.1 Classification of the statistical ensembles

There are mainly two classes of statistical ensembles that are used in quantum chemistry:
the grand canonical ensemble and the canonical ensemble.

In a grand canonical ensemble, the system reaches thermal equilibrium with its environ-
ment such that the ensemble average of the total number of particles is kept invariant. The
fluctuation or exchange of particles between subsystems within the ensemble is allowed. The
partition function of a grand canonical ensemble can be written as:

QB ) = Qe HFunmmm), (2.58)

where €; is the degeneracy of the quantum state i, n is the total number of particles in a
certain quantum state, £; ,, is the energy eigenvalue of the corresponding quantum state and
i is an addition parameter (known as the chemical potential) to keep the ensemble average

8While more accurate results can be achieved by going beyond the H.O./R.R. approximations, the single
electronic state assumption of the BOA is still maintained.
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of the number of particle to be a constant:
<N> = N (2.59)

Canonical ensemble has more restrictions. The system also reaches thermal equilibrium
with its environment but no particle exchange is allowed which means that all quantum states
in a canonical ensemble have the same total number of particles. The partition function of
a canonical ensemble can be written as:

Z(B,p,v) =Y _ Qe HBunmpmmvn®), (2.60)

Comparing to the partition function of a grand canonical ensemble in Eq. (2.58), we introduce
the additional parameter v such that the variance of the total number of particle is kept to
be zero as well. Thus, the canonical ensemble satisfies the following constraints:

<J\7> _—— (2.61)
<(N - nel)2> = 0. (2.62)

2.2.2 Quantum mechanical formulation of the statistical mechanics

There is a more graceful and concise quantum mechanical formulation of the statistical

mechanics that is based on the density operator. In general a N-particle density operator is
defined as:

ND =) W W) (T (2.63)

where W, is defined as the probability to find the ensemble at the quantum state |¥,) and
it satisfies:
o<W, <1 (2.64)

In special cases, at thermal equilibrium, the corresponding density operator for grand
canonical ensemble is define as:

D(B, ) = e P, (2.65)
and the density operator for canonical ensemble is defined as:

D(B, p,v) = ¢ BUH—uN—vK?) (2.66)

9In most textbooks, the parameters ; and v are not introduced in the canonical ensemble, as they typically
sum over all states with the same total number of particles. However, this approach is not practical, as
summing over states is computationally infeasible for quantum many-body systems. Instead, we adopt an
alternative formulation that introduces additional constraints to preserve the average number of particles in
the ensemble while ensuring that the variance of the particle number remains zero.
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By introducing these definitions of the thermal density operators, we can have a unified
concise expression of the partition function = as the trace over the thermal density operator:

==m(D). (2.67)
The corresponding ensemble average of an arbitrary observable O is can be expressed as:
. Tr (Oﬁ)
<0> S N (2.68)
Te(D)

In practice, directly calculating thermal properties by taking the trace or summing over
states, as suggested in Eq. (2.68), can be computationally expensive. As a result, this
approach may not always be feasible for investigating the chemical systems of interest. For-
tunately, the quantum mechanical operator formulation of statistical mechanics allows us to
manipulate the thermal density operator using many-body quantum field theoretical meth-

ods. This enables us to heuristically calculate thermal properties without needing to take
the trace over the entire Hilbert space.

There are two well-established formulations based on this concept. One is the Matsubara
Green’s function formulation, where the partition function is evaluated in parallel with the

calculation of the S-matrix in quantum field theory [15]. The other is thermofield dynamics,
in which the thermal density operator is treated as a pure state in a physical-ancillary
dual space, utilizing the Bogoliubov representation |20, 21, 22]. In this framework, thermal

properties can be directly evaluated as expectation values of this pure state.

In this thesis, we introduce a new approach known as the TNOE approach. [25] In this
approach, we apply the generalized Wick’s theorem based on the definition of normal order
for statistical ensembles. By using unique contraction rules for reduced density matrices
and the normal-ordered exponential ansatz, we can form a compact representation of the
thermal density operator. The thermal properties can then be obtained through imaginary
time integration over the cluster operators. This approach will be elaborated in chapter 3.1.

2.3 Quantum chemistry beyond BOA: vibronic coupling
problem
In addition to the finite temperature effect, another important effect in quantum chemistry

is known as the vibronic coupling effect which extend beyond the BOA. We will elaborate
this effect in this section.

2.3.1 Origin of vibronic coupling interaction

We begin the discussion by introducing the origin of the vibronic coupling interactions. Re-
call that in section 2.1.1, we introduced the BOA to define the adiabatic PESs for a molecular
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system. However, the BOA relies on the assumption that the energy separation between elec-
tronic states is much greater than that of vibrational and rotational levels. This assumption
is not always valid. For molecular systems with closely lying or degenerate electronic states,
the BOA breaks down. In such cases, the coupling between the nuclear wavefunction and
the electronic wavefunction becomes strong and non-negligible. This interaction is referred
to as the vibronic coupling effect or non-Born-Oppenheimer effect [50, 51].

2.3.2 Techniques to incorporate the vibronic coupling in quantum
chemistry

Having discussed the origin of vibronic coupling interactions, we will now briefly introduce
common numerical techniques for incorporating the vibronic coupling effect in quantum
chemistry. Recall that we introduced the full molecular Hamiltonian in Eq. (2.2). By sub-
stituting the Hamiltonian in Eq. (2.2) and the Born-Huang expansion of the full molecular
wavefunction in Eq. (2.4) into the TISE and then project against the electronic wavefunction
o (7 ﬁ), we can derive:

(2.69)

(D) S, ES“(R)xa(R)
=EY sun(R).

In Eq. (2.69):

(1). Term A and term C take account of the vibronic coupling effect. If we neglect them,
we obtain the usual BOA:

(T + Ex(B) xan(B) = Ewxan(R), (2.70)

in which the electronic wavefunction is decoupled from the nuclear wavefunction.

(2). The diagonal elements of term A can be served as a small correction to the potential
term under the BOA:

<TN + E\(R + AA(R))) Xon(B) = EnXon, (2.71)



where

25 (7 R)dr (2.72)

G

It serves as the additional diagonal correction to the potential in BOA. The off-diagonal
contribution are negligible:

<¢Fﬁ

In general, the contribution the term A is small and will not be consider in remaining part
of this thesis.

a7 R)d ) ~ 0(Vu # M) (2.73)

(3). If we choose the real function as the basis the electronic wavefunction ¢, (7 R), the
the diagonal elements of term C are always zero.

(4). The off-diagonal elements of term C are known as the non-adiabatic coupling
(N.A.C)s. The strength of the N.A.Cs are proportional to the reciprocal of the energy
difference between the two adiabtic electronic states:

1

Con(t £ N) X —— (2.74)
H Ezlec _ E}\l

Thus, when the energy separation between the two electronic states is large, the N.A.C is
small and negligible. However, the N.A.C tends to diverge when the two electronic states
are close-lying or degenerate. This is problematic. In practice to incorporate the N.A.C
effect for close-lying electronic states in quantum chemistry, the numerical technique known
as diabatization is introduced.

[ 7 N.A.C} [El(}?) 0 }D_L}[Tl 0} {Vn@ Vn(g)

NAC. Ty 0 Ey(R) 0 Tb] ' [Var(R) Vsl )} (2.75)

ization

As shown in Eq. (2.75), the diabatization procedure involves unitarily transforming the orig-
inal Hamiltonian from the adiabatic representation to the diabatic representation (‘wdmb> =

U |1p*diab)). The goal of this unitary transformation is to eliminate N.A.C and form a matrix
potential where the matrix elements are smooth functions of nuclear coordinates. As a re-
sult, the diabatic electronic wavefunction changes slowly with respect to nuclear coordinates,
maintaining its character. This approach effectively avoids the divergence issues associated
with N.A.C for closely lying electronic states while preserving the eigenvalues and eigen-
vectors by representing the Hamiltonian in the diabatic basis. Diabatization has become a
well-established technique for incorporating vibronic coupling effects in quantum chemistry,
with many standard diabatization protocols now available [52, 53, 54, 55, 56, 57, 58].

2.3.3 Applications of the vibronic coupling effect

With the diabatic vibronic Hamiltonian obtained from the ab initio electronic structure calcu-
lations and diabatization procedures, we can apply it to study many important phenomenon

20



in physics and chemistry.

The first application of the vibronic coupling effect is in studying the quantum dynam-
ics of vibronic coupling systems. Fig. 2.3 illustrates the quantum dynamics process of such
systems. Vibronic couplings facilitate population transfer between electronic states in molec-
ular systems. Quantitatively analyzing the quantum dynamics of these systems enhances our
understanding of the optical properties of materials. This has broad applications in the de-
velopment of novel materials, including photo-catalysts and photo-electronic devices.

In addition, we can generate the electronic spectra from the quantum dynamics simulation
of the vibronic coupling systems. The auto-correlation function (ACF) can be calculated
from the quantum dynamics simulations. By definition, the ACF is the overlap between the
time-dependent wavefunction of at ¢t =0 and ¢t = 7:

C(r) =(¥(t=0)|¥(t="1)), (2.76)

where |U(t = 7)) can be determined by solving the TDSE of the vibronic coupling systems:
L, d A
il [Y(1)) = Huinr [0 (1)) (2.77)

The corresponding spectra can be generated from the Fourier transform of the ACF:

I(w) = / " et o ar. (2.78)

—00

The vibronic coupling effect is crucial for accurately simulating absorption spectra. It al-
ters both the peak intensities and positions compared to the conventional vertical gradient
(VG)-Frank—Condon (FC) approach. Quantum dynamics simulations of the diabatic vi-
bronic Hamiltonian offer a viable method for obtaining spectra that incorporate the vibronic
coupling effect.
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Figure 2.3: Illustration of the quantum dynamics process for vibronic coupling systems [55]

Another application of vibronic coupling is in studying the statistical mechanics of these
systems. As previously mentioned, many chemical reactions are thermodynamically driven.
Vibronic coupling plays a significant role in accurately calculating thermochemical data for
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various molecular systems, such as JT systems. This can have applications on understanding
many bio-chemical processes and facilitate the drug discovery.

Conventionally, multi-configuration time-dependent Hartree (MCTDH) approaches |59,

, 01,62, 63] and their imaginary-time evolution versions [(4, 65] have been used to simulate

both quantum dynamics and statistical mechanics of vibronic coupling systems. However,

these methods often require large basis sets for accurate convergence ' and the multi-layer

settings can be challenging to use. As a result, the application of MCTDH approaches is
typically limited to small and medium-sized vibronic models.

To simulate the quantum dynamics and statistical mechanics of larger vibronic coupling
systems, more efficient computational methods are necessary. Motivated by this need, we
develop novel computational methods (namely the vibrational electronic coupled cluster
(VECC) approach and the vibrational electronic-thermofield coupled cluster (VE-TFCC)
approach) for quantum dynamics and statistical mechanics simulations of vibronic coupling
systems. We will elaborate on these methods in chapter 5 and chapter 6.

10Tn the worst-case scenario, the computational cost scales exponentially with the number of vibrational
modes in a vibronic coupling system.
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Chapter 3

(General Theory

In this chapter, we will give a general discussion about the quantum field theoretical ap-
proaches to calculate thermal properties in quantum chemistry. We will discuss two different
formulations, namely, the TNOE approach and the TFCC approach. The former approach
is developed by Nooijen and Bao [25] and closely related to the TDCC formulation that is
developed by White and Chan. [0, 7, 8| The latter approach is initial proposed by Mukherjee
and his coworkers [2] and recently re-introduced by Scuseria group. |26, 27, 28, 29, 30]

The main purpose of the this chapter is as follow: Firstly, we give an independent first
principle derivation of the EOMs for both TNOE and TFCC approaches. Secondly, we
derive the expression of the thermal reduced density matrices in both approaches. Unlike
other approaches from literatures |6, 7, 8, 26, 27, 28, 29, 30] that apply energy derivatives
or response theory to calculate thermal properties, we heuristically map the reduced density
matrices from the cluster amplitudes on-the-fly along the imaginary time propagation. As a
result, the thermal properties derived from our approaches are different from the result of the
original formulations. Thirdly, we build the connection between the TNOE and the TFCC
approaches. We prove that both the expression of the thermal reduced density matrices and
the EOMs translate from one to another for the two approaches. Thus, the two approaches
are mathematically identical.

We keep the discussion in this chapter in an abstract fashion aiming at building the
general theoretical framework for direct calculation of thermal properties in quantum chem-
istry. Only simple examples are given to illustrate the basic soundness of the theories. We
will cover the specific applications of these general theoretical frameworks for real quantum
chemistry simulations in the later chapters.

3.1 Thermal normal-ordered exponential (TNOE) approach

In this section, we introduce the TNOE approach. It is a summary of the paper by Nooijen
and Bao [25] with more details. The goal of the TNOE approach is to efficiently calculate
the thermal statistical average of a physical observable (defined in Eq. (1.4)) and avoid
directly summing over states which scales exponentially as the number of particles in the

23



quantum many-body system. In the TNOE approach, a normal-ordered exponential ansatz
is applied to parameterize the thermal density operator (lA) = ¢ PH). By defining the suitable
contraction rules, thermal properties can be expanded out through the cumulant expression
of cluster operators applying the generalized (simple) Wick’s theorem. In this way, the
thermal properties can be efficiently (approximately) computed through the truncation of
first few low rank cluster operators in the cumulant expression.

3.1.1 TNOE ansatz and generalized (simple) Wick’s theorem
In the TNOE approach, the thermal density operator is parametrized as
D(B) = {5} Dy, (3.1)

where the brace denotes the normal ordering with the respect to the “reference density
operator” Dy that is assumed to be obtained from some external sources. The cluster operator
S(5) is expanded in terms of the normal-ordered substitution operators and a constant term.

N

S(B) = so(B) + Z s (B} (32)

In analog to the simple Wick’s theorem (in Eq. (2.52)), in the TNOE approach, we define
the product of two normal operators as their normal product with all possible contractions:

[AMBY = {AB} + S {AB} + S {AB} + ., (3.3)

Comparing to the original simple Wick’s theorem, the normal order is re-defined with the
respect to the reference density operator Dy to satisfy

Tr({é}bo) = <{é}> —0. (3.4)
Note that for a normal-ordered string of operators the expectation value is zero, except when

the string contains no operators. Then the result is 1 for a normalized D.

As a result, the contraction rules are also re-defined to satisfy the “vacuum state” condi-
tion define in Eq. (3.4):

(I
5= Te(5'Do) = fdpa.

— ) ) (3.5)
pil = Tr (ﬁg}TD()) = f,0pqg = (1 £ f;)0p,(+ for Bosons; — for Fermions),

where f, is an arbitrary constant and p' and § are second quantized operators which can be
either Fermonic or Bosonic.

In the case of the electronic structure problem, p and ¢ can be regarded as labels of spin
orbitals. As an example to show how to determine the f and f that is associated with the
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new contraction rules defined in Eq. (3.5) we choose the reference density operator to be: !

A

Do=D(B=0)=al.

—>

(3.6)

In this case, the constant f can be determined based on the fact that the total number of
electrons are conserved in the electronic structure problem. To determine the constant f,
firstly, we define the number operator as:

N=> 14 (3.7)
Pq
On one hand, according to the contraction rule defined in Eq. (3.6), we have

<fv> = Mf (3.8)

where M is the total number of the spin orbitals. On the other hand, the number operator
can be expressed as a constant (total number or electrons) plus its normal-ordered term:

N =ng + {N}. (3.9)

Applying the condition defined in Eq. (3.4), we have

<N> = N (3.10)

In this way, from Eq. (3.9) and Eq. (3.10), the constant f and f can be determined:

Nej

f=7 (3.11)

and

f=1—f=—"—""° (3.12)

Note that in Eq. (3.11) and Eq. (3.12), the spin orbital labels of f and f are dropped
since they are the same for all spin orbitals which a special case of the general definition
of f and f and only true when we choose Dy to be at 8 = 0. This is due to the fact that
we choose the reference density operator Dy to be at 8 = 0 which is diagonal and uniform.
We will show later that in the more general scenario, f and f can be associated with the
Fermi-Dirac (FD) occupation number of the orbital energies for 5 # 0:

1
Jp=mnp= T oo (3.13)
and
_ 6186;0
fr=1-n,= T o (3.14)

IThe choice of the reference density operator is not unique, it can be the density operator at an arbitrary

B: Do(B).
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where €, denotes the orbital energy.

3.1.2 Derivation of the EOM

With the unique contraction rule defined in Eq. (3.5) and the TNOE ansatz of the density
operator in Eq. (3.1), we can derive the EOM of the thermal density operator. Substituting
the TNOE ansatz into the TDSE defined in Eq. (1.7), we have:

d 5 N N .
—ﬁ{eﬂﬁ)}po = H{e*P}Dy. (3.15)

In the right hand side of Eq. (3.15), we can prove the following expression applying the
generalized Wick’s theorem:

H{5O} = {(H{eD}) comn. 5@}, (3.16)

where the subscript “conn.” denotes connected which means that there is at least one con-
traction between the Hamiltonian operator H and the cluster operator S(/3) within the
parenthesis.

To prove Eq. (3.16), we firstly Taylor expand the TNOE operator in the left hand side
of the equation:

{0y = 30 Ly .17

Applying Wick’s Theorem, we can distinguish S amplitudes that are contracted to the
Hamiltonian and those that are not. If in a particular term of power n, k amplitudes S are
contracted to H , indicated by an overbar, while n-k are not contracted to H , there are (Z)
unique contractions terms. Thus, Eq. (3.17) can be rewritten as:

> 00 =30 5 (GG DS 6, (3.18)

n

where

(Z) = ku(nn—L/{)' (3.19)

Substituting Eq. (3.19) into Eq. (3.18), we get the desired result:
P 1l =——— 1 -~
SO} = (X S HEON Y 50"
k m
= {(F{e" D} eomn )5},

Thus, the proof of Eq. (3.16) is completed. The expression of Eq. (3.16) can be generalized

(3.20)
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to an arbitrary physical operator O:
O{e5} = {(O{e5D}) egnn )5}, (3.21)
Applying Eq. (3.16), the original EOM in Eq. (3.15) can be rewritten as:

dS(B) s

5 ¢ VD0 = (A"} conn P} Dy, (3.22)

—{—=

For non-singular exponential operator (es(ﬁ) #0), in Eq. (3.22), the operators that multiply
the exponential operator within the normal product should equal to each other on both hand
sides (BHS) of the equation. This implies that the TNOE EOM should be connected:

dS( )}DO {(H{BS(B)})conn}f)O (32?))

We can project the operator EOM in Eq. A(AS 23) against a completed set of normal-ordered

substitution operators Q = {1,4'5,4757kl, ...} applying the contraction rules defined in
Eq. (3.5) and we have:

- <{QL}{%@}> = ({QHE{E D eomn ) (3.24)

Eq. (3.24) defines the projected EOM for the TNOE approach. The resulting equation
resembles the canonical SR-CC theory but with the difference that index of S amplitudes
span all spin orbitals with no distinction of occupied and virtual orbitals as in SR-CC case
in the electronic structure theory.

As an example for electronic structure application with cluster operator that truncate at
SD, the S(B) operator can be expressed as follow:

Zsu {Qu}

~ A ~

= 50(5)1 + S1(B) + S2(B) + ...

MM

S1(B8) = sh(B){p'a}
p7]q\/[,M,M,M

SB) =7 Y. sBp'd'7s)

p’q)s?r

(3.25)

(3.26)

In principle the EOM in Eq. (3.24) can be applied to the general form of the Hamiltonian
(both Bosons and Fermions) by defining different commutation relations and contraction
rules of the construction operators.

With the EOM derived in Eq. (3.24), we can propagate the cluster amplitudes through the
27



imaginary time integration. Since the cluster amplitude essentially parameterize the thermal
density operator (e=#H), thermal properties can be mapped from the cluster amplitudes. In
the section 3.1.3, we will elaborate how to map the thermal properties from the cluster
amplitudes.

3.1.3 Calculate thermal properties using the TNOE approach

Unlike conventional canonical CC theory that applies response theory and A-equation to
calculate properties|15], thermal properties can be directly calculated from the expansion of
cluster amplitudes in the TNOE approach. Since in the latter theory, the contractions are
defined based upon the trace over density operator (as shown in Eq. (3.5)), and thus, all
thermal averages can naturally be evaluated through contractions and the Wick’s theorem.
We will explicitly explain this idea in the remaining part of this section.

Firstly, the partition function can be evaluated as follow:

Q(3) = e (D(B))
- Tr<{63</3>} Do)
_ <{€§(5)}>

— ¢%0(B)

(3.27)

In the last equality in Eq. (3.27), we use the Wick’s theorem as usual and the only surviving
term of the TNOE operator in the expectation value are the constant terms according to
Eq. (3.4).

Then, we evaluate the thermal statistical average of an arbitrary operator O. The thermal
average of O is defined as follow:

o me(0Ds))
(01)) = (o)

In Eq. (3.28), the denominator is the partition function whose expression is given in Eq. (3.27).
To evaluate Eq. (3.28), we need to determine the numerator.

(3.28)

To evaluate the numerator, we first partition the physical operator O into a constant
term and a normal-ordered term with the respect to the reference density operator Dy:

O =0y +{O}. (3.29)
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Then, we expand out the numerator in Eq. (3.28):
Te(0D(3)) = Tr( (00 + {ON{e5 D} Do)
= ({00 + {OD{e59})
_ <00{eéw>}> 4 <{@}{e§(5)}> (3.30)
— 0B, + <{({@}{es”w)})mn.emmw
= e (g + (({OHE D)) )

where the subscript f.c. denotes the equation is fully contracted. Again, we use the general-
ized Wick’s theorem and contraction rules. Eq. (3.21) is applied to derive the connectedness
in Eq. (3.30).

Finally, we substitute numerator in Eq. (3.30) and denominator in Eq. (3.27) into the
definition of the thermal average of the physical operator O (in Eq. (3.28)), we have:

(08)) = o0+ (({OHEMY) .. ). (3:31)

Eq. (3.31) gives the general cumulant expression of the thermal average of an arbitrary
physical operator O.

In a special case, if we choose the physical operator to be the substitution operators
(O =1,), then the cluster expansion of the reduced thermal density matrix is given:

B = (.00) CHE <({Qu}{e5‘<ﬁ>})m> , (3.82)

Tr <f)(6)>
where the first term <Q“> denote a constant term as og in the general expression of thermal

properties in Eq. (3.31).

As examples of Eq. (3.32), we can derive the expression of one-body and two-body thermal
density matrices in the electronic structure case as follow:

D2(8) = (a1 + $1(8)) = foba + o us3(B) (3.33)
and
D2(E) = (Pa157(1 + $,05) + FEGP) + S0 ) = .
= D(ADYA) ~ DYADLE) + FofufFusis(4)

One can think of the normal-ordered exponential ansatz as a reduced density cumulant
ansatz, and this is the perspective of Mukherjee and coworkers. |2, 3] In the section 3.1.4,

(3.34)
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we will discuss about the zero temperature limit of the TNOE approach. It is natural
to build connection between cluster amplitudes in the TNOE approach with the reduced
density matrix since the thermal density operator can be regarded as the ensemble average
of eigenstates of the Hamiltonian and it reduces to a single (ground) pure state at zero
temperature limit:

- 1 — _
lim D(8) = lemﬁﬁmze BEN 10, ) (U] = |Wo) (], (3.35)

— 00
A A=0

where N is a normalization constant. In this way, the density operator ansatz reduces to a
wavefunction ansatz at zero temperature.

3.1.4 Zero temperature limit for the TNOE approach

The zero temperature limit (or 5 — oo) of the TNOE approach can be obtained by taking

%(Bﬁ) = 0, since the S amplitudes are monotonous functions of 5 that reach their extremes

at § — oo. From the EOM derived in Eq. (3.24), we get the residual equations at the zero
temperature:

(AL o) = 037 (3.36)

The ground state corresponds to the lowest energy solution of Eq. (3.36). The thermal
differential equations automatically converge to the ground state. The excited state solutions
for the zero-temperature equations are additional solutions associated with the non-linearity
of the equations.

Unlike the formulation by Chan et al [6, 7, 8, 9] as well as the previous work by Sanyal
et al [2], we do not introduce the interaction picture in the TNOE formulation. In the
remaining part of this section, we will use the non-interacting Fermionic Hamiltonian as an
example to illustrate the zero temperature solution of the TNOE approach and relate to the
other approach by Chan et al.

Consider a non-interacting Fermionic Hamiltonian that consists of a constant part and a
normal-ordered one-body part:

H=ho+ Y hb{p'q}. (3.37)
pq

The corresponding cluster operator is defined as:

3(8) = so(B) + Y sh(B){p'd}- (3.38)

Apply the generalized Wick’s theorem and Fermionic contraction rule (in Eq. (3.5)) to
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Eq. (3.24), the explicit working equation of TNOE EOM can be derived as:

_dsP _ _ _
— ol Sdéﬁ) = faly (hé’ + Y By (B) = D hifest(B) =) hZfﬁf«’(ﬁ)fﬁZ(ﬁ)) ,
~ dso(B)

a5 = ot 2 S fus(B).
pq
(3.39)
Eq. (3.39) can be further simplified if we define the new cluster amplitude:
10 = F, fush. (3.40)
Then, Eq. (3.39) can be simplified as:
dtp(6> r r r
- 516 qupthrprhpt quhtp thp
(3.41)
d
0 _ py + >

In Eq. (3.41), only terms that have external contractions on the Hamiltonian operators have
the additional factor f or f. These equations resemble the EOM obtained by White and
Chan [6] with the difference that we do not introduce interaction picture in our formulation
and thus there is no exponential factor associated with our cluster amplitude.? As a result,
the zero temperature limit of TNOE approach does not converge to the SR-CC ground state
solution as in the White and Chan’s formulation. [0]

Now, we will show that Eq. (3.41) has no dependence of f or f by substituting the cu-
mulant expression of one-particle density matrices that is defined in Eq. (3.32). Substituting
Eq. (3.40) into Eq. (3.33), the one-particle density matrix can be re-written as:

dg(B) = fpOpq + 5(5), (3.42)

and we define:

J@(ﬁ) = Opg — dﬁ(ﬁ) = fp(qu - té’(ﬂ)- (3.43)

%In the original paper by White and Chan|6], they used different external labels: a and i to distinguish
different types of external contractions. This follows the conventional notation of particles and holes in the
SR-CC theory but unlike the SR-CC, both ¢ and a labels span the full orbital space without the distinction
of occupied and unoccupied orbitals.
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Substitute Eq. (3.42) and Eq. (3.43) into Eq. (3.41), the EOM can be re-written as:

- —dp de B)hLd: (B
(3.44)

= > mdi(B).

rq

By substituting the expression of d and d” into the original TNOE EOMs, all the terms
have no dependence of f and f and the equatlons depend on the reduced density matrices
only. In this way, from Eq. (3.44), we verify that the EOM of the TNOE approach does not
depend on the choice of f and f. This conclusion can be generalized to a generic many-body
Hamiltonian for both Bosons and Fermions. Thus, unlike the formulation of White and
Chan [0], the zero temperature limit of the TNOE approach has no direct relation with the
SR-CC solution but converge to the solution of the contracted Schrédinger equation (CSE)
that is developed Mazziotti, Valdemoro and Nooijen et al|66, 67, 68, 69, 70]. The CSE
equation in its connected form are exactly the same as the zero temperature limit of the
TNOE approach.

Now, we build connection to the White and Chan formulation. To make the Eq. (3.41)
reduces to the SR-CC equations at zero temperature, we need to associate the reference
density matrix Dy with a specific reference state (i.e. Hartree-Fock reference state):

Dy = |HF) (HF|. (3.45)

Then, by definition, the contractions and normal order are all associated with the single
reference state |H F') as in the conventional case. Then the f and f are defined as:

fi=1; [i=0, (3.46)
and
fa=0: fa=1, (3.47)

where a and ¢ are particle and hole spin orbital labels based on the single reference state
|HF'), such that: A
a|HF)=1"|HF) =0. (3.48)

Substituting the f and f defined in Eq. (3.46) and Eq. (3.47) in the original EOM, it reduces
to the form that is identical to the White and Chan formulation [6]:

dta = ho + Z hatr (8 Z hte (8 Z hte (8

ds (3.49)
olB) _ o+ Z hete (B

In Eq. (3.49), if we set the [ derivatives to zero, it yields the SR-CC equations, at zero
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temperature.?

The result can be generalized to two-body electronic Hamiltonian. However, in general,
the TNOE approach does not depend on the choice of the reference density operator Do.
Eq. (3.49) can be regarded as a special case of the general TNOE approach when we associate
the reference density operator Dy(f) to a single reference state |HF).

In this way, we complete the formulation of the TNOE approach. The EOM for one-body
Bosonic problem can be derived in a same fashion. Interestingly, for both one-body Bosonic
and Fermonic problems, the TNOE approach yields numerical exact results for thermal
properties since the projected EOMs are closed in both cases. We can prove that for any
projected EOMs that are outside the given projection manifold always satisfy:

- <Au%(ﬁm> =0; vV, ¢ {1, {p'd}}. (3.50)

Thus, the cluster operator that is beyond the given truncation in one-body Bosons and
Fermons cases does not contribute the thermal density operator.

The numerical exactness for simple Bosonic problem (potential truncate up to quadratics)
of the TNOE approach is an appealing feature. We will show later that this feature can
be applied to design efficient algorithms for quantum dynamics simulations which will be
discussed in chapter 5 and chapter 6.

However, the TNOE approach does not work well for the general electronic structure
problem with an electronic Hamiltonian that contains both one-body and two-body terms:

: a1 o afata A
Hey = Z hiala; + 1 Z(zkaDaIa}alak. (3.51)
] ijkl

This is due to the N-representability problem. We will revisit this problem and elaborate it
in chapter 4.

3we use a,i labels in energy expression that follows the convention of canonical CC theory
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3.2 Thermofield coupled cluster (TFCC) theory

An alternative idea to effciently calculate thermal properties based on a quantum field the-
oretical formulation is known as the TF dynamics. [20, 21, 22| The key idea of the TF
dynamics is that we can prepare a pure state (|¥(/3)))(known as the thermostate) in which
expectation value of an arbitrary physical operator over the state is equivalent to the statisti-

cal average of it (<‘?\I(f(3%‘)(|1‘1(’g>)> - T;Y(E);;)). To construct the thermostate, we need to introduce

the fictitious, ancillary space which is a counterpart of the original physical Hilbert space.
In the rest part of this section, we will elaborate the idea of the TF dynamics and discuss
about how this idea can lead to a feasible computational scheme that can efficiently calculate
thermal properties for quantum chemistry applications.

3.2.1 Definition of the thermostate

Recall that the general definition of the statistical average of an arbitrary physical operator
in given in Eq. (1.4). The goal is to find a state whose expectation value is equivalent to the
statistical average of the physical operator defined in Eq. (1.4). However, it can be rigorously
proved that, the state does not exist in the physical space. [20] To define the thermostate that
satisfies our goal, we need to introduce the additional fictitious, ancillary space ({|n)}) and
the thermal state spans the compound space of the physical and ancillary space ({|m,n)}).

The thermal state in this compound space is defined as:
[W(8) = e PP |U) (3.52)

where the uniform state (|U)) is defined as:

U) =Y |m,m), (3.53)

m

in which |m) and |m) states have one-to-one correspondance.

With the only requirement that both the basis of the physical space (|m)) and that of
the fictitious, ancillary space (|m)) are orthonormal:

(m|n) = dmn, (3.54)

(m|n) = dmn, (3.55)

It can be proved that the expectation value of a physical operator over the thermostate is
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equivalent to its statistical average. The proof is as follow:

(RO NW(B) =S (m,m| e #1201/ |n, 7)

m,n

=" (m] e PHRO 2 |n)

_ ;:(e—ﬁﬁ/z(je—ﬁﬁm) (3.56)
=Tr (Oe’ﬂ H >
=Tr (Oﬁ) .

In this proof, we applied the cyclic property of the trace.

To simplify the expression of the uniform state defined in Eq. (3.53),we introduce second
quantized operators: 7, 7' in physical space and 4, i' in fictitious, ancillary space. The opera-
tors obey normal (anti)-commutation rules to adapt the (anti)symmetry of (Fermions)Bosons.

For Bosons, the operators obeys (all other commutations are zero i.e. [, j] = 0):

1,71 = 15" — 31 = &35, (3.57)
[i,57] =45t — 3% = 6y, (3.58)

and o .
[, 1 =[i,5T] = 0. (3.59)

For Fermions, the operators obeys (all other anti-commutations are zero i.e. {7,7} = 0):

{i,7" = ijt + jti = 65, (3.60)
{i,77y ="+ ji = oy, (3.61)

and o o
{1,) = {i.5"} =0. (3.62)

Making use of these second quantized operators, Eq. (3.53) can be expressed in a form of
an exponential operator act on a vacuum state in the compound space (}0, 0>) For Fermions,

we have:
M

U) =[]+ 575 ]0,0) = e |0,0), (3.63)

where M is total number of spin orbitals. For Bosons we have:

0y =T[> %uﬁ*)”%(ﬁm 0,0) = % [0,0) . (3.64)

where N is number of vibrational modes. In the Fermion case, p labels spin orbitals while
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in the Boson case, p labels vibrational modes. In both cases:

i=Y pipl. (3.65)

3.2.2 Bogoliubov transformation and exponential ansatz

Bogoliubov transformation is originally introduced by Nikolay Bogolyubov and John George
Valatin in 1958 to study the phonon-electron interaction for superconductivity applica-
tions. |23, 24] In this section, we will elaborate the definition of the Bogoliubov transforma-
tion and explain how it can be applied to simplify the formulation of the TFCC theory.

In general, the goal for Bogoliubov transformation is to find a set of transformation of
the second quantized operators ({if,4,i',i}):

(it it iy 25 fal, 6, b, b, (3.66)

such that the new transformed operators {{a!, a;,bl,b;}} obey the original canonical (anti-
Jcommutation relations. As a result, the we can re-define particles and holes based on an
arbitrary model vacuum state through Bogoliubov transformation. For the purpose of the
TFCC formulation, we choose the transformed particle and hole operators to be associated
with the thermostate defined in Eq. (3.52) as the model vacuum state. In the rest of this
section, we will elaborate on how this choice of the Bogoliubov transformation will lead to a
dramatical simplification of the TFCC formulation.

First, let us consider the problem of the many free Bosons with the Hamiltonian given
by:
H=> wil, (3.67)

in which the H.O. basis is its eigenbasis. According to the definition of the thermostate
defined in Eq. (3.52), the thermostate for this specific problem is given by:

W(B)) = e PRI )

- (3.68)
— e B2 widli i 10,0
The transformation can be defined as follow:

_@i- B [ cosh 92(B> —Smh@l(ﬂ)_ -%_ (3 69)

bf| — |—sinh6;(8) cosh6;(B) | [if]” '
[all [ cosh6;(8) —sinh6;(B)] [if] (3.70)

BZ | —sinh6;(8) cosh(B) | _%_ ’ '

where )

cosh6;(8) = (1 — e )2, (3.71)
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1

sinh 0;(3) = e PMi/? (1 — = Phi) "2 (3.72)

and the hyperbolic functions satisfies:

cosh? 0;(3) — sinh? 6;(B3) = 1. (3.73)

Note that we specifically choose to relate the matrix elements of the Bogoliubov trans-
formation in Eq. (3.69) and Eq. (3.70) to the Bose-Einstein (BE) occupation number. As a
result, the thermostate serves as the model vacuum state with the respect to the Bogoliubov
transformed Bosonic operators:

a; [w(p

)) = b; [¥(8)) =0, (3.74)
(T(B)]al =

0
(U(B)| b} = 0. (3.75)

Eq. (3.69) and Eq. (3.70) define the Bogoliubov transformation for Bosons. The trans-
formation is an isomorphism of the canonical commutation relation algebra of the original
operators as in Eq. (3.57), Eq. (3.58) and Eq. (3.59) (All other commutations vanish i.e.
[, a;] = [bi, b] = 0 ):

[b;, 0] = bibl — blb; = 6y, (3.77)
[, 1] = [b;, al] = 0. (3.78)

Similarly, we can define Bogoliubov transformation for Fermions. Consider a N non-
interacting Fermion system whose Hamiltonian is given as follow:

H=> eili, (3.79)

The Hamiltonian has a similar form as the many free-boson case in Eq. (3.67). The only
difference is that the second-quantized Fermonic operators satisfy anti-commutation relation
instead the commutation relation in the Bosonic case. As before, the thermal state is defined
as:

(B(B)) = e PRESTTN ™ i, i)
T (3.80)
— e P2Yelici |0, 0)

The corresponding Bogoliubov transform is defined as:

)=l s ] s
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H _ { 0:(5) —sin 91-(/3)} H | (3.82)

ISZ. sind;(B)  cosb;(P) 7
where )
sin;(8) = (1 + %) 2, (3.83)
cos 0;(B) = e/ (1+ 666")_% : (3.84)

and the trigonometric functions satisfy:

sin? 0;(3) + cos? 0;(B) = 1. (3.85)

Note that, we specifically choose to relate the matrix elements of the Bogoliubov transfor-
mation in Eq. (3.81) and Eq. (3.82) to FD occupation number. As a result, the thermostate
satisfies the quasi-particle vacuum state with the transformed Fermonic operators (All other
anti-commutations are zero i.e. {a;,a;} = {b;,b;} = 0):

8)) = bl W (B)) =0, (3.86)
= (w(B)|b; = 0.

Notice that a, b labels can be regarded particle and hole labels as in the conventional elec-
tronic theory. However, the physical essence of these labels are very different since the
Hilbert space is squared in the Bogoliubov represenation.

Eq. (3.81) and Eq. (3.82) define the Bogoliubov transformation for Fermions. The trans-
formation is an isomorphism of the canonical anti-commutation relation algebra for the
original operators in Eq. (3.60), Eq. (3.61) and Eq. (3.62):

{a;,al} = aal +ala; = oy, (3.88)
{b;, b1} = bib! + blb; = 0y, (3.89)
{a;, b1} = {bi,al} = 0. (3.90)

In this way, we managed to define the Bogoliubov transformations for both Bosons and
Fermions. The explicit proofs that the Bogoliubov transformed Bosonic(Fermonic) operator
satisfies the canonical (anti-)commutation relation and the vacuum state condition are given
in the appendix A and appendix B.

Now, we will introduce a numerical technique that can systematically approximate the
thermal properties defined in Eq. (3.56) based on the definition of the Bogoliubov transfor-
mation and the thermostate. Consider a generic many body Hamiltonian (either Fermionic
or Bosonic). It can always be partitioned into two components:

H=ho+V. (3.91)

The “mean-field" part of the Hamiltonian (ﬁo) can always be defined as a diagonal one-
particle term as in Eq. (3.67)(for Bosons) or Eq. (3.79) (for Fermions). Then, the perturbative
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part can always be defined as:

V =H—h. (3.92)

In this way, we can define the state |6(/3)) as the “mean-field" approximated thermostate
in the same form as in Eq. (3.68) and Eq. (3.80):

0(8)) = e M2 (D). (3.93)

Making use of the cyclic property of the trace, we can expand the statistical average
(Tr <Ob>) for an arbitrary physical operator O as:

Te(0D()) =

U’ e*TFI/QO/\e*TIA{/Q ’U>
Ul O™ |U)

(
=
= (U] Oe~™H Phoc=ho |17) (3.94)
< ’ 5h0/20€77H ﬁh0675h0/2’U>

=

0(8)| O~ e |6(3)) .
From Eq. (3.94),we can introduce the exponential ansatz:

e e 19(8)) ~ T |6(5)) (3.95)

where R
Trtol +t +tr+ ... (3.96)

In this way, the thermal density operator can be approximated as a state in a same manner
as the wavefunction ansatz for ground state electronic structure problem. As a result, the

statisical average (Tr <Ob(7’)>) can be evaluated through the cluster expansion:
Tr(@ﬁ(T)) ~ (0(8)] OeT™ 10(5)) . (3.97)

In the definition of the exponential ansatz in Eq. (3.95), the cluster operator T can be
either Fermionic or Bosonic and the reference state |#(5)) can be regarded as a “mean-field”
approximated thermostate. The second quantized operators in the cluster amplitude T is
defined in Bogoliubov representation. The key advantage to introduce the Bogoliubov trans-
formation is that 7" contains excitation operators only since all de-excitation operators will
vanish when acted on the reference state |#(3)) due to the quasi-particle vacuum state con-
dition in Eq. (3.74), Eq. (3.75), Eq. (3.86) and Eq. (3.87). As a result, we can formulate
a single-reference-like CC theory in the squared physical-ancillary dual space and the Bo-
goliubov representation. This will dramatically simplify the working equations comparing
to the TNOE approach described in section 3.1. In section 3.2.3, we will elaborate on how
explicitly the TFCC theory can be formulated based on the exponential ansatz defined in
Eq. (3.95).
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3.2.3 Derivation of the coupled cluster equation of motion (CC-
EOM)

In this section, we will give a detailed derivation of the TFCC EOM. Making use of the
cyclic rules, the statistical average of a physical property can be expressed as O:

Tr(OD) = (U| Oe™ ™ |U)
= (U] Oe="H ¢Bho g=Bho |U)
M (3.98)
= (U] e Pho/2()p=TH oBho ,—Bho/2 \U)
= (0(8)| Oc 7% 10(5))
From Eq. (3.98), we observe that if we define state |®(7)) in the compound space as:
(7)) = e T 10(B)) (3.99)
then the statistical average of O can be re-written as:
Tr(éf)) = (0(8)| O |8(r)) . (3.100)
Such a state |®(7)) (if not orthogonal to |#(5))), can be represented as:
(7)) = " 16(8) (3.101)
where R A
T(7) = to(T)1+ ) ta(r), (3.102)
A

where (2, are excitation operators in the Bogoliubov representation.
Since T(T) is represented in Bogoliubov representation, we should represent H also in

Bogoliubov representation when deriving the EOM:

1D(7)) = e Helo |9(B)) . (3.103)

Eq. (3.101) can make analogy to the exponential ansatz of ground state wavefunction in
the conventional coupled cluster theory. To derive the TFCC EOM, we take derivative over
the imaginary 7 on both hands sides of Eq. (3.101) and we have:

T(7) dT(T)
dr

e 0(8)) = —H |®(1)) = —He ™ |0(3)) . (3.104)

In Eq. (3.104), we assume that - [6(3)) = 0.
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In the final step, we project BHS of Eq. (3.104) against (6(5)| QLG*TA(T) to obtain:

— (o), L0

modr

10(8)) = (0(B)| 2L (He™ ™ )conn. 10(8)) (3.105)

where o o
e TOHS™ = (He™) o, (3.106)

has been used. Thus, we manage to derive that TFCC EOM.*

Note that this equation is defined in a general context and the Hamiltonian operator
can be either Bosonic or Fermionic. The explicit working equation can be derived using
contraction rules and Wick’s theorem as in the conventional coupled cluster theory. In this
way, the cluster amplitude can be determined through the numerical imaginary integration
over the EOM defined in Eq. (3.105). The thermal density operator is propagated as a “pure
state" in this Bogoliubov representation.

In section 3.2.4, we will discuss how this TFCC formulation can lead to a powerful
computational tool that can efficiently calculate thermal properties and avoid tracing over
the full Hilbert space as in the conventional sum-over-states (SOS) approach.

3.2.4 Calculate thermal properties using TFCC approach

Eq. (3.97) provides a hint on how to evaluate a trace expression (Tr (OD) )in general. In this
section, we will elaborate on how to calculate a statistical average of an arbitrary physical
observable O in the TFCC approach using Eq. (3.97) as a starting point.

Tr(Oﬁ)

() )

Our goal is to derive an expression of the statistical average in Eq. (14)(<O> =

In general an arbitrary physical operator O can be decomposed into a formal:

O0=> o0\, (3.107)
A

where , is a string of second quantized operators and o, the coefficient associated with it.
Substituting Eq. (3.107) into the expression of the statistical average, we have:

A doaoaTr Q,\ZA?(T)
(o)~ Bt

Tr(D(T)) (3.108)
=) oada(7)),
A
4In reference [26], the authors proposed two feasible formulations of the thermofield dynamics: the fixed

reference formulation and the covariance formulation. The formulation we adopted is similar to the former.
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where the reduced thermal density matrix (dy(7))is defined as:
Tr <Q ,\D(T))
Tr <l§(7)> .

Thus, we convert the problem of calculating thermal properties into calculating reduced
thermal density matrices (d)(7)). Once the latter is determined, the thermal properties can
be calculated through the cumulant expansion of the thermal reduced density matrices in
Eq. (3.108).

To determine the thermal reduced density matrix in physical space, we firstly obtain the
reduced density matrices in the Bogoliubov representation whose matrix elements can be
directly evaluation using Eq. (3.97):

d(T) (3.109)

R Tr (Q)\D(T))
dy\(T) = —F——=F
Tr (D(T))
_{03)[ 0™ [6(8))
(0(8)] 7 16(8)) (3.110)
0 (0(8)] (™) | 10(8))

.C.

eto (T)

= (008)] (") 10(5))

where the subscript f.c. denotes that the equation is fully contracted.

From Eq. (3.110), we can directly calculate the thermal reduced density matrices in
Bogoliubov representation from CC amplitudes T(T) Once we obtain these matrices, we
can inversely Bogoliubov transform them to the physical space since there is one-to-one
mapping between them:

JA<T> Inverse B. T. d/\(T). <3111>

The transformation is performed by inverse Bogoliubov transform the construction operators
in € to physical space: () BTy ) (using Eq. (3.69) and Eq. (3.70) (for Bosons) or
Eq. (3.81) and Eq. (3.82) (for Fermions)). By re-combination and re-grouping different terms,
we can find the mappings between the physical density matrices and the density matrices in
the Bogoliubov representation.

In this way, we complete the formulation on calculating thermal properties using the
TFCC approach. The procedure can be briefly summerized as follow: (1). Calculate thermal
reduced density matrices in Bogoliubov representation using Eq. (3.110). (2). Map the
physical thermal reduced density matrices through the inverse Bogoliubov transformation
(Eq. (3.111)). (3). Calculate thermal properties from the trace of the thermal reduced
density matrices in Eq. (3.108).

This scheme to calculate thermal properties has a few appealing features. Firstly, it scales
42



classically (polynomially) as the number of the DoF in the quantum many-body system
which dramatically reduces the computational cost comparing to the conventional sum over
states method (that has an exponential scaling). Secondly, unlike the other formulation by
Harsha et al [26, 27, 28, 29, 30], this scheme does not apply the response theory to calcuate
thermal properties which is simplier and more efficient since it does not require to introduce
additional parameters to solve the A-equations. In fact, the TFCC formulation discussed in
this section has close relation with the TNOE approach in section 3.1. We will discuss the
explicit connections between the two approaches in section 3.3.

3.3 Connection between TNOE and TFCC

In this section, we will build connections between the TNOE and TFCC approaches discussed
in section 3.1 and section 3.2. Apparently, the formulation of two approaches are very
different. However, they are closely related if we take a deeper look.

3.3.1 Comparing number of independent parameters

The most obvious difference is that in the TFCC formulation, the cluster operator (T) of
exponential ansatz contains excitation operators only while the cluster operator (S ) of the
TNOE ansatz contains both excitation and de-excitation operators. However, the later is
defined in the squared Hilbert space in the Bogoliubov representation while the former is
defined in the original physical Hilbert space. We will show that the number of independent

parameters in both approaches is identical. To illustrate this, we will give a simple example.

Consider a second order Bosonic model Hamiltonian expressed in the following form:

M M M M M
H=ho+Y hi+ Y Wit + > hi{ilj} + > i+ hyij, (3.112)
7 7 i i i

where M is the number of vibrational mode in the system. Both TNOE and TFCC can pro-
duce numerical exact result for this model due to the closeness of the their EOMs. However,
the cluster operators have different expressions in the two approaches.

In the TNOE approach the ansatz and the cluster operator can be written as:
D = {*}D,

. Moo o X (3.113)
S=sol+ > si+y sl + Y sififjh+ 57T+ sy
7 7 i i i
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While in the TFCC approach the ansatz and the cluster operator can be written as:
(W (7)) =" 16(8))
2M 2M
)=t + > t'ph+ ) il
p pq

(3.114)

It seems that the TNOE ansatz in Eq. (3.113) has more parameters than that of the
exponential ansatz in the TFCC in Eq. (3.114). Nevertheless, if one inspect the summation
labels, it can be found that they run from 1 to M in the TNOE case but from 1 to 2M in
the TFCC case. This indicate that each tensor in the T operator is twice the size of the
tensors in S operator though there are less number of them in the T operator.

We will show that the number of independent parameters in both cases is equivalent. (1).
t? is a one-dimensional tensor with size 2M while both s* and s; are one-dimensional tensors
with size M. Thus, the number of parameters contains in the #* tensor (2M) is equivalent to
the sum of number of parameters in the s; and s* tensors (M +M = 2M). (2). The tP? tensor
contains 2M * 2M = 4M?* number of parameters. While each of the s, s;; and s} tensors
contains M? number of parameter and in total 3M? parameters. The P tensor is seemingly
contains more parameters than that of s, s;; and 3§ tensors. However, due to the fact that a

and b set of the Bogoliubov tranformed operators commute ([a], bj] = [as, b;] = [a], ;] = 0),
there are two M % M blocks of tP? tensor are identical:
$ib — ¢bias (3.115)

As a result, the number of independent parameters in P tensor is 3M? rather than 4M?2.
From (1) and (2), we verify that the number of independent parameters in TNOE and
TFCC approaches are identical. In both cases, the number of independent parameters is
1+ 2M + 3M?, where 1 comes from the constant term. This conclusion derived from the
simple example can be generalized to an arbitrary quantum-many body Hamiltonian for
both Bosons and Fermions.

3.3.2 Mappings between cluster amplitudes

Let us gain further insights on the connection between the two approaches. In section 3.3.1,
we verfied that the TNOE ansatz and the exponential ansatz in the TFCC approach have
the same number of independent parameters. In this section, we will illustrate that there is
a one-to-one mapping to between the cluster amplitudes in both approaches.

The key to map the cluster amplitudes in the two approaches is through the expression of
the reduced thermal density matrices. In both approaches, we can map the density matrices
directly from the cluster amplitudes.

Let us continue to use the simple model Hamiltonian given in Eq. (3.112) as an example.
According to Eq. (3.32), the reduced thermal density matrices can be expanded as follow in
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the TNOE approach:

- o - (3.116)
(ﬂj{es}>f > = fidi; + fif;s's; + fif;sl,

(%T(;T{eg}>f.c.> = fifjsis; + fifsij,
dij = (%3{6§}>f.c.> = fifjs's’ + fifis”.

While according to Eq. (3.110) and Eq. (3.111), in the TFCC approach, the reduced
thermal density matrices can be expressed as:

d° = (0] ¢ |6) = e,
& = (6] ((cosh 0,4! + sinh ezfn)eT) 10) = sinh g,£%

fc
d; = (6] ((cosh ;a1 + sinh 65" ) 16y = coshpze
@; = (6] ((cosh 6:a] -+ sinh 0;b;) (cosh 6,3, + sinh 9j6j.)ef)fc 10)
= sinh 6; cosh 6;(t%% 4 %¢%) + sinh 6; sinh 6,6, (3.117)

d7 = (4] ((cosh 91»&} + sinh Qilgi)(COSh de; + sinh 9j6j)ef> f 9)
— sinh 6, sinh 0 (£ + oi¢b),
dij = (0] <(COSh 0;d; + sinh 0;0]) (cosh 0;d; + sinh eji);)ef) 9)

f.c
= cosh 6; cosh 0; (t*% + t*1¢%).

Comparing Eq. (3.116) and Eq. (3.117), we can find the mappings between Sand T

45



amplitudes:
Sp = t()
\/?z‘si = t"
\/ﬁsi =%
— b (3.118)
\ fifjs; =1
VT =t

\/ fifjsij - taiaja

v fi = sinh(6;),
- (3.119)
\/ﬁ = cosh(6;).

Thus, we manage to build the one-to-one mappings between Sand T amplitude in this
simple example. This argument can be generalized to an arbitrary Hamiltonian and works
for both Bosons and Fermions. The key is that in both approaches, there are one-to-one
mappings between the cluster amplitude and the physical reduced thermal density matrices.
In this way, we can built the mappings between the cluster operators from these density

matrices: ) , .
<(QA{65})COW> L gy e BT g (Q,\eT> 10) . (3.120)

conn.

where

Thus, we manage to verify that at each temperature, the cluster amplitude can translate
from TFCC to TNOE. In section 3.3.3, we will further illustrate that the EOMs of the two
approaches can be translated from one to another. As a result, the two approaches produce
identical result at all temperatures.

3.3.3 The connection of the EOMs

In this section, we use the non-interacting one-electronic Fermionic Hamiltonian (give in
Eq. (3.37)) to prove that the EOMs between TNOE and TFCC can be translated from one
to another.”

We start from the TNOE approach. The explicit EOMs are given in Eq. (3.39) and we
reiterate them:

SFor the proof of Bosonic vibrational Hamiltonian in Eq. (3.112), please see appendix C.
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~ dso(B)
dg

d y _ _ _
(3.121)

=ho+ Y M f,fusi(B),
Pq

Similar to the mappings of cluster amplitude between TNOE and TFCC in Eq. (3.118)
and Eq. (3.119) for Bosonic problem, the mappings for Fermionic problem reads:

s0 =1

= JFT,

(3.122)

where
sin 6, = \/f_p
— (3.123)
cost, = \/f;.

We substitute these mapping in Eq. (3.122) and Eq. (3.123) into the original EOMs, we
get:

t
(jlﬂo = ho + Zsm& cos O,hbtd (3.124)
Pq
dtp pyr . ) T4P4S
T = cos 0, sin 0, hy + ZCOSQ cos 0, hjt, — ZCOS@T sin 6, hgt] — Zsm@ cos O5hitlt,.
(3.125)

Notice that in Eq. (3.125), we canceled out the common factor y/f,+/f, on BHS of the
equation.

In this derivation a key step is as follow. When there is a contraction between the
Hamiltonian and the cluster operator in the TNOE EOM, it will produce a f or f factor.
Thus, we can re-write the factor into a product of its square root. We then place one
of them in front of the Hamiltonian matrix element and the other in front of the TNOE
amplitude. Lastly, the Hamiltonian matrix element can be converted to a contribution of
the renormalized matrix element of the Bogoliubov transformed Hamiltonian and the TNOE
amplitude can be mapped to the TFCC amplitude. For example, we can evaluate the term
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> \/f_q\/Tphfﬂsg in Eq. (3.125) as follow:
S VEBR sy = ST i Fo s
= Z \/fjp frhf\/ﬁ Fast (3.126)

= Zcos@ cos 0, hpt’"

Comparing these equations with the expression of the Bogoliubov transformed Hamiltonian:

h=h'+ Z hP(cos B,a! + sin Hpél,)(cos B,iiq + sin0,b,)
pq

= hg + Zcosﬁp Cosﬁth?&;dq + Zcosﬁpsinﬁ hha b + Zsme cos 0 hpraq + Zsmﬁ sin 0, hprb

prq
_ Fapatn Fap .t 7 by, b
e S+ S+ S+ S,
pq pq pq

rq

(3.127)

where in the transformed Hamiltonian hl term can be divided into four blocks and each
block has the same shape of the original Hamiltonian:

BZ ZCOSH cos 6 hqp q

Pq

Bg ZCOSH sin hqp q

Pq
. (3.128)
ht Zsin@ cos 0,hy, ol

fzb Zsm@ sin 6 hqp q.

Substituting the renormalized matrix elements in the Bogoliubov transformed Hamilto-
nian in Eq. (3.127) and Eq. (3.128), the original EOMs in Eq. (3.124) and Eq. (3.125) can
be re-written as:

dt
— — ho + Z hbrtd (3.129)

— L=l Z harty = " hirth = " bbbt (3.130)

s rs

In Eq. (3.129) and Eq. (3.130), blocks of the Hamiltonian matrix elements that are
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associated with a or b blocks can be regarded as particles or holes in the conventional SR-
CC theory. However, unlike the latter, all summation label runs over the full orbital space
without distinction of virtual and occupied orbitals. These equations are exactly the same
as the TFCC EOMs. Since 1" operators in the TFCC approach contains excitation terms
only due to the vacuum state condition in Eq. (3.86) and Eq. (3.87). Thus, the 7' operartor
in the TFCC approach can be wrriten as:

T =toll + Y talb, (3.131)
pq

From Eq. (3.131), Eq. (3.129) and Eq. (3.130), we verify that the TNOE EOMs can be
translated to the TFCC EOMs:

dr () (me) ) (3.132)
- = e , :
dﬁ ’ conn.
for non-interacting one-electron Hamiltonian. As a result, the two approaches produce identi-

cal results at all temperatures. This conclusion can be generalized to an arbitrary many-body
Hamiltonian for either Fermions or Bosons.

Since the EOM of TNOE and TFCC can be translated from one to another, it is natural
to build the connection between the reference density operator 150(6) in the TNOE approach
and the reference state |#(3)) in the TFCC approach. We will discuss about the in detail in
section 3.3.4.

3.3.4 The connection of the reference states

In this section, we analyze the connection between the reference density operator (Do(f)) in
the TNOE ansatz and the reference state |#(3)) in the TFCC approach. We will verify that
the reference states are closely related and both approaches are independent of the choice of
the reference state.

We firstly build the connection between [6(3)) and Dy(5). According the definition of
the state |0(f)) in Eq. (3.93) and making use of the cyclic rule of the trace, we have:

O(8)|317 10(3)) = (U] e /=it je ol |17y = (Uil e o 1) = Tx (itje ), (3.133)
and
(O(8)|35 10(3)) = (U] e #Mr2ijle#ar )y = (U] ijTe o ) = Tx (ijfe ). (3.134)

Comparing to the definition of contraction in the TNOE theory in Eq. (3.5), we find that
the expressions in Eq. (3.133) and Eq. (3.134) define the contractions in the TNOE theory

if we set Dy(B) = e~ Fho;

0(9)]1%516(8)) = T (150 ) = £:3,: (3.135)
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0(8)]3'16(8)) = T (ij'Do ) = f:d; (3.136)

Eq. (3.135) and Eq. (3.136) build the connection between reference state Dy(3) in TNOE
ansatz and the reference state |#(3)) in the exponential ansatz of TFCC approach.

We can further transform the physical operators in Eq. (3.135) and Eq. (3.136) to the
Bogoliubov representation. For Bosons the contractions can be defined as:

(0(8)| (cosh 0;a] + sinh 0;b;)(cosh 6;a; + sinh 0;b1) [0(8)) = sinh® 0,05 = fidi;,  (3.137)
and
(0(B)| (cosh 0;4; + sinh 0,b])(cosh 6;a: + sinh 0,b;) [0(8)) = cosh® 0:6;; = fid;.  (3.138)

The result is consistent with what is obtained in section 3.3.2 (Eq. (3.119)). For Fermions,
the contractions can be defined as:

(0(3)| (cos ;] + sin 0;b]) (cos 0;a; + sin 0;b;) |0(8)) = sin? 0;6,; = f:045, (3.139)

(0(8)] (cos B:a; + sin 0;b;)(cos 0;a! + sin 0;b1) |0(B3)) = cos® ;6,5 = fidy;. (3.140)

Comparing the definition of the sin6; and cos; functions, Eq. (3.139) and Eq. (3.140) are
consistent with the general definition of f and f in Eq. (3.13) and Eq. (3.14) in section 3.1
and they are naturally associated with the FD occupation numbers.

Both approaches are independent of the choice of the reference state. In the TNOE
approach, as been discussed in section 3.1.4, the resulting EOMs can be expressed in terms
of the reduced density matrices which is independent of the choice of f and f. As a result, the
TNOE approach does not depend on the choice of the reference density operator Dy. Since
all thermal properties can be expressed in a cumulant expansion reduced density matrices,
they are independent of the choice of reference Dy as well.

Since we have proved in section 3.3.3 that EOMs translate from one another between
the TNOE and the TFCC approach, the two approaches are supposed to produce identical
result. Thus, we can deduce that the TFCC approach in our formulation is also independent
of the choice of the reference state (|6(53))).
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3.4 Summary of the chapter

In this chapter, we manage to formulate the theoretical framework and build connections
of the TNOE and TFCC approaches. Both approaches are based upon the statistical me-
chanics formulations of the quantum field theory to form a compact representation of the
thermal density operator (ﬁ = ¢ M) and resulting efficient heuristic computational meth-
ods to simulate statistical mechanics (as well as real time quantum dynamics) for general
quantum many-body systems through numerical integrations of the EOMs for the thermal
density operator (—%f) — HD). In both methods, we implicitly have well-defined reduced
density matrices without the resort of energy derivatives or the response theory but directly
defined as the expansion of cluster amplitudes. We think this is a simpler and more concise
formulation comparing to the conventional approaches from literatures [0, 7, 8, 9, 26, 27,

, 29, 30] and since we can directly calculate thermal properties on-the-fly without the
need of solving additional response equations. The discussion in this chapter is limited in an
abstract fashion. In the following chapters, we will discuss about the specific applications of
the general theoretical framework introduced in this chapter. We will explain on how this
general theoretical frameworks can be applied to simulate quantum dynamics and statistical
mechanics properties for chemical systems that are of real interest.
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Chapter 4

Application: thermal properties for pure
electronic structure problems

In this chapter, we will introduce a specific application of the TFCC approach that is dis-
cussed in chapter 3.2 to the electronic structure problem. Unlike other finite temperature
coupled cluster formulations for the same problem from literatures|6, 30|, we do not introduce
interaction picture in our formulation. As a result, our approach is independent of the choice
of the reference state and the thermal properties can be calculated in an “on-the-fly” fashion
through an one-shot imaginary time integration over the CC EOMs. The approach is imple-
mented based upon subroutines of the open-source electronic structure program PySCF. |71]
The code is available on GitHub repository Thermal-Field. [72]

This chapter is organized as follow:

In section 4.1, we discuss about the detailed theory and implementation of the TFCC
approach for electronic structure problems. In section 4.1.1, we elaborate a primary im-
plementation of the TFCC approach for electronic structure problem. In section 4.1.2, we
introduced the complete active space (CAS). By restricting the application of the TFCC
approach within the CAS, we can reduce the computational cost of compare the full orbital
space TFCC approach and make direct comparison to the sum over states results which can
be regarded as the numerically exact solution. In section 4.1.3, we discuss about the chal-
lenge of the TFCC approach: the N-representability problem and our attempts to resolve
this problem: by systematically introducing constraints.

In section 4.2, we show some primary results of the TFCC approach for calculations of the
thermal electronic properties. In section 4.2.1, we present the results of thermal properties for
model magnetic systems. The approach works well for weakly coupling models. However,
we show that the approach fails for strongly coupling models and the N-representability
conditions are violated for those models. In section 4.2.2, we investigate more results on
small molecular compounds and analyzed the results. Although the TFCC approach does
not produce ideal results for those systems, we gain insights on the cause of the failure through
these investigations. These data and analysis might provide valuable hints for readers on
further improvements of the approach.
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4.1 Theory and implementation

4.1.1 Thermofield coupled cluster (TFCC) method for electronic
structure problem

In this section, we will elaborate the implementation details of the TFCC method that is
described in the chapter 3.2 for electronic structure problems. The code is built on top of
the PySCF electronic structure program. [71].

Recall that the essence of the TFCC approach is to apply the exponential ansatz to
parameterize the thermal density operator in the Bogoliubov representation. In this way,
we can propagate the thermal density operator as a pure state and calculate the thermal
properties on-the-fly. The electronic Hamiltonian is defined as:

el—ZhUa G+~ Z ij||kl)alalaay. (4.1)
Ukl

The starting point of this approach is the HF calculation to construct the thermofield ref-
erence state |0(8)) = e #M/2|U), where the mean-field Hamiltonian hg is defined as the
converged Fock matrix obtained from HF SCF procedure:

ho =Y Fub'p (4.2)
pq

whose matrix elements (in AO basis) is defined as:

Fop = awz (a8]87) — (ad|y3)) Dsy (4.3)

where the density matrix D,g is defined as:

Dop =Y _ CiCai (4.4)

1€0cc

where C is defined as HF MO coefficients. The Fock matrix is then transformed to the
canonical (MO) basis which is diagonal:

Fop = Fpybpg. (4.5)

Given the thermofield reference state, we can apply the exponential ansatz to parame-
terize the thermal density operator:

[@(r)) = e U) = " |6(8)) (4.6)
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where
~ tol + Zt%{cﬁb b4 - Zt“”aj afbyb, }, (4.7)
quS

and the construction operators ap, IR br, b, are in the Bogoliubov representation and contains
blocks for the g-creation operators only with the respect to |6(/3)).

In a next step, we Bogoliubov transform the electronic Hamiltonian and rewrite them
with the respect to the thermofield reference state |6(5)):

~

Helec B—T> ﬁelec- (48)

The matrix of the transformation is related to FD occupation number of the mean-field
Hamiltonian hg:

sinf, = /n, (4.9)

cosf, = /1 —n, (4.10)
1

= 4.11

"y 1+ ePer ( )

F, (4.12)

In the last step, we perform imaginary time evolution of the TFCC amplitude and cal-
culate thermal properties on-the-fly:

dT( )

= OB A =21008)) = O], (Haeee™™) [0(8)) (1.13)

(O(1)) = <9(5)| (O™ ). 16(8)) - (4.14)

We will give an explicit procedure of the implementation as follow.
Step 1: HF calculation from PySCF
Given the molecular structure and basis set as input, we can run PySCF HF calculations.
An example Python script to run this calculation is shown in List 4.1.
| # geometry of molecules (in Angstrom)

2
0

-2.757 2.587
2.757 2.587

o O o0
o

H
0
H
H
U

9 atom = H20
10 molecule = "H20"

12 # setup model input using gaussian-type-orbitals
13 molecular_HF = gto.M(

14 atom=atom, # in Angstrom

15 basis="6-31g",

16 symmetry=1,

17 )
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19 # run HF calculation
20 mean_field = scf.HF(molecular_HF)
21 mean_field.kernel ()

Listing 4.1: Example Python script to run PySCF HF' calculations

We can extract one-electron integrals, two-electron integrals, orbital energies (diagonal ele-
ment of the Fock matrix in the canonical basis), converged Fock matrix (at zero temperature),
converged HF energy, nuclear repulsion energy and the total number of electrons from the
HF calculation. The example Python script to achieve this is shown in List 4.2.

# l-electron integral

h_core_AO0 = mol_HF.intor(’intle_kin_sph’) + mol_HF.intor(’intle_nuc_sph’)
print("l-electron integral (in A0 basis):\n{:}".format (h_core_AO.shape))

[SLIT NV I I

# Fock matrix
6 fock_AO = mean_field.get_fock ()
7 print ("Fock matrix (in AO basis) :\n{:}".format (fock_AO.shape))

9 # 2-electron integral
10 eri_AO0 = mol_HF.intor (’int2e_sph’, aosym=1)
11 print("2-electron integral (in AO basis):\n{:}".format(eri_AO.shape))

13 # transform matrix elements from AOs to MOs

15 # l1-electron integral
16 h_core_M0 = np.einsum(’pi,pq,qj—>ij’, mean_field.mo_coeff, h_core_AO0, mean_field.mo_coeff)
17 print(’1-electron integral (in MO basis):\n{:}’.format(h_core_M0))

19 # Fock matrix
20 fock_MO = np.einsum(’pi,pq,qj->ij’, mean_field.mo_coeff, fock_AO, mean_field.mo_coeff)
print ("Fock matrix (in MO basis) :\n{:}".format (fock_MO0))

O N

N
N

# 2-electron integral
eri_MO = ao2mo.incore.full(eri_AO, mean_field.mo_coeff)
print ("2-electron integral (in MO basis):\n{:}".format(eri_MO))

D Ol N W

~

# total number of electron

OccupationNumber = mean_field.mo_occ / 2

nof_electron = sum(OccupationNumber)

print ("total number of electromns:{:}".format(nof_electron))

W oW NN N NN
_ O © o c

e
%]

# get Nuclear Repusion Energy
33 NR_energy = mean_field.energy_nuc ()
print ("Nuclear repulsion energy:{:}".format(NR_energy))

R G

Listing 4.2: Example Python script to extract information from PySCF HF calculations

Step 2: Construct Fock matrix at the reference temperature (5

Based on the HF calculation in step 1, we can construct Fock matrix at the reference
temperature 5. To obtain the Fock matrix, we firstly calculate the orbital occupation number
and chemical potential from the FD distribution at the reference temperature [3:

1

np(ﬁ7ﬂ’) = 1 + eﬁ(ﬁpfﬂ)’ (415)

where n, (/) is the occupation number,e, is the orbital energy at 0 K(obtained from the
HF calculation) and p is the chemical potential. To achieve this, we apply a Newtonian
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procedure to iteratively solve the non-linear equation:

Nel = Z np(ﬁa :u)a (416)

where n.; total number of electrons which is a constant. The explicit algorithm for the
Newtonian procedure is shown in List 4.3.
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1
2
3

16

def Cal_mu_FD(n_el, E, beta):
nnn
calculate chemical potential that correct the total number of electrons using Newton’s
method
n_el: total number of electrons
E: orbital energies
beta: reference temperature
# set initial guess to be zero
mu = 0
i=20
n.p =1. / (1. + np.exp(beta * E - mu))
while not isclose(sum(n_p), n_el):
np=1. / (1. + np.exp(beta * E - mu))

n_mu = sum(n_p) - self.n_occ

dn_mu = sum(n_p**2 * np.exp(beta * E - mu))
mu -= n_mu / dn_mu

i +=1

print ("NEWTON PROCEDURE STEP {:d}:".format(i))
print ("chemical potential mu:{:.3f}".format (mu))
print("n(mu) :{:.3f}".format(n_mu + self.n_occ))
if i > 100:
print ("Warning: Newtonain procedure does not converge with in 100 iterations!")
break
return n_p, mu

Listing 4.3: Explicit Newtonian procedure to determine the FD occupation number and the
chemical potential at the reference temperature (8

With the occupation number n, (3, i), we can determine the Fock matrix (in canonical basis)
at the reference temperature as follow:

F7(B) —h”+z (prlgs) — (pr|sq)) Dy (B, 1), (4.17)

where

Dy(B, p) = n(B, 1)drs (4.18)
and 1 is the one-eletron integral that is obtained from the PySCF calculations.
Step 3: Bogoliubov transform the physical electronic Hamiltonian

Next, as been described in chapter 3.2, we Bogoliubov transform the electronic Hamilto-

nian: H.je. BT, H.pe = F (B) + V. The Fock matrix consists of four blocks in the squared
Bogoliubov representation:

F(B) =Y Fer(B)ala, + Z Fyr(B)alb, + Y Fr(B)blag + Y Fr(B)bb,,  (4.19)
Pq Prq

P
where
Flf;’(ﬁ) = cos 0, cos 0,F7 (),
:b}”(,@) = C.OSQ sin0,F7(83), (4.20)
F20(8) = sin 6, cos 0, F2(5)
qup(ﬁ) = sin 0, sin 0,F7(53).
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As mentioned before, the trigonometric functions are associated with the FD occupation
number defined in Eq. (4.15):

sind, = \/n,(5),

cost, =1/1—n,(B).

(4.21)

The two-electron integrals consist of sixteen blocks in the squared Bogoliubov representation.
(V LN V) For all blocks associated with construction operators al or a,, we assign a cos 0,

factor, while for all blocks associated with construction operators ZA); or Bp, we assign a sin 6,
factor. The explicit expression of the Bogoliubov transformed two-electron integrals are
shown in appendix D.

Step 4: Perform the TFCC propagation and calculate thermal properties
on-the-fly

With the Bogoliubov transformed Hamiltonian obtained from the last step:

= PB4V, (4.22)

we can perform the TFCC imaginary time propagation on it. The explicit TFCC EOMs
reads:

dT A ~ ~ o F
- OO0 = O (- pf)T) o). @)
where
Q, = {]l,a;r,bq, apa RS (4.24)
T =11 +th Thy + — Ztg?gay by bs. (4.25)

In Eq. (4.23), we introduce the chemical potential p and the number operator N in Bogoli-
ubov representation to fix the total number of electrons along the imaginary time propaga-
tion. This is achieved based on the fact that the trace of the one-particle density matrix is
a constant:

Tr<[)1(5)> = ng. (4.26)
We take the derivative over § on BHS of the equation and we get:

dD,(B)
Tr(T> = 0. (4.27)

where D is the one-particle density matrix whose elements can be mapped from the cluster
amplitudes:
dpg = €08 0, 8in O,t,” + sin ), 5in 0,0, (4.28)
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Substituting Eq. (4.28) into Eq. (4.27) and we have:

dt,?
Z cosf,sind, d;’ =0 (4.29)

p

Substitute the TFCC EOM into Eq. (4.29), we obtain the expression of the chemical poten-
tial: )
>, co8 0y sin 0, Ry (H ),y

B >, cost,sinb, Ry (N)pp

where R; represents a function that implements the TFCC singles residuals. Thus, we can
implement the working equations of TFCC EOMs as follow:

o (4.30)

de® -~
dt! - -

- @ = Ri(H) — pRi(N) (4.32)
dt? - -

~ 45 = FalH) — uBs(N) (4.33)

where, as before, Ry, R; and R, are functions that implement TFCC constant, singles,
doubles residuals respectively. In practice, we implemented the three functions by calling
the modified PySCF subroutines which can be found in appendix E. The explicit residual
equations are implemented in an optimized manner according to the reference [73]. Notice
that explicit equations implemented in PySCF are conventional spin-adapted closed shell CC
EOMs. The two-body operator that has been explicitly stored are the mixed spin (af3)
components and other components (a« or 5f3) can be calculated using the spin symmetry:

XM= X5d = X0 — XPR, (4.34)

where we use the lower case labels to denote « spin orbitals and upper case labels to denote
[ spin orbitals. In the rest of the chapter, we denote all the two-body operator to be the af
components by default. We give more detailed discussion on the spin-adaptation in appendix

F.

To calculate the thermal properties, we call the subroutines of the constant residual:

~

<o> — Ry(O), (4.35)

where O is an arbitrary physical operator and O is the corresponding Bogoliubov transformed
operator (O LN 0).

For example, when 0= ﬁelec, we obtain the thermal internal energy:

E(r) = <(ﬁef<7>)f.a> . (4.36)
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If we set O = 1, we obtain the grand canonical partition function:
AGEAR (4.37)

Once the partition function is obtained, we can calculate the Helmholtz free energy as follow:

A() = —21n(2). (4.38)

T

4.1.2 Introduce the completed active space (CAS)

In this section, we introduce the implementation of the CAS-TFCC approach. There are
mainly two reasons to introduce the CAS.

Firstly, unlike the conventional coupled cluster theory for ground state electronic struc-
ture, all cluster amplitudes in the TFCC approach span the full orbital space. Thus, the
canonical TFCC approach that we introduce in section 4.1.1 is expensive and only feasible
for small molecules. To reduce the computational cost of the TFCC approach, we develop
the CAS-TFCC approach in this section. As been illustrated in Fig. 4.1, in a typical sce-
nario, the MOs in a molecular system can be classified into three types: the core orbitals,
the active orbitals and the virtual orbitals. The thermal contribution of the excited states
that is associated with the excitation from the core orbitals or to the virtual orbitals can
be ignored since these states are usually high-lying and the corresponding Boltzmann fac-
tors are negligible. The general idea of the CAS-TFCC approach is that we treat the core
electrons as a “screening effect” to the valence electrons and form an effective Hamiltonian
that is restricted within the CAS. In this way, the TFCC approach can be applied on top
the effective Hamiltonian and the cluster amplitudes can be restricted within the CAS that
contains active orbitals only. Thus, the computational cost of the original TFCC approach
can be dramatically reduced.

Secondly, it is feasible the obtain the numerical exact thermal properties through the
exact diagonalization of the CAS-full configurational interaction (FCI) Hamiltonian within
the CAS and directly SOS. In this way, it is easier for us the directly compare the result
obtain from the TFCC results with the numerical exact result.
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Virtual orbitals

Active orbitals

Core orbitals

Figure 4.1: Hlustration of CAS

Now, we will elaborate the explicit procedure of the CAS-TFCC approach.

Step 1: Perform CAS-SCF calculation
The starting point of the CAS-TFCC approach is the CAS-SCF calculations. We apply
the Multi-configuration (MC)-SCF module in the PySCF to perform the calculation.
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# geometry of molecules (in Angstrom)
N2 = °N 0 0 0; N O 0 2.0°

# active space of molecules (number of active spatial orbitals, number of active electrons)
CAS_N2 = (6, 6)

atom = N2
molecule = "N2"

# setup model input using gaussian-type-orbitals
molecular_HF = gto.M(

atom=atom, # in Angstrom

basis=’ccpvdz’,

symmetry=True,

spin=0

5 )

# first run run HF calculation
mean_field = scf.RHF(molecular_HF) .run()

# second run CAS-SCF on top of the HF calculation

# 6 orbital, 6 electrons

mycas = mean_field.CASSCF(CAS_HF[0], CAS_HFI[1])

mycas .natorb = True

# Here mycas.mo_coeff are natural orbitals because .natorb is on.

# Note The active space orbitals have the same symmetry as the input HF

7 # canonical orbitals. They are not fully sorted wrt the occpancies.

# The mcscf active orbitals are sorted only within each irreps.
mycas .kernel ()

Listing 4.4: Example CAS-SCF calculations using PySCF

The example script to run CAS-SCF calculations is shown in List 4.4. We firstly input the
molecular geometry and the basis set to run HF calculations. Then the CAS-SCF calculation
is performed on top of the HF calculations. The additional input for the CAS-SCF calculation
is the choice of active orbitals and active electrons. The PySCF program can automatically
select the core orbitals based on the HF calculation and thus there is no need to manually
specify the starting active orbital in the calculation.

Step 2: Construct the effective Hamiltonian in the model CAS

Firstly, based on the occupation number obtained from the CAS-SCF calculations, we
can determine the core orbitals and the active orbitals. The orbitals that are fully occupied
are core orbitals and the active orbitals are partially occupied. The explicit Python script
to pick core and active orbitals are shown in List 4.5.
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# get occupation number for CASSCF
occupation_number = CAS_SCF.mo_occ / 2

# calculation number of orbitals
M = len(occupation_number)

# get core orbitals and active orbitals
core_orbitals = []
active_orbitals = []
for index, orbital in enumerate(occupation_number):
if orbital == 1:
core_orbitals.append(index)
elif orbital > O and orbital < 1:
active_orbitals.append(index)
else:
pass

print("core orbital labels:{:}".format(core_orbitals))
print("active orbital labels:{:}".format(active_orbitals))

Listing 4.5: Python script to pick core and active orbitals based on the CAS-SCF calculation

Secondly, we construct the effective one-electron integrals that take account of the con-
tribution of the core electrons as a “mean-field” screening effect. To obtain the effective
one-electron integrals, we firstly construct the core-electron density matrix:

Dos = Y CiChi, (4.39)

i€core

where o and § are AO labels and i is the core MO labels. Then, once the density matrix is
determined, the effective one-electron integrals can be expressed as: !

h = (heore)§ + Y _(2(ad]By) — (ad|yB)) DS, (4.40)
oy

The explicit Python script to achieve this is shown in List 4.6.

'We assume that the core electrons are always in singlet states and the integrals are spin-adapted.
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I def Cal_core_1_RDM(CI_coefficient, core_orbitals, M):
2 """calculate core 1-RDM"""

3 size_core = len(core_orbitals)

| RDM_1_core = np.zeros ([M, M])

5 for alpha, beta in it.product(range (M), repeat=2):

6 for i in range(size_core):
7 RDM_1_core[alpha, beta] += CI_coefficient[alpha, i] * CI_coefficient[beta, 1i]
8 # print ("core 1-RDM:\n{:}".format (RDM_1_core))

10 return RDM_1_core
12 def Cal_one_electron_integral (h_core_AO, RDM_1_core, M, eri_AQ):
13 """calculate effective one electron integral in model CAS space"""

14 h_core_AO_CAS = np.zeros ([M, MI])

16 # add one-electron part
17 h_core_AO_CAS += h_core_AD

19 # add effective two electron part
20 for a, b, ¢, d in it.product(range(M), repeat=4):
21 h_core_AO_CAS[a, b] += RDM_1_corelc, d]*(2"eri_AO[a, b, ¢, d] - eri_AO[a, c, b, dl)

23 return h_core_AO0_CAS

Listing 4.6: Python script to construct effective one-electron integrals
Lastly, we transform the effective one-electron integrals and two-electron integrals from

AO basis to the MO basis and we pick the block that corresponds to the CAS. The explicit
Python script for this is shown in List 4.7.
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## Transform the one-electron integrals and two-electron integrals from A0 basis to MO basis
nature_orbital = CAS_SCF.mo_coeff

## l-electron integral
h_core_MO = np.einsum(’pi,pq,qj->ij’, nature_orbital, h_core_AO_CAS_full, nature_orbital)
6 print(’l-electron integral (in MO basis):\n{:}’.format(h_core_MO.shape))

G W N

8 ## 2-electron integral
9 eri_MO = ao2mo.incore.full(eri_AO, nature_orbital)
10 print("2-electron integral (in MO basis):\n{:}".format (eri_MO.shape))

12 # get CAS block from the full matrix
14 def Cal_one_electron_integral (h_core_AO, RDM_1_core, M, eri_AQ):
15 """calculate one electron integral in model CAS space"""

16 h_core_AO_CAS = np.zeros ([M, MI])

18 # add one-electron part
19 h_core_AO0_CAS += h_core_AQO

21 # add effective two electron part

22 for a, b, ¢, d in it.product(range(M), repeat=4):

23 h_core_AO_CAS[a, b] += RDM_1_corelc, 4] * (2 * eri_AO[a, b, ¢, d] - eri_AO[a, c, b,
dl)

24

25 return h_core_AO0_CAS

26

27 def Cal_two_electron_integral (active_orbitals, eri_AO0):

28 """calculate two electron integral in model CAS space"""

29 size_cas = len(active_orbitals)

30 eri_AO_CAS = np.zeros([size_cas, size_cas, size_cas, size_cas])

i

# calculate two electron integral is CAS model active_space
for a, orbital_label_a in enumerate (active_orbitals):

for b, orbital_label_b in enumerate(active_orbitals):

for c, orbital_label_c in enumerate(active_orbitals):

36 for d, orbital_label_d in enumerate(active_orbitals):
37 eri_AO_CAS[a, b, c, d]l += \
38 eri_AO[orbital_label_a, orbital_label_b, \
39 orbital_label_c, orbital_label_d]
40

W W W W
A W N

41 return eri_AO_CAS

12

43 h_core_MO_CAS = Cal_Fock_ground_state(active_orbitals, h_core_M0)
14 eri_MO_CAS = Cal_two_electron_integral (active_orbitals, eri_MO)

Listing 4.7: Construct the Hamiltonian in model CAS based on effective one-electron
integrals and two-electron integrals

Step 3: Perform TFCC propagation for the effective Hamiltonian in CAS

Once we construct the effective Hamiltonian in the model CAS:
ﬁcas = }Alcas + masv (441>

we can feed the effective one-electron integrals and two-electron integrals in the model space
as input into the canonical TFCC code that is elaborated in section 4.1.1. 2

2There is one tiny difference: we use CAS-SCF orbital energies rather than the HF orbital energies to
define the occupation number and the Bogoliubov transformation in Eq. (4.15) and Eq. (4.21).
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4.1.3 Constraints and N-representability problem

The TFCC approach for finite temperature electronic structure problem developed in this
thesis is seemingly promising since it has a lot of good features including it is highly effi-
cient (polynomial scaling), size consistent (inherited from the canonical CC theory), non-
perturbative and independent of the choice of the reference state. However, it is problematic
in practice. The major issue encountered is the N-representability problem which we will
elaborate in this section.

By definition, the reduced density matrices (defined in Eq. (3.109)) are N-representable
if they can be derived in the normalized N-particle density matrix that has all weights be
positive (YA, wy > 0). [70] The N-particle density matrix is defined as:

ND = wy[Wy) (U], (4.42)

where w), are weights for each eigenstate and the N-particle density matrices are normalized:
Z wy = 1. (4.43)
A
The reduced density matrices are N-respresentable if:

VA wy > 0. (4.44)

One of the N-representability conditions is known as the positivity condition. For an
arbitrary one-particle quantum operator 0,, we have:

Dy) = 6 W) | (4.45)
(@3] = (Ty] o, (4.46)
(P)|DPy) = (V)| 0101 |Wy) > 0. (4.47)

Thus, from Eq. (4.47) and Eq. (4.44), we can derive the general positivity condition as follow:

Tr<a§a§VD> = 3wy (Un] 801 (W) = 3wy (@,]®)) > 0 (4.48)
A A

Unfortunately, the positivity conditions are not automatically hold when we perform
imaginary time propagation in the TFCC approach for electronic structure problems. In
general, the reduced density matrices are not N-representable in the TFCC approach. To
resolve the N-representability problem, we need to apply additional constraints to the TFCC
EOMs. In the rest part of this section, we will elaborate our attempts to resolve the N-
representability problems by systematically applying constraints.

Constraints one: symmetrize the thermal reduced density matrices

First of all, the most apparent constraint is that the physical thermal reduced density
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matrices are supposed to be Hermitian:
D, =D}, (4.49)

We can enforce this condition by symmetrize the physical thermal reduced density matrices:

;1
D, =5(D,+ D). (4.50)

We apply Eq. (4.50) to symmetrize the one-particle and two-particle thermal reduced density
matrices and inversely map to the cluster amplitude. The explicit Python script to implement
these constraints are shown in List 4.8.
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1 def _symmetrize_density_matrix(self, RDM_1, RDM_2):

2 """symmetrize 1 and 2-RDM and mapping them to T amplitude"""
3 def symmetrize_RDM_1(RDM_1):

| """symmetrize 1-RDM"""

5 RDM_1_sym = np.zeros_like (RDM_1)

6 RDM_1_sym += RDM_1

7 RDM_1_sym += RDM_1.transpose ()

8 RDM_1_sym *= 0.5

9 return RDM_1_sym

1

11 def symmetrize_RDM_2(RDM_2):
12 """symmetrize 2-RDM"""
1

3 RDM_2_sym = np.zeros_like (RDM_2)

14 RDM_2_sym += RDM_2

15 RDM_2_sym += RDM_2.transpose(2, 3, 0, 1)
16 RDM_2_sym *= 0.5

17 return RDM_2_sym

19 def map_t_1_from_RDM(RDM_1):

"""map T_1 amplitude from symmetrized RDM_1"""

T_1 = np.zeros_like (RDM_1)

T_1 += RDM_1

T_1 -= np.einsum(’p,q,pgq->pq’, self.sin_theta, self.sin_theta, np.eye(self.M))
T_1 /= np.einsum(’q,p->pq’, self.cos_theta, self.sin_theta)

return T_1

N
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def map_t_2_from_RDM(RDM_1, RDM_2):

28 """map T_2 amplitude from symmetrized RDM_1 and RDM_1"""

29 T_2 = np.zeros_like (RDM_2)

30 T_2 += RDM_2

31 T_2 -= 2 * np.einsum(’pr,qs->pqrs’, RDM_1, RDM_1)

32 T_2 += np.einsum(’ps,qr->pqrs’, RDM_1, RDM_1)

83 T_2 /= np.einsum(’r,s,p,q->pqrs’, self.cos_theta, self.cos_theta, self.sin_theta,
self .sin_theta)

34 return T_2

36 # symmetrize density matrix
37 RDM_1_sym = symmetrize_RDM_1 (RDM_1)
38 RDM_2_sym = symmetrize_RDM_2(RDM_2)

10 # map T amplitude from symmetrize 1-RDM and 2-RDM
41 T_1_sym = map_t_1_from_RDM(RDM_1_sym)
12 T_2_sym = map_t_2_from_RDM(RDM_1_sym, RDM_2_sym)

14 # check if the physcial rdms are symmetrized as expected
45 assert np.allclose(RDM_1_sym, RDM_1_sym.transpose())
16 assert np.allclose(RDM_2_sym, RDM_2_sym.transpose(2, 3, 0, 1))

18 return RDM_1_sym, RDM_2_sym, T_1_sym, T_2_sym

Listing 4.8: Python script that implements constraint one

Constraint two: set physical boundary of one-body reduced density matrix
(1-RDM) and correct the total number of electrons

As we know, if the 1-RDM is N-representable, its corresponding eigenvalue should be
between 0 and 1. Thus, we introduce the following constraint: If the eigenvalue of 1-RDM
become negative, fix it to be zero and if the eigenvalue of 1-RDM is above 1, fix it to be
1. The singles cluster amplitude is determined by inversely mapping from the corrected
1-RDM. After that, we apply an algorithm to correct the total number of the electrons. The
explicit Python script to implement this constraint is shown in List 4.9.
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def _correct_occupation_number(n_el, RDM_1):
"""correct occupation number from 1-RDM"""
# diagonalize 1-RDM to get occupation number and natural orbitals
occupation_number , natural_orbital = np.linalg.eigh(RDM_1)
# set physical boundary of the occupation number
for index, N_occ in enumerate (occupation_number):
if N_occ > 1:

occupation_number [index] = 1
if N_occ < O:

occupation_number [index] = 0
# correct total number of electron
tmp = occupation_number * (np.ones_like(occupation_number) - occupation_number)
X = sum(occupation_number)
Y = sum(tmp)
L_lambda = (n_el - X) / Y # n_el is the total number of electrons
occupation_number_correct = occupation_number + L_lambda * tmp

# transfrom the corrected occupation number to the corrected 1-RDM through orbital

rotation

RDM_1_correct = np.dot(natural_orbital, np.dot(np.diag(occupation_number_correct),

natural_orbital.transpose()))

# reverse mapping the correct 1-RDM to T_1 amplitude
T_1_correct = np.zeros_like(RDM_1_correct)
T_1_correct += RDM_1_correct

T_1_correct -= np.einsum(’p,q,pq->pq’, self.sin_theta, self.sin_theta,
T_1_correct /= np.einsum(’q,p->pq’, self.cos_theta, self.sin_theta)

return occupation_number_correct, RDM_1_correct, T_1_correct

Listing 4.9: Python script that implements constraint two

np.eye(self.M))

Constraint three: positivity constraint for the direct two-body cumulant ng

We firstly derive the positivity constraint for two-body cumulant C’f)’g that has mixed
(af3) spin components. Starting from the positivity condition defined in Eq. (4.48). By

setting 0, = @p, we derive the P-condition:
ATQTQA >0
p p)=U
By setting 6; = Qpl, we derive the Q-condition:
(pQQ5") > 0.
By setting 6, = QTﬁ or 0; = Qﬁ, we derive the G-condition:
(#'QQ") >0,
(pQ'Q5") > 0.

(4.51)

(4.52)

(4.53)

(4.54)

Making use of the general expression of the thermal properties in the TFCC theory
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(<O> = <(O€T)f,c,>), we can derive a set of P, Q, G cumulants as:

pPre = <pTQT§f> = P2 + ard? (4.55)

b3 = (5QS') = 18 + dudg (4.56)
G179 = <;a@*§f*> = "9 + @2 (4.57)
Gor9 = <ﬁTQS”Tf> — " + 9 (4.58)

where

ng = cos 0, cos ¢ sin 0, sin 9@2555 : (4.59)
df) = cos 0, sin O,t,” + sin 0, sin 0,0, (4.60)
db = b, — db. (4.61)

The positivity conditions in Eq. (4.51), Eq. (4.52), Eq. (4.53) and Eq. (4.54) can be
obtained by taking the diagonal elements of the P,Q,G cumlants in Eq. (4.55), Eq. (4.56),
Eq. (4.57) and Eq. (4.58):

;where n, = db and n, = Jg. Substituting Eq. (4.62), Eq. (4.63), Eq. (4.64) and Eq. (4.65)
into Eq. (4.51), Eq. (4.52), Eq. (4.53) and Eq. (4.54), we can derive the inequalities for the
direct cumulant 058:

CP8 +nyng > 0, (4.66)
CP8 + myng > 0, (4.67)
—CP8 + nyig > 0, (4.68)
—CP8 + npng > 0. (4.69

From the inequalities in Eq. (4.66), Eq. (4.67), Eq. (4.68) and Eq. (4.69), we can derive a
physical boundary of the two-body direct cumulant (C’gg ):

—[min(n,ng, nyng)] < C’Ifg < min(n,ng, ngny,) (4.70)

This bound can be enforced by the Python script shown in List 4.10.
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def _correct_two_body_density_matrix(self, RDM_1, T_2):
"""implement correction to 2-RDM that satisfy N-representability condition"""
def cal_upper_bound(diag_1_RDM, diag_1_RDM_bar):
"""calculate upper bound of two body cumulant"""
upper_bound = np.zeros([self.M, self.M])

for p, q in it.product(range(self.M), repeat=2):
upper_bound[p, q] = min(diag_1_RDM[p] * diag_1_RDM_bar[ql, diag_1_RDM[q] *
diag_1_RDM_bar [pl)

return upper_bound

def cal_lower_bound(diag_1_RDM, diag_1_RDM_bar):
"""calculate upper bound of two body cumulant"""
lower_bound = np.zeros([self.M, self.M])

for p, q in it.product(range(self.M), repeat=2):
lower_bound[p, q] = -min(diag_1_RDM[p] * diag_1_RDM[ql, diag_1_RDM_bar[p] *
diag_1_RDM_bar [ql)

return lower_bound

# evaluate n_p and 1 - n_p
diag_1_RDM = np.diag(RDM_1)
diag_1_RDM_bar = np.ones_like(diag_1_RDM) - diag_1_RDM

# evaluate two body cumulant
C_2 = self._calculate_two_body_direct_cumulant (T_2)

# evaulate lower bound
lower_bound = cal_lower_bound(diag_1_RDM, diag_1_RDM_bar)

# evaluate upper bound
upper_bound = cal_upper_bound(diag_1_RDM, diag_1_RDM_bar)

# correct two body cumulant if it exceed the physical boundary
for p, q in it.product(range(self.M), repeat=2):
if C_2[p, ql > upper_bound[p, ql:
C_2[p, ql = upper_boundl[p, ql
elif C_2[p, gl < lower_bound[p, ql:
C_2[p, ql] = lower_bound[p, ql
else:
pass

# map matrix element of C_2 to T_2
T_2_correct = C_2 / np.einsum(’p,q,p,q->pq’, self.cos_theta, self.cos_theta, self.
sin_theta, self.sin_theta)

return T_2_correct

Listing 4.10: Python script that implements constraint three

Constraint four: positivity constraints for the exchange cumulant Cg,%?

Asin Eq. (4.51), Eq. (4.52), Eq. (4.53) and Eq. (4.54), the corresponding same spin (o)
components should also be positive:
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Making using of the spin symmetry and the constraints P,Q,G cumulants for a3 com-
ponents (given in Eq. (4.62), Eq. (4.63), Eq. (4.64) and Eq. (4.65)), we can derive the
corresponding constraints for the (a«) components:

(p'glap) = Pr§ — PIE > 0, (4.75)
(pag'p’) = Qv — Q"2 > 0, (4.76)
(p'ag'p) = G163 — G172 > 0, (4.77)

(4.78)

(pq'gp'y = G2b3 — G272 > 0.

Substituting Eq. (4.55) and Eq. (4.56) into Eq. (4.75) and Eq. (4.76) we can derive the
upper bound of the exchange cumulant:

CPe < CP8 + min(dbd? — dbd?, dbd? — dPds). (4.79)

q7p’

Substituting Eq. (4.57) and Eq. (4.58) into Eq. (4.77) and Eq. (4.78) we can derive the
lower bound of the exchange cumulant:
CPE > C3 + max(d?d?, d?d?) — dbdl. (4.80)

P’ q7p q

The explicit Python script to implement this constraint is shown in List 4.11.
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1 def _correct_exchange_two_body_cumulant(self, RDM_1, T_2, natural_orbital_flag=True):

g """correct exchange part of the two body cumulant when it exceed the physical boundary
3 def cal_upper_bound():

4 """calculate upper bound of the exchange cumulant"""

5 upper_bound = np.zeros([self.M, self.M])

6 upper_bound += C_2_direct

8 # min of the two matrices

9 X = np.einsum(’pp,qq->pq’, d_1, d_1) - np.einsum(’pq,qp->pq’, d_1, d_1)

10 Y = np.einsum(’pp,qq->pq’, d_1_bar, d_1_bar) - np.einsum(’pq,qp->pq’, d_1_bar,
d_1_bar)

11

12 upper_bound += np.minimum(X, Y)

13

14

15 return upper_bound

1€

17 def cal_lower_bound():

18 """calculate lower bound of the exchange cumulant"""

19 lower_bound = np.zeros([self.M, self.M])

20 lower_bound += C_2_direct

21 lower_bound -= np.einsum(’pp,qq->pq’, d_1, d_1_bar)

22

23 X = np.einsum(’pq,qp->pq’, d_1_bar, d_1)

24 Y = np.einsum(’pq,qp->pq’, d_1, d_1_bar)

25 lower_bound += np.maximum(X, Y)

26

27 return lower_bound

28

29

30

31 # calculate two body cumulant

32 C_2_direct = self._calculate_two_body_direct_cumulant (T_2)

33 C_2_exchange = self._calculate_two_body_exchange_cumulant(T_2)

34

85 # transform cumulants in natural orbital basis

36 if natural_orbital_flag:

37 n, v = np.linalg.eigh(RDM_1)

38 C_2_direct = np.einsum(’lp,lk,kq->pq’, v, C_2_direct, v)

39 C_2_exchange = np.einsum(’lp,lk,kq->pq’, v, C_2_exchange, V)

40 d_1 = np.diag(n)

41

42 else:

13 d_1 = RDM_1

45 d_1_bar = np.eye(self.M) - d_1

46

47 # calculate upper bound

48 upper_bound = cal_upper_bound ()

49

50 # calculate lower bound

51 lower_bound = cal_lower_bound()

52

53 # set constraint on two body exchange cumulant when it exceed the physical boundary

54 for p, r in it.product(range(self.M), repeat=2):

5 if C_2_exchange[p, r] > upper_bound[p, rl:

56 C_2_exchange[p, r]l] = upper_bound[p, rl

57 elif C_2_exchange[p, r]l < lower_bound[p, rl:

58 C_2_exchange[p, r] = lower_bound[p, r]

59 else:

60 pass

61

62 # inverse transform to the MO basis

63 if natural_orbital_flag:

64 C_2_exchange = np.einsum(’pl,lk,qk->pq’, v, C_2_exchange, v)
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66

67

68

69

# reverse map C_2_exchange to T_2
T_2_exchange = C_2_exchange / np.einsum(’p,q,q,p->pq’, self.cos_theta, self.sin_theta,
self.cos_theta, self.sin_theta)

return T_2_exchange

Listing 4.11: Python script that implements constraint four

In this way, we manage to describe the N-representability problem and our attempts to
resolve the problem by systematically applying constraints to the thermal reduced density
matrices. In section 4.2, we will show some results of the thermal properties calculations ap-
plying the TFCC approach described in this section. We will show that the N-representability
conditions play important roles for the TFCC approach to get accurate result for thermal
properties calculations. Although the approach fail to produce satisfactory results for real
molecular compounds, we gained insights through the analysis of the results of these numer-
ical calculations.

4.2 Result and discussion

4.2.1 Test on model magnetic systems

We firstly test the TFCC approach on the model magnetic systems. The Hamiltonian of the
model magnetic system is defined as:

Hyagner = Y 6B+ VEIER (4.81)
p rq
where
Vonto alf b =4q,
VPl — P (4.82)
" {lv;i;’;,zfp #q

and EP and EP? are the unitary group generators defined in Eq. (F.2) and Eq. (F.3).

The model magnetic Hamiltonian in Eq. (4.81) can be regarded as a special form of the
full electronic Hamiltonian where the two-electron integrals are diagonal and the reference
Slater determinant is its eigenfunction. The model is dictated by three parameters: e,
Veoup and Vipiop. Fig. 4.2 gives an intuitive picture of these three parameters: €, models
the orbital energies of one-electron non-interacting term in the model Hamiltonian.? Veoup
models the Coulomb interaction between different electrons. Vi, models the additional
repulsion interaction when there is a pair of o and 3 electrons on a same spatial orbital.

3We further assume that the orbital energies have equal spacing.

74



Energy / cm-1

€ e
| J

Figure 4.2: A diagram illustrates the three parameters in the model magnetic Hamiltonian
in Eq. (4.81)

We tested two of magnetic models: weakly coupling model and strongly coupling model,

with the model parameters listed Table 4.1.*

Parameters (cm™!) weakly coupling model strongly coupling model

Ae 20.0 20.0
‘/ontop 100 100
‘/coup 10.0 20.0

Table 4.1: List of model parameters for the weakly coupling and strongly coupling models.

We feed these model parameters into the TFCC approach that is described in section 4.1.1

to calculate the thermal properties.

In Fig. 4.3, we show the plot of thermal properties (internal energy, entropy, specific heat

and occupation number) for the weakly coupling model. The TFCC result is benchmarked

4There 6 electrons (3 a and 3 3) and 6 spatial orbitals in both models.
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with the SOS approach. ® As we can see, the TFCC approach has good agreement with the
SOS approach for the weakly coupling model. Meanwhile, we also calculate the minimum
of the P,Q,G cumulants (described in left hand side of Eq. (4.66), Eq. (4.67), Eq. (4.68)
and Eq. (4.69)) as functions of temperature as shown in Fig. 4.4. All the three minimum
cumulants stay positive at all temperatures, which means that the P,Q,G conditions hold
along the imaginary time propagation. This is expected since the thermal reduced density
matrices are supposed to be N-representable to obtain accurate results for thermal properties.

In Fig. 4.5, we show the plot of thermal properties (internal energy, entropy, specific
heat and occupation number) for the strongly coupling model. Unlike the weakly coupling
case, the TFCC approach has large deviations with the SOS approach for the strongly
coupling model. The entropy seems more accurate than the thermal internal energy at
higher temperature which can be explained that there are some cancellation of errors between
the Helmholtz free energy and the thermal internal energy when calculating the entropy
(S = %) Subsequently, as shown in Fig. 4.6, the P,Q,G conditions no longer hold along
the imaginary time propagation. Interestingly, the TFCC approach fails immediately at the
point when the P,Q,G condition is violated. 6

5The program is developed by Nooijen group.

6The numerical integration step has been test to be converge and sudden change at low temperature is
due to a surge of the chemical potential which probe that the density matrices are not N-representable at
low temperature.
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Figure 4.3: Plot of the thermal properties for the weakly coupling model
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Figure 4.4: Plot of the minimum matrix elements of P, Q, G cumulants as functions of
temperature for the weakly coupling model
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Figure 4.5: Plot of the thermal properties for the strongly coupling model
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Figure 4.6: Plot of the occupation number and minimum matrix elements of P, Q, G cumu-
lants as functions of temperature for the strongly coupling model

Based on our investigations, we demonstrate that the N-representability conditions serve
as criteria for assessing whether the TFCC approach can yield accurate results. We also
found that the seemingly promising TFCC method fails in strongly coupled models without
additional N-representability constraints. In section 4.2.2, we will evaluate a few small
molecular compounds while applying all the N-representability constraints discussed in in
section 4.1.3. Our findings will indicate that the positivity conditions alone are insufficient
for achieving accurate results regarding the thermal properties of these compounds.
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4.2.2 Test on small molecular systems

In this section, we test the TFCC approach on a few small molecular compounds. We will
firstly exam the canonical TFCC approach described in section 4.1.1 and then test the CAS-
TFCC that is described in section 4.1.2. In both approaches, we compare the results with
N-representability constraints described in section 4.1.3 and that without the constraints.

1. TFCC approach in full orbital space

Fig. 4.7 and Fig. 4.8 show the structure and coordinates of the two small molecular
compounds (HF molecule and HoO molecule) that we investigated.

Atom x (A) y(A) z(A)

H 000 000 0.00
(a) F 0.00 0.00 1.10

(b)

Figure 4.7: Representation of (a) structure (b) coordinates for HF molecule.
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Atom x(A) y(A) z(4)

0 0.00  0.071 0.00
(a) H —0.90 —0.56  0.00
H 0.90 —0.56  0.00

(b)

Figure 4.8: Representation of (a) structure (b) coordinates for HoO molecule.

We perform the TFCC imaginary time propagations (with cluster amplitudes truncate
at singles and doubles) for both molecules (1) without the N-representability constraints
(2) with the N-representability constraints. We also run calculations with cluster amplitude
truncate at singles which is equivalent to the thermal HF calculations. We calculate the
thermal properties: (1) thermal internal energy (2) occupation number on-the-fly. In both
molecules, we used the 6-31g basis. The zero temperature limit of the thermal internal energy
obtained from the TFCC calculation is compared with the CCSD(T) ground state energy.

Fig. 4.9 and Fig. 4.10 display the thermal internal energy plots as functions of tempera-
ture for HF and HyOmolecules obtained using the TFCC approach. For both molecules, the
results without N-representability constraints exhibit an unphysical trend: as the tempera-
ture decreases, the energy initially drops to a minimum and then begins to rise. In contrast,
the results with constraints show that the energy remains constant after reaching its mini-
mum. The zero-temperature limit without constraints yields a ground state energy slightly
higher than that with constraints for both molecules. However, as shown in Table 4.2, the
ground state energies from both approaches (with and without constraints) are significantly
lower than the CCSD(T) results for both molecules, with energy differences far exceeding the
threshold for chemical accuracy (0.016 Hartree). Additionally, we present the thermal HF
results as a mean-field approximation. At higher temperatures, the TFCC results converge
closer to the mean-field results, but the deviation increases as the temperature drops for both
molecules. As expected, the mean-field approximation fails to provide an accurate ground
state energy at the zero-temperature limit which is expected since it does not incorporate
the electron correlation effect.
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Figure 4.9: Plot of thermal internal energy for HF (6-31g basis)
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—-74.0
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----- CCSD(T) GS energy y
~75.0

—76.5

~77935 35 2.0 25 5.0 5.5
Temperature(log(K))

Figure 4.10: Plot of thermal internal energy for H,O (6-31g basis)

molecule TFCC without constraints TFCC with constraints CCSD(T) Thermal HF

HF —100.1900 —100.2565 —100.1016 —99.9593
H,0 —76.1635 —76.3310 —76.1024 —75.9521

Table 4.2: Compare the ground state energies obtained from different approaches of HF and
H>0 molecules (all energies are in unit Hartree)

Fig. 4.11 and Fig. 4.12 show the plot of occupation number of MOs as functions of
temperature for the HF and HyO molecules calculated from the TFCC approach. Both
molecules exhibit the similar trends: 1.At high temperatures, the MOs are equally populated.
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As the temperature decreases, the population of high-lying orbitals declines while that of
low-lying orbitals increases. 2. At lower temperatures, the results without constraints show
unphysical behavior, with some orbitals exhibiting negative or greater-than-one occupation
numbers, indicating that the corresponding 1-RDMs are not N-representable. 3. In contrast,
the occupation numbers for the results with constraints remain constant within the range of
0 to 1 at low temperatures.
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0.6 orbital 8
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(b)

Figure 4.11:  Plots of occupation number as a function of temperature (a) with N-
representability constraints (b) without N-representability constraints for HF molecule.
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Figure 4.12:  Plots of occupation number as a function of temperature (a) with N-
representability constraints (b) without N-representability constraints for HoO molecule.
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Fig. 4.13 and Fig. 4.14 show the plot of minimum of P,Q,G cumulants as functions of
temperature for the HF and H,O molecules. As we can see, for both molecules, the P,Q,G
conditions are violated along the imaginary time propagation for results without the con-
straints, while the P,Q,G conditions hold at all temperature for results with the constraints.
This outcome is expected, as the purpose of introducing N-representability constraints is
to enforce positivity conditions. However, as previously illustrated, these constraints are
insufficient for producing accurate ground state energies in the low-temperature limit.
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Figure 4.13:  Plots of the minimum P,Q,G cumulants (af component) (a) with N-
representability constraints (b) without N-representability constraints for HF molecule.
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Figure 4.14:  Plots of the minimum P,Q,G cumulants (af component) (a) with N-
representability constraints (b) without N-representability constraints for HoO molecule.
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2. CAS-TFCC approach

We further exam the CAS-TFCC approach that is described in section 4.1.2 on a few
small molecular compounds. By construction of the effective model Hamiltonian in CAS,
we can incorporate this correlation effect with low computational cost and easily comparing
with the TFCC result of the SOS within the CAS that can be regarded as numerically exact.

To benchmark with the numerical exact results, we start by performing restricted HF
calculations and selecting the active electrons and active orbitals. We then perform the
CASSCEF calculation to optimization the MOs with the respect the ground state for the give
configuration. Once the optimized orbitals are obtained, we construct the configurational
interaction (CI) Hamiltonian that spans all possible configurations (including states with a
any number of (active) electrons) within the CAS and diagonalize it. The thermal properties
can then be obtained through the SOS, including a chemical potential term ,uN to fix the
average number of electrons.

We firstly test two small diatomic compounds: Ny and Oy molecules. These compounds
have multi-configurational ground states but with well separated ground states to the excited
states. The goal is to test the accuracy of the TFCC approach on the effect of static corre-
lation at the low temperature limit. The structures and coordinates of the two compounds
are shown in Fig. 4.15 and Fig. 4.16 respectively.

Atom x (A) y(A) z(A)

N 000 000 0.00
(a) N 0.00 0.00 1.10

(b)

Figure 4.15: Representation of (a) structure (b) coordinates for Ny molecule.
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Atom x (A) y(A) z(A)

0 0.00 0.00 0.00
(a) 0 000 0.00 1.20

(b)

Figure 4.16: Representation of (a) structure (b) coordinates for Oy molecule.

The resulting occupation scheme and active space are for Ny and O, molecules are shown
in Fig. 4.17 and Fig. 4.18 respectively. © For the N, molecule, we choose the active space to
have six electrons (three «v electrons and three /3 electrons) and six spatial orbitals. For the
O, molecule, we choose the active space to have six electrons (four a electrons and two /3
electrons) and eight spatial orbitals. In both calculations, we use the ccpvdz basis.

"In the HF calculation of Oy molecule, it has a triplet state. Though the PySCF CASSCF calculation is
spin-adapted, the resultant wavefunction is projected against S, of the spin-adapted wavefunction such that
S, = 1. This is achieved by specify the number of « electrons and number of 5 electrons in the active space
settings.
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Figure 4.17: Tllustration of (a) occupation scheme (b) active orbitals for Ny molecule.
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Figure 4.18: Tllustration of (a) occupation scheme (b) active orbitals for Oy molecule.

We perform the CAS-TFCC calculation and plot the thermal internal energy for the
two molecular compounds in Fig. 4.19 and Fig. 4.20 respectively. As we can see, for both
molecules, the calculation without applying the N-representability constraints fails at low
temperature. In both cases, the energies have abnormally sudden drops at the low tem-
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perature limit. In contrast, the CAS-TFCC calculations incorporating N-representability
constraints show significant improvement at low temperatures. Since both molecules have
well separated ground state energy, the thermal internal energies are converged to the ground
state energy below 10* K. Comparing to the FCI SOS method, the TFCC approach manage
to calculate thermal internal energy accurately at high temperature region (7' > 10 K) for
both molecules.

Energy(Hartree)

—-105.5

—-106.0

—106.5

-107.0

—-107.5

—108.0

—108.5
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—109.5

— == CAS-TFCC with constraints e
CAS-TFCC without constraints /‘/

—-= CAS-FCl sum over states /

------ CAS-FCI GS energy

31 35 40 45 50 55 60 65 7.0
Temperature (K) in log scale

Figure 4.19: Plot of thermal internal energy for Ny (ccpvdz basis)
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Figure 4.20: Plot of thermal internal energy for Oy (ccpvdz basis)

Table 4.3 compares the ground state energies obtained from the low-temperature limit
of the CAS-TFCC approach with those from the exact diagonalization of the CAS-FCI
Hamiltonian. The ground state energy from the CAS-FCI calculation serves as the numerical
benchmark for the effective model Hamiltonian defined by the CAS.

For Ny molecule, ground state energy obtained from the zero temperature limit of the
CAS-TFCC approach with the N-representibility constraints is ~ 0.2 Hartree lower than the
CAS-FCI ground state energy, which overestimates the correlation effect and has an error
far beyond chemical accuracy (0.0016 Hartree).

For O, molecule, the zero temperature limit of the CAS-TFCC calculation with the
N-representability produce a ground state energy =~ 0.01 Hartree lower than the CAS-FCI
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result. It is more accurate comparing to that of the Ny molecule but still outside the chemical
accuracy.

Overall, in both cases, the ground state energies obtained from the zero-temperature
limit of the CAS-TFCC approach are significantly lower than expected. Nevertheless, the
results with N-representability constraints demonstrate marked improvements.

molecule CAS-TFCC without constraint CAS-TFCC with constraint CAS-FCI

Ny —109.3989 —109.3090 —109.0902
Oq N.A. —149.7050 —149.6952

Table 4.3: Compare the ground state energies obtained from different approaches of Ny and
Oy molecules (all energies are in unit Hartree)

Fig. 4.21 and Fig. 4.22 show the plot of occupation number of active MOs as functions
of temperature for the Ny and Oy molecules calculation from the CAS-TFCC approach. For
both molecules, the results incorporating N-representability constraints exhibit trends similar
to those observed for HF and HyO molecules with the plain TFCC approach, as described
previously. In contrast, the results obtained without these constraints show abrupt and
unphysical changes at low temperatures for both molecules.
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Figure 4.21:  Plots of occupation number as a function of temperature (a) with N-
representability constraints (b) without N-representability constraints for Ny molecule.
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Figure 4.22:  Plots of occupation number as a function of temperature (a) with N-
representability constraints (b) without N-representability constraints for Oy molecule.
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Fig. 4.23 and Fig. 4.23 show the plot of minimum of P,Q,G cumulants as functions of
temperature for the Ny and Oy molecules. As we can see, for both molecules, the P,Q,G
conditions are violated at low temperatures for the results without applying the constraints
which is consistent with the abnormal behaviour for the occupation number at low tem-
perature. Conversely, the results that incorporate the constraints maintain the P, Q, and
G conditions, as expected. As noted in previous cases, the violation of these positivity
conditions indicates that the approach is failing at low temperatures.
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Figure 4.23:  Plots of the minimum P,Q,G cumulants (af component) (a) with N-
representability constraints (b) without N-representability constraints for Ny molecule.
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Figure 4.24:  Plots of the minimum P,Q,G cumulants (af component)(a) with N-
representability constraints (b) without N-representability constraints for Oy molecule.
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We then tested more challenging models: the ArOy and ArON compounds. In these
systems, there are not only multi-configurational ground states but also multiple low-lying
states due to spin symmetry. The objective of testing these systems is to evaluate the
accuracy of the TFCC approach in capturing the effects of static correlation across a wider
temperature range.

Fig. 4.25 and Fig. 4.26 show the configuration and coordinates of ArO, and ArON
molecules. In both molecules, the Ar atom forms a closed shell configuration and the two
adjacent atoms serve as the ligands. The six 2p orbitals of the two ligands form the active
orbitals. The two ligands are stretched away from the Ar atom to reduce the bonding /
anti-bonding interactions with the Ar atom and thus create multiple low-lying state in the
CAS. For the ArO, compound, there are eight active electrons (six « electrons and two /3
electrons). For the ArON compound, there are seven active electrons (six « electrons and
one [ electron). In the CASSCF calculation, the orbitals are optimized to an equal-weighted
averaged high spin configuration states. .

© .-

Q 4+ 4 Atom x (A) y(A) =z (A)

Ar 0.00 0.00 1.21
(a) @) —1.29 0.00 —-1.27
@) 1.29 0.00 1.27

Figure 4.25: Illustration of (a) configuration (b)coordinate for ArO, molecule.

8For ArQ, there are nine states that have high spin configuration and for ArON there are three states
that have high spin configuration
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Q AV Atom x (A) vy (A) z(A)
Ar 0.00 0.00 1.09

(a) 0 ~1.16  0.00 —1.14
N 1.16 0.00 1.14

(b)

Figure 4.26: Illustration of (a) configuration (b)coordinate for ArON molecule.

Fig. 4.27 and Fig. 4.28 show the plot of thermal internal energy as a function of temper-
ature for the ArOy and the ArON compounds. In both cases, the TFCC approach begins to
deviate from the SOS results at higher temperatures, in contrast to the behavior observed
for the Oy and Ny compounds. Additionally, the thermal internal energy converges to the
ground state at lower temperatures due to the presence of multiple low-lying states in these
systems.  In the temperature region of ' > 10° K, the TFCC produces consistent results

with the SOS results for both compounds.
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Figure 4.27: Plot of thermal internal energy for ArO, (ccpvdz basis)

9For the ArO, compound, there are 81 low-lying states, while for ArON, there are 9 low-lying states,

attributable to spin degeneracy.
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Figure 4.28: Plot of thermal internal energy for ArON (ccpvdz basis)

Table 4.4 shows the comparison of the ground state energy obtained from the low tem-
perature limit of the TFCC approach and the exact diagonalisation (ED) of the CAS-FCI
Hamiltonian for the ArO5 and ArON compounds. In both compounds, the TFCC approach
produce ground state much lower than the ED results (= 0.3 Hartree for ArO,, ~ 0.2 Hartree
for ArON). In general, the TFCC approach fails to produce accurate results on thermal in-
ternal energies for the temperature range that is below 10° K for both compounds.

molecule CAS-TFCC with constraints CAS-FCI

ArO, —676.7178 —676.3671
ArON —655.4621 —655.2844

Table 4.4: Compare the ground state energies obtained from different approaches of ArO,
and ArON molecules (all energies are in unit Hartree)

In general, the results for the CAS-TFCC approach show slight improvement compar-
ing to the canonical TFCC approach. However, these enhancements are still insufficient
for practical applications. Substantial changes are necessary for the TFCC approach to ef-
fectively handle strongly correlated molecular compounds. Developing more sophisticated
N-representability constraints presents a non-trivial challenge. We encourage readers inter-
ested in this issue to pursue further research in this area.

4.3 Summary of this chapter

In this chapter, we implement the general TFCC approach to tackle the thermal electronic
structure problem, testing it on various model magnetic systems and small molecular com-
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pounds.

Both the plain TFCC approach and the CAS-TFCC method are implemented and evalu-
ated. The latter reduces computational costs by restricting the calculations to active orbitals,
making it easier to benchmark against numerically exact results. However, both approaches
struggle to produce accurate results for thermal properties due to the N-representability is-
sue. To address this, we apply a series of constraints on the cluster amplitudes during the
imaginary time integration to ensure the reduced density matrices remain N-representable.
While the results with these constraints show notable improvements over those without, they
still fall short of satisfactory performance for both the canonical and CAS TFCC approaches.

In general, the TFCC approach, especially with low-order truncation of cluster amplitudes
(i.e., singles and doubles), fails to deliver accurate results for the thermal electronic structure
problem without significant modifications to the scheme described in this chapter. More
sophisticated N-representability constraints are essential to enhance this method. Machine
learning algorithms such as the restricted Boltzmann machine |74, 75] might shed some light
on this problem.
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Chapter 5

Application: quantum dynamics
simulations for the vibronic problems

reprinted with the permission from J. Chem. Phys. (2024) 160, 094105. Copyright 2024,
American Institute of Physics

5.1 Abstract

A time-dependent vibrational electronic coupled-cluster (VECC) approach is proposed to
simulate photo-electron/UV-VIS absorption spectra, as well as time-dependent properties
for non-adiabatic vibronic models, going beyond the Born-Oppenheimer approximation. A
detailed derivation of the equations of motion and a motivation of the ansatz are presented.
The VECC method employs second-quantized bosonic construction operators and a mixed
linear and exponential ansatz to form a compact representation of the time-dependent wave-
function. Importantly, the method does not require a basis set, has only few user-defined
inputs, and has a classical (polynomial) scaling with respect to the number of degrees of
freedom (of the vibronic model), resulting in a favourable computational cost. In benchmark
applications to small models and molecules the VECC method provides accurate results,
compared to Multi-Configurational Time-dependent Hartree (MCTDH) calculations when
predicting short-time dynamical properties (i.e. photo-elecron / UV-VIS absorption spectra)
for non-adiabatic vibronic models. To illustrate the capabilities the VECC method is also
applied successfully to a large vibronic model for hexahelicene with 14 electronic states and
63 normal modes, developed in the group by Santoro (D. Aranda and F. Santoro, Journal
of Chemical Theory and Computation 17, 1691, 2021).

5.2 Introduction

The description of non-adiabatic nuclear dynamical processes is a very active area of investi-
gation. It is at the heart of photochemical processes such as the investigation of intersystem
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crossings, |76, 77, 78, 79, 80] like those found in the process of singlet fission. [31, 82, 83, 84,

) 9 9 Y bl Y bl ) 9 ) ]

In such molecular processes there can be large changes in nuclear geometries and the
coupling to the electronic ground state is often important. The most widely applicable ap-
proaches in this context employ on-the-fly dynamics (invoking electronic structure calcula-
tions of energy gradients and non-adiabatic couplings as needed). Various on-the-fly schemes
can be used to approximate the nuclear dynamics on multiple electronic states, for example:

Ehrenfest dynamics, |96, 97, 98] surface hopping, [99, , | ab initio multiple spawning
(AIMS), [102, : , 105] and its generalization, [100] as well as Gaussian wave-packet
methods (at various levels of sophistication). [100, , , : , : : , 114]

Our primary interest here is the description of electronic spectroscopy including vibra-
tional fine-structure. The most widely used approaches to include nuclear fine-structure are
based on single-surface displaced harmonic oscillator potentials (that include Duschinsky
rotations). Commonly one obtains these potentials through calculations based on the Frank-
Condon principle. [115, , , , , , , | However, many systems contain a
dense collection of close-lying excited states and the underlying Born-Oppenheimer and har-
monic approximations may not be sufficiently accurate to describe the resulting spectra. In a
typical scenario, as shown in Fig. 5.1, a molecule absorbs light and is vertically excited from
the ground state PES to an excited state PES, where the excited state wave-function evolves
over time. Near crossing points between these excited PESs (conical intersections), one finds
large state population transfer, and the full wave-function becomes a linear combination of
the different excited electronic states. Studying this excited-state dynamics process helps
to understand photo-chemical reaction pathways [123, , , | as well as interpret
electronic spectra. [52, 53, , , , , | For a recent overview see reference [132].
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----- diabatic potential
—— adiabatic potential

2. The excited state
wavefunction evolves
over time according to
the Schrodinger
equation:
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1. A molecule
absorbs light and is
vertically excited

from the ground

state to one of the 3. Near the conical
excited states intersection, one finds

large population transfers

Figure 5.1: Diagram illustrates how excited state wave-function evolves over time.

Focusing on electronic spectroscopy, a more accurate description requires the inclusion of
multiple coupled electronic states, but the potential energy surfaces need only be accurate
over limited spatial extent, close to the ground state equilibrium geometry, as the low-
resolution simulation of spectroscopic processes only requires relatively short propagation
times of about 100 fs. One approach for simulating short-time phenomena is the use of a
vibronic model in a diabatic basis, where each electronic matrix element can be represented
by a short Taylor series expansion (quadratic, or even linear) in the ground state normal
mode basis. Diabatic vibronic models are very useful for extracting short-time dynamics
and spectroscopic information. [52, 53, 55, , , , , , | Standard electronic
structure methods for excited states can “in-principle” be used to obtain vibronic models,
but in practice require modification to extract the necessary vibronic information. Some
of these standard methods include: time-dependent Density Functional Theory (TD-DFT)
methods, [139, , 141] MBPT based methods [142, , 144], equation of motion coupled-
cluster (EOMCC) methods and similarity transformed EOMCC approaches. [115, , ,

, 149]

A variety of approaches are available to construct vibronic models in the diabatic rep-
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resentation. One approach is diabatization-by-ansatz, e.g. [135, , , , , |,
requiring only adiabatic energies at selected geometries. A more reliable option for models
with many electronic states are diabatization procedures which aim to optimize the result-
ing diabatic states based on the overlap of adiabatic states (at close lying geometries), or
non-adiabatic couplings. [53, 55, 56, 57, 58, , , : : : , 157]

After constructing a diabatic vibronic model, one can proceed with the calculation of
the absorption spectrum. ! One approach is using a time-independent Lanczos method. |52,

, , , | This approach can effectively simulate spectra for small to medium-size
systems. 2 One can also use wave-packet dynamics. These methods involve the calculation
of the time auto-correlation function (ACF) after initial vertical excitation, using the time-
dependent Schrodinger equation:

d N )
ih— (7)) = H" ™ |0 (7)) . (5.1)
dr
The MCTDH [59, 60, , 161] approach (and Gaussian wave-packet variations [107, 162])
are among the most successful wave-packet dynamics methods. In particular, the multi-
layer version of MCTDH [61, 62, 63, , | can be a highly efficient approach, but it does

require some judicious choices from the user, and convergence of the approach may be hard
to demonstrate convincingly. While the family of MCTDH methods are highly efficient, they
can still be rather costly due to the high dimensionality of the underlying primitive Hilbert
space. The challenges faced by the family of MCTDH methods motivates us to design an
alternative wave-packet dynamics approach.

The idea of this work is to design a second-quantized exponential ansatz that parameter-
izes the wave-function in a compact manner and to extract the time-correlation function by
propagating amplitude equations. The advantage of this approach is that it does not require
the introduction of a vibrational (H.O.) basis and the number of parameters scales with the
classical degrees of freedom.

In this paper, we develop a new method named “Vibrational Electronic Coupled Cluster
(VECC)” to (approximately) solve the wave-packet dynamics problem. VECC is an appli-
cation of the more general thermal normal-ordered exponential ansatz (TNOE) approach
developed by M. Nooijen and S. Bao. [25] TNOE is a general second-quantized operator
method for solving both time-dependent and statistical mechanical problems of bosonic and
fermionic many-body systems. VECC can be regarded as a special form of the TNOE
family of methods, in which we parameterize the time-dependent wave-function using a
second-quantized exponential ansatz.

Attempts to utilize CC methods for solving the bosonic many-body problem can be dated
back to the 1990s. Prasad developed a time-dependent CC method for single-surface multi-
dimensional vibrational problem, in which a polynomial expansion of anharmonic potential
is applied. [165] Mukherjee and co-workers proposed the thermal cumulant approach for the
statistical mechanics of the multi-dimensional vibrational problem. [2| In recent years, there

'based on the vibronic Hamiltonian and transition moments (dipole or more general)
Zbecause the simple form of the vibronic Hamiltonian allows one to use (primitive) harmonic-oscillator
basis sets.
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is a resurgence of this subject. Hirata et. al. [160, | use a similar operator approach, while,
earlier, Christiansen [168| introduces a basis set in his vibrational coupled cluster (VCC) both
aiming at obtaining accurate vibrational frequencies and fundamental transitions. However,
all these methods mentioned above focus on the single-surface vibrational problem. In this
paper, we extend the CC method to the multi-surface non-adiabatic dynamics vibronic
problem.

This paper is organized as follows: In section 5.3, we outline the vibrational electronic
coupled-cluster (VECC) theory. In section 5.4 the VECC method is used to simulate photo-
electron/UV-VIS absorption spectra for a handful of molecular compounds. We also share
an exploration of calculating diabatic state populations using VECC. In section 5.5 we sum-
marize the VECC approach and in a few final remarks we discuss some of the choices and
insights that provide further perspective on the approach, its limitations and possible im-
provements.

5.3 Theory

In this section, we introduce the formal VECC theory. The primary goals we aim to achieve
with the VECC theory are the simulation of photo-electron/UV-VIS absorption spectra and
the calculation of time-dependent diabatic state populations for gas phase molecular systems.

5.3.1 General overview of VECC Theory

Our starting pointing is a vibronic model Hamiltonian that is represented in diabatic elec-
tronic states and with the potential truncated up to quadratic terms. Model parameters can
be obtained using standard electronic structure methods and diabatization protocols. |53,

, 56, 57, 58, , : , , , : , , , , , , | The general
vibronic model Hamiltonian can be expressed as a sum over electronic states and bosonic
construction operators as follows:

H="|a) () (hz + 2 hiHalk + ) hida)

(5.2)
ai f AT A 1 aij (AT A 1 a A
ij ] ]

where labels a, b denote electronic surfaces and labels i, j denote vibrational modes.

In VECC theory, we first apply a bosonic second-quantized coupled-cluster (CC) ansatz
to parameterize the time-dependent wave-function. This CC ansatz is then substituted into
the time-dependent Schrédinger equation (TDSE) to form coupled-cluster (CC) equations-
of-motion (EOM) which are first order differential equations over time. Time dependent
properties can be determined by solving CC EOM numerically.
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Among the time-dependent properties, of particular interest is the time-autocorrelation
function (ACF). The ACF is defined as the overlap between initial wave-function and the
wave-function at time 7.

)(t = 7))
e Ty (t = 0)).
This property is of interest because the vibrationally-resolved electronic spectra of non-

adiabatic vibronic models can be generated through Fourier transformation of the ACF
(provided that the initial wave-function is designed carefully).

t=0 53
t=0 '

C(T) Fourier transform Spectra. (54)

To calculate the ACF we need to evaluate the quantum propagator e—ifl 7, whose Hamil-
tonian H (defined in Eq. (5.2)) has multiple electronic surfaces. This is problematic because
the exponential parameterization for multiple surfaces is non-trivial. We will first examine

simpler cases, such that the result can be generalized to multiple surfaces.

In section 5.3.2 we start with simplified single-surface quadratic vibrational models, which
serve as a prototype problem for exploring four different realizations of the VECC ansatz.
The preferred realization is then generalized to full multi-surface vibronic models in sec-
tion 5.3.3. Additional modifications are made to the ansatz to improve the accuracy of the
wave-function propagation, as well as simplify the VECC. Our approach for calculating time-
dependent properties using this new VECC method is outlined in section 5.3.4. We focus
on the ACF and the diabatic state population, although in principle any time-dependent
properties can be obtained.

5.3.2 Exploring four single-surface approaches

Consider a molecule sited at the minima of its ground state PES. Its dimensionless normal
modes are based on the ground state Hessian. The excited-state surface (near the vertical
ground state geometry) is parameterized as a multidimensional displaced harmonic oscillator
(D.H.O.) that includes Duschinsky rotations. The Hamiltonian that describes this multi-
dimension D.H.O. can be expressed as:

A 1 . R o .
H=E,+) Fhen (D7 +47) + > Viidid; + Y ud;, (5.5)

where I, w;, o, V;; are the vertical energy, frequencies, linear displacements, and quadratic
adjustment parameters respectively. The dimensionless momentum and coordinate operators
p; and ¢; can be expressed in second-quantized form:

1
qu' = _(&j' + di)’ (5-6)

S
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1

A Af A

. = —(a' —a.). 5.7
Di \/5( i z) ( )

Substituting Eqgs. (5.6) and (5.7) into Eq. (5.5) we can express the multi-dimensional
D.H.O. in a second-quantized form:

g 1 1 QG
> Jstal}+ Z (heoidiy + Vig) {ala;} (5.8)

Vij (ot Vij o o
e gataly + 30 Yaa),
i i

where the notation “{}” denotes normal ordering with respect to a vacuum state that satisfies

Using the definition of the Hamiltonian in Eq. (5.8), we will explore four different single-
surface approaches for solving the TDSE. The guiding principle when designing these ap-
proaches is to strike a balance between accuracy and robustness. To achieve this we compare
simulated ACF and absorption spectra of each approach against ED for a small model sys-
tem.

1. Single-exponential approach (|¢)) = el |0))

The first and most apparent ansatz is the single-exponential ansatz:

) = €T [0), (5.9)

where 7' is truncated at SD:
T:tﬁZt%aﬂéz:tmja}. (5.10)
i ij
Substituting this ansatz into the TDSE, closed-form CC VECC can be formulated

d » A
iEeT 0y = He™ |0). (5.11)

Multiplying by e~T on both sides of Eq. (5.11) gives us
AT b
i—10) = (e*THeT) 10)

= (f1e") o),

3The initial state in the simulation of absorption spectra is represented by |0) u, where u is a constant
representing the electronic transition moment. For this reason we can focus on an initial state represented

by [0).

(5.12)
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where the subscript “conn.” denotes connected. It can be proved that all disconnected
contributions explicitly cancel out in e~7 He® by writing the string of operators in normal
ordering and applying the Baker-Campbell-Hausdorff (BCH) series expansion. This is in

analogy to the usage of SR-CC theory in electronic structure. [169]*
Next, we introduce a projection manifold (0| Qf,
QL = {1, a, AiAj}a (5.13)
and project on both sides of Eq. (5.12)
. dr g
i (019}, = [0) = (0], (HeT)m. 10) . (5.14)

Coupled-cluster amplitudes can then be determined by numerically solving the set of ODEs
in Eq. (5.14). The ACF in these single surface cases is obtained from the projection against
(0], or the ©f, = 1 component.

To evaluate the single-exponential approach we will compare to ED, which is a numeri-
cally converged solution in a (large) finite basis. First we calculate an ACF. We then use the
autospec84 module in the MCTDH suite to Fourier transform the ACF resulting in a simu-
lated absorption spectra. [59] For the single-exponential approach, the simulated absorption
spectra agrees extremely well with the ED result.

The appealing feature of this single-exponential ansatz approach, is that it is numerically
exact for these quadratic model Hamiltonians. The formal proof of this conclusion is that
the CC residual equations are in closed form and the CC amplitudes truncate explicitly at
singles and doubles. As shown in Eq. (5.15), when applying Wick’s theorem to evaluate
triple residual, there are no surviving contractions, provided that H is at most quadratic.

(0] 4y, (ﬁeT) 0) =0 (5.15)
conn.

Although with this appealing feature of numerical exact for the single surface quadratic
Hamiltonian, we find difficulties to generalize the single-exponential ansatz approach to the
full vibronic coupling problem due to the non-unitary property of it. In the single-exponential
ansatz, we essentially parameterize the quantum propagator e A7 as it acts on the reference
state R R

el0) = e 77 0). (5.16)
The quantum propagator e~i7 ig an unitary operator while the exponential ansatz is non-
unitary. For single-surface harmonic vibrational problems, the norm of time-dependent wave-
function and the energy expectation value are conserved, as they are numerically exact. The
constant term ¢, in the operator T’ (Eq. (5.10)) plays a vital role in this regard.

However, we found that the non-unitary property of the single-exponential ansatz is
potentially problematic when extending to full vibronic models. Due to non-vanishing dis-
connected contributions in the CC residual equations, the resulting CC EOM are no longer

4For explicit proof of the connectness of the CC equations, please see appendix G.
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closed, and therefore the single-exponential ansatz (with singles and doubles truncation)
becomes an approximate method rather than numerically exact. When applying the single-
exponential ansatz to the full vibronic models, we observed divergence of the norm and
energy expectation values. > As a consequence, both the simulated CC amplitude and the
ACF diverges from our ED result (obtained using a converged finite basis).

To resolve this divergence issue, we propose another ansatz (Linear CI) that has a unitary
parameterization and therefore when extending to full vibronic models the norm and energy
expectation values are conserved.

2. Linear CI approach (|i) = 7 10)))

The second ansatz we introduce is the linear configurational interaction (CI) ansatz,
W) = Z|0), (5.17)

whose CI operator is truncated at SD:
Z =z + Z Zal + 5 Z z”a;-ra}. (5.18)
i ij

Applying the linear CI ansatz to the TDSE, we form the EOM:

‘ dz o
i (0] QLE 0) = (0| QLHZ|0) . (5.19)

As shown in Fig. 5.2b, it turns out that CISD is a poor approximation to the exact
solution of the Schrodinger equation. The CISD absorption spectra has large deviations
when compared to ED. This result is expected, since the CISD approximation is essentially
equivalent to exact diagonalization of the full Hamiltonian in a H.O. basis truncated to only
two-fold excitations. Such a basis set is too small to produce converged results for energy
eigenvalues. Unlike the single-exponential ansatz, which is fully connected and numerically
exact, the linear CI ansatz is not explicitly connected and also very approximate. In contrast
to CCSD, in CISD, the triples residuals are non-zero in the singles and doubles approxima-
tion. In Eq. (5.19), the right hand side of the equation is not connected and as a result the
exact CI equations do not rigorously truncate ever for Bosonic systems.

Although the linear CI ansatz has insufficient accuracy, its unitary property plays an
important role when extending to general vibronic models, since it dramatically improves
the numerical robustness of time integration.

Recall that our goal is to design an ansatz that keeps a balance between accuracy and
robustness. We have seen that the single-exponential ansatz is accurate but not robust (for
multi-surface models), while the linear CI ansatz is robust but not accurate. Therefore, we
propose another ansatz that combines the good features of these two ansétze, attempting to
improve both accuracy and robustness.

Divergence was not guaranteed, but with enough regularity (> 90% of our testing) divergence was
observed after propagating the ACF longer than 50fs (in the full vibronic models)
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3. Mixed CC/CI approach (|¢) = ¢7Z|0))

The mixed CC/CI ansatz is a hybridization of the single-exponential ansatz and the
linear CI ansatz. It is defined as follows

W) =e"Z|0), (5.20)

where

T=> taf, (5.21)

and

=20+ Zde + = Z 2afal. (5.22)

Let us note that we limit T’ to single "excitations” only as otherwise the approach Would
become exact again. Substituting this ansatz into the TDSE and projecting with (0] QT
(where Qf, is defined in Eq. (5.13)) results in new EOM:

ar , 4z .
(o], ( dTZ+ )|0> (0| QLHZ|0), (5.23)

where

H=e¢THe = (ﬁeT) . (5.24)

The left hand side of Eq. (5.23) has two unknown terms ($£ and 942) and therefore does
not have a unique solution. Since the manner in which these terms are specified is essentially
redundant, there is freedom to choose the manner in which we partition the right hand side,
or “net residual”, of Eq. (5.23) in terms of the T and Z residuals. With this freedom, we
choose to specify the EOM for T first, and then by definition the EOM for Z is the remaining

part of Eq. (5.23)

We specify the EOM for T in the same manner as traditional CC singles EOM (as shown
in Eq. (5.14)) and can then form EOM for 7"

dzfZ

= H°. 5.25
dT ( )

By substituting Eq. (5.25) into Eq. (5.23), we can form EOM for Z:

i (0] Qf == |o> (0| QLGZ 0y, (5.26)

where

73 H (5.27)

To determine the 7" and Z amplitudes as functions of time, we solve the coupled ODEs
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in Eq. (5.25) and Eq. (5.26) through the numerical real time integration. Each iteration
of the numerical integration is comprised of three stages. First, we perform the similarity
transform of the Hamiltonian in Eq. (5.24). Then, we equate the H* element of the similarity
transformed Hamiltonian H to % based on Eq. (5.25). Lastly, we determine Ccll—f using
Eq. (5.26) and propagate the differential EOM.

As shown in Fig. 5.2¢, the mixed CC/CI ansatz is no longer numerically exact. As in
the case of linear CI ansatz, the EOMs for Z in Eq. (5.26) are not in a closed form and the
Z amplitude equation does not strictly truncate at any excitation level. However, it is not
surprising that the mixed CC/CI ansatz can reach considerable accuracy when compared
to ED. This is because the linear coupling constants are the dominant terms in the vibra-
tional model Hamiltonian, and the 7 amplitude, which has an exponential parameterization,
accounts for the linear coupling contributions in the CC EOM. Meanwhile, Z’s amplitude
mainly takes account of remaining quadratic coupling contributions in the time-dependent
wave-function, which are much smaller than the linear coupling contributions.

When applied to vibronic models, the mixed CC/CI ansatz improves the robustness when
compared to the single-exponential ansatz, because the Z component of the ansatz has a
linear parameterization which is unitary.

However, it turns out that the mixed CC/CI ansatz can still have numerical divergence
issues when being directly extended to full vibronic models. In the next section, we introduce
one final refinement based on mixed CC/CI ansatz that further improves both accuracy and
robustness.
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4. Modified projection manifold approach ({0 QL@TT)
For the final approach we adopt the mixed CC/CI ansatz described in the previous

section, but modify the projection manifold by introducing the operator e
o/ Qfe™e T, (5.28)
which is applied to both sides of the EOM in Eq. (5.23)
7 a7 ., dZ R
(0] QLe™ ( - —7+ zd—> 0) = (0] Qfe™ HZ0) (5.29)

We keep the EOM for 7T amplitudes the same as Eq. (5.25) and then substitute them
into Eq. (5.29) to form EOM for Z amplitudes.

i (0]9)== \o> (0] L™ G2 10y - <0\QL(6T*—1)gyo> (5.30)

The numerical integration procedure, similar to the previous section, is comprised of
three stages for each iteration. A complication however, is that there are more terms in the
7 residual equations. To evaluate the term we need to solve the equation in a descending
sequence, from hlghest order of truncatlon to lowest order truncation. This is because the
higher order 4 —T operators contribute to the lower rank sector when multiplied by e, and

they need to be consecutively substituted into lower order Z residuals.

Comparing to the EOM of Z in the previous section Eq. (5.26), the introduction of the
modified projection manifold complicates the EOM of Z.

It is gratifying that modifying the projection manifold using eI’ notably improves agree-
ment with ED as seen in Fig. 5.2d. Interestingly, the formal parameterization of the wave-
function has not improved, but the values for the parameters have improved.

If one does not adjust the projection manifold one may get ill defined equations for
the time-derivatives, and they can easily start to diverge in multistate problems. This is
the situation one needs to avoid, and adjustment of the projection manifold to capture the
position of the wave packet appears to be effective, and robust.

The scheme described in this section will be adopted and extended to the full vibronic
models. We will elaborate in more detail the reason why the parameters can be improved by
introducing the modified projection manifold insection 5.3.3. In a full vibronic model, when
introducing multiple electronic surfaces, the partition of T and Z residual becomes more
complicated. In the following sections, we will describe how to tackle these complications
and optimize the choice of the partitioning of T residual.
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Figure 5.2: Comparison of the different absorption spectra produced by the single-surface
approaches. Spectra are benchmarked using ED.

5.3.3 Approach for full vibronic models

In this section we develop the VECC parameterization for general multi-surface vibronic
models, and we will discuss the detailed EOMs for all the parameters. Given a vibronic
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model Hamiltonian, as described in Eq. (5.2), our goal is to develop a computational method
that can efficiently simulate the non-adiabatic dynamics of the model, with a focus on the
ACF and diabatic state population. In the following sections, we will discuss how to extend
the robust mixed CC/CI ansatz (defined in section 5.3.2) from single-surface vibrational
models to full vibronic models.

We choose to truncate 1" at singles for two reasons: First, we show that 7T, has minor
effect for single-surface quadratic vibrational-models (compare to ED). The same argument
can also be applied for the fully vibronic coupling case. Second, as will be shown later,
adding 75 in the ansatz will complicate the expression of the diabatic state population, as
well as other time-dependent properties. For consistency reasons we use only singles in T
also when calculating ACF.

We firstly outline a straightforward extension. Then, we improve on this extension using
an Ehrenfest parameterization. Finally, we present additional manipulations, which result
in a significantly simplified computational procedure for the propagation of the amplitudes.

1. Extending the single-surface approach to multiple surfaces

The full wave-function of non-adiabatic vibronic models can be expressed as a linear

combination of electronic states, which are each initiated in a single diabatic electronic state
b

U(r)) =D xsle(7))y, (5.31)

where the weight of each electronic state y; is the transition dipole moment, which we assume
to be independent of geometry, as is reasonable for vibronic models.

At 7 = 0 we assume, for each electronic surface, that all vibrational modes are in their
ground vibrational state

[¢(7 = 0)), = b,0), (5.32)

where the labels b and 0, in the RHS ket |b,0), denote electronic surface b and ground
vibrational levels (using GS normal modes) respectively. The initial state of the quantum
dynamics propagation can then be defined as: 6

[U(r =0)) = x1b,0). (5.33)

The wave-function of each electronic state, b is parameterized using the mixed CC/CI
ansatz

(1)), =Y e Z,(7) |2, 0), (5.34)

where

7= #al, (5.35)

%

6This initial condition can be further generalized to adapt to different experimental setups, but these
generalizations are beyond the scope of this chapter.
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and
Zy =20+ Zal+ 5 Zzgjj (5.36)

As in the case of the single-surface vibrational problem in Eq. (5.20), this ansatz consists of
two components: T and Z. The T operator is truncated at singles and has an exponential
parameterization. Importantly it has no electronic-surface dependence. The operator Z is
truncated to singles and doubles and has a linear Cl-like parameterization. It has components
specific for each diabatic electronic state. Let us emphasize that the time propagation for
each state |¢(7)), is independent. The time-correlation function combining the information
from the individual state propagations and transition dipoles is assembled later.

Substituting Eq. (5.34) into the TDSE and projecting against (y, 0| QL@’T gives the
following EOM:

a7 , 4z _
i 4%y _ ]
(v, 09, (zEzy + Z?) [y,0) = Z (y. 0| QU HZ, |,0), (5.37)
where B L o
H=cTH = <H6T> . (5.38)

In Eq. (5.38) we transform each individual electronic component H{ with the same purely
vibrational operator e and the result is connected.

As in the case of the single-surface approach, we modify the projection manifold by
inserting eT" to produce new EOM:

s (AT dZ, PR
(y,0/Qle (zd—Z +7,d— y,0) = (y,0| Q" HY Z, |2,0). (5.39)

T
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----- diabatic potential
—— adiabatic potential

Initial wave packet

\ Wave packet at time

Initial wave packet with linear
displacement

Figure 5.3: By introducing eTT, we shift the center of the initial wave-function, or reference

state, to align it with the current wave-function at time 7.

As illustrated in Fig. 5.3, the goal of introducing this modification of the projection
manifold is the same as in the single-surface case. It shifts the center of the reference state
to align with the center of the moving wave-packet, thereby incorporating contributions of

higher level excitations in the linear Z ansatz.

effect. Likewise, when acting on the bra state (0, z|e

In the mixed CC/CI parametrization, the exponential part el |0, z) serves as a moving
Gaussian wave-packet that includes a linear displacement or (passively) the geometry change

7
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Because the excitation operators QL commute with eTlT, the states (0, z| QL@Tf represent
excitations out of a moving reference state, which follows the time-dependent wavefunction.
This is a more suitable projection manifold than exciting from the initial state, which can
easily lead to near singular equations, because of near zero overlap at later times. This
explains why the values of the parameters in the mixed CC/CI approach are improved by
introducing the modified projection manifold.

This modification improves both the accuracy and robustness.

Similar to the single-surface vibrational problem, the parameterization of the mixed
CC/CI ansatz here is redundant. One is free to choose how to partition the T and Z
residuals from the “net residual” in the right hand side of Eq. (5.39). One straightforward
choice is to parameterize T" as the diagonal matrix elements of H (for the initial state b) as
a direct analogy to the single-reference case (see Eq. (5.25)):

A

By definition the EOM for Z are the remaining components of Eq. (5.39).

We have therefore extended our mixed CC/CI ansatz from single-surfaces to general
multi-surface vibronic models. By evaluating the equations in this section we can efficiently
simulate the non-adiabatic dynamics of the model.

While straightforward, this computational method has problems due to our partitioning
of the 7' and Z residuals. In Eq. (5.34), the sum over x is a sum over all electronic states.
T has no electronic label while Z has electronic surface dependence. At this stage the T
operator only captures the diagonal surface contributions from the initial state b, while the
Z operator captures both the diagonal and off-diagonal contributions of the time dependent
wave-function. This is not ideal as the dominant contributions (the exponential operator
which includes infinite fold excitations in the Taylor series expansion) do not incorporate the
surface crossing contributions of the time dependent wave-function.

To tackle this, we devise an improved parameterization of the 7 (and therefore Z ) residu-
als in the following section. This parameterization accommodates the switching of electronic
surfaces of the moving wave-packet which, to some extent, allows T to incorporate surface-
crossing contributions of the time-dependent wave-function.
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2. Ehrenfest parameterization of T residuals

The T component in the ansatz (Eq. (5.34)) has an exponential parameterization which
incorporates high level excitations from its Taylor series expansion. Therefore if the T
component is the dominant contribution of the time-dependent wave-function we should
expect more accurate results. Our goal then, is to partition a large portion of the “net
residual” on the T residual. To achieve this goal, we borrow the idea of Ehrenfest dynamics.
Ehrenfest dynamics has been applied to ab-initio molecular dynamics, in which forces on
nuclear motion are evaluated by taking weighted averages over all PES contributions when
solving the Newtonian EOM [906].

In our case, we parameterize the T residual as a “weighted average” over all electronic
states, where the weight is the approximated CI coefficient of each electronic state in the
time-dependent wave-function. In this way, the e’ component of the ansatz describes the
“average motion” of the wave-packet over all electronic states.

Our Ehrenfest parameterization of the T residual is:

dt’ % i
i-=C > ()" R, (5.41)
Y

where R; is defined as the singles residual, containing only the constant order contributions
of Z:
Ry =" (y,0]a,e" H2) |2,0). (5.42)

By setting the coefficients to be the zero order component of Z (c(y) = 22) they essentially
parameterize the Hermitian conjugate of the zero order component of the wave-function:

(ol ~ Y (2,0[ (z9)" =D {&, 0] ()" (5.43)

T x

In practice, our choice of the cg coefficients is different due to considerations discussed in the
next section. The coefficient C' is the real, positive normalization constant

C = (Z (cg)*cg> N (5.44)

By taking the electronic state average to parameterize the T residual, the surface crossing
contribution of the time-dependent wave-function is incorporated. For vibronic models with
strong coupling, the wave-packet might be switched from its initial PES to another PES (or
some linear combination) during the propagation. The Ehrenfest dynamics parameterization
of T residual can accommodate this change of surfaces through the weighted average over all
electronic states. When a switch occurs, the surface that the wave-packet switched to will
have dominant weight in the time-dependent wave-function.

Using the Ehrenfest parameterization of 7', by substituting Eq. (5.41) into Eq. (5.39), we
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formulate the new EOMs for Z

, L dZ St A
i{y, 01— [y,0) = > (0" GZ, |x,0)
- A (5.45)

s dz
. Al
where

G=H-i—1 (5.46)
dr
The formulation described above gives an efficient computational method to simulate
wave-packet dynamics of non-adiabatic vibronic models. By introducing the idea of Ehren-
fest dynamics to partition the T residual, we have improved the choice of the T residual
parameterization. Because T’s EOM (Eq. (5.41)) are coupled to Z’s EOM (Eq. (5.45)),
both the 7" and Z components of the ansatz incorporate the vibronic coupling effects.

Next, we introduce a minor modification of the current scheme. The motivation to
introduce this modification is purely technical; the modification does not affect the end
result, but rather simplifies the software implementation and increases the computational
efficiency.

3. Simplification of the EOM through similarity transformation

As been discussed previously, the modified projection manifold can improve both robust-
ness and accuracy of the VECC method. However, there are some practical challenges with
implementing the modification. The e¢" operator will dramatically increase the number of
terms in the CC residual equations. This has two side effects. It increases the difficulty of
manually deriving the CC residual equations and the corresponding EOM. It also results
in more terms being present in the CC residual equations, which makes the computational
method more expensive. In order to reduce the chance of human errors in deriving the
working equations as well as reduce the computational cost, we introduce a modification of
the scheme described in the last section.

We insert resolutions of identity < e ) into Eq. (5.39):

dT dZ
SV B A TT
{y, 0/ e <d7< )Z i )Iy, 0) =

(5.47)
Z (y, 0 QL@TTIEI (e_TTeTT> Zy |,0) .
We can simplify Eq. (5.47) by defining four new quantities
H=c"(H)c T = (eT*fz) (5.482)

A r AT
A Tt . _7t _ Tt .
p=e (Z—Ch_) e (e Z_dr) (5.48Db)



Gy |z, 0) = (eTTZx> ,0) = (eT* Z) 1z, 0) (5.48¢)

: _ (), 9%
Dyly.0) = (¢ = 1) i |y,0) (5.484)

that can be used to formulate more compact EOM for Z:

~

, 7 N
(01— 15,0) = > (y,0/2] (H - p) Cy |z, 0)

T

(5.49)
- <y7 0| QLﬁy |ya O> :

All four quantities can be regarded as similarity transformations, although the last two

may not be immediately obvious. It uses eZ' [0) = [0). In addition, H can be regarded
as a doubly-transformed Hamiltonian, first by el from the right, then by eT" from the left.
Another detail is that C, from Eq. (5.48c) has the form ¢ + L +¢2 where the constant term
@ defines the weights of electronic states in the Ehrenfest parameterization of T amplitude
in Eq. (5.41). To numerically integrate the cluster amplitudes we pre-calculate all four

intermediate quantities and then use them to calculate the Z residuals, as seen in Eq. (5.49).

This new scheme has two main advantages. The first is that we simplify the EOM of
Z. Eq. (5.49) resembles a linear CI equation which has fewer terms in its residual than
the exponential form in Eq. (5.45). Consequently, the chance for mistakes when manually
deriving the working equations of Z is reduced. Secondly, by pre-calculating the intermediate
quantities in Eq. (5.48) we avoid repeatedly evaluating them in the CC residuals, which

reduces the computational cost compared to the original scheme.

It is important to highlight that the purpose of this similarity transformation scheme
is purely technical. The new scheme is mathematically equivalent to the previous scheme
and both will produce identical results. In our opinion, this new concise formulation of
VECC theory also bears some aesthetic value. In this way, we have finalized the formal
VECC theory for non-adiabatic nuclear dynamics. In the next section we will discuss how
to compute time dependent properties using VECC theory.

5.3.4 Calculating time-dependent properties with VECC

As previously described, the general procedure for calculating time-dependent properties
using VECC is fourfold: 1. the time-dependent wave-function is parameterized using an
ansatz; 2. EOM are formed by substituting that ansatz into the TDSE; 3. cluster amplitudes
are obtained by solving these EOM numerically. 4. properties of interest can be mapped
from the cluster amplitudes.

In section 5.3.3 we parameterized the time-dependent wave-function using the mixed-
CC/CI ansatz. In the previous two sections we outlined the EOM of interest and the ex-
pressions for the T and Z (cluster) amplitudes. In this section we describe the procedure for
numerically evaluating those amplitudes and how they are mapped to properties of interest.
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We specify the initial conditions of the amplitudes:

T(r=0)=0, (5.50)

Zy(T = 0) = bz, (5.50b)

where the surface label b denotes the electronic surface of interest. Time-integration of the
T and Z amplitudes (as given in Eq. (5.41) and Eq. (5.49)) is performed one surface (b) at
a time. Because these amplitudes parameterize the time-dependent wave-function |[¥(7)),
time-dependent properties can be mapped through the amplitudes. We will first look at the
ACF.

1. Calculation of time-autocorrelation function (ACF)

To compute the ACF, we first construct the matrix elements of the quantum propagator
Uap = (a,0] e 7 |b,0) (5.51)

in a “column by column” fashion. Each column b is obtained by numerical time integration
starting from it’s initial conditions (as specified in Egs. (5.50a) and (5.50b)). 7

Uap = (a,0]¢” " Z, |y, 0) = 20 for b€ {by,ba, -} (5.52)
)
By substituting the expression of the U matrix from Eq. (5.52) into the definition of the
ACF in Eq. (5.3), we can map it to the CC amplitudes:
C(r) = (¥t =0)|¥(t=r1))

= Z Xa (@, 0 e T 1b,0) xs
ab (553)

= Z XaUab(T>Xb7
ab

where Y, denotes the transition dipole moment of the diabatic electronic state b. 8 Thus, by
calculating U,,(7) we can straightforwardly obtain the ACF for a system of interest.

"In practice, to better mimic the experimental setups, we turn off the cross contribution or Va # bU,, = 0.
8In Eq. (5.53), we assume that the transition dipole moment is along one dimension. In practice, we can
have transition dipole moment data that is along the x,y,z dimensions. We then calcuate the ACF along one
direction at a time using Eq. (5.53) and then take that average of the three dimensions (divided by three).
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2. General expression for expectation value (O(7))

In general, the time-dependent expectation value for a quantum operator O is defined as

(W(7)|Oy (7))
W(r)w(r)

The evaluation of this expression for a general operator is nontrivial. The first challenge
is that in conventional coupled-cluster theory for electronic structure, the cluster expansion
series for both the numerator and denominator are formally infinite (when directly applying
the CC ansatz into them). Another concern is that the CC amplitudes are not small in
general. However, in VECC theory we use a series of mathematical manipulations to evaluate
terms without truncation, and in a simple manner. The essential idea is to introduce a
similarity transformation to cancel out the disconnected contributions in the expression,
resulting in a finite expansion of the CC amplitudes. In this section, we derive a mathematical
expression for a general time-dependent property as given by Eq. (5.54) in a concise form
(finite expansion).

(O(7)) = (5.54)

We begin by evaluating the denominator in Eq. (5.54), using the VECC ansatz from
Eq. (5.34):

A A-1— &N OA
W) => (y,0[ Zje" " Z, |2,0) . (5.55)
x7y
Let us note here that we assume a single propagated wave function in this section, and
do not propagate a superposition of states starting from an initial state for each surface.
This simplifies the procedure and serves our current purposes. We insert a resolution of the
identity

W) =3 (0,028 (") e’ 2, |2,0), (5.56)
resulting in the term e~ Tel" eT, which we can evaluate by expanding using a BCH series

et = e Tel"eT  where (’f = Ztidj) , (5.57)
such that

~ L A 1 L A ~
G =T+ [TT,T} +5 HTT,T} ,T} +o

— Z(t")*di + s (5.58)

=T +59 where so= Z(ti)*ti

)

Notice that this (infinite order) formula is particularly simple when using 7' truncated at
singles and this is the prime reason that we use only singles in the T" operator.
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Substituting the BCH series from Eq. (5.58) into Eq. (5.56), results in

WO =3 (0 21" ("'e) Z, |2,0)
v (5.59)
=Y (2,0] ZleT e Z, |2, 0).

x

We continue by inserting more resolutions of identity

e’ Z (x,0] ZA;GT (Z |z, n) (x, n|) "7, |z, 0) (5.60)

T

such that

(W(r)le(r Z Z (5.61)

where

Chz = (z,n] ' 2, |z, 0) . (5.62)

We can easily expand Eq. (5.60) by applying Wick’s theorem. In this fashion we have
obtained an expression for the denominator as a finite expansion of the CC amplitudes.
Next we apply similar mathematical tricks to evaluate the numerator.

We begin by substituting the VECC ansatz (from Eq. (5.34)) into the expression of the
numerator in Eq. (5.54) as follows:

W) O(r)) =3 (y,0| Ze™ O Z, |, 0) . (5.63)

x?y

We introduce similarity transformations (in the same fashion as we did previously) by in-
serting a resolution of the identity, transforming eI OeT into eI'eTO where

O=eT0eT = <O€T> o (5.64)

Following that, eT'eTO is replaced with eTel’e0 0 by inserting another resolution of the
identity and using the same BCH expansion from Eq. (5.58) (e TeT'e” — eT'e%). In this
manner we can re-express Eq. (5.63) as

WO o) =3 (5,0 ZleTe™ e 0Z, |2,0)
I!Z‘/
e (y,0| ZJGTGTT@ZAQC |z, 0) .

z,Y

(5.65)
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Then, as in Eq. (5.60), we insert an additional resolution of identity:

e > (y,0 ZJeT (Z ly,n) <y,n!> e'0Z, |x,0), (5.66)
T,y n
such that
W) Of(r)) =e > Ch, (y,nl ™ 0Z, |2,0). (5.67)
z,Y,n

where the term (y,n|e?"OZ, |x,0) in Eq. (5.67) has the explicit form of the right hand side
in the CC EOM from Eq. (5.39). We can evaluate this term using VECC residual equations
of the form in Eq. (5.42) simply by substituting the matrix elements of O in place of H.

Thus, we have derived an expression for both the denominator and numerator of a general
time-dependent property, as expressed in Eq. (5.54), with finite truncation of the VECC
amplitudes.

We will further simplify Eq. (5.67), by applying the similarity transformation scheme
discussed in section 5.3.3. We start by inserting resolutions of the identity:

(W(n)] 0 \w<7>>
=e% (U, n ™0 ( TTeTT> Zy |x,0).

z,Y,n

(5.68)

As before, we define similarity transformed intermediate quantities (in this case we only
define the two quantities for the right hand side):

O=el"0e T, (5.69a)
Oy |z, 0) = T Z, |2, 0) = (eTTZ$> 12,0) . (5.69b)

Substituting these intermediate quantities into Eq. (5.67)

() Of(r)) = e >, (y,n| OC, |z,0) . (5.70)

z,y,n

Following the arguments in section 5.3.3 by pre-calculating the intermediate quantities, one
can simplify Eq. (5.67) and reduce the computational cost. Additionally, Eq. (5.70) is math-
ematically equivalent to Eq. (5.67) and the expectation value is invariant with respect to the
insertion of the resolution of the identity.

Substituting the numerator expression in Eq. (5.70) and the denominator expression in
Eq. (5.61) into Eq. (5.54) we can express the expectation value of a generic time-dependent
property (in a finite expansion of the VECC amplitudes) as follows:
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A > G, (y,n| OC, |z,0)
(O(m) ==~

5.71
Z C;rz,zcn,x ( )

z,n

Thus, we derived an expression in a concise form.

In the next section we will focus on calculating diabatic state populations, although in
general the scheme discussed in this section can be applied to calculate an arbitrary expec-
tation value of time-dependent properties. The implementation of approaches to calculate
time-dependent properties other than the diabatic state population is beyond the scope of
this paper, but it opens the possibilities for future work.

3. Calculation of diabatic state population

If we are interested in a specific property (e.g. the diabatic state population) we simply
choose a form for the operator O

0= Z la,n) (a,n|, (5.72)

and substitute it into our concise form in Eq. (5.71) resulting in an expression for the diabatic
state population:

Z O;’rb,acnﬂ

- Z CrTL,an,r ‘

z,n

P,(1) (5.73)

In this way, we have derived a concise expression for the diabatic state population. In our
implementation of VECC we use Eq. (5.73) to calculate the diabatic state population. In
practice, we begin by determining the T and Z amplitudes through numerical real-time
integration. At each time step, the diabatic state population is mapped from the T and Z
amplitudes in an “on-the-fly” fashion.

5.4 Result and discussion

The VECC approach (described in section 5.3.3) is implemented in the open source code
t-amplitudes. [|70] We evaluate the VECC method at both doubles (SD) and triples (SDT)
truncation of the Z amplitude and with singles (S) truncation of the T amplitude. The ex-
plicit working equations used in t-amplitudes are generated by the equation generator
developed by Raymond et al , whose open source software package termfactory is avail-
able on GitHub. [171] In the implementation, CC amplitudes are obtained through numerical
real-time integration, and time-dependent properties are mapped from those CC amplitudes.
Third-party Python libraries NumPy and SciPy are utilized in this implementation to solve
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numerical ODEs and tensor products. [172, | The code is optimized to reach high perfor-
mance.

We simulated the vibrationally-resolved electronic spectra and the diabatic state popu-
lation for various models. All results are computed using the implementation of the VECC
method as described in section 5.3.4. These results are benchmarked against MCTDH and
ED.

5.4.1 Summary of vibronic models

In section 5.4.2 we explore representative vibronic spectra and diabatic state population of
small two by two models, which have two electronic surfaces and two normal modes. (explicit
model parameters shown in the appendix H). Since two by two models have a small number
of degrees of freedom, we can afford to compare VECC results against ED in a converged
basis set.

The latter can be regarded as numerical exact results. This allows for convenient testing
of the VECC method for spectra and diabatic state population simulation for a variety of
vibronic models. We will also use these models to test the convergence of VECC method
in terms of excitation level of the Z operators, in a so-called matrix-based VECC imple-
mentation which is only applicable to small models (See appendix H.1 and discussion in
section 5.4.2).

In section 5.4.3, we investigate the photo-electron spectra and diabatic state population of
“small” molecules, specifically water (HyO), and ammonia (NH3) (model parameters available
in the appendix H.1). For these models we anticipate good agreement with the (converged)
MCTDH results for spectra.

However, we will show that the diabatic state population is still challenging to converge
with low ranking (up to triple truncation) Z operators.

The goal of this section is to demonstrate the validity of the VECC method for real
molecular systems.

Then in section 5.4.4 we investigate the absorption spectra for “larger” molecules, specif-
ically the widely-tested pyrazine (C,H4Ns), and hexahelicene (CosHyg), and we use model
parameters available in the literature (see below). In these complicated models, we are more
focused on qualitative comparison with the MCTDH results. The intention is to highlight
the efficiency of the VECC method, while capturing the qualitative spectra.

Due to the qualitative focus and the large number of electronic states for systems such
as hexahelicene we chose not to investigate their diabatic state populations.

The two by two models are described by the Hamiltonian:

H=K+V
| Ea+ho+ M 0 0 7¢
o 0 Eb + ho + )\qu Y42 0 ) (574)
1
ho = é(wltﬁ + w2q§>,
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where F, and Ej are vertical energies corresponding to the two electronic states, w; and
wy are the frequencies for the two vibrational modes, A; and A\, are linear displacements
corresponding to the two PESs and v dictates the strength of the Peierls (off-diagonal)
vibronic couplings.

Of the various two by two models we tested we discuss three: model A, model B and
model C. The models differ only in the linear displacement parameters A; and Ay. All model
parameters are presented in the appendix H.1. These models are typical strong vibronic
models since they have a small energy gap between the two electronic states and sizeable
Peierls vibronic-coupling constants.

The water and ammonia models were generated using code developed by the Nooijen
group. Constructing these models begins by obtaining excited states energies. This was ac-
complished using electronic structure calculations, specifically an IP-EOMCCSD method. |

, , , , , | Next, a diabatization procedure was applied using the VIBRON
software package. [71] These calculations were performed by Julia Endicott. [181, 182]

The water model (3 states, 3 modes) is a typical weak-coupling system. The energy gap
between each electronic state is very large ~ 3eV. The vibronic couplings are dominated
by Holstein couplings (diagonal matrix elements) and there is only one Peierls coupling
(off-diagonal elements).

The ammonia model (3 states, 6 modes) is a typical strong-coupling system. Two of the
three states are degenerate JT states whose energy levels are higher than the non-degenerate
state. All of the three states are coupled with each other through Peierls couplings. While
the two degenerate JT states are strongly coupled with each other, the non-degenerate state
is weakly coupled with the two degenerate JT states due to the large energy separation (~
6¢eV) between them.

The pyrazine and hexahelicene models were obtained from the literature. The widely-
tested pyrazine model was obtained from the reference by Raab et al. [128] This model has
2 electronic states and 24 vibrational modes. The two electronic states have ~ 1eV energy
separation. The vibronic-coupling constants are truncated to bilinear couplings. The model
parameters, time of propagation, and settings of the Fourier transform are obtained from
the reference.

The hexahelicene model was obtained from the reference by Aranda et al. [56] This model
has 14 electronic states and 63 vibrational modes. All electronic states in this model are
close lying, with ~ 0.2 eV energy separation. Vertical energies were computed using TD-DFT
with only linear vibronic-coupling constants (LVC). We benchmarked our VECC calculation
against the multi-layer (ML)-MCTDH calculation provided in the reference.

5.4.2 two by two models

To illustrate the accuracy of VECC, we compare to ED for the two by two models, which
are typical of strong-coupling systems.

Although VECC demonstrates highly accurate spectral simulation of model A and model
B, even when using low ranking cluster operators (T truncates at S and Z truncates at SD
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and SDT), the results (shown in the appendix H.2) do not demonstrate convergence. In this
section we use model C to explore the convergence behaviour, in terms of the excitation level
of Z operator, of the VECC approach.

To test the convergence behaviour we use a matrix-VECC approach in which Z-coefficients
are propagated up to an arbitrary maximum excitation level MaxExc. This approach is
computational expensive, compared to the operator-VECC, but it allows for easy testing of
higher order excitations. By constructing the matrix elements of the doubly transformed
Hamiltonian (plus some additional terms) over H.O. basis states, up to some maximum total
excitation level (MaxExc) we can propagate Z-amplitudes as a matrix-vector product, while
the 77 amplitudes are solved as before. Both approaches are mathematically equivalent (e.g.
Z:SDT = MaxExc=3). The complete matrix-VECC scheme is elaborated in the appendix
H.3.

Simulated spectra and diabatic state populations of model C are shown in Fig. 5.4 and
Fig. 5.5, respectively. It is clear that VECC reaches convergence at MaxExc=8, while ED
(not including 77) requires MaxExc=80. This demonstrates that by increasing the excitation
order of Z, the result eventually converges towards to the exact solution.
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Figure 5.4: Simulated spectra of model-C using VECC and ED. The convergence of VECC
is compared against ED for various excitation levels of the Z operator.
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Figure 5.5: Simulated diabatic state population of model-C using VECC and ED. The
convergence of VECC is compared against ED for various excitation levels of the Z operator.
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5.4.3 Small molecules

To further examine the performance of the VECC method, we simulate the photo-electron
spectra and diabatic state population of the water and ammonia vibronic models.

1. Simulation of photo-electron spectra

As shown in Fig. 5.6, we simulate the spectra for water and ammonia molecules and
benchmark with the MCTDH method. In both calculations we use n = 1 and 7 = 40fs
when running autospec to generate spectra from the ACF. Fig. 5.6a shows the simulated
spectra of the water molecule, which is a typical weak-coupling system. The spectra has
three bands; each band roughly matching the energy level of one excited electronic state.
The bands are broadened by excitations of vibrational levels. In general the spectra match
very well, although there are tiny discrepancies on a few peak intensities. We regard them
as insignificant. ?

Fig. 5.6b shows the simulated spectra of the ammonia molecule, which is a typical strong-
coupling system. The spectra of the ammonia molecule, has two bands. The higher energy
band closely matches the energy level of the two degenerate JT states, and the lower energy
band corresponds to the remaining non-degenerate state. For the lower energy band, VECC
almost exactly matches MCTDH. In the higher energy band, VECC produces similar peak
shape and width compared to MCTDH, but produces slightly different fine-structures, that
may be hard to converge.

In general, we show that the VECC method can produce accurate vibrationally-resolved
electronic spectra. The VECC method has some difficulties predicting fine-structures con-
sistent with MCTDH for vibronic models with strong coupling. However, the accuracy
is acceptable and consistent with experimental spectra, yielding semi-quantitative results.
Moreover, the VECC method has a significant advantage in terms of computational runtime
compared to the MCTDH method, as well as its ease of use.

9Gince these two methods are fundamentally different, we do not anticipate that they should produce the
exact same result. In particular MCTDH results are subject to truncations of a finite basis set.
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Figure 5.6: Simulated absorption spectra of water and ammonia molecular compounds us-
ing VECC and MCTDH. Both are generated through a Fourier transform of their time-
autocorrelation functions using autospec84.

2. Simulation of diabatic state population

Next we turn to the calculation of diabatic state populations. Fig. 5.7 shows the evolution
of the diabatic state populations for ammonia and water. In both plots (in Fig. 5.7a and
Fig. 5.7b), we show results for both double and triple truncation of Z. Though not fully
converged with triple Z , the result tends to converge towards the MCTDH by increase the
excitation orders of Z. In general, the VECC approach qualitatively matches the trend of
time evolution of state population of the MCTDH result but with longer periods of quantum
coherence, as well as stronger Rabi oscillations.
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Figure 5.7: Simulated diabatic state population of water and ammonia models using VECC
and MCTDH. The symmetry label of each state is listed in parentheses.

The cause of this discrepancy is likely associated with the Ehrenfest parameterization
described in section 5.3.3. In this parameterization, we chose T to be independent of elec-
tronic states and weight-averaged over all electronic states. As shown in Eq. (5.75a) and
Eq. (5.75b), each diabatic state is determined by a linear cluster expansion based on a
common reference state.

refy = 7™ 3" b, 0) (5.75a)
b

1Dy) = Z(7) [ref) (5.75b)

For example, if we choose to truncate the 7 amplitude at doubles (for each vibration mode)
the different diabatic states could differ by, at most, two-fold excitations (in terms of the vi-
brational degrees of freedom). This has the side effect of preserving the large overlap between
the different diabatic states throughout the time evolution. Thus, the VECC populations
oscillate more strongly than the MCTDH populations. In general, we need higher excitation
of Z amplitude to converge the state population calculation in the VECC method which is
consistent with the result for the simple two by two models.
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5.4.4 Large molecules

The benchmarks for spectra of small molecular compounds demonstrate that the VECC
method is capable of accurately simulating vibronic spectra. To evaluate the efficiency of
the VECC method, we benchmark absorption spectra for larger molecular compounds. As
shown in Fig. 5.8 and Fig. 5.9, we simulated the absorption spectra of two large molecular
compounds pyrazine and hexahelicene. In both calculations, to generate spectra from ACF,
we use the same empirical broadening parameters as described in the correspond original
references. [50, 128]

The absorption spectra of pyrazine, shown in Fig. 5.8 was simulated using VECC and
MCTDH. The spectra has two bands: the lower energy band ranges from 1.4eV to 2.0eV
and the higher energy band ranges from 2.0eV to 3.0eV. The VECC spectra roughly
matches the MCTDH spectra in both bands. Compared to MCTDH, the VECC method
produces sharper peaks and richer fine-structures in the higher energy band. The cause of
the discrepancies between the two methods can be complicated. Note that, as shown in
the reference by Raab et al, the MCTDH spectra fails to match the experimental spectra
without introducing empirical broadening of the peaks in the Fourier transform. [125]

In Fig. 5.8b we can see that as truncation order of the Z amplitudes increase, the spectra
converges towards the MCTDH spectra, especially with regards to the peak intensities. The
spectra results are close to each other in general. We therefore conclude that we have
sufficient convergence in our VECC calculation, in terms of the truncation level of the CC
amplitudes.

VECC shows tremendous advantage in terms of computation runtime compared to MCTDH,
between two to three orders of magnitude faster. It takes > 1 day (using an Intel Xeon
E5-2667) to simulate the spectra of the pyrazine vibronic model with MCTDH. !© The
VECC method, takes ~ 1minute with doubles (SD) truncation of the Z amplitude and
~ 2.5 minutes with triples (SDT) truncation of the Z amplitude (using an Apple M2).

Ousing the same input file settings as in the reference by Raab et al. [125]
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Figure 5.8: We simulate the absorption spectra of pyrazine (2 states, 24 modes) using the
VECC and MCTDH methods. The model and Fourier transform parameters were obtained

from the reference by Raab et al. [128]

The other large vibronic model we investigated was hexahelicene. Fig. 5.9 compares the
absorption spectra produced from the VECC method, the reference ML-MCTDH spectra
and the experimental spectra as reported in. [56] (ML stands for multi-layer. The explicit
multi-layer setting of the MCTDH calcuation is elaborated in the corresponding reference.)
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In the spectra of hexahelicene, there are mainly two bands: the lower energy band ranges
from 3.5eV to 5.0e¢V and the higher energy band ranges from 5.0eV to 6.0eV. In the
simulated spectra the vertical energies, zero point energy, and intensities are shifted according
to reference. [50]

In the lower energy band, the VECC peak positions and intensities roughly match those
of ML-MCTDH. Moreover, as shown in the reference [56], the Frank-Condon Herzberg-Teller
model with vertical gradient (FCHT|VG) method fails at this region where its prediction of
the peak positions and intensities has qualitative different from the experimental spectra.
The correct prediction of peak positions and intensities illustrates that the VECC method
manages to successfully incorporate the effect of vibronic coupling.

In the higher energy band, the peak positions from the VECC method are consistent
with that of the ML-MCTDH method. However, the peak intensities from the VECC cal-
culation are slightly lower. Interestingly, the ML-MCTDH method seems to overestimate
the peak intensities in the higher energy band, and the VECC result is in fact closer to the
experimental spectra.

The SDT and SD truncation results of the VECC method only show slight differences. In
comparison to the SD result, the peak intensities of the SDT result seem to converge towards
the ML-MCTDH method. The results indicate that the calculation has reached sufficient
convergence even at SD truncation of the CC amplitudes. We think it is a desirable feature
of the VECC approach that both SD and SDT results can be obtained with reasonable
computational costs, such that one can assess convergence.

The benchmark studies of absorption spectra for these two compounds verify the robust-
ness of the VECC method for simulating spectra of large molecular compounds.

Compared to the ML-MCTDH method, which requires complicated settings of basis
function and multi-layer tree structures, using the VECC method is much simpler, requiring
only two inputs: vibronic model parameters and a choice of T and Z truncation levels. With
the attractive features of improved scaling and user friendly inputs, the VECC method is
well positioned to be widely applied to simulations of photo-electron and UV-VIS absorption
spectra.
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Figure 5.9: Simulated and experimental absorption spectra of hexahelicene (14 states, 63
modes). Comparing the VECC method against the ML-MCTDH method used in Aranda et
al, [70] after 300 fs propagation.

5.5 Concluding remarks

5.5.1 In Summary

In this work, our goal is to develop a novel computational method that can efficiently simulate
non-adiabatic dynamics based on a diabatic vibronic Hamiltonian. Non-adiabatic dynamics
has wide applications in simulations of photo-electron/UV-VIS spectra and diabatic state
populations.

To achieve this goal we developed the VECC method, which can be regarded as a special
form of the TNOE approach proposed by M. Nooijen and S. Bao. [25] A key benefit of the
VECC method is that it allows us to solve the quantum dynamics problem without the need
for introducing basis sets. In the VECC method, we apply a second-quantized CC ansatz to
parameterize the time-dependent wave-function. To solve the quantum dynamics problem,
we substitute the CC ansatz into the TDSE to form CC VECC. The computational cost
of evaluating these CC VECC scales classically as the size of the system. In this way, the
VECC method dramatically reduces the computational cost compared to conventional basis
set based methods that have exponential scaling over the size of the system.

From our benchmark studies we verified that the VECC method is capable of simulating
photo-electron and UV /VIS absorption spectra efficiently and accurately. It is likely that
the accuracy of the parameterized (gas-phase) vibronic model is the primary candidate for
discrepancies with experiment. Thus, the VECC method in conjunction with vibronic models
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is well positioned to be widely applied to simulations of experimental spectra, which can
facilitate the characterization of molecular compounds and understanding of their optical
properties.

It is clear that the current implementation of VECC has some limitations. The elec-
tronic transition moments are assumed to be constant. In our experience such an approach
is well-justified for vibronic models as the diabatic states do not change much with geometry.
Additionally, we cannot presently simulate hot bands, but using the mixed CC/CI approach
this should not be too complicated to include. Importantly, the VECC approach has difficul-
ties predicting accurate diabatic state populations for vibronic models with strong coupling,
especially for longer times. One obvious obstacle is that VECC diabatic state populations ex-
perience stronger quantum coherence and for longer durations, when compared to MCTDH.
We attribute the primary cause of this loss in accuracy to our use of an Ehrenfest parame-
terization in section 5.3.3 which assumes a single common important geometry (or moving
Gaussian wave packet) for all electronic states. Another limitation of the VECC method
described in this work, is that we restrict our diabatic potential to a form of polynomial
expansion that is truncated at quadratic terms. This limits the application of the VECC
method in circumstances which requires higher-order expansions of the PES and different
forms of the potential (e.g. bond breaking).

Overall the VECC method performs quite impressively when simulating absorption spec-
tra and presents significant improvements in computational runtime when compared to
MCTDH. It is also convenient to use in contrast with ML-MCTDH which requires a lot
of delicate input from users of the program. Although with a few limitations, the VECC
method proposed in this paper is one of the first attempts to apply the CC method to the
multi-surface excited state dynamics problem. This work opens a new field and has great
potential for more future exploration.

5.5.2 Final Remarks

In this section we offer some insights regarding choices made during the development of the
VECC theory, as well as discuss connections with established methods from the literature.

The most straightforward exponential parameterization for wave-functions associated
with vibronic models would include a single operator 7' = ), T}, where each electronic

component Tzf has some normal mode component. However, the matrix nature of such oper-
ators (T) is problematic when evaluating the TDSE. Computing %ef is complicated, as we
cannot use the standard chain rule, and the corresponding similarity-transformed Hamilto-
nian (e_T]:I el) is not a connected operator. While we explored some of these possibilities in
early work (unpublished), we abandoned them in favor of exponential operators that have
no electronic dependence (or at most diagonal dependence). As can be seen in Eq. (5.24)
and Eq. (5.38) their resulting similarity-transformed Hamiltonians are connected operators.

For single surface Hamiltonians, it suffices to use only creation operators in T , and one can
achieve exact results with the single-exponential ansatz (for up to quadratic Hamiltonians
and second order terms in 7). It is somewhat surprising that one can use non-unitary
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parameterizations to achieve exact results. We found that the complex “constant” term () is
necessary to preserve the normalization and energy conservation properties. The value of this
parameter is simply calculated from the propagation of the equation of motion. However, as
mentioned previously, extending such an exponential operator to multiple surfaces introduces
many complications. Therefore we explored other parameterizations and showed that a
mixed-CC/CI parameterization (eTZ ) is sufficiently accurate in the single-surface case, and
convenient and robust for the multi-surface case.

The multi surface vibronic problem is quite sensitive to divergences while propagating
the amplitude equations, which came as a surprise to us. The robust mixed-CC/CI parame-
terization (see Eqs. (5.34-5.36)) was necessary to overcome these divergences. However, this
is a redundant parameterization where we have the freedom to choose the form of 7" or Z.
For the mixed-CC/CI ansatz we chose to truncate T at singles (Eq. (5.35)). In principle, we
could choose to truncate T at singles and doubles. However, truncating at singles simplifies
the calculation of properties for multiple surfaces (See Eq. (5.58) in section 5.3.4). We do not
anticipate this choice to significantly affect results, because when T is truncated at singles
we achieve sufficient accuracy for the single surface case, as shown in Figs. 5.2c and 5.2d.
We also impose a state averaged equation for T, and this essentially describes translations
of the coordinate system. In the spirit of Ehrenfest dynamics, the state-averaged equation
results in the same coordinates being used for each state. If one takes the view that T
causes a translation, it is natural to project against states that are also translated and this
leads to modified projection manifold, or equivalently the doubly transformed Hamiltonian
G = el"eTHeTe ™", However, it appears that a drawback of this Ehrenfest parameteri-
zation is that it causes longer periods of quantum coherence and stronger Rabi oscillations
when calculating diabatic state populations.

We think the mixed CC/CI parameterization can be further understood by outlining the
similarity with a Gaussian wave packet approach. If we consider the VECC wave-function

U(t) = e Z,0,2) (5.76)

It could alternatively be represented in real space as

[W(g. 1)) =D a0+ Dzl = Q)+ D= (4= Qg — Q)+ Je 220 ay5.77)

T

The central coordinate Q(t) of the Gaussian is generated by our e’* and is the same for all
electronic states. This Gaussian function is multiplied by a general state-specific polynomial,
which would be quadratic for the SD model and cubic for the SDT model. Associating a
swarm of cartesian polynomials with a moving Gaussian is an appealing picture, reminicent
of atomic orbital basis sets used in electronic structure theory, but now in all vibrational
dimensions. This conceptually convenient representation also naturally leads to the modified
time-evolving projection manifold we use. The derivation of equations would appear to be
more convenient using our second-quantized approach, avoiding the use of integrals.

This model could be improved by using state-specific centers (),. Likewise the current
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VECC approach might be improved by using state-specific T amplitudes, e.g.
[W(r)) =3 M0 Z,(7)]0,) (5.78)

The difficulties with such a method would be developing equations for the amplitudes, in
particular when the electronic state has little population. These problems have been solved
in Ab initio multiple spawning and Gaussian wave-packet approaches, [102, , , ,

, , , | . This can provide inspiration for generalizations of our current Ehrenfest

based VECC approach.
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Chapter 6

Application: statistical mechanics
simulations for the vibronic problems

reprinted with the permission from J. Chem. Theory. Comput. (2024) XXX, XXX.
Copyright 2024, American Chemical Society

6.1 Abstract

A VE-TFCC approach is developed to calculate thermal properties of non-adiabatic vibronic
coupling systems. The TF theory and a mixed linear exponential ansatz based on second-
quantized Bosonic construction operators are introduced to propagate the thermal density
operator as a “pure state” in the Bogoliubov representation. Through this compact repre-
sentation of the thermal density operator, the approach is basis-set free and scales classically
(polynomial) as the number of degrees of freedoms (DoF) in the system. The VE-TFCC
approach is benchmarked with small test models and a real molecular compound (CoF, "
anion) against the conventional sum over states (SOS) method and applied to calculate ther-
mochemistry properties of a gas phase reaction: CoFs + F  —— CoF, . Results show that
the VE-TFCC approach, in conjunction with vibronic models, provide an effective protocol
for calculating thermodynamic properties of vibronic coupling systems.

6.2 Introduction

Thermochemistry properties play an important role in understanding reaction mechanisms,
optoelectronic properties and structural properties of compounds |13, |. As current
experimental thermochemistry data is insufficient and has limited accuracy [185], computa-
tional methods that can simulate chemical systems at thermal equilibrium and accurately
calculate thermochemistry properties are useful as an alternative approach to this problem.
Conventional methods for evaluating thermodynamics properties of polyatomic systems are
rooted in the BOA. For a system in an electronic state that is energetically far from the
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other states: (1) geometry optimization is first performed to find a stable (at a local min-
ima) structure, at which the following six calculations are evaluated, (2) the normal modes
are obtained using a hessian calculation, (3) rotational contributions to thermal properties
are calculated under the R.R. approximation, including nuclear spin symmetry factor, (4)
translational contributions to the thermal properties are calculated under the free particle
approximation. (5) vibrational contributions are calculated using the hessian results under
the H.O. approximation, (6) the electronic spin multiplicity contribution to entropy is eval-
uated using Rlog W|W = 25 + 1, and finally (7) the thermochemistry properties can be
calculated by adding all these components together with the electronic structure contribu-
tion at the optimized structure [185]. The accuracy of the calculated thermal properties
depends on: (1) the accuracy of the electronic structure calculation, which is determined by
the level of treating electron correlation and basis set; |15, | (2) the validity of the R.R.
and H.O. approximations; ! (3) and more fundamentally, the validity of the BOA.

While this conventional protocol works well for most common systems, it fails for systems
in degenerate or pseudo-degenerate electronic states. 2 These systems are widely seen in
transition metal compounds or ions of main-group element compounds. To handle these
systems, one needs to involve the group Born-Oppenheimer approximation (GBOA): the
electronic Hamiltonian operator is resolved in a set of close-lying electronic states that are
energetically far from all the rest, and the states in the set are coupled by vibrational DoF,
i.e., vibronic coupling. [191]

To construct the Hamiltonian matrix elements one may use the conventional adiabatic
representation of the electronic Hamiltonian eigenstates, which feature non-smooth PESs and
singular non-adiabatic coupling-matrix elements of nuclear momentum and kinetic operators.
Alternatively, a diabatization procedure can be used to construct a vibronic Hamiltonian
in a diabatic representation. We may unitarily transform the adiabatic states to a set
of diabatic states. The diabatic states slowly evolve with respect to nuclear vibrations.
Therefore, their matrix elements of the nuclear momentum and kinetic operators are finite
and can be neglected after division by the heavy nuclear masses. Their diagonal and off-
diagonal electronic Hamiltonian matrix elements are also smooth differentiable functions of
nuclear coordinates. [52, 53, 54, 55, 56, 57, 58] The resulting matrix elements in the vibronic
Hamiltonian using diabatization are differentiable, which can be more easily diagonalized
and is more convenient for propagating quantum dynamics. 3

Given a vibronic Hamiltonian in the diabatic representation, one can obtain thermal
properties by taking the statistical average of any physical observable. The most direct
approach is SOS where both the Hamiltonian operator (]f[ ) and the thermal density operator
(e‘f}H ) are resolved in a truncated H.O. basis. The thermal properties can then be calculated
through the trace over all matrix elements in the truncated H.O. basis. Alternatively, one

can use the generalized MCTDH for density operator propagations |64, (65| or Path Integral
Monte Carlo (PIMC) based approaches [192, |. However, all of these methods require

! Anharmonic corrections can be introduced using various methods, e.g., HEAT [157, , | and
W4 [190].

2The (pseudo-)degeneracy signals the breakdown of BOA.
3The cost of using the diabatic states (diabats) is the loss of their clear meaning of electronic energy
levels, as their PESs may well cross and their energy order is altered.
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basis sets and have an exponential scaling over the DoF's of the vibronic models, and hence
the application is limited to the small to medium size molecules.

The motivation of this work is to develop a more efficient computational method to
directly calculate thermal energetic properties of vibronic models that has better scaling.
The essence of this method is to introduce a second-quantized-based many-body quantum
field theoretical approach to form a compact representation of the thermal density operator.
In this way, one can access the thermal properties by contraction rules and time-independent
Wick’s theorem thus avoiding explicit consideration of the exponentially large Hilbert space
in the conventional basis set approaches. The first attempts to obtain thermal properties of
quantum many-body systems using this type of approach can be dated back to the 1990s |2,

, 1, 5]. Recently, there has been a resurgence of interest in this topic. Many attempts have
been made to obtain a time-dependent coupled cluster (TDCC) or many-body perturbation
theory (MBPT) formulation for directly calculating thermal properties of quantum many-
body systems [0, 7, 8, 9, 10, 11, 12, 13, 14, 25, 26, 27, 28, 29, 30]. However, most of these
works focus on either pure electronic systems or single-surface pure vibrational systems. In
this work, we develop an approach for multi-surface vibronic coupling systems. This work
can be viewed as a statistical mechanics formulation of our previous work on the VECC
method for real time non-adiabatic dynamics [31]. It is a specific application of the TNOE
approach developed by Nooijen and Bao [25] for vibronic models. To simplify the TNOE
formulation, we introduced TF dynamics and a thermal density operator in the Bogoliubov
representation, inspired by the works by Harsha et al. |26, 27, 28, 29, 30|. For a thermal
density operator in the Bogoliubov representation the TNOE ansatz reduces to the simple
exponential ansatz and the approach becomes single-reference like. By treating the thermal
density operator as a state, it can be propagated using TF dynamics.

The rest of this chapter is organized as follows. In section 6.3, the general VE-TFCC
theory is presented. We begin by defining the prototypical single-surface vibrational problem
in section 6.3.1 and then generalize it to the vibronic coupling problem in section 6.3.2.
In section 6.4, we benchmark the VE-TFCC method on calculating thermal properties. We
test the method on two by two model systems with both weak and strong vibronic couplings
to show the validity of the method. We also test the method using a real molecular compound:
the CoF,  anion. Finally, we calculate the thermochemistry data of a gas phase reaction,
CoF3 +F —— CoF, , as an example of a real world application of this method.

6.3 Theory

The objective of developing the VE-TFCC approach is to efficiently simulate vibronic cou-
pling systems at thermal equilibrium. In this approach, cluster amplitudes are obtained
through imaginary time integration and thermal averaged properties are directly mapped
from the cluster amplitudes. This is a statistical mechanics analog to the VECC approach [31]
for quantum dynamics simulations of vibronic coupling systems, in which time-dependent
properties are also mapped from the cluster amplitudes that are obtained through real time
integration. The major differences between the two approaches are: (1) the cluster ampli-
tudes are integrated over imaginary time in VE-TFCC, instead of real time as in VECC;
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(2) the initial amplitudes at very large temperature (5 ~ 0) requires special consideration.
To develop the theory we start with the TNOE representation of the full thermal density
matrix and thermal properties and subsequently relate this to the thermofield formulation.

The thermal density operator, )
D =¢PH (6.1)

satisfies an imaginary time EOM:
d - A
——D=HD 6.2
5 (62)
which is the imaginary time analog of the TDSE.

In reference |25], we proposed a general theory, in which a TNOE ansatz is introduced
to parameterize the thermal density operator:

A

D = {5PN Dy, (6.3)
S=s0(8) + Z su(B{ ) (6.4)

Throughout this work, curly brackets {} indicates the normal ordering of the second-quantized
operators in the brackets, with respect to the reference density operator Dg*. The operator
Q represents strings of second-quantized construction operators truncated up to order g,

pe{1,2,---}.
Substituting Eq. (6.3) into Eq. (6.2), and projecting the resultant equation against
{Q#}DO and Dy, we correspondingly obtain

-5 (8O) = (@) (™) ), (©5)

d

—qg® = () ) (6.6)

where the subscript “conn.” stands for “connected”. These equations allow us to formulate
the EOM of the S amplitude. The amplitudes are initialized at high temperature (small
B) because the classical (H.O.) approach is exact in this limit. Solving the equations in
imaginary time to obtain the amplitudes at all 5, we can then calculate the thermal average
of an observable as

. Tr(OD ) X
@200 ooy

where the two components in the last equality arises from the fact that an arbitrary operator
can be decomposed into a constant part and a normal ordered part, i.e., O = Oy + {O}.

It is feasible to develop a computational method, based on the TNOE formulation, to
solve the S amplitudes by numerically integrating over imaginary time. However, there is a

4Whose parameters can be obtained from some external source.
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pragmatic issue with directly implementing this computational method. The main concern is
that the S operator consists of both excitation and de-excitation second-quantized operators,
which complicates the working equations. To simplify the original TNOE formation, we
modify it by introducing the TF theory and the Bogoliubov representation of the thermal
density operator.

This modification is inspired by the studies on TF dynamics which is originally devised
by physicists [20, 21, 22| and firstly introduced to quantum chemistry by Mukerjee and his
coworkers |2|. Recently, it is re-introduced by Harsha et al. [20, 27, 28, 29, 30] The idea is to
square the dimension of the Hilbert space by introducing ancillary DoF's which then allows
us to obtain thermal properties by evolving a pure state in the expanded space and then
taking the partial trace over the ancillary degrees of freedom. With suitable definitions of
the ansatz and some algebraic manipulations, the resulting EOM adopts a single-reference
CC formulation, without the explicit normal ordering. We begin by formulating the theory
for the single-surface vibrational problem and then generalize it to the multi-surface full
vibronic coupling problem.

6.3.1 Single-surface formulation: vibrational TFCC theory

Consider a generic (quadratic) vibrational Hamiltonian with linear displacements, quadratic
squeezing, and bilinear couplings:

H=Fo+ Y hoil(p; + )+ Y cudi+ Y Aidid, (6.8)
i i ij

where p; and ¢; are dimensionless momentum and position operators. We can express the p;
and ¢; using Bosonic construction operators:

1 o -
= —=0" +1), 6.9
q \/5( ) (6.9)
. I o
i = —=(1" —1). (6.10)

Substituting into Eq. (6.8) gives:
2 A3n 4 2 S 1 Apa A
H=F,+ Zwi{’ﬁz} + Z (it 1) + ZAU{ZT]} + 3 ZAU(ZTJT +17), (6.11)
7 2 ] v

where

and
Q;

V2
The theory can be formulated for more general Hamiltonians, including cubic and quartic
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constants, as long as H has a finite polynomial representation in terms of normal modes. For
vibronic models we typically restrict ourselves to up to quadratic terms, and this is assumed
here. We partition the Hamiltonian into a mean field term ho and a perturbation v

H=ho+V (6.14)

where the mean field term consists of the frequency term:
ho =) wi{ili} (6.15)
and the perturbation consists of the remaining components:

V= E+ZA i +ZAU{”}+ ZAUZ F+3)). (6.16)

In this way, we have defined a model Hamiltonian for single-surface vibrational systems
(whose potential is truncated up to second order) in second quantization. To calculate ther-
ﬂ(ée‘ﬁﬁ)
Tr(e—ﬁﬁ) )
However, this straightforward way to calculate thermal properties turns out to be problem-
atic in practice due to the high computational cost. To reduce the computational cost, we
introduce an alternative way to directly calculate thermal properties that is mathematically
equivalent. This alternative approach is known as thermofield theory and it allows us to
design a more efficient algorithm to compute thermal properties for vibrational systems.

1. Formal thermofield (TF) theory

mal properties, we can take the trace over the thermal density operator <O> =

Now we introduce the formal TF theory. In essence, TF allows us to obtain <O> by

calculating the expectation value of the observable operator for a pure state, i.e.,
Tegnysicat (OD) = Trypgnicar (O™ ) = (W(8) O [W(8)) (6.17)

To define the thermal state |W(3)), we enlarge the original physical Hilbert space using
an ancillary Hilbert space. The original Hilbert space of the physical Hamiltonian is denoted
by the harmonic oscillator eigenstates {|m)}, and the ancillary space by the same number
and same type of states {|n)}. The thermal state |U(5)) lies in the compound space that
consist of the direct product of the physical and ancillary Hilbert spaces. The compound
space is described by the basis:

|m,n) = |m) |n). (6.18)

The thermal state in this compound space is defined as:

(8)) = e P2 |U), (6.19)

where

=" |m, ). (6.20)
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At 8 = 0 the thermal state is |¥(3)) = |U), which is uniform and has ‘diagonal’ elements
only. By definition there is a one-to-one correspondence between the physical state |m) and
its ancillary image |m). In other words, the physical state |m) is entangled with the ancillary
state |m). Eq. (6.19) can be rigorously proved as follows:

(W) O1W(B)) = (m,m| e 12012 n, )
= Z (m| e P20 PR/ 1) O

= Trphysical <€75H/20A€7ﬁH/2) (621)
= Trphysical (OG_BH>

= Trphysical (OD>

The introduction of the ancillary space results in a trace over the physical space, which then
gives an ensemble average.

The definition of the thermal state in Eq. (6.19) can be further simplified by expressing the
uniform state |U) in a concise form. To achieve this, we introduce the Bosonic construction
operators ¢, ¢! in physical space and the dual (associated) operators 4, i' in ancillary space
that satisfy the usual commutation relations. In addition, the operators in physical space
commute with the operators in ancillary space. Then the uniform state |U) can be concisely

expressed as

0= 3 i) = 30 <= (="

0,0), (6.22)

. 1 apn . A
0,0) =) — (i1 10,0) = e

m

where

=Y il (6.23)
In this way, the definition of the thermal state in Eq. (6.19) can be simplified to:

(W (B)) = e P2t |0,0). (6.24)

By introducing the thermal state |W(/3)), we can express an ensemble thermal average over
a physical operator as an expectation value of a pure quantum state in the enlarged compound
space. This allows us to design efficient algorithms to find a heuristic approximation to the
thermal state |¥(/)). In practice, we apply an exponential ansatz to approximate the thermal

state (|[¥U(3)) = e7® |ref)) in the same fashion as our approximation of the many-electron
wavefunction in CC theory. Now, we elaborate on this formulation.

2. Coupled cluster formulation of thermofield theory
Here, we introduce the coupled cluster formulation of thermofield theory, namely TFCC
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theory. By defining a “mean-field” approximated thermal state |#((3)) as the reference state
at an arbitrary finite temperature 3 °:

6(8)) = P |U) (6.25)
we can derive a coupled cluster theory, that resembles the single-reference formulation, on

top of this reference state without explicitly introducing normal ordering.

It can be verified (see appendix B) that a set of operators a;, &I, b; and ISZT, which are
linear combinations of the original Bosonic construction operators 7, ', ¢ and i' and span
the same physical and ancillary spaces, satisfy

a; |0(8)) = b; |08 >>= (6.26)
(O(B)|al = (0(8) b = (6.27)

These operators are Bosonic construction operators and satisfy the canonical commutation
relation by definition:

[a;, @ J] ijs (6.28)
[bs, b1] = 6,5 (6.29)
The new set of operators are obtained by the Bogoliubov transformation [23, 24] of the

original set of operators (the explicit derivation is given in appendix B):

(6] [ cosh6; —sinh6;] [i]
5f| = |—sinh6; cosh; | |if]’ (6.30)
T o
a; cosh®; —sinh;] [
b,] T |—sinh6; coshé; | 7]’ (6.31)

where the hyperbolic functions cosh 6; and sinh 6; in the transformation matrix can be related
to the Bose-Einstein occupation number corresponding to the reference state based on the
zeroth order hamiltonian in Eq. (6.15):

1

cosh; = (1 —e )72 (6.32)

sinh §; = e /2 (1 — e Pi) 72 (6.33)

In this way, the definitions of the thermal state and the Bogoliubov transformation are
complete. Under the conditions described in Eq. (6.26) and Eq. (6.27), the reference state
|0(5)) can be regarded as the quasi-particle vacuum state, which makes coupled cluster
formulation on top of it single-reference like. In the remaining part of this section, we will
elaborate on this formulation.

First, we propagate the thermal density operator as a (pure) state in the Bogoliubov

5hg is defined in Eq. (6.15)
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representation. It can be represented as follows:
1®(r)) = D|U) =e "7 |U). (6.34)
Notice that compared to the original definition of the thermal state |¥(7)) in Eq. (6.19), the

power of the exponential is different by a factor of two (|®(%)) = [¥(7))). Using the cyclic
rule, we can easily prove that

Teynysica (OD) = (¥(7)|O19(7)) = (U] O |(7)) (6.35)
In analog to Eq. (6.2), we can derive an EOM for the TF state |®(7)):
~ Lo = i @) (6.36)
4 | 2(7) = T)). :
To formulate the TFCC theory, we apply the TNOE ansatz to parameterize the TF state: ©
(7)) = {5 e o |U) . (6.37)

Comparing to the original TNOE ansatz defined in Eq. (6.3), e=#" |U} can be regarded as
the “reference density operator” at a specific temperature 5.

Substituting the ansatz defined in Eq. (6.37) into Eq. (6.36), we have
d - . L .
—d—{esm}e*ﬂho U) = H{e®*@}e P ho|U) . (6.38)
-
Next, we project both hands sides of the equation the uniform state (U| QL:

—(u|Qf we—ﬂfzo Uy = (U|Qf H{eé'(T)}e—ﬂfzo U) (6.39)
koodr H ' '

Splitting e~Pho into the product e=Pho/2¢=Bho/2 and making use of the cyclic property:

d{GS(T)}e—ﬁfzo/Q U = (U] o—Bho/2()t ]:]{63(7)}6_650/2 \U) (6.40)
dr : | |

Using the definition of |6(5)) from Eq. (6.25), Eq. (6.40) reduces to

_ <U| e—ﬁﬁo/QQL

oS() .
012, 10 = ) S0 @) (6.41)

where both the Hamiltonian operator and the normal-ordered exponential operator are phys-
ical operators, satisfying the condition for using the cyclic property of the trace.

Next, we transform both operators (]:I , {63(7)}) into the Bogoliubov representation.

6To make direct comparison to the work by MN and SB [25], we introduce the TNOE ansatz. However,
we showed previously that we can arrived at the same TFCC EOM without the resort of the TNOE ansatz
in chapter 3.2.
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To transform the Hamiltonian operator, we rank the terms of the original single-surface
quadratic vibrational Hamiltonian in Eq. (6.11) according to their Bosonic operators:

H=h"+h'+hy 4+ hl + 5%+ hy

= 04 DR b+ Y m{iy + % >l + % > hiii (6.42)
7 1 1] 1] 3

where superscripts are associated with the Bosonic creation operators while subscripts are
associated with the Bosonic annihilation operators. Based on the Bogoliubov transformation
defined in Egs. (6.30) and (6.31), the corresponding inverse Bogoliubov transformation can
be easily obtained:

4] [cosh§;, sinhé;] [a;]
it] — |sinh6; cosh6;] [b]]” (6.43)
[it]  [cosh®; sinh6;] [al]
7] 7 [sinh6; coshi [b;] (6.44)

Substituting Eqgs. (6.43) and (6.44) into the physical Hamiltonian from Eq. (6.42), we can
transform the physical Hamiltonian into the Bogoliubov representation

H — H, (6.45)

where
H=h"+h'+hy+h! +h>+h,

2 IPe i Tpraia o LN Tpastat L LNTT 4 s 6.46
LR SRS SRS S A GRS SR D Sy
p p pq pq pq

Despite similar looking terms in Eqs. (6.42) and (6.46), H is written in the 2M-dimensional
Bogoliubov representation, i.e., the summations of p and ¢ are from 1 to 2M, while H is
written in the M-dimensional physical representation. For example, h} is given by:

VAR had')

M M
iﬁ = g E ( cosh 0, cosh 6 hi-dej + cosh 0; sinh 0; hijdzT l;j
i g

+ sinh 91 cosh Hjhij H

b, + sinh 0, sinh 0;hb! Bj) (6.47)

2M 2M

= Z Z }ngcjocq,
p q

where R ) R
o — [a{,...,aj,...,ajw,bjwﬂ,...,b}m,...,b;M], (6.48)

C = [al,...,ai,...,CLM,bM+1,...,bM+i,...,bgM], (649)
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and the renormalized matrix elements of Bogoliubov transformed Hamiltonian iz{]’ have the
following structure

xhix? xh?yT
[yhzaﬂ yhly™ (6.50)
where
x = [coshOy,... coshé;, ... coshfy], (6.51)
y = [sinh#y,...,sinh6;, ... sinhfy]. (6.52)

Expressions for each term of Hin Eq. (6.46) are available in appendix I.1. Equations 6.46—
6.52 describe the physical Hamiltonian in the Bogoliubov representation.

Similarly, we can transform the TNOE operator into the Bogoliubov representation.

{50} = {50}, (6.53)

B

which, because of Eqgs. (6.26) and (6.27), becomes a conventional exponential operator el

that only contains excitation operators:
{50} = T, (6.54)
= 1°(7) + th thq(T)ALég. (6.55)
Correspondingly, the projected EOM in Eq. (6.41) is reduced to
d T 77 T(r
—(0(5)] Q"7 16(5)) = (6(8)| 2U(He ) [6(5)) (6.56)

In a final step we can modify the projection manifold in Eq. (6.56) to (6(5)] QLe_T and
formulate a closed form for the EOM in this TFCC form:

_dit(7)
dr

= (0(8)| e TOHT 10(8)) = (0(8)] QL (HT ) o, 10(5)) (6.57)

where the subscript “conn.” denotes the equation is connected. The derivation of Eq. (6.57)
is based on two assumptions: (1) the Bosonic construction operators are T-independent:

dT(r) 3 W6 7y 410 (T)dQH(T)

dr p dr dr
dth(7)
— d = Q#(T); (658)

7All terms containing de-excitation operators vanish when acting on the quasi-particle vacuum state

10(5))
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(2) the thermal state |6(f3)) is also T-independent:

d

—16(8)) = 0. (6.59)

Eq. (6.57) is the EOM of the TFCC formulation which resembles the canonical SR-CC
theory. The cluster amplitude 7' can be determined through imaginary time integration
and thermally averaged properties can be calculated using the cluster amplitudes. The
expectation value of an arbitrary physical operator O is defined in Eq. (6.7). We can derive
TFCC expressions for the numerator and denominator using the cyclic invariance of placing
the sandwiched operators in tracing matrices and calculating (U| - |U)-type expectation
values:

Tyiysica (D) = (U1(7))
— (U] o1(7) g=Bho U)
= (U] e~ Bho/2¢T(7) o=Bho/2 |U) (6.60)
1(r)
)
=",

The t°(7) is the same as in Eq. (6.55).

Trphysical (OD> = <U| O |CI)(T)>
= (U] O e P |17)
— (U] e Fro/2 Ot e fho/2 |17
= (0(8)] 0T 10(8))
= (0(8)| TP~ TD 0T 19(3))
— @ (0(8)] (O™ ™) somn. 10(8)) -

(6.61)

In the last equality in Eq. (6.61), we use (8(8)| X = "™ (8(3)| 8. As before, the Bogoli-
ubov transformation is indicated by o Using Egs. (6.60) and (6.61), we obtain a general

expression for thermal properties in the TFCC formulation:

(0)= TT <(ODD)> — (908)| (O D), 19(8)) (6.62)

Note that our TFCC formulation is slightly different from the original work on TF dy-
namics by Harsha et al. [27] In the original formulation, response theory and A-equations are

8This comes from e (7) 160(B)) = e’ (™) 10(B)), as TT (1) 16(B)) = t°(7) |#(B)), which results from Eq. (6.26).
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applied to calculate the physical properties, in the same way as the canonical coupled cluster
theory. However, in our formulation, the physical properties are directly mapped through
the cumulant expression of the thermal density matrices, which is based upon our previous
work of the TNOE approach. ? |27]

To verify the soundness of this formulation, we use Eq. (6.62) to calculate <2T§> of a two

modes uncoupled vibrational model, whose Hamiltonian reads

H=FE,+ i (Ak(I%T +k)+ wk{fc%}) : (6.63)

k=1

with i, 7 = 1,2, over a wide range of temperature. Perfect agreement with numerically exact
values, obtained by summing over states, is seen in Fig. 6.1, illustrating the validity of our
method for calculating thermal properties.

9Let us note that properties calculated directly in TFCC are in general different from properties obtained
using response theory, or alternatively, properties calculated as derivatives.
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Figure 6.1: Compared to the sum over states method with a converged basis set, the thermal
one-body reduced density matrix calculated using the expression from the TFCC method
produces numerical exact result for the single-surface vibrational problem when truncated
up to quadratic terms.

This concludes the formulation of the TFCC theory for the single-surface vibrational
problem. A powerful feature of TFCC, for the single-surface problem with potential trun-
cated up to quadratics, is that it is numerically exact because the EOM are in a closed
form. Although it will not be numerically exact for higher order potentials, the theory can
in principle be applied to simulate chemical systems at thermal equilibrium under BOA with
a PES in a generic polynomial form.

3. Initialization of the cluster amplitude

Now, we discuss a practical aspect in the numerical imaginary time integration of the
coupled cluster amplitudes. Unlike the real time dynamics case, the initial condition of the
cluster amplitudes for the imaginary integration is ill-defined at 7 = 0. This is because at
7 = 0, the thermal density operator is defined as:

lim D(7) = lime ™ = 1, (6.64)

T7—0 7—0
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and the Hilbert space of the Bosonic vibrational Hamiltonian has an infinite dimension. The
expression of the density matrix is defined as:

lim d,,(7) = ()

7—0
y Trpnysicat (QL (T)) Trpnysicat (A1) S50 (m| Qf, jm) — 00 (6.65)
= [1m = = = .
70 Trphysical (D(T)) Trphysica (1) > m=o (m| L |m) — oo

The 22 expression is ill-determined. Meanwhile the thermal density matrices can be mapped
to the coupled cluster amplitudes through the cumulant expression in Eq. (6.62):

dy(7) = (08)] (27 omn. 10(8)) - (6.66)

From Egs. (6.65) and (6.66), we see that at 7 = 0, the initial coupled cluster amplitudes are
ill-defined. Consequently, we can not initialize the numerical imaginary time integration for
the coupled cluster amplitudes.

Fortunately, it is possible to obtain approximated coupled cluster amplitudes at a large
but finite temperature with external sources as the initialization. The analytical thermal
density matrices for a general displaced H.O. are known and can be used to approximate
the initial coupled cluster amplitude at high temperature. The underlying reason for this
approximation is that the bilinear couplings between modes and the quadratic squeezing
within respective modes can be treated as small perturbations to the vibrational Hamiltonian
in Eq. (6.8). Also, at high temperature thermal properties tend to converge towards their
classical limits, which are less dependent on the perturbations.

Following this logic, we proposed a procedure to initialize coupled cluster amplitudes at
a high yet finite temperature. First, we approximate the initial physical thermal density
matrices using the analytical thermal density matrix (= C, (7)) of the displaced H.O. at an
initial temperature 7:

dy(10) = (Q,(70)) ~ Cu(mo), (6.67)

Then, we transform QL to the quasi-particle representation QL through Egs. (6.43) and (6.44).
Now, the vector of the physical density matrix elements can be expressed as a linear trans-
formation of a vector of the quasi-particle density matrix elements:

d,.(70) = X (o) (6.68)

The matrix elements of X are determined by the transformations in Eqs. (6.43) and (6.44).
In the last step, all coupled cluster amplitude can be mapped from the cumulant expression
of the quasi-particle thermal density matrix elements:

du(10) = (0(8)] (27 . 10(8)) (6.69)

From d,,(7p) the initial CC amplitudes are obtained.
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6.3.2  Vibronic multi-surface formulation: VE-TFCC theory

In this section, we extend the TFCC approach derived for the single-surface vibrational prob-
lems to the multi-surface vibronic coupling problems. The generic vibronic Hamiltonian that
includes multiple electronic states and vibrational modes, and whose potential is truncated
up to second order reads

H=)|z)Hy(yl, (6.70)

] T i’ x5 i (515 1 zij 5t 5 1 z %
H,y = hy + Z hitit + Z byt + Z hyj{sz} +3 Z h;, gt 4 3 Z hyiitd, (6.71)
i i ij ij ij
where |x) and |y) represent diabatic electronic states. The matrix elements in the Hamilto-
nian take the forms of:

ht = <Ex+%Zw+%ny§> Oy

i __ 1T ayi
hy =t= A (6.72)
h?] = hyi; = Vyij
hz; = wi(sry(sij + f}/gz‘ja

where Lo, w;, o, vy, and 7, denote vertical energies, frequencies, linear couplings,
quadratic squeezings, and bilinear couplings, respectively. These parameters can be obtained
from ab initio electronic structure calculations.

To discuss the general formulation of calculating properties for vibronic Hamiltonians in
a thermofield context we assume that a generic property is defined in a similar way as the
Hamiltonian, and we write

0= |2) Oyl (6.73)

the formal definition of the thermal property is then given by

(0(r)) = QET) S (w,n] O™ Jw,n)

1 . N
o Z (w,n,n| O™ |w, m,m). (6.74)
-

Here the partition function Q(7) is simply given by the numerator with 0] replaced by the
identity operator.

In analogy to the single-surface vibrational problem, we define a vibrational thermal
reference state for each electronic diabat as:

lw,0(8)) = e~ Pho/2 lw, U) (6.75)
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where the label z denotes diabatic electronic states, and |U) = ) |m,m) denotes the
uniform state as before. The zeroth order Hamiltonian flo is the same for each electronic
state and only depends on the vibrational degrees of freedom. In this way we can translate
all aspects of vibrational thermofield theory to the current situation. All symbols inherit
their meanings from the single-surface vibrational problem. Each vibronic thermal reference
state is simply a direct product of an electronic diabat, and a vibrational thermal state in
the composite space e~ o/ > Im,m). As a result of this direct product, each reference
thermal state is a quasi-particle vacuum state, using the same Bogoliubov transformation as
before:

a;|w, 0(B)) = b; |w,0(B)) =0, (6.76)
(w,6(8)] af = (w,6(8)] b] = 0. (6.77)
Note that the Bogoliubov transformation is independent of the electronic DoF.
Using the thermal reference state, the property can be reformulated as
~ 1 A b a7
(O0) = 5= > (w,0(8)| O e |uw,0(8)) (6.78)
Q(7) -
We can define states ‘gzﬁ(“"”)> and their equation of motion:
60 (7)) = e e |, 6(5)) (6.79)
d A
———[¢"(n)) = H [6™)(7)). (6.80)

Such that the thermal property is obtained as

(00)) = g T w1016, (651

The states [¢(*)(7)) are then represented in the VE-TFCC representation

6@ (7)) = ™D Z(1) [w, 6(8)) , (6.82)

where

Z(t) = Z ZW (1) |z) (w)] . (6.83)

and the relevant amplitudes can be obtained from individual 7 propagations, initializing the
states at high temperature, in analogy with the single surface propagations discussed before.
Importantly we can obtain free energies, as well as thermal reduced density matrices from
these propagations. It is not necessary to solve response equations. This is an important
strength of the approach. Next, we will discuss the detailed parameterization and equations
of motion.
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1. Formulation of the detailed EOM in VE-TFCC

As in the single-surface vibrational problems, we formulate an EOM to propagate the
thermostate based on a fixed ansatz. Thermal properties can then be determined through
imaginary time integration over the cluster amplitudes. As before, we transform the phys-
ical diabatic Hamiltonian matrix elements into the Bogoliubov representation by apply-
ing Eqs. (6.43) and (6.44):

A~ ~

B.T.

H in the doubled Bogoliubov representation reads:

H=) |x)Hyyl, (6.85)

thpﬂ + Zh o+ Z;Nl;: éTéq} + = thpqﬂ o 2 ZhypqcpéQ' (6.86)
Pq

We then apply the mixed CC/CI (CI: configuration mteractlon) ansatz to parameterize the
TF state associated with the initial surface w:

6@ (7)) = e He o |w, 0(8)) (6.87)
|6 (1)) = 70 Z Z8) (1) |z, 6(B)), (6.88)
where .
()~ Y r@)(r)el + 5 > o) (ryetel 4 (6.89)
p pq
. 1
w ~ JO0(w w ~ w AT A

Z0(r) m 220 () + ) 22 (r)el + 3 %: 1) (pyelel 4+ (6.90)

where “~” denotes the truncation up to double excitations.

The introduction of multiple electronic states complicates the problem. We borrow the
idea from our previous work (three of us: SB, NR and MN) [31] to introduce the mixed CC/CI
ansatz. The explicit motivation for choosing this ansatz is elaborated in appendix section I.3.
In this ansatz, the diabat-specific vibrational excitations are all included in the CI excitation
operator Zﬁ“’), which describes how the vibrational wave packet evolves from a single initial
state |w) to all the diabats {|z)}. We substitute the mixed CC/CI ansatz into the Schrodinger

equation for the TF state (—— |¢ )> - H ‘qb(“’) (7’)>) giving us:

d [ jewr % (w Tw) (7
—E<e ();ZQE >(T)> |z, 0(B)) = ( <>ZZ )yx 0(8)) . (6.91)

In the last step, just as for the single-surface vibrational problem, we project the equation
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against (y, 0(0)] QLe*TA(w)(T), and the TFCC-EOM can be derived as:

— (y,0(8)| €, (%Zﬁw)(f) + %) ly,0(8)) = B)1 €, ZH“” (7) |, 6(8)) ,
(6.92)
where
A (r) = (ﬁyxef(“”(ﬂ)cm . (6.93)
Of ={1,¢,¢lel, -} (6.94)

The EOM in Eq. (6.92) parametrically depends on the initial electronic label w. In

practice, we use a diagonal approximation for the initial A4S

A

Za(cw) (TO) ~ 5xw2x(70) (695)

and propagate the EOM for individual diabats (|x)) separately, during which 7 becomes
off-diagonal. Note that in Eq. (6.93), T spans the vibrational DoF only and the similarity
transformation is performed on each electronic block of the diabatic Hamiltonian matrix
elements with the same vibrational 7®) operator. In this way, we avoid the direct evaluation
of a matrix exponential in the electronic DoF and thus each electronic block of the similarity
transformed Hamiltonian in Eq. (6.93) stays connected. Thermal properties are calculated

using the 7()(7) and Zéw)(T) amplitudes on-the-fly.

A general multi-surface reduced density matrix in Bogoliubov representation can be de-
fined as:

Dzljw (7—) = Trvibrational <<Z/‘ QLeiTH ’U)>>
= (v, e<5>| Qe e fw, 6(8))

- 6.96
= (1.0 AL () (099
= (4,0(8)| Qe 022 ke 6(5)).
The electronic density matrix (g = 0) is simply:
~ W) (r w
DY, (1) = (y,0(8) 1™ ZZ /(7) |, 6(8))
(6.97)

B 20 a, 0(8))

We can evaluate thermal density matrices in the Bogoliubov representation through the
cumulant expression of the cluster amplitudes, similar to the single-surface vibrational prob-
lem. Then, we can inverse Bogoliubov transform these density matrices into the physical
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representation (the explicit scheme of the transformation is shown in appendix section 1.4):

I (6.98)

Y inverse B.T.

To obtain the thermal properties, we directly sum over electronic states. The partition
function can be defined as:

Q(r) = Tr (D) =3 (DL, (7). (6.99)

T

For a vibrational operator 0= Zu OHQN, the thermal expectation value is defined as:

<O> Tr(éﬁ) Y O“ﬁgx. (6.100)

Tr <ﬁ> B Q(7)

In this way, we derived a cumulant expression that maps thermal properties from the ampli-
tudes. The amplitudes can, in principle, be determined through imaginary time integration.
However, there is a redundancy in the parameterization, as the number of equations equals
the number of parameters in Z, but one also needs an equation for the amplitudes in T. We
introduce a technique to address this issue next.

2. Ehrenfest parameterization

The mixed CC/CI ansatz gives a redundant parameterization. As a consequence, the
number of independent parameters is larger than the number of projected EOMs in Eq. (6.92).
To solve this problem, we introduce the Ehrenfest parameterization of T(T) residuals in a
similar way as in VECC theory for real time dynamics [31]. We take the weighted average
over all electronic states'® to accommodate population transfer between the electronic states,
for each step of the imaginary time 7 propagation:

Cdtr(r) e 2 (1) (Y, O(B)| 2 ey (1) 22(7) 2, 0(6))
dr S (20(7))? : (6.101)

The Z,(7) residual can then be determined by substituting Eq. (6.101) into Eq. (6.92).

3. Initialization of the cluster amplitudes

Like in the single-surface vibrational problem, we need to initialize the cluster amplitudes
for the vibronic problem, which are ill-defined at 7 = 0 (for the same reason). Following
the same logic, we use high temperature H.O. thermal density matrices to initialize the
amplitude for each diabat w. The procedure is briefly summarized below (explicit equations
are given in appendix 1.2).

The reduced thermal density matrix in the Bogoliubov representation is obtained from

103t thermal equilibrium
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the cumulant expression of the cluster amplitude:

di,(10) = (y,0(8)| QL™ ™ " Z,(m0) |2, 0(8))
. (6.102)

~ (y,0(8)| Q™™ Z,, (1) |w, 0(3))

This matrix is then reversely transformed to the physical space and then approximated by
the high temperature classical limit:

di, (o) = dlt, (7o) ~ 6,0, Clh(70). (6.103)

The redundancy of the mixed Ccc/ CI parameterization allows a flexibility to choose the
initial parameterization of 7'(7) and Z,(7) amplitudes. For simplicity, we choose:

2H(10) =0V pu #0. (6.104)

In this way, we have completed the formulation of the VE-TFCC approach for simulating
vibronic coupling systems at thermal equilibrium. The key advantage of this approach
compared to conventional approaches for statistical mechanics simulation is that it scales
polynomially w.r.t. the number of DoF in the system. This is achieved by introducing
operator-based mixed CC/CI ansatz to parameterized the thermal density operator. As a
result, the approach is basis-set free and this avoids the usual curse of dimensionality.

6.4 Benchmarks and Application

The VE-TFCC approach is implemented in the open source code hot-molecule [194] which
is an extension of our previous open source code t-amplitudes [170]. Standard Python
libraries NumPy and SciPy are utilized to solve numerical ODEs and form tensor prod-
ucts [172, 173]. Libraries in open source software Pibronic|l95] & vmio[l96] developed by
N. Raymond are used to handle I/O and processing of vibronic model parameters; formatted
as standard MCTDH operator files (*.op).

In section 6.4.1, we employed the VE-TFCC method to calculate thermal properties for
vibronic models with two electronic states and two normal modes, the same two by two
models used in the reference [31]. These models are designed to simulate weak and strong
vibronic couplings, respectively. Given the small number of DoF, we can benchmark VE-
TFCC results against numerically exact SOS results. ' In section 6.4.2, we benchmark the
thermal internal energy of the vibronic model for a real molecular anion CoF, against a
numerically exact block relaxation calculation in the low temperature limit. We also calculate
thermochemistry data of the gas phase reaction:

CoF3 +F~ — CoFy ™, (6.105)

to showcase a real application of the method.

Hobtained using a converged basis set for a wide range of temperature up to T' = 2000 K.
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6.4.1 Benchmark on two by two vibronic models

The two by two vibronic Hamiltonian reads:

A E, + ho + MG Y42
H = " . 6.106
VG Ey 4 ho + AoGi ( )
1 R R 1 R R
ho = w1 (p% + Q%) + S (]93 + qg) ) (6.107)

where F, and Ej, are energies of the two electronic states at the reference structure without
distortion, wy and ws are the frequencies for the two vibrational modes that distort the struc-
ture, A\; and Ay are linear diagonal vibronic coupling constants, i.e., the Holstein couplings,
along the ¢; coordinate of mode 1, and ~y dictates the strength of the Peierls (off-diagonal)
vibronic coupling along the ¢y coordinate of mode 2. Two models: model A and model B
are tested. The model parameters are listed in Table 6.1.

Parameter model A (eV) model B (eV)

E° 0.0 0.0
B 0.2 0.2
W 0.2 0.2
ws 0.3 0.3
~ 0.2 0.2
M 0.5 1.0
Ao ~0.25 —0.5

Table 6.1: two by two model parameters.

1. Calculation of energy related thermal properties

Figs. 6.2 and 6.3 show the calculated internal energies, Helmholtz free energies, and
entropies as functions of temperature for the two models, respectively.

For both models we perform two VE-TFCC calculations: The green curves are results
obtained with 7" truncated at singles (S) and Z truncated at singles and doubles (SD). The
blue curves are results with both 7" and Z truncated at SD. Comparing the two calculations
in both models, we found that it is important to include doubles in T to produce accurate
results. This is very different from the real time dynamics case in the VECC approach [31],
where the contribution from doubles 7" is negligible, and is usually not included to facilitate
the calculation of electronic populations.

In general, singles T determines the location of the center of the TF wave function, while
doubles T' accounts for the width. In the thermal case the vibronic model is located in the
region of the conical intersection and the location of the center does not change much (or at
all) with temperature. The width of the TF wave function grows with increasing temperature,
and at high temperature the distribution reaches a uniform or very flat distribution. This
cannot be described using a linear operator (Z ), and requires inclusion of the exponential
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operator T' truncated at SD. Interestingly, the results show that the doubles Ty are needed
even at small § when it approximates the H.O. solution. As shown in the appendix .2 the
initial conditions based on H.O at high temperature require inclusion of doubles Ty (refer to
Eq. (1.4)). The model calculations indicate that an Ehrenfest doubles T, that is the same
for each diabatic electronic state, captures the majority of the effect while the operator 7
accounts for state-specific and off-diagonal effects. Good agreement between VE-TFCC and
SOS is evident for 7" truncated at SD. The only minor deviation occurs at 7" = 2000 K for
model A, the weak Holstein coupling model, in Fig. 6.2.
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- sum over states
37010 __ vesFcC TiSD, Z:SD
$.0.20| ~-- VETFCCT:S, Z:SD
5
50-30) o T o]
[
£-0.40
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> ~——o “’""”"’M
g ~-=
g L TTEea
goe0  TTTeel
= sum over states ~ TT=~__
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£ -=-- VETFCC TS, Z:SD
*.1.00
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£ 1.00
z
£0.50
0.00 possssocnsonoonsnesssitt@B T e
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Figure 6.2: Simulated energy related thermal properties of model A, which has smaller linear
displacements.
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Figure 6.3: Simulated energy related thermal properties of model B, which has larger linear
displacements.

2. Calculation of the variance of position

To further validate the robustness of the VE-TFCC approach, we investigate another
thermal property, g-variance: (Ag) = (¢?) — <in>2, for each normal mode i = 1,2. The
explicit scheme to calculate this property is given in appendix [.4. Figs. 6.4 and 6.5 show
the calculated g-variance, as functions of temperature, for the two models.

The legends in Figs. 6.4 and 6.5 have the same meaning as in Figs. 6.2 and 6.3. The
results show similar tends: 7' truncated at SD has good agreements with SOS, while T
truncated at S has larger deviations. In general, for model B (larger linear displacement)
VE-TFCC produces more accurate results than model A (smaller linear displacement), which
is consistent with the results of the energy related thermal properties.

These results verify the conclusion drawn in previously: the doubles T plays an important
role in obtaining accurate thermal properties using VE-TFCC.'? The doubles T accounts for
the width of the wavefunction and the g-variance is a measure of this width. As we can
see in both models, the g-variance increases strongly as temperature increases for both the
exact and SD solutions. However, in the results with 7' truncated at S, the g-variance often
barely changes with temperature. This confirms that in the VE-TFCC approach doubles
T are essential to capture the change of the width of the position distribution, as well as
thermal energies as functions of temperature.

121t is not even possible to represent H.O. at initial temperature (7p) without introducing doubles T (vefer
to Eq. (1.4)).
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Figure 6.4: Simulated g-variance ((A¢;)) of model A, which has smaller linear displacements.
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Figure 6.5: Simulated g-variance ((Ag;)) of model B, which has larger linear displacements.

6.4.2 Benchmark on the vibronic model for CoF,  anion

To demonstrate the validity of the VE-TFCC method in calculating thermal properties of real
molecular systems, we benchmarked against a block relaxation calculation using a 2-states
9-modes vibronic model of the CoF, anion. The block relaxation calculation was performed
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using the MCTDH package [160]. The parameters of the vibronic model are calculated by
diabatizing electronic states obtained using general multi-configurational quasi-degenerate
Perturbation theory (GMC-QDPT) [112, , 141] and the cc-pVTZ basis set [197]. The
active space of the GMC-QDPT calculations consists of 5 orbitals dominated by Co 3d
atomic orbitals (Fig. 6.6a) and 6 electrons. The GMC-QDPT calculations are performed
using GAMESS-US [198]. The calculations show that the CoF,  anion adopts a high spin
electronic configuration in its °E doubly-degenerate ground state, whose occupation scheme
is shown in Fig. 6.6a. The two-fold degeneracy of the ground state is induced by the T,
symmetry of the anion, and it leads to JT interaction.

1L L 4L

t2,xy t2,yz t2,xz

" XX

€y2.y2

e,2
(2)

Figure 6.6: Active orbitals and occupation schemes for (a) the °E ground state of CoF,~ in
T, symmetry and (b) the ®A} ground state of CoFs.

The diabatization protocol developed by Zeng [58] is employed to obtain the vibronic
model parameters. The CoF, structure is first optimized by equally averaging the two
components of the 5E ground state. Without imposing any constraint, the T; symmetry
is preserved in the optimization. The optimized structure (with rcop = 1.79 A) is used to
construct the vibronic model of the °E ground state. At the optimized structure, a numerical
hessian calculation is performed using the averaged energies of the lowest two quintet states,
which correlate to the two °E components. The resulting nine normal modes (@} +e+ty+15)
do not have any imaginary frequencies. The CoF, anion is then distorted along each pair
of modes, with a small (0.05eV) displacement in the positive and negative directions. At
each distorted structure, two GMC-QDPT adiabats are obtained and orthogonally trans-
formed to have maximum overlaps with the two 5E components at the reference structure.
The adiabatic energies are correspondingly transformed to diabatic Hamiltonian matrix el-
ements. The “point by point” obtained diabatic Hamiltonian matrix elements are fitted
against polynomials of the dimensionless reduced coordinates of the nine modes, including
linear, quadratic, and bilinear terms. The fitting parameters indicate that the °E state
features a substantial JT interaction along the e bending modes, which are illustrated in
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Fig. 6.7. The E x e vibronic coupling is strong, as the linear coupling constant (0.042eV) is
twice the vibratonial frequency of the e mode (0.021eV). Plotted in Fig. 6.8a and Fig. 6.8b
are the E/ x e diabatic and adiabatic PESs, respectively. The adiabatic PESs exhibit typical
Mexican hat shape with the conical intersection at the T; high symmetry, while the diabatic
PESs are smooth displaced parabolas, as expected.

€x

ok 2

€y

Figure 6.7: Illustration of the 168.46 cm™! e bending modes of the CoF, anion. The dimen-
sionless reduced normal mode coordinates are labeled as  and y, corresponding to the e,
and e, component modes.
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Figure 6.8: Plots of (a) adiabatic and (b) diabatic of E x e PESs of the CoF4 anion.

1. Comparison of internal energies from 7' = 0 to 1000 K

All nine modes and the two components of the °E state are included in our vibronic
model for the CoF, anion. Using this model, we calculate the thermal internal energy
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of the anion and benchmark against a block relaxation calculation. In the block relaxation
calculation, 600 lowest energy eigenvalues of the vibronic model are obtained, and the thermal
internal energy is computed by summing over them, each weighted by the Boltzmann factor
of specific temperature: The results are compared in Fig. 6.9. In this plot, the green dashed
line represent the 9kgT classical limit, where kg denotes the Boltzmann constant. The black
horizontal dashed line in the figure indicates the zero point energy (ZPE) for the nine normal
modes.

N=9

1
> hw; = 20.40kJ /mol. (6.108)
=1

7ZPE = =
2 ._

We also calculated the thermal internal energy of the harmonic oscillators of the nine normal
modes:

N=9 1 e~ Bhwi
Enoyr(T) = hw; (5 + m) . (6.109)
=1

This is the vibrational energy of the °E ground state without considering any JT effect,
static or dynamic, among the degenerate term symbol. We hence use “noJT” to label this
series of results, which is shown by the red dashed curve in the figure.

As shown in Fig. 6.9, at T" < 200 K, the VE-TFCC result converges towards the block
relaxation result. This agreement validates the accuracy of the VE-TFCC method at low
temperature. The zero temperature limit of the thermal internal energy deviates from the
ZPE because of the JT stabilization. As the temperature increases the VE-TFCC result
deviates from the block relaxation result. This is expected, since the block relaxation cap-
tures a finite number of low-lying vibronic eigenstates, which are insufficient to describe all
thermally populated states at high temperature. At high temperature the VE-TFCC result
is almost parallel with the classical limit. This parallel relation validates the accuracy of the
VE-TFCC method at high temperature. They are not identical since the VE-TFCC internal
energy is offset by the dynamical JT effect. The full vibronic treatment gives the dynamical
JT effect.
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Figure 6.9: Comparison of the thermal internal energies for CoF, anion calculated using
different approximations.

The computational efficiency of VE-TFCC is evident, it takes ~ 20 seconds to run on a
Laptop Mac’s M2 chip, while it takes ~ 3 hours to run the block relaxation calculation, for
all nine modes, with an Intel Xeon E5-2667 CPU.

For better comparison, we also perform the calculation that incorporated the static JT
effect. In the static JT treatment, we assumed that the system is trapped in one stable
JT-distorted structure in its ground state PES, with all degeneracy of electronic states being
fully lifted, and invoked the Born-Oppenheimer approximation to describe the vibration
of the system around this distorted structure, without allowing the system to hop to an
electronic excited state. In short, it is a conventional computational chemistry treatment for
a non-degenerate electronic state at a minimum of the JT-distorted ground state PES. The
contributions of the other symmetry-related JT-distorted structures to the free energies are
included as the entropy term of kg7 log (n), where n is the number of the stable JT-distorted
structures. Note that we have ignored the symmetry number (due to the nuclear spin) in
calculating rotational partition functions in both static and dynamic JT treatments. Besides,
in the conventional thermochemistry treatment, symmetry equivalent structures are not
considered. We consider these structures to make direct comparison with the corresponding
vibronic model whose Hamiltonian preserves the high symmetry of the reference structure
of the system (T} in this case). The explicit calculation is elaborated next.

2. Thermochemistry comparison

VE-TFCC was used to calculate four thermochemical quantities, AU, A,S, A, A, and
A,G, for the gas phase reaction in Eq. (6.105). Results using the nolJT, static JT, and
dynamic JT methods, as well as the difference between the static JT and dynamic JT
methods are presented in Table 6.2. The computational details are shown in appendix 1.5.1.

Reaction energies at 0 K are summarized in the first row of Table 6.2. The difference
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between the static and dynamic JT calculations is only 0.96 kJ/mol. The static JT treatment
only leads to minute error in estimating the reaction energy at 0 K.

To examine the thermal effect, we also calculated the reaction energy at 298 K. Thermal
corrections to internal energies, and their individual translational, rotational, and vibrational
components!'® are tabulated in Table I.1 (in appendix 1.5.2).

To consider the full vibronic correction (dynamic JT) to the reaction energy an additional
5.99kJ/mol correction is added to the noJT value at 298 K in Fig. 6.9. The reaction energies
at 298 K are shown in the second row of Table 6.2. The difference between the static and
dynamic JT calculations is slightly larger at 298 K than at 0 K (1.3 > 0.96) but overall the
change is minor.

To examine the reaction free energies we first need to obtain reaction entropies. The trans-
lational, rotational, and vibrational entropies'* are tabulated in Table .2 (in appendix 1.5.3).
The vibronic contribution to entropy obtained from the VE-TFCC calculation is
0.0064 kJ/mol/K. As tabulated in the third row of Table 6.2, the reaction entropies are
—0.112, —0.099, and —0.109 kJ/mol/K for noJT, static JT, and dynamic JT, respectively.
Using the previously calculated reaction energies and entropies, we obtain the reaction
Helmholtz free energies A, A = A, U — TA,S and the reaction Gibbs free energies A, G =
AU —TA,S — RT at 298 K. Calculated free energies are tabulated in last two rows of Ta-
ble 6.2. The vibronic contributions to the reaction free energies amount to —7.15 kJ/mol,
more substantial than the —6 kJ/mol contribution to the reaction energy. Evidently, the
vibronic contribution to entropy is not negligible for obtaining accurate thermodynamics
data for chemical reactions. The 1.51 kJ/mol difference between dynamic and static JT
treatments remains almost the same as in calculation of reaction energy.

quantity no JT static JT ~ dynamic JT static — dynamic
A U0 K) —471.34 —476.34 —477.30 0.96

A U298 K) —471.18 —475.87 —477.17 1.3
A,S5(298 K) —0.112 —0.099 —0.109 0.01
AA298 K)  —437.74 —446.40 —444.89 —1.51
A,G(298 K) —440.21 —448.88 —447.37 —1.51

Table 6.2: Summary of the thermochemistry data (Reaction energies and free energies are
all in units of kJ/mol and the entropy is in units of kJ/mol/K.)

6.4.3 Analysis of thermochemistry calculations

In this section, we give a detailed analysis on the results of the thermochemistry calculations
conducted in section 6.4.2. We focus on two aspects: (1) the accuracy of the electronic
structure calculation, and (2) the effect of the vibronic coupling and the JT effect.

obtained from standard thermochemistry calculations
Mobtained from standard thermochemistry calculations
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1. Accuracy of the electronic structure calculation

To examine the appropriateness of using the GMC-QDP'T method for electronic structure
calculations for the species in reaction Eq. (6.105), especially the necessity of multireference
calculations, we performed CCSD(T)/aug-cc-pVTZ calculations for the JT-distorted CoF4
in Dyy symmetry and the CoFs + F~ complex in Cs, symmetry. The F is placed 8 A above
the trigonal plane of CoF3. The subtraction of the two energies gives an electronic reaction
energy of —392.9 kJ/mol at 0 K without any vibrational or vibronic correction. This is
~ 80 kJ/mol higher than the GMC-QDPT analogue of —479.60 kJ/mol. In Table 6.3 these
values are compared with the experimental value of —442 £ 25 kJ/mol [199] which has a
large uncertainty. Still, the GMC-QDPT pure electronic reaction energy is closer to the
experimental value than the CCSD(T) result, and the large deviation between CCSD(T)
and experiment cannot be rectified by the inclusion of vibronic correction, which is within
10 kJ/mol for this reaction. One possible reason for the inferior performance of CCSD(T)
is revealed by the T, amplitudes: two amplitudes of 0.12 and 0.13 for CoF, , and four
amplitudes from 0.12 to 0.14 for CoF3 + F~. These substantial amplitudes indicate fairly
large multi-reference characters of the ground states in the reactant and product, and more
so for the reactant. Therefore, the single-reference CCSD(T) may not describe the reactant
and product accurately. Furthermore, it overestimates the correlation energy for the reactant
more than for the product, and resulting in the less exoergicity electronic reaction energy.
This examination confirms the importance of electronic structure question in calculating
thermal equilibrium properties.

method A E(0 K) (kJ/mol)
CCSD(T) —392.9
Experimental —442.0 £ 25.0
GMC-QDPT —479.60

Table 6.3: Comparison of electronic reaction energies at 0 K.

2. Fundamental different results of dynamical and static JT treatments.

The dynamic JT and the static JT treatments for the CoF,  anion produce similar results
for the thermodynamics quantities (internal energy, free energy and entropy) at 7' = 0 and
298 K as shown in section 6.4.2. Despite this similarity it is important to clarify that the two
treatments do not provide similar descriptions of CoF, . In this subsection, we elaborate on
their differences.

Since only the e bending mode delivers a substantial JT interaction for CoFy , we ignore
all the other modes and reduce the vibronic problem of the anion to an E x e problem, with
the Hamiltonian

1 _d a2
]:I = —a, dz? dy?

_d a2
0 dx? dy?

Hll H12
, 6.110
+ [Hm HQJ (6.110)
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where

1 1
é(HH + HQQ) = §CL1<I2 + y2) + GQ(Ig — 3(Ey2) -+ a3(x2 -+ y2)2

1 1
§(H11 — Hy) = ayx + §a5(aj2 — y2) (6.111)

Hyy = —auy + aszy.

with the coefficients (in eV)

a; = 0.02089 az = 0.0003316 az = 0.000 023
as = 0.04313 as = 0.000 103.

The e modes have a vibron energy of a;, and dimensionless reduced coordinates x and y.
The 3rd order term ay(z3 — 3xy?) is included in %(H 11 + Ha2) to make the energy difference
between the minima and the saddle points on the ground state PES (plotted in Fig. 6.10)
consistent with the GMC-QDPT calculation. The 4th order term ag(x? + y?)? is included
in %(Hu + Hss) to bound it from below. Note that this model is not identical to the one
investigated in section 6.4.2, since the previous model’s potential is truncated at 2nd order.
Still, the qualitative picture shall be similar.
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Figure 6.10: The ground state adiabatic PES of the E x e model in Eq. (6.111).

At one of the three symmetrically related minima of the PES, (xq, y9) = (—2.24313,0.0),
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we calculated the hessian of the ground state PES and obtained the eigenvalues of b; =
0.01791 and by, = 0.006 22 €V, which give the single surface vibrational Hamiltonian:

=1 A 2 4oy ) — b
= 5 <—a1 (@ + d_y2> —f- 1([E — lL‘()) + 2Y ) — 03, (6112)
where b3 = 0.04708 eV. This is a 2-D H.O. Hamiltonian expanded around the minimum with
the JT stabilization energy of b3. The use of this local, Born-Oppenheimer-approximation-
based Hamiltonian gives the static JT treatment, i.e., the vibrational wave packet is statically
trapped around the minimum. The corresponding two vibrational frequencies are \/a; x b; =
0.01934 eV and v/a; x by = 0.01140 eV. The two new vibrons are softer than the original
ones with a; = 0.02089 eV energy. The ZPE of the H.O. Hamiltonian in Eq. (6.112) is
%(\/al X by + vay X by) —bg = —0.031 71 €V, which is the ground state energy of the static
JT treatment.

On the other hand, we use a 2-D H.O. basis set to resolve the E x e vibronic Hamiltonian
and then diagonalize the resultant matrix to give the ground state of the dynamic JT treat-
ment. The ground state energy —0.03295 eV is very close to the static JT analogue. This
is consistent with the results in section 5.4.2, which were obtained by including all 9 modes
but the Hamiltonian matrix elements are truncated to 2nd order only. Still, the dynamic
treatment gives a lower ground state energy. !°

Although having similar energy eigenvalues, the character of the ground eigenstates ob-
tained from dynamic and static JT treatments are very different. In the static JT treat-
ment, the ground state has its vibrational state localized within one minimum of the low-
energy trough of the Mexican-hat-shaped PES, which is plotted in Fig. 6.10. However, the
0.00523 eV barrier between the minimum and the saddle point within the trough is even
smaller than the %O.ll40 = 0.0570 eV zero point energy of the vibration in the direction to
cross the barrier. The vibrational wave packet cannot be trapped within one minimum. The
static JT approximation breaks for CoF, .

Another way to see the failure of the static JT treatment is the 0.00371 eV splitting
between the degenerate F ground state and the A; first excited state of the E x e vibronic
Hamiltonian, which is 1/3 of the relevant 0.011 40 eV vibron energy. This substantial splitting
quantifies the interaction between the vibrational ground states localized in the three minima.

Fig. 6.11 shows the plot of the vibrational density of the first excited A; vibronic eigen
state 1¢ (the green surface), and the normalized ground state density of the static JT treat-
ment (the purple surface). If the static JT treatment is a good approximation, the green
gaussian shall perfectly coincide with the purple lobe around the same minimum. However,
the purple lobe is obviously higher. This indicate non-negligible antibonding interaction
between the three Gaussians localized at the three minima. The static JT picture is funda-
mentally incorrect for CoF,, despite its good approximation to ground state energy.

15Please note that we shall not use variational principle to argue that the dynamic JT treatment must give a
lower ground state energy than the static JT treatment, since the two treatments use different Hamiltonians.
165caled by 3 for direct comparison
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Figure 6.11: Plot of vibrational density of first excited A; state of dynamic JT and ground
state of static JT.

6.5 Concluding Remarks

In this work, the VE-TFCC approach is developed to directly calculate thermal proper-
ties of vibronic coupling systems. The VE-TFCC approach can be regarded as a specific
application of the more general TNOE approach developed by Nooijen and Bao [25]. In
the latter approach, a normal-ordered exponential ansatz is introduced to parameterize the
thermal density operator for a general quantum many-body Hamiltonian (either Bosonic or
Fermionic). The thermal properties can be approximated through cumulant expansion of
density matrices of low ranking cluster operators by applying unique contraction rules and
the generalized Wick’s theorem [200]. The VE-TFCC approach is also inspired by TF the-
ory for quantum chemistry which was developed by Harsha et al. [26, 27, 28, 29, 30] In TF
theory an ancillary space is introduced to construct the “thermal state” which represents the
thermal density operator as a “pure state” in the compound space (physical and ancillary).
In this way, the dimension of the Hilbert space is squared, allowing one to obtain thermal
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properties for the physical space by evolving a pure state in the compound space and calcu-
lating thermal properties as expectation values. The VE-TFCC approach combines the ideas
of the TNOE approach and TF theory. As a result, a single-reference-like coupled cluster
approach is formulated to directly calculate thermal properties of vibronic coupling systems.
In this approach, a second-quantized bosonic mixed linear-exponential ansatz is applied to
parameterize the thermal density operator in the Bogoliubov representation. The resulting
EOMs of the VE-TFCC approach resembles the VECC approach for real time dynamics in
a previous work by three of us (SB, NR and MN) [31] and the thermal properties of vibronic
coupling system can be obtained by imaginary time integration over the cluster amplitudes.

Some interesting features of the VE-TFCC approach include: i) Due to the compact
representation of the thermal density operator in the VE-TFCC approach, it has a favorable
computational cost. The approach is basis-set free and has polynomial scaling with respect
to the number of DoF in the vibronic models similar to classical mechanics simulations,
although it is a fully quantum mechanical method. ii) It is straightforward to calculate
(approximate) thermal reduced density matrices, without response theory. The results will
not be identical to energy derivative (or response) approaches, but they are solidly based in
thermofield theory. iii) Although the approach requires the definition of a reference state
and zeroth-order Hamiltonian, results are rigorously invariant under the choice of hg or
reference temperature /3. iv) The initial conditions are based on a high-temperature classical
(H.O.) description of the system. We think this is the weakest part of the theory. In our
applications thus far, results are satisfactory. v) In the previous real time VECC approach

it was sufficient to use singles T, and to include ™ in the modified projection manifold.
This accounted for the fact that the center of the wave packet can move far away from
the initial state. In the thermal case the center does not move much, but the width of
the distribution is a critical feature. Besides, the operator Ty is crucial to initialize the
propagation in the high temperature limit (refer to Eq. (I.4)). For these reasons the doubles
operator Ty is of vital importance in the thermal case, but no modification to the projection
manifold is necessary. vi) In VE-TFCC we propagate each diabatic state independently,
obtaining corresponding (electronic) columns w of the thermal reduced density matrices Dgw
The effect of radiationless transition between the two electronic states (either intersystem
crossing or internal conversion) are captured by off-diagonal elements (y # w). At the
initial high temperature only the starting state is populated, and by definition the reduced
density matrices are diagonal. The state-averaged “Ehrenfest” approximation, for the T
operator, facilitates the mixing of the other electronic states during the imaginary time
propagation. This improves VE-TFCC’s ability to capture state population transfer during
the propagation. vii) The VE-TFCC approach is very user friendly. The user only needs to
select the excitation level of the linear operator 7 , and the initial high temperature (small
B), the rest is done by the program. viii) The approach is in principle also applicable to
single surface anharmonic partition functions. The operator Z is not needed then, but it
may be advantageous to use higher rank T operators. In addition, our implementation would
need to be generalized to higher order than quadratic terms in the Hamiltonian terms. ix)
The approach is not rigorously extensive, due to the linear CI part of the approximation.
It is not clear at this moment how this would affect accuracy for larger systems. x) The
current approach is applicable to finite systems only. The generalization to solids would be
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interesting but there are likely significant issues to resolve.

The VE-TFCC approach is first tested by calculating a few thermal properties (internal
energy, Helmholtz free energy and reaction entropy) for small vibronic models that have
two electronic states and two normal modes and are constructed to simulate strong vibronic
coupling. The accuracy of VE-TFCC is validated by benchmarking against numerical ex-
act results. Then, as an application, VE-TFCC is employed to calculate thermochemistry
properties of a gas phase chemical reaction that forms the CoF,  anion. Through the VE-
TFCC simulation of the CoF,  vibronic model (2 states, 9 modes), we manage to calculate
thermochemistry properties that incorporate the vibronic correction. Our results reveal that
the vibronic correction is non-neligible. The VE-TFCC approach in conjunction with vi-
bronic models provides a new protocol for calculating accurate thermochemistry properties
of vibronic coupling systems.

Overall the VE-TFCC approach developed in this work is well positioned for applications
in thermal equilibrium involving a number of low energy electronic states, as is common in
many branches of chemistry and physics. It also provides a promising avenue for extending
previous work|31]| to capture finite temperature effects using real time dynamics, such as
simulating hot-bands in spectroscopy.
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Chapter 7

Concluding remarks and future
orientations

7.1 Concluding remarks

In this thesis, we develop the general TNOE and TFCC approaches for statistical mechanics
and quantum dynamics simulations in quantum chemistry. These approaches are applied
to simulate the time-dependent and thermal properties of vibronic coupling systems, which
play a crucial role in quantum chemistry. Vibronic coupling governs the transfer of electronic
state populations during photo-electronic processes in molecular systems, and it also influ-
ences electronic transitions in vibrationally resolved electronic spectroscopy. By studying the
quantum dynamics of these systems, we can gain insights into the optoelectronic properties
of molecular compounds. Additionally, the effects of finite temperature on vibronic coupling
systems are important for various applications. Most chemical reactions are thermodynam-
ically driven, and the vibronic contributions to thermochemical properties, particularly in
strongly coupled systems like JT systems, are significant. Furthermore, finite temperature
effects impact hot bands in spectroscopy, making this an area of critical interest.

To simulate vibronic coupling systems, the first step is to construct the vibronic model
Hamiltonian. Using standard diabatization protocols, we obtain the model parameters for
the vibronic Hamiltonian from ab initio electronic structure calculations. With the vibronic
model Hamiltonian established, our goal is to simulate its quantum dynamics and statistical
mechanics.

We begin by developing a computational approach called the VECC method, designed to
efficiently simulate the quantum dynamics of vibronic problems. In this approach, we apply
the TNOE ansatz (reduced to the simple exponential ansatz in this case) to parameterize
the time-dependent wavefunction. This allows us to calculate time-dependent properties
on-the-fly through real-time integration of the cluster amplitudes in the exponential ansatz.
However, the simplest implementation of the VECC method presents challenges due to the
non-unitary nature of the exponential ansatz and the disconnectedness of the CC EOMs for
a general diabatic vibronic coupling Hamiltonian. As a result, we encountered numerical in-
stability during real-time integration, causing the cluster amplitudes to diverge. To address
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these issues, we developed techniques such as the mixed CC-CI ansatz, Ehrenfest parameter-
ization of the CC residuals, and modifications to the projection manifold. By applying these
techniques, we successfully resolved the numerical problems associated with the naive imple-
mentation, enabling accurate simulations of spectroscopy and state populations for various
vibronic models with impressive efficiency. A key advantage of the VECC method compared
to conventional approaches for quantum dynamics simulations of vibronic problems is that
it is basis-set free. Despite being a fully quantum mechanical approach, it scales classically
(polynomially) with respect to the number of degrees of freedom in the vibronic model.

To simulate the statistical mechanics of vibronic coupling systems, we employ the general
TFCC approach, referred to as the VE-TFCC approach. This method serves as a statis-
tical mechanical formulation of the original VECC approach used for quantum dynamics
simulations. Instead of real-time propagation, we conduct imaginary time evolution of the
thermostate in the thermofield representation to calculate the thermal properties of these
systems. Unlike the VECC approach, which focuses on real-time dynamics, we utilize the
physical-ancillary dual space and Bogoliubov transformation to represent the thermal den-
sity operator (e ##) as a “pure state”. This allows the thermostate involves within this dual
space, akin to the time-dependent wavefunction in the original physical space. Due to the
disconnected nature of the CC EOMs, similar challenges arise in the exponential parame-
terization of the thermostate for diabatic vibronic model Hamiltonians, as seen in quantum
dynamics. To address these issues, we adopt strategies such as the mixed CC/CI ansatz and
the Ehrenfest parameterization of the CC residuals. This approach is applied to calculate
the thermal properties of two-by-two model vibronic coupling systems, as well as a more
realistic model: the CoF, anion (which includes two states and nine modes). We also com-
pute the thermochemistry data for the gas-phase reaction: CoF3+F~ — CoF,~. The results
from the VE-TFCC approach are benchmarked against conventional SOS methods. Like the
quantum dynamics case, the VE-TFCC approach is basis-set-free and effectively avoids the
curse of dimensionality. Benchmarking across various vibronic models demonstrates that the
VE-TFCC approach exhibits impressive efficiency and accuracy.

Additionally, this general approach is applied to electronic structure problems, aiming to
directly calculate the thermal properties of a statistical ensemble of electronic states under
the BOA. However, it struggles to yield satisfactory results due to the N-representability
problem. Attempts to address this issue by systematically imposing constraints on the cluster
amplitudes during imaginary time propagation have also proven inadequate. Systematic
analyses and investigations of model magnetic systems and small molecular compounds have
provided valuable theoretical insights. Nevertheless, without a radical change in the current
methodology, improvements in results remain elusive. Modern machine learning algorithms,
such as the restricted Boltzmann machine [74, 75|, may offer promising new avenues for
tackling this problem.

7.2 Future orientations

It has been a dream for every quantum chemist since the dawn of quantum mechanics to
fully understand molecular systems at a first-principles level. In the most platonic case, the
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development of novel functional materials would resemble the design processes of bridges,
skyscrapers, or cars, where computer simulations are extensively used at various stages to
optimize the overall performance. However, unlike the macroscopic objects, the physics
law that governs the microscopic world is the quantum mechanics. Therefore, quantum
simulations are required to predict the properties of microscopic functional materials. Un-
fortunately, this task in general is a NP hard problem [201] and can not be efficiently solved
on a classical computer. Nevertheless, it is feasible to find heuristic solutions to the subset
of the problem based upon the specific structures of the problem. The computational meth-
ods developed in this thesis exemplify heuristic solutions for subsets of quantum simulation
problems.

Fig. 7.1 illustrates the envisioned process for material discovery. Theory and experiments
should be integrated such that prediction, design, synthesis, and characterization form a
loop, dynamically evolving together. Modeling and simulation can play crucial roles at each
stage. In the most ideal scenario, it would be feasible to create a digital twin of a physical
laboratory, allowing everything to be simulated before actual experiments, akin to strategies
in robotics automation and efforts towards self-driving chemistry labs [202]

In general, the current state-of-the-art computational methods for quantum chemistry are
still far away from the dream envisioned by the pioneers of the quantum mechanics. Both
more efficient algorithms and more powerful computers are required to fully resolve the
problem. Fortunately, recent advancements in technologies such as general-purpose artificial
intelligence (Al) and advanced computational architectures ( e.g. graphics processing unit
(GPU)s and noisy intermediate-scale quantum (NISQ) devices) might shed some new light
on this old problem. Meanwhile, more advanced experimental tools need to be developed
to better control microscopic systems and the nanotechnologies might play a role for this
purpose.

With these advancements, humanity can look forward to a future with more sustainable
clean energy sources and improved pharmaceuticals for combating diseases. However, we
still have a long journey ahead: “the great ocean of truth lay all undiscovered before me”.
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Appendix A

Proof of the (anti)-commutation rule of
the Bogoliubov transform operators

A.1 Proof of commutation rules of the Bogoliubov trans-
formed Bosonic operators
In this section, we will prove that the canonical commutation rules preserves for the Bo-

goliubov transformed Bosonic operators. Our starting point is the commutation rules of the
operators before the Bogoliubov transformation:

il =7 =0, .
)= .50 = 6.3 = i =0,

and Bogoliubov transformation defined in Eq. (3.69) and Eq. (3.70).

We apply the canonical commutation relation of the original operators in Eq. (A.1) to
expand the commutator of the Bogoliubov transformed operators and we have:
[a;, d;r-] — [cosh 81 — sinh 8,11, cosh 6,1 — sinh 6,7],
= cosh ; cosh 6,4, jT] — cosh 6; sinh 6,[i, j] — sinh 6; cosh §,[if, j7] — sinh 6, sinh 6,7, 1],
= (cosh? §; — sinh? 0:)0ij.
= 045,

(A.2)
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G, Gj] = [cosh B2 — sinh 047, cosh 6,5 — sinh 6;5],
— cosh 6; cosh 6,1, j] — cosh §; sinh 6]z, 7] + sinh 6; cosh 6;[7, 7] — sinh ; sinh 6;[51, 4],
(A.3)

[af,al] = [cosh 6;i" — sinh 6;4, cosh 6,57 — sinh 6,5,
= cosh 6, cosh 0; [i",51] 4 cosh 6; sinh 9, [7,i1] — sinh 6; cosh g, [, jT] — sinh 6; sinh g, [7,1],
=0,

(A4)

(b, ZA)}L] = [~ sinh ;1" 4 cosh 6,4, — sinh 6,5 + cosh 6,5],
= —sinh 6; sinh §,[},4] — sinh 6; cosh 6,[if, j1] — cosh 6; sinh 6;[i, j] 4 cosh 6; cosh 6;[i, 5],
= (—sinh?#; + cosh? 6:)0i;,
= 0ij,

(A.5)

[bi, b;] = [~ sinh 6;i" + cosh 6;i, — sinh 6,51 + cosh ;7]
— sinh §; sinh 6,[i7, 5T] + sinh 6; cosh 8,[7, 1] — cosh §; sinh 6,3, 5T + cosh 6; cosh 6,13, 7],
=0,
(A.6)

! ZA)j] = [~ sinh ;2 + cosh 17, — sinh 6,5 + cosh ;5]
= sinh ; sinh 6;[i, j] — sinh 6; cosh 0;[i, j7] + cosh 6; sinh 6,[], 4] + cosh 6; cosh 6;[i", 511,
=0,

(A7)

a, ZA);] = [cosh 6;1 — sinh 6,11, — sinh 6,5 + cosh ;5]
= — cosh §; sinh 0,[i, j] + cosh 6; cosh 6], jT] — cosh 6; sinh 6;[5,4] — sinh 6; cosh §,]if, 51,
= ()’
(A.8)
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laf, l;;] = [cosh 6;i" — sinh 6,7, — sinh 6,5 + cosh 6,51],
= cosh 0; sinh 6,7, 17] + cosh 6; cosh 6,[i7, 77 + cosh 6; sinh 6,3, 5] — sinh 6; cosh 6]z, 7],
= (cosh #; sinh §; — sinh ; cosh 6;)d;;
=0.
(A.9)

(6, b;] = [cosh 8;1 — sinh 8,5, — sinh 6,5 + cosh ;7]
= — cosh §; sinh 0,[i, 71| + cosh 6; cosh 8,[1, j] + cosh 6; sinh 8,[17, 51] 4 sinh 6; cosh 6;[7, 1],
= (—cosh 0; sinh #; + sinh 6, cosh 6;)d;;
= 0.
(A.10)

From Eq. (A.2), Eq. (A.3), Eq. (A.4), Eq. (A.5), Eq. (A.6), Eq. (A.7), Eq. (A.8), Eq. (A.9)
and Eq. (A.10), we prove that the Bogoliubov transformed Bosonic operators preserves the
commutation rule as the original operators.

A.2 Proof of anti-commutation rules of the Bogoliubov
transformed Fermonic operators

In this section, we prove the canonical anti-commutation rule preserves for the Bogoliubov
transformed Fermionic operators. Our starting point is the anti-commtation rule of the
original operators before the Bogoliubov transformation:

{i, 7} = 6,5,

{i,j' = oy,

{i,j} ={i".j"} =0,

{i.iy =" =, =45 =0

and Bogoliubov transformation defined in Eq. (3.81) and Eq. (3.82).

(A.11)

We apply the anti-commutation relation of the original operators in Eq. (A.11) to expand
the anti-commutator of the Bogoliubov transformed operators and we have:
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{a;, &}} = {cos 01 — sin i, cos 0,51 — sin 6,5}
= cos0; cos 0;{i, 7} — cos0;sin0;{i,j} — sin; cos0;{i", 5T} + sin 0, sin 0, {;,i'}
= (0052 GZ + SiIl2 01)52]
= 52]7

(A.12)

{ai,a;} = {cos 0,1 — sin 6,1, cos ij' — sin Gj:j'T}
= cos; cos0,{i, 7} — cosb;sin 0;{i, 5T} — sin6; cos 0;{7,i'} + sin ; sin 6;{s", 77}
= 07
(A.13)

{al, d}} = {cos 01" —sin6yi,cos 0,51 —sin 6,5}
— cos ; cos0,{it, 71} — cos0;sin0,{j,1'} — sin6; cos0,;{7, 71} + sin 4, sin 0,{7, j}
=0,
(A.14)

{b;, lA);} — {sin 61 + cos 1", sin 0,5 + cos 0,5}
= sin §; sin 0,{i, 1} +sin 6, cos 0;{i, 7} + cos 0;sin 0, {i', 57} + cos 0; cos 0,;{j,1'}
= (sin® 0; + cos® 6;)d;;
— 5,

(A.15)

{b;,b;} = {sin B2 + cos B, sin ;7 + cos 6,57}
— sin §; sin 0,{7, j } + sin 6, cos 6;{1, jT} + cos @ sin 0, {7,i'} + cos 6; cos 0, {i', j'}
=0,
(A.16)

{I;;[a i)j} = {sin ;" + cos 04,50 0,57 + cos 0,5}
= sin@;sin 0,{i", '} + sin6; cos 0;{7, 4"} + cos 0; sin 0;{i, )"} + cos 0 cos 0;{i, 7}
=0,

(A.17)
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{a;, ZA);} = {cos 01 — sin 0;i",sin 0,51 + cos 6,5}
= cos0;sin 0,;{i, 7} + cos0; cos 0;{i, 7} — sin §;sin 6, {1", jT} — sin 6, cos 6,{5,i'}
= (cos 0; sin B; — sin 6, cos 6;)d;;
=0,
(A.18)

{a;,b;} = {cos 01 — sin ;i sin 6,7 + cos 6,51}
— cos 0;sin 0,{i, 7} + cosb; cos 0;{i, jT} — sin@;sin0,;{5,i'} — sin 6, cos §;{s', ;71
=0,
(A.19)

{al, IA);} = {cos 01" — sin i, sin 0,51 + cos 0,5}
= cos0;sin 0;{if, T} + cos 6; cos 0;{7,1'} — sin 6, sin 0,{7, 7} — sin6; cos 6,{i, 7}
=0,
(A.20)

From Eq. (A.12), Eq. (A.13), Eq. (A.14), Eq. (A.15), Eq. (A.16), Eq. (A.17), Eq. (A.18),

Eq. (A.19) and Eq. (A.20), we prove that the Bogoliubov transformed Fermionic operators
preserves the anti-commutation rule as the original operators.
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Appendix B

Proof of vacuum state condition of
Bogoliubov transformed operator with
the respect to |0((5)) state

B.1 Proof of the vacuum state condition for Bosonic op-
erators

In this section, we give a rigorous proof that the Bogoliubov transformed Bosonic operators
satisfy the vacuum state condition with the respect the |0(5)) state (described in Eq. (3.74)
and Eq. (3.75)). Applying BCH expansion and cannonical commutation rules, we can derive
that the Bosonic construction operators (5, it 7, ET) satisfy the following equations:

e e =1+,

e~ Utet =4t

B (B.1)
e Yt =i 414,
e Ulet = %T,
where 4 = 3, 14
Similarly, applying BCH, we can prove that
6530/2%6*5’30/2 — o Phwi/2]
Pho/25t o =Bho/2 — o—Bhw:/2}t
(B.2)

eﬁflo/Qge*ﬁflo/Q -3
Pho/25t o—Bho/2 _ Gt
where iLO =), wim.

Applying Eq. (B.1) and Eq. (B.2), we can derive the following expression by inserting
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the two identities e#h0/2¢—Fho/2 and ele—0:
116(B)) = jeBho/20 0,0)
— o Bho/2gBho/2;,~Bho/2 i 10,0)

— 676h0/2eu67ui€75w¢/2€u

0,0)
= e’ﬁhomeﬁefﬁwi/z(% +141) |0, 0) (B.3)
= ¢ Pho/2gtp=Buwi/2t ‘O, 6>
= g Pwil2jtg=Pho/2t ‘0, 6>
= e T 0(B))
and
i10(p)) = jeBho/20 0,0)
= ¢ Pho/2eBho/Zjp=Bho/2 ‘O, 6>
— ¢ Bho/Zjet |07 6>

— ¢ Pho/2tp—u5 0

0,0)

o ! (B.4)
= e P26 (5 +47) [0,0)
— ¢ Pho/2,0jt 0,6>
— ¢~Bho/2jt Bho/2=Bho/2,1 | 0)
= e 2iT19(8)) .
Clearly, if we define the Bogoliubov transformed annihilation operators as
G; = C(1 — e Pl b, = O — e P23y, (B.5)

where C'is an arbitrary constant, the resultant operators satisfy the vacuum state conditions
of a;|0(B)) = 0 and b; |#(3)) = 0. The corresponding creation operators are the adjoints of
the the annihilation operators.

The constants in the expression of the Bogoliubov transformed Bosonic construction
operator can be determined by imposing the canonical commutation relation of Bosons:

[a;,a]] = |C* (1 + e P it 4)) = 1, (B.6)

i

and

~

(b3, b]] = O (1 + e[t i) = 1. (B.7)
Taking C' to be real and positive,

C=(1-eP™)s. (B.8)
The transformations in Eq. (3.69) and Eq. (3.70) are derived.
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B.2 Proof of the vacuum state condition for Fermionic
operators

In this section, we give a rigorous proof that the Bogoliubov transformed Fermionic operators

satisfy the vacuum state condition with the respect the |0(3)) state (described in Eq. (3.86)

and Eq. (3.87)). Applying BCH expansion and anti-cannonical commutation rules, we can

derive that the Fermionic construction operators (i, ¢', 4, i') satisfy the following equations:
e et =1 +1 ,

e Uptel = iT

) y (B.9)
e et =4 — 1,

ettt = %T,
where 4 = 3, ',
Similarly, applying BCH, we can prove that
Pho/2; o —Bho/2 _ —Bei/2;
Pho/25t g =Bho/2 _ Bei/2}t
. . (B.10)
ePho/2}o=Pho/2 _

eﬁfto/QgTe*ﬁiLo/? —f

where hg = Y, wit'e.

Applying Eq. (B.9) and Eq. (B.10), we can derive the following expression by inserting
the two identities e®r0/2¢=Ph0/2 and ete~%:

ay |0(83)) = e~/ o e Mo e [0, 0)
e Ph0/2 (cog 0,ePh0/2pePh0/2 _ gin ) ePho/2 T e—0ho/2) it 0,0)
Bhﬂ/?(cos@ e P2 — sin 0,p") ’0 0>
e*BhO/Q(CosepefﬁEp/zeuef pe’ —sinfete plet) ‘O 0) (B.11)
e*mm/Q(COS gpefﬁep/%ﬁ(ﬁ + p') — sin 0,e"p")

e’ﬁiLO/Qeﬁ(Cos Ope 7% —sing,)p" 10,0)
=0.

We substitute the definition of cos#f, and sinf, in Eq. (3.83) and Eq. (3.84) to obtain the
last equality in Eq. (B.11).
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Similarly we have:

B16(8)) = e PMorePor2gle ol o, 0)
= e_ﬂi"O/Z(Sin 9;;66%0/2]5%_%0/2 + cos 91?65%/2156_5%/2)6&
= e~Pho/2(gip 0,”%/*p + cos 6,p)e” |0,0)
= e_BEO/Z(Sin Ope”rPete ple’ + cos Byee pe)
_ 6—Bib0/2(sin epeﬁEp/QeﬁﬁT + cos Qpeﬁ(ﬁ — ﬁT)) |0, 6>
— e Ph/2 (sin 0,e7/% — cos 6,)p") [0,0)
=0.

0,0)

0, 6> (B.12)

Thus, from Eq. (B.11) and Eq. (B.12), we proved the vacuum state condition for Bogoli-
ubov transformed Fermionic operators.
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Appendix C

Proof of the EOMs translate between

the TNOE and the TFCC approaches for
Bosonic vibrational Hamiltonian

In this appendix, we give a detailed derivation on the EOMs of the Bosonic Hamiltonian given
in Eq. (3.112) translate from one to another between the TNOE and the TFCC approaches

We Start from the TNOE approach. Applying Wick’s theorem we expand out the EOMs
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in Eq. (3.24):

C(li;) _ho—i—Zfth—l—thka +thfk3k+2h2f fesy +Zh§€fk3 Jisi

1 - 1 - 1 1
- h kl - h k l - hkl - hkl
+ 5 Ekl wfrfis” + 5 Ekl ki fes” fis' + 5 Ekl frfisu + 5 Ekl frskfisi,

(C.1)

M M M M
—fz B = il + ) W fifsi 4 Y hfufis™ D Fh fesk+ ) fibg fies®
k k k k

M M M M
+ Y by fifesifist ) hg feselifis ) 0 fesififisi + ) hwfus" fifis"
K K Kl K
(C.2)

dsz M - M o M M -
—figy = fihi+ ) hwfufist + ) filifest + Y W fufisii+ ) fihwifes'
k k k k

M M M M
+ > hEfifistfuse + > bR fufisii+ Y B fusififisi Y b fut® Ffist,
kl kl kl kl
(C.3)

M M M M
s 5 ﬁ = [ifibs+ > FibS fifisi+ Y Flifefis + > Fib" fufise + D fibwg Fifis™
k k k k

M M M M
+ Y B fifusififish > R ffiskiifis + > WM Afisififesi Y hafofis™ fifist,
K K Kl Kl
(C.4)

_ _ds¥

M
flfj dﬁ :ff Z hi;fkfzskl"i_z,flh;gfkf] kj"i_Zfzthfkf]Sk"i_Zf]h jfkfzsk
k
M
+ Z hfﬁﬁ‘slifjfksi + Z hfﬁfjsljﬁfksi + Z hklﬁfksif_jSlS{ + Z hszkﬁskif_zfjslj,
kl kl kl kl
(C.5)

M M M M
—fif; ilsg Fifihig + ) filf fefisng + >SS fufiswi+ Y fihwifefish + filug fifish
K K K K

M M M M
+ Z hi fifisi Sy + Z W fuf fifiswi + Z W fifisiifefiskg + Z hia [ fist fifys.
Kl Kl Kl Kl
(C.6)
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Now we substitute the mappings of cluster amplitude between TNOE and TFCC in
Eq. (3.118) and Eq. (3.119), the equations can be re-written as:

dt
— d_ﬁo = ho+ Z sinh Oy sinhOhy
k
M
+ )~ (cosh fhyt™ + sinh 0, hF1")
k
| M
+ 3 Z (cosh 0y cosh 0yt + sinh 6}, sinh 6;*'t"% 4 cosh 6, sinh 0, bt t“% + sinh 6; cosh Hkhfktbl“’“)
Kl
| M
T 2 Z (cosh 0, cosh 0, hygt**t™ + sinh 6y, sinh 6,2 """ + cosh 6; sinh f;,h},t*** + sinh 6; cosh ekhétblak) 7
Kl
(C.7)
dt® .
- a7 = cosh 6;h’
M
+ Y~ (cosh 6; cosh Ohjt** + cosh 0; sin OBt ) + > (sinh 0, A¥" + cosh O hy,t )
k i
M
+ Z (Cosh 0y sinh 0;ht* %% 4 sinh ), cosh 6, hy " talai) +
Kl
M
+ Z (sinh 0y sinh 0, h*"t%: "% 4 cosh 6, cosh thklt%tazai) :
Kl
(C.8)
b;
M
+ Z (sinh 0, sinh Gkhftb’“ + sinh 8, cos Hkhikt“’“) + Z (Sinh 0, h %% + cosh Qkhkt‘lkbi)
k k
M
+ Z (cosh 0y, sinh 0;hyt*¢"% 1 sinh ), cosh 6; hftbktazbi)
Kl
M
+ ) (sinh 6y sinh 62" "% 4 cosh 0 cosh 6yt ") |
kl
(C.9)
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dt®i

a7 = cosh 0, sinh Hjhé-
M
+ Z (sinh 6y, sinh 6;25t% + cosh 6; cosh 6,hit*" + cosh §; sinh §,h**t*% + cosh 6, sinh 6;hy ;%)
k
M

T Z (sinh 6 cosh 6,k t*“t“% + cosh 6, sinh 6,h; t*+*1¢"%)
Kl
M

+ Z (sinh 0y, sinh 0, hF i ¢1%5 4 cosh 6 cosh thklta’“ait“lbf) ,
kl
(C.10)

dt®ii
dg
M .
+ Z (cosh 0; cosh 6,y t** + cosh 6; sinh O hjt*% + sinh 6, cosh 0;h* "% + sinh 6y, cosh 0;h*7 %)
k
M

+ Z (Sinh 0 cosh @ hrt®9i¢%% 4 sinh 6y cosh @, hy taibk)
kl
M

+ Z (sinh 6, sinh O;hF!17i% %% 4 cosh 6}, cosh Oyt 14
kl

= cosh 6; cosh 0;h"%

(C.11)
dtbibj
dp

M

+ Z (sin 6; sin Orhl " 4 sinh 6; sinh kLt + cosh 8, sinh 6;hy,;t%% 4 cosh 6y sinh 6;h*7 £oxb)
k
M

+ Z (sinh 0 cosh G hyt“bitbi% 1 sinh 6, cosh O;hf "% tbibk)

kl
M

+ Z (sinh 6y, sinh 6,27 ¢%% + cosh Oy cosh 6yt " ¢4%) .
Kl

= sinh ¢; sinh 0; A"

(C.12)

In this derivation a key step is as follow. When there is a contraction between the Hamil-
tonian and the cluster operator in the TNOE EOM, it will produce a f or f factor. Thus,
we can re-write the factor into a product of its square root and place one of them in front of
the Hamiltonian matrix element and the other in from of the TNOE amplitude. Then, the
Hamiltonian matrix element can be converted to a contribution of the renormalized matrix el-
ement of the Bogoliubov transformed Hamiltonian and the TNOE amplitude and be mapped
to the TFCC amplitude. For example, we can evaluation the them ZkM \/Ehik fx \/Tjtkj in
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Eq. (C.10) as follow !:

M — M —
SRR Tt = SN FREN T T Tt
k ]\IZ i |
= S VAT T it (C.13)
k

M

— Z cosh ; sinh 0, hi*%b3
k

Comparing these equations with the expression of the Bogoliubov transformed Hamilto-

nian (H LLLEN H):

iLO

El

s ho + Z sinh 6; sinh 0;h

M
> (cosh 6;h'a] + sinh 6;1;0))
M

(cosh 0;h;a; + sinh 0;h'b;)

—_

M
- Z cosh 0; cosh 0 h”aTaT + sinh 0; sinh 0k, DIbt 4 cosh 0; sinh 0;h%alb! 4 sinh 6; cosh Hjh;bj ;

ij Y U5 51t 9;

\)

—_

M
= Z (cosh 6; cosh 0;h" a,a; + sinh §; sinh 6 h”b b + cosh ¢, sinh Gjh; Ib; + sinh 6, cosh Gjhébj ;
ij

N}

M
: Z(cosh 0; cosh @-h;q -+ sinh 0, sinh 0;h7bb; + cosh §; sinh 014} b; + sinh 6; cosh 0;h;;b1 ;)

ij

(C.14)

Eq. (C.7) can be re-written as:

—— =h+ Z hgt? + = Z Rpgt™ + = Z Pt (C.15)

Eq. (C.8) and Eq. (C.9) in combination can be re-written as:

_ 7 hp + thtq + Zt tQP+ Zh tthp (C16)

!There is a common factor \/ﬁ \/ f; that cancels out on BHS of the equation.
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Eq. (C.10), Eq. (C.11) and Eq. (C.12) in combination can be re-written as:

dra .
————W+ZWW+ZﬁﬁWq (C.17)

In these equations, the summation labels run over the squared Hilbert space in the Bogoli-
ubov representation. For example, for tP? them consists of four blocks and each block has
the shape of the double cluster amplitude in TNOE:

r tll tMl tM+11 tQMl 7]
(M1 M ML m
- aa ab (C 18)
[ A .
tM+11 tM+11 tM+1M1 tM+12M
tQMl t2MM tQMM-‘rl tQMQM
L ba b

From this derivation, we observe that Eq. (C.15), Eq. (C.16) and Eq. (C.17) are exactly the
EOMs in the TFCC approach this problem. Thus, we verify that the EOMs between TNOE

and TFCC approach can translate from one to another for Bosonic Hamiltonian given in
Eq. (3.112).
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Appendix D

Explicit expression of the Bogoliubov
transformed two-electron integrals

‘7: Z Vapaan Taras+ Z V;’psqb;: zar‘as

GpaqQras bpagaras
bq apaq
+ E V TbTaras + E V T T
apbgaras apaqarbs

+ Z Vapaan fb Qs + Z Vab’fqb;bgaras

apagbras bpbgaras
bpa. bpa

+ > Vseblalba,+ Y Vyribtata,b
bpagbras bpagarbs

+ Z Va”banbTb Qs + Z Vapbq TbJr
apbgbras apbgarbs

+ > Vneatalbb,+ > Vebibiba
apaqbrbs bpbgbras

+ > Vrebtblah, + > Viheblalb,b,

rUs bp(lqb b
- Vintalbtbbs + > Vyrblblb,b,

bsbr “p~q
apbgbrbs bpbgbrbs
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where

Vaiz‘iq = cos 0, cos 0, cos 05 cos 0, V11
Vaipaaj = sin 8, cos 0, cos 05 cos 0, V11
Vierbs = cos 6, sin 0, cos 0 cos 0, V24
‘zg’;ﬁq = cos 0, cos 0, sin 05 cos 0, V11
Vai’;fq = cos 0, cos 0, cos 05 sin 0, V11
‘N/abspff = sin 6, sin 0, cos O cos 0, V11
%i’;‘iq = sin 6, cos 6, sin 6, cos 0, V24
Valffbiq = sin 6, cos 0, cos 05 sin 6, V21
f/ba’j:q = cos 0, sin 0, sin 05 cos 6, V11
Vai’;liq = cos 0, sin 0, cos 0 sin 6, V21
17;’;?“ = cos 0, cos 0, sin 05 sin 6, V21
lz,b’;l:q = sin 6, sin 0, sin 05 cos 6, V21
Vai” bb:’ = sin 6, sin 0, cos 0 sin 6, V21
‘z)z‘;‘:" = sin 6, cos 0, sin O sin 0, V21
Vi

- : : . -
= cosb,sinb,sinfd,sin 0,V
= bpb . . : :

Vol = sin 6, sin 0, sin 0 sin 0, V21
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Appendix E

Subroutines that implement the TFCC
residual equations for electronic
structrue problem

| import numpy as np

3 from pyscf import 1lib

from pyscf import ao2mo

5 from pyscf.lib import logger
6 from pyscf.cc import ccsd

7 from pyscf.mp import mp2

8 from pyscf import __config__

9

10 BLKMIN = getattr(__config__, ’cc_ccsd_blkmin’, 4)

11 MEMORYMIN = getattr(__config__, ’cc_ccsd_memorymin’, 2000)

Listing E.1: Import necessary python libraries
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### Eqs. (37)-(39) "kappa"

def cc_Foo(tl, t2, F_tilde, V_tilde, flag=False):
foo = F_tilde[’ij’]
Fki = foo.copy()
if not flag:

eris_ovov = V_tilde[’iajb’]

Fki += 2 * lib.einsum(’kcld,ilcd->ki’, eris_ovov, t2)

Fki -= lib.einsum(’kdlc,ilcd->ki’, eris_ovov, t2)

Fki += 2 * lib.einsum(’kcld,ic,ld->ki’, eris_ovov, tl1, t1)
Fki -= lib.einsum(’kdlc,ic,1d->ki’, eris_ovov, ti1, t1)

return Fki

def cc_Fvv(tl, t2, F_tilde, V_tilde, flag=False):
fvv = F_tilde[’ab’]
Fac = fvv.copy()
if not flag:

eris_ovov = V_tilde[’iajb’]

Fac -= 2 * lib.einsum(’kcld,klad->ac’, eris_ovov, t2)

Fac += lib.einsum(’kdlc,klad->ac’, eris_ovov, t2)

Fac -= 2 * lib.einsum(’kcld,ka,ld->ac’, eris_ovov, tl1, t1)

Fac += lib.einsum(’kdlc,ka,ld->ac’, eris_ovov, tl, t1)
return Fac

def cc_Fov(tl, t2, F_tilde, V_tilde, flag=False):
fov = F_tilde[’ia’]
Fkc = fov.copy()
if not flag:

eris_ovov = V_tilde[’iajb’]
Fkc += 2 * np.einsum(’kcld,ld->kc’, eris_ovov, t1)
Fkc -= np.einsum(’kdlc,ld—>kc’, eris_ovov, t1)

return Fkc

; ### Eqs. (40) -(41) "lambda"

def cc_Loo(tl, t2, F_tilde, V_tilde, flag=False):
fov = F_tilde[’ia’]
Lki = cc_Foo(tl, t2, F_tilde, V_tilde, flag=flag) + np.einsum(’kc,ic->ki’,fov, t1)
if not flag:

eris_ovoo = V_tilde[’iajk’]
Lki += 2*np.einsum(’lcki,lc->ki’, eris_ovoo, t1)
Lki -= np.einsum(’kcli,lc->ki’, eris_ovoo, t1)

return Lki

def cc_Lvv(tl, t2, F_tilde, V_tilde, flag=False):
fov = F_tilde[’ia’]
Lac = cc_Fvv(tl, t2, F_tilde, V_tilde, flag=flag) - np.einsum(’kc,ka->ac’,fov, tl)
if not flag:

eris_ovvv = V_tilde[’iabc’]
Lac += 2*np.einsum(’kdac,kd->ac’, eris_ovvv, t1)
Lac -= np.einsum(’kcad ,kd->ac’, eris_ovvv, t1)

return Lac

Listing E.2: Subroutines to calculate intermediate quantities for the TFCC singles residual
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### Eqs. (42)-(45) "chi"

def cc_Woooo(tl, t2, F_tilde, V_tilde):
eris_ovoo = V_tilde[’iajk’]
Wklij = lib.einsum(’1lcki, jc->klij’, eris_ovoo, t1)
Wklij += lib.einsum(’kclj,ic->klij’, eris_ovoo, t1)
eris_ovov = V_tilde[’iajb’]
Wklij += lib.einsum(’kcld,ijcd->k1lij’, eris_ovov, t2)
Wklij += lib.einsum(’kcld,ic,jd->klij’, eris_ovov, tl1, t1)
Wklij += V_tilde[’ijkl’].transpose(0,2,1,3)
return Wklij

def cc_Wvvvv(tl, t2, F_tilde, V_tilde, flag=False):
# Incore

eris_ovvv = V_tilde[’iabc’]
Wabcd = lib.einsum(’kdac,kb->abcd’, eris_ovvv,-t1)
Wabcd -= lib.einsum(’kcbd,ka->abcd’, eris_ovvv, t1)

Wabcd += V_tilde[’abcd’].transpose(0,2,1,3)
return Wabcd

def cc_Wvovo(tl, t2, F_tilde, V_tilde):

eris_ovvv = V_tilde[’iabc’]

eris_ovoo = V_tilde[’iajk’]

Wakci = lib.einsum(’kdac,id->akci’, eris_ovvv, t1)

Wakci -= lib.einsum(’lcki,la->akci’, eris_ovoo, t1)

Wakci += V_tilde[’ijab’].transpose(2,0,3,1)

eris_ovov = V_tilde[’iajb’]

Wakci -= 0.5%1lib.einsum(’lckd,ilda->akci’, eris_ovov, t2)
Wakci -= lib.einsum(’lckd,id,la->akci’, eris_ovov, tl1, t1)

return Wakci

def Wooov(tl, t2, F_tilde, V_tilde):
eris_ovov = V_tilde[’iajb’]
Wklid = lib.einsum(’ic,kcld->klid’, tl, eris_ovov)
Wklid += V_tildel[’iajk’].transpose(2,0,3,1)
return Wklid

def cc_Wvoov(tl, t2, F_tilde, V_tilde):

eris_ovvv = V_tilde[’iabc’]

eris_ovoo = V_tilde[’iajk’]

Wakic = lib.einsum(’kcad,id->akic’, eris_ovvv, t1)

Wakic -= lib.einsum(’kcli,la->akic’, eris_ovoo, t1)

Wakic += np.asarray(V_tilde[’iabj’]).transpose(2,0,3,1)
eris_ovov = V_tilde[’iajb’]

Wakic -= 0.5"1ib.einsum(’ldkc,ilda->akic’, eris_ovov, t2)
Wakic -= 0.5%1ib.einsum(’lckd,ilad->akic’, eris_ovov, t2)
Wakic -= lib.einsum(’ldkc,id,la->akic’, eris_ovov, ti1, ti1)

Wakic += lib.einsum(’ldkc,ilad->akic’, eris_ovov, t2)
return Wakic

Listing E.3: Subroutines to calculate intermediate quantities for the TFCC doubles residual
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1 def update_amps(tl, t2, F_tilde, V_tilde):

2 """Singles and Doubles residual equation

| fov = F_tilde[’ia’]

5 foo = F_tilde[’ij’]

6 fvv = F_tilde[’ab’]

7 Foo = cc_Foo(tl, t2, F_tilde, V_tilde, flag=flag)
8 Fvv = cc_Fvv(tl, t2, F_tilde, V_tilde, flag=flag)
9 Fov = cc_Fov(tl, t2, F_tilde, V_tilde, flag=flag)

# Tl equation

12 M = t1.shape[0]

13 tlnew = np.zeros ([M, M])

14 tinew +=-2"np.einsum(’kc,ka,ic->ia’, fov, t1, t1)

15 tlnew += np.einsum(’ac,ic->ia’, t1)

16 tinew += -np.einsum(’ki,ka->ia’, t1)

17 tinew += 2*np.einsum(’kc,kica->ia’, Fov, t2)

18 tlnew += -np.einsum(’kc,ikca->ia’, Fov, t2)

19 tlnew += np.einsum(’kc,ic,ka->ia’, Fov, t1, t1)

20 tinew += fov.conj()
21 tinew += 2¥np.einsum(’kcai,kc->ia’, V_tilde[’iabj’], t1)
22 tlnew += -np.einsum(’kiac,kc->ia’, V_tilde[’ijab’]l, t1)

3 tlnew += 2*1ib.einsum(’kdac,ikcd->ia’, V_tilde[’iabc’], t2)
24 tlnew += -lib.einsum(’kcad,ikcd->ia’, V_tilde[’iabc’], t2)

5 tlnew += 2*1lib.einsum(’kdac,kd,ic->ia?’, V_tilde[’iabc?’], t1, t1)
26 tlnew += -lib.einsum(’kcad,kd,ic->ia’, V_tilde[’iabc’], t1, t1)
27 tlnew +=-2"1ib.einsum(’lcki,klac->ia’, V_tilde[’iajk’], t2)

28 tlnew += lib.einsum(’kcli,klac->ia’, V_tilde[’iajk’], t2)

29 tinew +=-2%1lib.einsum(’lcki,lc,ka->ia’, V_tilde[’iajk’], t1, t1)
30 tlnew += lib.einsum(’kcli,lc,ka->ia’, V_tilde[’iajk’], t1, t1)
3

32 # T2 equation

33 t2new = np.zeros([M, M, M, M])

34 tmp2 = lib.einsum(’kibc,ka->abic’, V_tilde[’ijab’], -t1)

35 tmp2 += V_tilde[’iabc’].conj().transpose(1,3,0,2)

36 tmp = lib.einsum(’abic,jc->ijab’, tmp2, t1)

37 t2new = tmp + tmp.transpose(1,0,3,2)

38 tmp2 = lib.einsum(’kcai,jc->akij’, V_tilde[’iajb’]l, t1)

39 tmp2 += V_tilde[’iajk’].transpose(1,3,0,2).conj()
10 tmp = lib.einsum(’akij,kb->ijab’, tmp2, t1)

11 t2new -= tmp + tmp.transpose(1,0,3,2)

42 t2new += V_tilde[’iajb’].conj().transpose(0,2,1,3)
13 Loo = cc_Loo(tl, t2, F_tilde, V_tilde, flag=flag)
44 Lvv = cc_Lvv(tl, t2, F_tilde, V_tilde, flag=flag)
A5 Woooo = cc_Woooo(tl, t2, F_tilde, V_tilde)

46 Wvoov = cc_Wvoov(tl, t2, F_tilde, V_tilde)

17 Wvovo = cc_Wvovo(tl, t2, F_tilde, V_tilde)

48 Wvvvv = cc_Wvvvv(tl, t2, F_tilde, V_tilde)

19 tau = t2 + np.einsum(’ia,jb->ijab’, ti1, t1)
50 t2new += lib.einsum(’klij,klab->ijab’, Woooo,
lib.einsum(’abcd,ijcd->ijab’, Wvvvv,
lib.einsum(’ac,ijcb->ijab’, Lvv, t2)
t2new += (tmp + tmp.transpose(1,0,3,2))

tmp = lib.einsum(’ki,kjab->ijab’, Loo, t2)

tau)

t2new += tau)

1
52 tmp =
3
3
1
5

t2new -=
tmp =
tmp -=
t2new +=
tmp =
t2new -=
tmp =
t2new -=

return tlnew,

Listing E.4: Subroutines to calculate TFCC singles and doubles residuals

(tmp + tmp.transpose(1,0,3,2))

2*1ib.einsum(’akic,kjcb->ijab’, Wvoov, t2)
1lib.einsum(’akci,kjcb->ijab’,
(tmp + tmp.transpose(1,0,3,2))
1lib.einsum(’akic,kjbc->ijab’,
(tmp + tmp.transpose(1,0,3,2))
lib.einsum(’bkci,kjac->ijab’,

t2new

Wvovo, t2)

Wvoov, t2)

Wvovo, t2)
(tmp + tmp.transpose(1,0,3,2))
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def energy(tl, t2, F_tilde, V_tilde):
’??RCCSD correlation energy’?’’
# if t1 is Nome: tl1l = cc.tl
# if t2 is Nome: t2 = cc.t2
# if eris is Nomne: eris = cc.ao2mo ()

e = 2'np.einsum(’ia,ia’, F_tilde[’ia’],
tau = np.einsum(’ia,jb->ijab’,t1,t1)
tau += t2

eris_ovov = V_tilde[’iajb’]

e += 2"np.einsum(’ijab,iajb’, tau, eris_
e += -np.einsum(’ijab,ibja’, tau, eris_

if abs(e.imag) > 1le-4:

logger.warn(cc, ’Non-zero imaginary part found in RCCSD emnergy %s’,

return e.real

t1)

ovov)
ovov)

e)

Listing E.5: Subroutine to calculate the TFCC constant residual
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Appendix F

Discussion of spin and spin-adaptation

The Hamiltonian used in the calculations commute with the spin operators:
[H,5.) =[H,5,] =[H S| =[H S =0. (F.1)

As a result, it is convenient to represent the Hamiltonian formally using operator of the
unitary group.

E? = pldo + Dhis (F.2)
BP9 = 51 Sua + Pabista + hiliats + hdbists (F.3
such that ]
H= Z hy BV + 3 Z (pq|rs) EPI. (F.4)
pq pqrs

The integrals are not anti-symmetrized integrals. It is convenient to think of them as a/3-spin
integrals:

(pq|rs) = Pads|rass) = VEL (F.5)

In this section we will use upper case to represent [-spin orbitals and lower case to
represent a-spin orbitals. We have the relations in terms of spin orbitals.

hb = h (F.6)
VI = Vs = VI& = VE? (F.7)
Likewise, the density matrices can be expressed in terms of the E-operators
D = %Tr(EfgeﬁH ) (F.8)
Dy = %Tr(Ege_Bﬁ ) (F.9)
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These corresponding density matrices can be expressed in terms of spin-orbitals.

b = dg (F.10)
@l = dpg = di — dig (F.11)
The same relation hold for the T amplitudes in the Bogoliubov representation.

We can express the cumulants as:

Cre = d' — dPd? (F.12)

r

Crd = Cpg = O — CR2. (F.13)

It follows that in the computer code, in all instances, the variables that are used and
manipulated are always the mixed spin o amplitudes: VT’;Q, t98. and the a-spin one-body
analog.

The e and 3 spin quantities are never constructed explicitly but the necessary formulas
are substituted. This is already implemented like this in the spin-adapted CCSD code for
closed-shell systems.

It is possible to ignore spin and interpret equations in terms of spatial orbitals. This fol-
lows the implementation. Formally, we can derive equation, in particular, the N-representability
(P,Q,G cumulant) in terms of spin-orbitals:

~

(9'Q'Qp) = €18 + myng. (F.14)
<;§QQT;§T> = C3 + g, (F.15)
(F.16)
(F.17)

(5'QQ'5) = =CI8 + g,

We have following additional comments on the spin adaptation:

1. To provide a spin-adapted version of the TFCC, it is required that h is used to define
the thermal reference state |0) = e7#"/2|u), in a spin-scalar:

ho=) epEP. (F.18)
p

This should be true irrespective of the spin-multiplicity of the ground state (in the case of
the Oy for example). In all cases, one can use exactly the same spin-adapted equations.
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2. The Bogoliubov H commute with spin-operators in the Bogoliubov representation.

S.=> (p'p— P'P) (F.19)
p

Se=>Y p'P (F.20)
p

S_=> Pp (F.21)
p

where p runs over both a, and Ep operators. This is analogous to conventional CC. H also
commute with N =37 (p'p + PTP)
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Appendix G

Proof of the connectedness for the CC
energy and amplitude equations

In this appendix, we will give a proof of the connectedness of the CC energy and amplitude
equations in Eq. (2.47) and Eq. (2.48). In both equations, similarity transformed Hamiltonian
H=eTHeT can be expanded applying BCH formula:

AT (G.1)

e THeT = H + [H,T) + 51

In the BCH expansion in Eq. (G.1), the commutator can be expressed as:
[H,T7)= HT — TH (G.2)

and both products in the commutator can be expanded as their normal product and sum over
all contraction with the respect to the reference state according to the Wick’s theorem. The
normal product of the two terms in Eq. (G.2) cancels out by definition ({HT} —{TH} = 0).
Thus, the only surviving terms in the commutator in Eq. (G.2) are connected terms with the
Hamiltonian operator H has at least one contraction with the cluster operator T. Applying
the same argument recursively, the whole BCH expansion in Eq. (G.1) consists of connected
terms only:

e THE = (HeD) o, (G.3)

Thus, we proved the connectedness of the CC energy and amplitude equations.
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Appendix H

Supporting information for chapter 5

H.1 Vibronic model parameters

H.1.1 two by two models

The parameters for both models are listed in Tables H.1 and H.2 below. The operator files for
model A, model B, and model C are given in List H.1, List H.2, and List H.3 respectively.
model A

Table H.1: two by two model parameters.

Parameter (V) Table H.2: in (eV).

Ee 0.0 Parameter model A model B model C
b
5 8; A 0.5 1.0 0.5

1 .
o, 0.3 Ao 0.25 0.5 0.25
0 0.2

H.1.2 Water H>,O model

The parameters for the linear vibronic model of water are presented in Table H.3. The
operator file is given in List H.4.
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Table H.3: HoO model parameters (eV).

Parameter Parameter Parameter

Bl 14.051 208 gt 0.650 150 933 —0.213 821
E?? 11.785 450 gat 0.302 387
E33 18.280470 g2 0.076 394

Z.PE —0.591 746 g2 0.291 455
w1 0.208 018 g3 —0.692915
Wo 0.481 209 g33 0.857173
w3 0.494 264

H.1.3 Ammonia NH3 model

The parameters for the linear vibronic model of ammonia are presented in Table H.4. The
operator file is given in List H.5.

Table H.4: NH3 model parameters (eV).

Parameter Parameter Parameter

E 15.526 843 gt 0.330653 932 —0.252 207
E?? 9.746 612 g3t 0.573074 ga? 0.108 074
E33 15.526 843 gl 0.588 249 gi3 —0.588 249
Z.PE —0.954114 g%l 0.332074 gé?’ —0.332078
w1 0.136676 g3 —0.501 301 g —0.251602
Wa 0.438 180 932 0.154 145 g3 0.107915

w3 0.213 508 g2 0.000001

Wy 0.213 508 g% —0.000 004

Ws 0.453178 g3 0.330653

We 0.453178 g33 0.573074

g3 —0.588 248

g3 —0.332083

H.1.4 Pyrazine C4H4Ns model

The Pyrazine is available at reference: Raab, A., Worth, G. A., Meyer, H. D., & Cederbaum,
L. S. (1999). Molecular dynamics of pyrazine after excitation to the S 2 electronic state using
a realistic 24-mode model Hamiltonian. The Journal of chemical physics, 110(2), 936-946.

H.1.5 Hexahelicene CysH;16) model

The Hexahelicene is available at reference: Aranda, D., & Santoro, F. (2021). Vibronic
spectra of m-conjugated systems with a multitude of coupled states: A protocol based on
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linear vibronic coupling models and quantum dynamics tested on hexahelicene. Journal of
Chemical Theory and Computation 17(3), 1691-1700.

H.2 Spectra simulation for model A and model B

To illustrate the accuracy of the VECC method, we compare to the ED with converged basis
for the two by two models on the simulated spectra. We tested on model A and model B

which are designed to simulate the strongly vibronic coupling scenarios. Results are shown
in Fig. H.1.

The simulated spectra for model A is given in Fig. H.1a. This is a typical system with a
short progression. In general, VECC has good agreement with ED. There are small discrep-
ancies in terms of fine-structure but the band width and shape roughly matches. The spectra
for triples (SDT) truncation shows only slight differences with the spectra for doubles (SD)
truncation, indicating that VECC is sufficiently converged at SD.

The simulated spectra for model B is given in Fig. H.1b. This is a typical system with
long progression. As expected, the simulated spectra shows richer peaks compared to the
short progression case. VECC predicts peak positions and intensities consistent with ED.
The spectra for SDT and SD show slight differences indicating that VECC is sufficiently
converged at SD.

The VECC method shows impressive accuracy. The envelope of the spectra (which is
determined by very-short time evolution) is always well reproduced. Somewhat surprisingly,
in the ED method, a large basis set (80 basis functions per mode) is required to obtain
converged simulated spectra which is computationally expensive and not always feasible for
large systems.
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(a) Spectra of model A propagated for 100 fs.
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(b) Spectra of model B propagated for 100 fs.

Figure H.1: Simulated absorption spectra of two by two models using VECC and ED.
Both are generated through a Fourier transform of their time-autocorrelation functions us-
ing autospec84. Parameters for both models are given in Table H.1 and Table H.2.

H.3 Explicit scheme to test convergence behaviour of Z
operator excitation level

Through some mathematical manipulations, we can rewrite the orginal VECC EOM in terms
of a linear differential equation of C\:

_ dcC = dTT
i Gynl 2 1y, 0) = 37 (gl (B = p+ )G [, 0) (H.1)
By setting
. X drt
=H—p+i— H.2
G p+sz, (H.2)



the original EOM can be simplified as

dO oA

T

We solve the EOM for C., in three steps: First, we calculate the double similarity transformed

Hamiltonian H. Then we apply the Ehrenfest paramaterization to calculate the T residual

(4L), allowing us to determine G Finally, we resolve Eq(H.3) in a finite H.O. basis, which

can be converted to a matrix equation:

. dC R .
i (y,n| d—Ty |y, 0) = Z (y,n| Glz,m) (x,m|C, |z,0) . (H.4)

rm

Both matrix elements of (n,y|G|m,z) and (m,z|C,|0,z) can be evaluate using the
second quantization rules. Note that the H.O. basis has the same dimension as number of
normal mode in the vibronic models. For example, if we have two normal modes in the
vibronic model, state |z, n) can be written as:

]x,n> = |‘T7n17n2> (H5)

where nq, no represent the H.O. basis of the two individual normal mode.

Comparing to the original VECC scheme, another major difference is that we directly
propagate C, rather than Z,. However, by definition, the excitation level of C, and Z, are
the same. Thus the scheme that directly propagate Z, with the same basis truncation level
is identical to that of the CA’J;

H.3.1 Scheme to compute diabatic state population

The state population can be calculated using the formula:

Cf Cra
PO(r) = —gn (;{T o (H.6)
ny — LYY

where C,, = (n,z|C, |0,2). In the test scheme we propagate one surface at a time. For a
surface b, initially at 7 = 0, we set (), ; = 0;50,,0. The result can be compared with the ED
method. In the ED method, C, ,, can be expanded into the eigenvalue basis:

Com =Y _ e PV, 01 Viou (H.7)
l

where V,, ,,; are the eigenvector of the vibronic model Hamiltonian.
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H.3.2 Scheme to compute ACF and spectra
By definition, Z, can be obtained through the similarity transformation of C,:
Z, = e_TATCA'aCeTT = (e_TTCA'gC)wm. (H.8)
We use the following procedure to obtain Zm from C’x:

1. resolve —7T and T in H.O. basis.

(n| = t}i|m) = —/mt;,6nm (H.9)
(n| 1 |m) = /mt},6nm-1 (H.10)

2. Diagonalize the (m| — 77 |n) and (m| T |n) matrix:

(-THU = \U (H.11)
(THU' = ~yU’ (H.12)

3. Transform the matrix exponential in H.O. basis:

W =UU (H.13)
V=U"°U" (H.14)
4. Evaluate ZAI in H.O. basis

vm

Once we have ZA%O, we can construct the ACF using the scheme that is the same as the
original VECC method and thus obtain the spectra from the ACF.

H.3.3 Make direct comparison to the original operator version of
the VECC method

In this section, we proposed a new VECC scheme and we refer it to the matrix version of the
VECC method in contrast to the original operator version of the VECC method. There is
a slight difference between the two schemes. In the operator version of the VECC method,
we restrict maximum net excitation level in Z, operator. For example for double truncation
in ZB, the maximum allowed excitation is two and for triple truncation in Zx, the maximum
allowed excitation is three. However, in the matrix version of the VECC method, we apply
the finite H.O. basis to resolve C, operator. For N mode systems, with M level truncation
of H.O. basis for each mode, the maximum allowed excitation is M™.
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To make the two scheme identical, we can apply an addition projection operator P on
the C, to restrict maximum level of excitation. For example for a two mode system, if we
want to restrict the maximum excitation level to be two. We have:

é;: = pm,nzéxa (H.16)
where
. 1 4 <2
Py = i mny S 2 (H.17)
0 Zf ny+ny > 2

In this way, we can make direct comparison between and matrix-VECC and operator-VECC
method.
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OP_DEFINE-SECTION

oltitle

model A
end-title
s|end-op_define-section

7| PARAMETER -SECTION

# Frequencies
2
w01 = 0.200000 5
w02 = 0.300000 5
3| # Electronic Hamitonian
2
5| EH_s01_s01 = 0.000000 5
EH_s02_s02 = 0.200000 5
/| EH_s03_s03 = 0.000000 5
# Electronic transition moments
S S o
Ex_s00_s01 = 0.100000 5
Ex_s00_s02 = 0.100000 5
# Linear Coupling Constants
2
Cl_s01_s01_vO1 = 0.500000 5
Cl_s02_s02_vO1 = -0.250000 5
Cl1_s01_s02_vO02 = 0.200000 5
Cl_s02_s01_v02 = 0.200000 5
end -parameter -section
;| HAMILTONIAN -SECTION
modes | el | vO1| vO02]|
1.00*w01 [2 KE
1.00*xw02 |3 KE
0.50*xw01 [2 q~2
0.50*w02 3 q~2
EH_s01_s01 [1 S1&1
sl EH_s02_s02 1 S2&2
EH_s03_s03 1 S3&3
Cl_s01_s01_vO1 [1 S1&1 [2 q
Cl_s02_s02_vO1 [1 S2&2 12 q
Cl1_s02_s01_v02 1 S2&1 13 ¢q
Cl1_s01_s02_v02 1 S1&2 13 ¢q

end-hamiltonian-section
HAMILTONIAN-SECTION_Ex
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modes | el | vOo1| vo02]|

Ex_s00_s01 |1 S3&1
Ex_s00_s02 |1 S3&2
end-hamiltonian-section

)| end -operator

Listing H.1: model A operator file modelA. op.
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OP_DEFINE-SECTION

oltitle

model B
end-title
s|end-op_define-section

7| PARAMETER -SECTION

end -parameter -section

5| HAMILTONIAN -SECTION

modes | el | vO01]| wvO02]|
s/ 1.00*%w01 |2 KE
1.00%w02 |3 KE
0.50%w01 12 q-2
0.50%w02 13 q-2

# Frequencies
# o o o o o e
w01 = 0.200000
w02 = 0.300000
# Electronic Hamitonian
H o o

7|lEH_s01_s01 = 0.000000
EH_s02_s02 0.200000
EH_s03_s03 = 0.000000
# Electronic transition moments
S
Ex_s00_sO01 = 0.100000

25| Ex_s00_s02 = 0.100000

7| # Magnetic transition moments
S
Mx_s00_sO01 = 0.100000
Mx_s00_s02 = 0.100000

| # Linear Coupling Constants
B o o o o e e e
Cl1_s01_s01_vO1 = 0.500000
Cl1_s02_s02_vO01 = -0.250000
Cl_s02_s01_vO02 = 0.200000
C1_s01_s02_vO02 = 0.200000
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EH_s01_s01
EH_s02_s02
EH_s03_s03

Cl_s01_s01_vO1
C1_s02_s02_vO1

Cl_s02_s01_vO02
C1_s01_s02_vO02
end-hamiltonian-section

5| HAMILTONIAN -SECTION_Ex

modes | el | vO01]
Ex_s00_s01
Ex_s00_s02

end-hamiltonian-section

end -operator

1 S1&1
1 S2&2
[1 S3&3

[1 S1&1
1 S2&2

|1 S2&1
|1 S1&2

v02 |

1 s3&1
1 83&2

|2
|2

13
I3

Listing H.2: model B operator file modelB. op.
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OP_DEFINE-SECTION

oltitle

model C
end-title
s|end-op_define-section

7| PARAMETER -SECTION

# Frequencies
S
w01 = 0.200000
w02 = 0.300000
# Electronic Hamitonian
H o o o o e

7|lEH_s01_s01 = 0.000000
EH_s02_s02 = 0.200000
EH_s03_s03 = 0.000000
# Electronic transition moments
H o o el el
Ex_s00_sO01 = 0.100000

25| Ex_s00_s02 = 0.100000

7| # Magnetic transition moments
H o o o o el m e m oo
Mx_s00_sO01 = 0.100000
Mx_s00_s02 = 0.100000

| # Linear Coupling Constants
B o o o o o e
Cl1_s01_s01_vO1 = 0.500000
Cl1_s02_s02_vO01 = 0.2500000
Cl_s02_s01_vO02 = 0.200000
C1_s01_s02_vO02 = 0.200000

end -parameter -section

HAMILTONIAN-SECTION

modes | el | vo1| vO02]|
1.00*xw01 |2 KE

s/ 1.00%w02 |3 KE
0.50%w01 12 q-2
0.50%w02 3 q~2
EH_s01_s01 |1 S1&1
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EH_s02_s02
EH_s03_s03

C1_s01_s01_vO01
C1_s02_s02_vO01

)| C1_s02_s01_v02

C1_s01_s02_vO02
end-hamiltonian-section

HAMILTONIAN -SECTION_Ex
modes | el | vOo1|

71 Ex_s00_sO01

Ex_s00_s02
end-hamiltonian-section

end -operator

1 S2&2
|1 S3&3

[1 S1&1
|1 S2&2

1 S2&1
1 S1&2

v02 |

|1 S3&1
|1 S3&2

|2
[ 2

|3
|3

Listing H.3: model C operator file modelC. op.
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OP_DEFINE-SECTION

oltitle

water
end-title
s|end-op_define-section

7| PARAMETER -SECTION

# Frequencies
B o o o o o e -
w01 = 0.208018
w02 = 0.481209

3l w03 = 0.494264

5| # Electronic Hamitonian
$ o o el
EH_s01_s01 = 14.051208
EH_s02_s02 = 11.785450
EH_s03_s03 = 18.280470
EH_s04_s04 = -0.591746

| # Electronic transition moments
H o o o o e
Ex_s00_s01 = 0.100000

7| Ex_s00_s02 = 0.100000
Ex_s00_s03 = 0.100000
# Linear Coupling Constants
S S S S S

3] C1_s01_s01_vO01 = 0.650150
Cl_s01_s01_vO02 = 0.302387

5/ C1_s02_s02_vO01 = 0.076394
C1_s02_s02_vO02 = 0.291455
C1_s03_s03_vO01 = -0.692915

s/ C1_s03_s03_v02 = 0.857173
C1_s01_s03_vO03 = -0.213821

end -parameter -section

;) HAMILTONIAN -SECTION

modes | el | vo1| vO02| v03|
1.00*xw0O1 |2 KE
1.00%xw02 |3 KE

3/ 1.00%w03 |4 KE
0.50%w01 12 q-2
0.50%w02 3 q~2
0.50%w03 4 q-2
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EH_s01_s01
EH_s02_s02
EH_s03_s03
EH_s04_s04

Cl1_s01_s01_vO1

)| C1_s01_s01_vO02

C1_s02_s02_voO01
C1_s02_s02_vO02
C1_s03_s03_vO01
C1_s03_s03_v02

Cl1_s01_s03_v03

7lend-hamiltonian-section

HAMILTONIAN -SECTION_Ex
modes | el | vO1|

Ex_s00_s01
Ex_s00_s02
Ex_s00_s03
end-hamiltonian-section

end -operator

|1 S1&1
1 S2&2
|1 S3&3
|1 S4&4

|1 S1&1
|1 S1&1
|1 S2&2
|1 S2&2
|1 S3&3
|1 S3&3

1 S1&3

v02| v03|

|1 S4&1
|1 S4&2
|1 S4&3

|2
|3
|2
|3
|2
|3

[fo Qe RN e Ve e}

Q

Listing H.4: Water (H,O) operator file h20_vibronic_linear.op.
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OP_DEFINE-SECTION

oltitle

ammonia
end-title
s|end-op_define-section

7| PARAMETER -SECTION

# Frequencies

# o o o o o e
w01 = 0.136676 ,
w02 = 0.438180 ,

3l w03 = 0.213508 s
w04 = 0.213508 s

5| wO0b = 0.453178 s
w06 = 0.453178 ,
# Electronic Hamitonian
H o o o o o e
EH_s01_s01 = 15.526843 ,
EH_s02_s02 = 9.746612 ,

] EH_s03_s03 = 15.526843 ,
EH_s04_s04 = -0.954114 ,
# Electronic transition moments

I et i
Ex_s00_s01 = 0.100000 ,
Ex_s00_s02 = 0.100000 s
Ex_s00_s03 = 0.100000 s

| # Linear Coupling Constants
B o o o o e e e
Cl1_s01_s01_vO1 = 0.330653 ,
C1_s01_s01_vO02 = 0.573074 ,

g/ Cl_s01_s01_vO03 = 0.588249 ,
C1_s01_s01_vO05b5 = 0.332074 s
Cl1_s02_s02_vO01 = -0.501301 ,
Cl1_s02_s02_v02 = 0.154145 ,
C1_s02_s02_vO03 = 0.000001 ,

3l C1_s02_s02_vO05 = -0.000004 ,
C1_s03_s03_vO01 = 0.330653 ,

5/ C1_s03_s03_v02 = 0.573074 ,
C1_s03_s03_v03 = -0.588248 ,
C1_s03_s03_v05 = -0.332083 s
Cl1_s01_s02_vO03 = -0.252207 ,
Cl1_s01_s02_vO05 = 0.108074 ,
Cl1_s01_s03_v04 = -0.588249 ,
Cl1_s01_s03_v06 = -0.332078 s
C1_s02_s03_v04 = -0.251602 ,
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C1_s02_s03_v06
end -parameter -section

HAMILTONIAN-SECTION

modes | el | vO1]
1.00xw01 |2
1.00%xw02 |3
1.00*w03 |4
1.00xw04 |5
1.00*xw05 |6
1.00*xw06 |7
0.50*%w01 |2
0.50*%w02 |3
0.50*xw03 |4
0.50*xw04 |5
0.50*xw05 |6
0.50*xw06 |7
EH_s01_s01

EH_s02_s02

EH_s03_s03

EH_s04_s04

Cl1_s01_s01_vO1
C1_s01_s01_v02
C1_s01_s01_v03
C1_s01_s01_vO05
C1_s02_s02_vO1
Cl1_s02_s02_v02

51C1_s02_s02_vO03

C1_s02_s02_v05
C1_s03_s03_vO01
C1_s03_s03_v02
C1_s03_s03_v03
C1_s03_s03_vO05

Cl1_s01_s02_vO03

31 C1_s01_s02_vO05

C1_s01_s03_v04

51 C1_s01_s03_v06

C1_s02_s03_vO04
C1_s02_s03_vO06
end-hamiltonian-section

HAMILTONIAN -SECTION_Ex
modes | el | vO1|

] Ex_s00_s01

Ex_s00_s02

5| Ex_s00_s03

71end-hamiltonian-section

v02 |

KE
KE
KE

[1
1
1
1
|1
[1
l1
1
1
[1
[1
[1

1
1
[ 1
[1
|1
l1

v02 |

|1
[ 1
l1

v03 |

S1&1
S2&2
S3&3
S4&4

S1&1
S1&1
S1&1
S1&1
S52&2
S52&2
S2&2
S2&2
S3&3
S53&3
S3&3
S3&3

S1&2
S1&2
S1&3
S1&3
S2&3
S52&3

v03|

S4&1
S4&2
S4&3

0.1

v04

|2
[3
| 4
|6
|2
|3
| 4
|6
[2
|3
| 4
|6

| 4
|6
|5
|7
|5
|7

v04

07915

| vOo5]|

[fe Q¥ Jue R J¥e Jte e Jte Jte Ve e el

[fo Qe N e Ve e}

| voO5]|
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v06 |

vO06 |

ev




108

09| end -operator

Listing H.5: Ammonia (NHj3) operator file nh3_vibronic_linear.op.
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Appendix 1

Supporting information for chapter 6

I.1  Expression of Bogoliubov transformed Hamiltonian
(up to quadratic)

In this section, we give detailed expression of the Bogoliubov transformed Hamiltonian de-
fined in Eq. (6.46).

RO Ey + Z sinh 6, sinh Gihj

h' ) (coshO;h'al + sinh 0;h,b])

(2

hy : Z(cosh 0;h;a; + sinh GihilA)i)

(] JtYyg VAR R Al

~ 1 . i N A
h? > Z(cosh 8; cosh 0; h”&ld; + sinh 6, sinh HjhiijbT. + cosh 6; sinh th?dTbT. + sinh 8, cosh ¢ -hl.deT)
ij
1 . ~ A N A
ho : 5 Z(cosh 0; cosh 01" a;a; + sinh 0; sinh 6;h;;b;b; 4 cosh 0; sinh 0;h’a;b; + sinh 6; cosh Hjh;-bz-&j)
ij
ﬁ% : Z(COSh 0; cosh thé-dzdj + sinh 6; sinh 6, hféjl;] + cosh 6; sinh 6, hijdjl;j + sinh 6; cosh thiji)j&j)

! (L1)
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[.2  The initial cluster amplitudes (at high T)
The T and Z operators in the Bogoliubov representation can be written as:
T =3 " gma] 43 " i Z gl al
1S el Ly e w
52 40T 5 a i A (1.2)
1) )
1 bib; (w) i3
+ §Zt A
and
Zg(cw) _ ZO(w +Z a;(w) A al +Z bi( w)bT
a;a;(w aibj(w) AT7t
T3 Z Wala +§Z% b (1.3)
j
1 fin
biaj(w)ptat - bibj(w)7.T7,T
+ = Zz i@pfat +Qizjzxf bib

We propagate the amplitudes initializing the amplitudes one electronic surface at a time,
where this initial surface label is denoted w. At high temperature, ach of the amplitude in
Eq. (I.2) and Eq. (I.3) can be mapped to the analytical expression of the thermal density
matrix of D.H.O.. The explicit expression for the mapping is as follow:

paitw) — i
cosh 0;
) _ i
sinh 6; (L.4)

paiag(w) — 4bibj(w) —

n;(B) — cosh? 6; + 1

pasbi(w) — gbiaj(w) — 0y
7" sinh 6, cosh 6,

where X; = 2t and n;(8) = —L-, and

i — 1—e Pwio
O(w) = 5:1:11}@(5)
Zgi(w) _ Zii(ﬂ)) _ Zgz‘aj(UJ) (I.5)

<A )2

where Q(5) = e~ P(Eo~2s ', —

i 1—e—Bw;
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I.3 Motivation of the ansatz for the vibronic problem

In analog to the vibrational problem, the most straightforward ansatz to parameterize the
vibronic thermofield state, for surface w is the single exponential ansatz:

o)™ = e |w,U)

T w, 6(8)) , (L6)
where
= |2) Tuy(7) (ul (L.7)
and

A

1 s
Ty (1) = 10, ( —I—thyp +§Zt§ngqT+... (1.8)
pq

The cluster operator T spans both electronic and vibrational DoF. Projecting the vibronic
EOM by (z,6(5)| €], in analog to vibrational counterpart in Eq. (6.57), we obtain

00 Y () L (M) w009 = (2,009 2 3 (e 70) B (7, 0(5)).
’ o (1.9)

However, due to the matrix nature of the cluster operator with respect to the electronic
DoF, the disconnected contributions in both sides Eq. (I1.9) do not cancels out:

Z (ef:iﬂ(r))zm (%eT(T)>m ” (%) (1.10)

> () A, (ei“(r))w £ If.ief“(”)cm.)zy. (L11)

w,x

and

To avoid this complication, we choose T to be pure vibrational and independent of
electronic surface. In order to achieve this, we introduce the mixed CC/CI ansatz:

16(PN® = e H |w, U) = 7™ T)ZZ )|z, 0(8)) . (L12)

In this way, T has no electronic dependencies and the EOM becomes connected again, i.e.,

. R [(w)
7T<w>(f)i T (1) _ d1™) (1) 1.13
¢ dTe dr (113)

and ) . .
e T OH, T = (H, ™™ (7)) conn. (L.14)

xy
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The mixing of electronic states is now all induced by the CI operator Z. Making use of
Eq. (I.13) and Eq. (I.14), the EOM (Eq. (6.92)) for full vibronic coupling problem with
mixed CC/CI ansatz can be derived.
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I.4 Detailed scheme for calculating the variance of the
position (g-variance) using VE-TFCC

In this section, we give the explicit scheme to calculate the g-variance (Aq) from the VE-

TFCC approach. By definition Ag; = (G2) — (¢;)*>. We can use the general scheme discussed

in section 6.4.1 to calculate the individual expectation values (G) and (¢*) and then the
variance can be determined. We will elaborate the detailed working equations below.

Firstly we can express the ¢ operator in Bosonic construction operators:

G = E(%T +1). (1.15)

Thus, we can express §2 as:

1 ~ R ~
G IGE )

| A AinoAn A A A
= Q(N +aTi a1t +44) ([1, 1] = 1) (1.16)
Lopay 1. 1

25” +ZZ+§ZZ+§

Making using of Eq. (6.100) and explicit equation of ¢; and ¢? in Eq. (I.15) and Eq. (1.16),
we can express the (¢) and (¢*) in terms of the thermal physical reduced density matrices:

mma%EWW+mm, (117)

(7)) = Z( d;" () + dii(7) + Qdiu( )+%5m>, (1.18)

where the thermal physical reduced density matrices are defined as:

4y (7) = G (@01 16V ()

45(7) = g3 (@016

B = g 01177 |69 (). (119)
4(7) = g 015 [0 ).

55(7) = i 01 |0

and the canonical partition function Q(7) = >, 20 (7). For simplicity, since all thermal
physical reduced density matrices are temperature-dependent, we will drop the temperature
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(7) of them in the rest of this section (dj = dj*(7)).

Next, we map the thermal physical reduced density matrices from the thermal reduced
density matrices in Bogoliubov representation:

. 1 ~
4 (z,0| cosh 0;a] + sinh 0;b; |¢¥)) = sinh 6;d”

y — Q(7) ybi
1 . ~
dy; = 0 (x, 0| cosh 0;d; + sinh 6;b] ’qﬁ(y)> = cosh 0;dy,.,
T
. 1 ~ ~ ~
i = o (0] (cosh 0;a] + sinh 6;b;)(cosh ;! + sinh 6;b; |¢¥)) = sinh §; sinh 63, , |
1 A A _
vij = o) (x, 0| (cosh 6;d; + sinh 6,b])(cosh 6;a; + smhé’jb}) ‘¢(y)> = cosh 0; cosh 0;d,, , ,
T J
. 1 ~ ~
i = o (z,0] (cosh 6;a] + sinh 0;b;)(cosh 6;a; + sinh 0;b1) | o))
T
= sinh 6; cosh 0, cZZbiaj + sinh 6; sinh 0,0,;0,,
(1.20)

where Jg“ represent thermal reduced density matrices in Bogoliubov representation.
In the last step, we can calculate the thermal reduced density matrices in Bogoliubov
representation (d;#) from the cumulant expression of the cluster amplitudes:
d70 = di? = 200,
sz - tp(y)zg(y) + Z;)(y)7 (1.21)
(j;:pq — Pa(y) Zg(y) + P Zg(y) + 1) Zg(y) + P 4a) Zg(y) + qu(y)'

In this way, we complete the explicit scheme to calculate the g-variance. The procedure
is in the reverse order as follow:

(1) Calculate reduced thermal density matrices in Bogoliubov representation using the
cumulant expression in Eq. (I.21).

(2) Map the reduced thermal density matrices in Bogoliubov representation to physical
reduced density matrices using Eq. (1.20).

(3) Calculate expectation value (g;) and (G?) from physical reduced density matrices using
Eq. (I.17) and Eq. (1.18).

(4) Calculate the variance using the formula (AG2) = (G;) — (¢;)°.
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I.5 Data for standard thermochemistry calculation

I.5.1 Details on calculations of the reaction energy at 0 K

First, we calculated the reaction energy with the noJT approximation. The single point
ground state electronic energies for CoFj (-1680.9725264215 Ey), F~ ( -99.6938067791
Ey) and CoF4 at its Ty reference structure (-1780.8473934862 Ey) are obtained at the
GMC-QDPT/cc-pVTZ level. They are subtracted to give the electronic reaction energy
(Eeq) — 475.37 kJ/mol. CoF3 has a Dsj, optimized structure with rgp = 1.71 A. To main-
tain consistency as for CoF, , the active space with the five 3d-dominated orbitals and six
electrons was used for CoF3. The ground state of CoF3 adopts a A} term symbol. The
occupation scheme of this state is shown in Fig. 6.6b.

Now, we consider the vibrational and vibronic corrections for the reaction energy. At
T = 0 K, there is no rotational and translational correction. Only vibrational ZPE and
vibronic ground state energy shall be considered. The ZPE of CoFj is 16.37 kJ/mol and
there is no ZPE for F~ anion. The vibronic ground state energies of CoF,  calculated using
the block relaxation and VE-TFCC are the essentially identical, 14.48 vs. 14.52 kJ/mol,
respectively. We take the VE-TFCC value to calculate the vibrational and vibronic correction
of the reaction energy at 7' = 0 K to be 14.52 — 16.37 = —1.85 kJ/mol. For the noJT
approximation, the subtraction of the ZPE in Eq. (6.108) and the ZPE of CoFj3 gives a
20.40 — 16.37 = 4.03 kJ /mol correction to the reaction energy.

Adding up the electronic and the vibrational and vibronic contributions, the reaction
energy at T'= 0 K is —477.30 kJ/mol in the full JT treatment using VE-TFCC, and —471.34
kJ/mol in the noJT approximation. The ~ 6 kJ/mol difference reflects the JT effect in
stabilizing the product and facilitating the reaction. This energy difference is non-negligible
compared to the chemical accuracy of 4 kJ/mol. The —477.30 kJ/mol calculated reaction
energy is in qualitative agreement with the experimental value of —442.3 + 25 kJ/mol. [199)]

We also examined the difference between static and dynamic JT treatments in calculating
the reaction energy. The VE-TFCC result above includes the full dynamic JT effect, since
the vibronic Hamiltonian does not impose any restriction of CoF,  to stay in one of the
three minima on the low energy trough of the ground electronic state PES. This restriction
corresponds to the static JT treatment. To calculate the reaction energy with only static
JT effect, we optimized the CoF, structure without imposing any symmetry constraint,
and calculated its vibrational frequencies at the optimized structure. All calculations were
performed at the same level of theory. The optimized ground state structure is in Doy sym-
metry and has no imaginary frequency, which meets the anticipation based on the Epikernal
Principal. [203] Tt is distorted from the Ty reference structure along the e, bending mode
shown in Fig. 6.7(a), with the electronic energy -1780.8491766235 FEy, i.e., a 4.68 kJ/mol
JT stabilization energy from the T, reference structure. The stable structure has a ZPE of
20.09 kJ /mol.
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I.5.2 Thermal internal energy corrections data

The thermal internal energy data get from the standard thermochemistry calculations is

given in Table I.1.

The two columns of data are given for CoFy  in the T, reference structure and Dsyy ground
state global minimum. We emphasize again that the hessian calculation for the T, structure
was performed using averaged PES of the two °E component states, which is smooth and
gives normal modes that are adapted to the T; symmetry. The vibrational thermal correc-
tions are identical (undiscernible differences after rounding) for the two structures of CoFy ",
as the frequencies are only slightly different after the JT distortion, by < 70 cm~! and mostly
for splitting degenerate modes to non-degenerate modes due to symmetry lowering, i.e., e
mode to a; + b; modes, t, modes to a; + e or b; + e modes. The small differences are blurred

in thermal average.

COF3 F~ COF47(Td) COF47(D2d)
Eirans 3.72  3.72 3.72 3.72
Eo 3.72 0.00 3.72 3.72
Eip 21.69 0.00 29.60 29.60
Eio 29.13 3.72 37.03 37.03

Table 1.1: Calculated thermal internal energy corrections (kJ/mol) at 298K for the three

species in Eq. 6.105.
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I.5.3 Entropies at 298 K

The entropy data get from the standard thermochemistry calculations is given in Table 1.2.Again,
two columns are given for CoF, for the noJT approximation (7,) and static JT treatment

(ng).

There is no electronic spin contribution to the reaction entropy. This is because the
reactant side (CoF3 + F ) and the product side (CoF, ) have the same spin multiplicities
of 5. Their associated entropies cancel. However, for the noJT approximation, there is an
electronic contribution to entropy in the product side of Rlog2 = 0.006 kJ/mol/K, due to
the doubly spatial degeneracy of the ®E term symbol of CoF, . It should be added to the
Siot of CoFy . Such an electronic spatial degeneracy entropy is inherited by the degeneracies
of the vibronic eigenstates that are derived from the JT interaction of the °E term symbol.
Therefore, in our VE-TFCC calculation, we do not need to explicitly consider the entropy
that stems from this degeneracy. For the static JT treatment, there are three Dy, distorted
CoF, configurations obtained along three directions on the e mode space. Therefore, we
need to add the Rlog3 = 0.009 kJ/mol/K configuration entropy to the product side.

CoFs F~ CoFy (Ty) CoFy (Daq)

Strans  0.168  0.145 0.170 0.170
Srot 0.101 0.000 0.106 0.112
Swib 0.034 0.000 0.054 0.058
Stot 0.303 0.145 0.330 0.340

Table 1.2: Calculated entropies (in kJ/mol/K) of the species in Eq. (6.105) at 298K.
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